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OIr'JIABJIEHHUE

UT0 MOMHO HAHTH B CIPABOUHHKE « v tvvnsrrsansneesnsssoonses

AHAJTUTHYECKAS TEOMETPHSI HA TIJIOCKOCTH

§ 1. TloHsATHe 0 NpeaMeTe aHANHTHYECKOH reOMEeTpHH ..
2, KOOPAHHATBL s evesrsrnsensanossonresssonssseas
3. IpsAAMOYronbHas CHCTEMA KOOPAHHAT ...
4. TIpAMOYIOJIbHEIE KOOPAHHATE! «.eoeesveas
5. KOOPAHHATHBIE YIJIBl  vvevvucncnsnonsonns
6. KocoyrontHas CHCTeMia KOOPJ/IHHAT ,
7. YDABHEHHE JIKHHM .. iveeeecnrronesvonons
8. BaanMHoe pAClonOXeHHEe JIMHHHA M TOYKH ...
9. B3auMHOE pacrosnoyKeHHe ABYX JIMHHA . ......

10. PaccTosiHiHe MEXKAY ABYMSI TOYKAMH +.oveniineeranononrons

11. denenue oTpe3ka B HaHHOM OTHOWIEHHH ...

11a. Jlenenue oTpe3Ka rnomnoiam ......

12. OnpenenvTesib BTOPOro Nopsifka
13. TInolanb TPEYIrONbHHKA o4 vesesesns

14. INpsAmMan NTHHUA; YpABHEHHE, pdapemeuuoe onxocmenbuo opnu-

HaTbl («C YI10BbIM KOIPDHLHEHTOM?) i vrvereeesrnnnsnnes

15. Ipsiman, NnapannenbHas OCH  vevvsesassi

16. OGuiee ypaBHeHHE NIPAMOR . ...ovevnvnn

17. ITocTpoeHHe NPsIMOR 1O €€ YPABHEHHIO . .

18. YcnoBHe napannenbHOCTH NMPSAMBIX .

19. IepeceyeHHe NMPSAMBIX oeveossssensosaons

20. YcnoBue neprneHanKy IAPHOCTH ABY X NPAMbIX

21. Yo Me>KIy NBYMS NIPAMBIMH o i vosnsenscnncsnsenssnnsnns

22. YcnoBue, npH KOTOPOM TPH TOUKM Je)KaT Ha oaHOH npAMon

23. Y paBHeHHe NpsAMOH, npoxonasiuledt yepes /Be TOUKH ...

24. TTYUYOK NIPAMBIX 4 vvssvsrenceessnssassossnscscerassasenss

§ 25. YpaBHeHHe NpAMOH, npoxonﬂmeﬁ yepes 1IaHHY10 TOUKY napan-

JIeNLHO MAHHOM NPAMOM v vt vieervvnennerencnseartsaasssas
£ 26. Y paBHeHHE NPSMOH, NpoXoaALLelt uepe3 1aHHY 10 TOUKY NepneH-
AHKYISAPHO K JIAHHOM MPAMOM ... i eiveniaarteccnonnnnns

§ 27. BaaHMHO€ pacnosoxeHHe NpsiMoit H napul ToOYEK .

§ 28. PaccTosiHHE OT TOUKH JO NPAMOHM oo vvvvuieernoanens

3 29. IMonspHble napaMeTpbt NpAMOR ... recesessanene

§ 30. HopManbHoe YPABHEHHE NPAMOM o . vvvvencvaersnennnnns

§ 31. IpHBeneHHe v paBHEHHS NPAMOH K Hopmanbuomy BHAY ......

§ 32, OTPEBKH HA OCAX cvvverevssontransnssns

§ 33. YpaBHEHHS NPSMOM B OTPEIKAX +vvesecasrasssasnons
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§ 34. INMpeobpazoBaHHe KOOPAHHAT (MTOCTAHOBKA BONMPOCA) ¢ vvevenvs
§35.nepeHocHaqanaKoopnuHaT .
§ 36. TTOBOPOT OCeHM " ...cvvniucvnnrnsannnnns T

§ 37. AnreGpaHuecKre JIHHHY H UX NOPSROK .
§ 38. OKPYIKHOCTD 4 1asonncnsonaronsersnns
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39, PaskicKaHHe HeHTPa M PaaHyca OKPYIKHOCTH +vievvveoesons
40, DANHNC KAK CHKATAR OKPYIKHOCTD '« eevesesosonvotorosanns
41, JIpyroe ONpeneNIeHHe SJIJTHMCA «ovveosssnsnnsasarasnssons

42, TToCTPOeHHE DBJTHICA 110 €0 OCAM vy vuenstnsrnsnnssonenns
43, THNEPOOIIA « v cvvetnocnoresostesosesnsensassnsasessarsns
44, dopma runeponbl; BEPUIHHBI H OCH o vsvusesntnsscrsnsannas
45, TToCTpOEHHE I'UITEPGONIBI IO €€ OCAM s uvonevrnsnsnesonanonn
46, ACHMITTOTHI THIEPGOMBL w4 vvveeerovnnesosannnnoesonnones
47. CONPSHKEHHBIE THIEPGONTBI . vvervnnrsnensoorsnsrsnssonnnes
48, T1apalona ..vesecrotataroscasonnasnsonssanes

49. TMocTpoeHHe napaGonsl Mo NaHHOMY mApameTpy p
50, IMapaGona Kak rpahvk ypaBHeHHS Y = ax2+bX+¢€ «.vveven..
51. JIMPEKTPHCHI SIITHINCA H THNEPOOMIBL vovverinernrnnsrarans
52. O6iiee onpeneseHue snaunca, runepGonsl u napaGone ......
53. KOHHUPCKHE CEUCHMS .. vvuierveosaransnssorsnsnrsoncnasas
54. JInameTpbl KOHHUYECKOTO CEUEHHS v oo vrvcraversvnsoannsasss
55. JIMaMeTPBbI SJIJTHUITCA cuveevsasorsooasvossosossnntsnsnsnsss
56. JIHaMeTPhl THIEPOOIIBL o uv s vronsessscorsrsssasssssnssnaa
57. JnamMeTp! NMaPAGOSTBI  caseesrsotetsrseossnnosssesenssoanes
58, JTHHUH BTOPOI'O MOPAAKE  ovuvsvennssacvassnsonssnsnannse
59. 3anuch o6mero YpaBHEHUA BTOPOH CTEMEHH |, ., .. .........,
60. YripoleHHe YpaBHEHHsA BTOPO# cTeneHu; obire 3aMmeuanus . .
61. IMpenBapurensHoenpeo6pasoBaHHe Y paBHEHHSA BTOP Ot cTeneHH

§ 62. 3aBepiuatouiee npeobpazoBaHie yparHeHHSI BTOPOt cTenenu . .
§ 63. O npuemax, o6neryarMxX yrpoileHHe ypaBHeHHs BTOp ot cTe-

TIEHH . couconsaonnivanonessnsstossusnsoessosnsesnnasns
§ 64. IMpusHak pacrianeHHst JHHHUIH BTOPOTO MOPAIKA ..overenenns
§ 65. PassicKaHHe MPAMBIX, COCTaBISIOILIHMX pacnafaomyiocs JHHHIO

BTOPOTO MOPAMKA 45644 bassaesssasonubia’sseseinsionnnpine
§ 66. UHBapHaHTL Y DAaBHEHHST BTOPOH CTEMEHH . .vvvvenvvnsnaaan
§ 67. TpHW THNA JTHHHI BTOPOTO MOPANKA «vvuevevrnnrosancnsnrss

§ 68. LlenTpanbHEle M HeLeHTPAJIbHBIE JIMHUH BTOPOr'0 NMOPANKA .. .
§ 69. PasbiCKanHe LEHTPA UEHTPANLHON TMHHUHM BTOPOro NopsiaKa . .
§ 70. YnpouieHHe Yy paBHEHHS LIEHTPANILHOMR JIMHUK BTOPOro ropsiika

3
§ 71, PaBHOCTOpPOHHSA runepGona Kak rpadHK ypaBHeHHS Yy = — , ,
x
§ 72. PaBHOCTOpOHHSAS rumnepbona KaK rpadHK YpaBHEHHA Y = T;::;
73. TTONSAPHBIE KOODAMHATDL 4o vversasroersnnssssssosnsessnnns
74. CBA3b MEXAY NONAPHBEIMH KOOPAHHATAMHM H NMPAMOYTOJILHBIMH
75. APXHUMENOBA CHHPAJB +ososveesseasssnsasonssnssssassnsnsss
76. TToNnApHOE YPABHEHHE MPSIMOM «vvvviurnsentnsorssnnsarsas

77. TTonsipHOe YpaBHeHHE KOHHYECKOI'0 CEUCHMST v vvvevvrrrvrnss

AHAJTUTHUYECKASTI TEOMETPUSI B ITIPOCTPAHCTBE

78. ITOHATHE 0 BEeKTOPAxX H CKaNApax

79. BeKTOp B reoMeTpumu

80. BexropHas anre6Gpa

81. KONMNHMHEAPHDIE BEKTOPBl s vvaeercocsnrvsnnsansnanes .
B2, HYNB=BEKTOD ¢ i rsvsesusssansnsssvasssssscsnssssessonnass
83. PAaBEHCTBO BEKTODOB +uocvvursrruovnssonssnsacsaosnsnsss
84, IpuBenerHe BEKTOPOB K OBIIEMY HAYANY v.vresvssrovesconse
85. ITPOTHBOMNOJIOMHBIC BEKTOPBl . ovvvvrvssvononssosrnsoanans
86. CITOMKEHHE BEKTOPOB  sovvevesrsonssnsssosssrsssasnsossvs
87. CYMMa HECKOMBKHX BEKTOPOB ...t convovscrnasessassssanes

88. BHIUHTAHHE BEKTOPOB 4 4seenacsssernensossssnssossssssaenns
89, YMHOMEHHE H 1eJIEHHE BEKTOPA HA YHCMIO  vasserovnvsrssns
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§ 90. BaauMHas CBs13b KOJIJIHHEAPHBIX BEKTOPOB (JlesieHHEe Bem-opa
HA BEKTOP) coveesscotsonnasncnnns
91. INpoeKLHst TOUKH HA OCb .....
92, IMpoeKuHsi BEKTOPA Ha OChb ... <
03. OCHOBHBIE TEOPEMBI O MPOCKIINUAX Bel(TOpd

04. TpAMOYronbHast CHCTeMa KOODAHHAT B NNPOCTPAHCTBE .., .. 129
05, KKOOPAHHATBI TOUKH 4 vt eaerornonoarsnenonronnnennansss,s 130
06, KOOPAMHATHI BEKTOPA «ovavnenerunnnnnenn.. 3. 131

97. Bripa)keHusi BeKTOpa 4epe3 }(omnouem bl H qepes 1<oopnnnan,l 132
08. JeHcTBUSA HAR BEKTOPAMM, 3alaHHbLIMH CBOMMH KoOpAiMHaTamu 132
99. Bripa)keHHE BeKTOpA uepes panuycm-aekropbr €ro Havanla u
KOHUA seoscevernsan Sae eete 8.6 0 6'ems 610 Vietaty el e 8 8 s ety 133
§ 100. IInnHa BeKTOpa. PacCrosinue Mexkay JIBYMH TOq}«aMH SO
101. Yron Me)kay OCbl0 KOOPAWHAT M BEKTOPOM .. ............ . 134
102. TIpH3HaK KOJJIMHEAPHOCTH (apanienbHoCcTH) BeKTopuB ivas 138
103. HeneHue oTpe3Ka B AAHHOM OTHOLIEHUH ..,
104. CranspHoe MpOH3BeJIeHHe IBYX BEKTOPOB ......
104a. OHU3HUECKHH CMBICT CKANSPHOT 0 NPOU3BEEHUA
105. CBONCTBA CKAJIAPHOI'0 NNPOH3BEAEHHS ... ... ...
106. CKaJlApHbIe NPOHU3BENEHHSA OCHOBHBIX BEKTOPOB ..
107. BuipaXkeHHe CKaJISIDHOTIO NpOH3BEeHHS qepes 1<oop1mHa'rbl
COMHOMKHTEIEH +ovvesoviianarasennn. »
08. YcnoBHe NeprieHINKY JIIPHOCTH Ber<-ropon e
09. Yroy Me)KIOY BEKTOPAMH .. cvvninenen.n. non
10. ITpaBast ¥ neBasi CUCTEMBI TPeX BeKTOpOB owad
11. BekTopHOe NIPOU3BENEHHE IBYX BEKTOPOB
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113, BeKTOpHbIE NPOUIBENEHHST OCHOBHBIX BEKTOPOB .

114. Boina>keHHe BEKTOPHOI'0 NpPOM3BENeHHS UYepe3 KOOpAHHAaTbl
COMHOMHTEIIER seuitievtasnonenraninneennnnnneenn,

115. KoMnnaHapHele BEKTOPHI . .

116. CMemiaHHoOE IpoU3BeNIeHHE

117. CBo#tcTBa CMEWIAHHOIO nponauenenug K

§ 118, OnpenenyUTeNnDb TPETHErO MOPSAMKA . \vuvunrnurnnns.

§ 119. Buipa)keHHe CMELIAHHOIO NpOU3BENeHHsT uepes koopnnua-m
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COMHOMHTEIIER o vvievtninnennnnntiiinnnnnnnnns
20, IpU3HAK KOMMNAHAPHOCTH B Koopnm{amoﬂ (bopme e nn
21, O6bveM napannenenunena :
22, IIBoH#HOE BEKTOPHOE IMPOH3BEACHHE . ....vevvvsescareneass 156
23. VPaBHEHHE THIOCKOCTH t ottt nisnneeennnnrnensnnas 156
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CTEMBI KOOPHHHAT esuversseavessuosanasncarsasneaeness 157
25. Ycnopue napasienbHOCTH MA0CKOCTel .. ... .. LT ans e es e JO8
26. VcnoBKe neprieHAHKYISIPHOCTH TUTOCKOCTeH ..
27, Vroja Menay ABYMS NMIAOCKOCTAMM . ..iuutttiernennnnnnnas 159
28, I'nockocTs, Npoxonsumas qepes HaHHYIO TOUKY napannenbuo

NaHHOM nnockoc’m L Te s ol oy nele e tanahe .
29. I'TnocKoCTh, NpoxXoasimas qepes TPH TOuKH |
§ 130. OTpeaanaoch.... ..........
§ 131, YVpasHeHHe TNTOCKOCTH B 0TPe3Kax ......
§ 132. InockoCTs, MPOXOAsLAs qepe3 nBe TOYKH nepnemmxynﬂpﬂo
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§ 135. Bzaumuoe pacriofioXKeHue MII0CKOCTH 1 napbx TOYEK cvoevses. 165

§ 136. PacCTOSSHHE OT TOYKH J10 TIOCKOCTH +v.veeavsnesrsnssssss 16D
§ 137. IMonsipHble MapameTPh! NIOCKOCTH ... .
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§ 139. NpuBeneHHe Y paBHEHHSA NJOCKOCTH K HopMaanOMY Bmlv .. 168
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146. Yron Mexny NpsAMOM H NMIOCKOCTBI0 +svusnsnsosveercnsse 176
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YTO MOYKHO HAHTH B CIPABOYUHHUKE

Jr1a KHHI'A cocTapsisieT npoAosnpKeHe CnpaBoyHUKA 10 9Ji¢-
MEHTaPHOIT MAaTCMATHKE TOI'0 YKe aBTOPA H BKJIIOYAET BECh MaTe-
pHaj, Bxoasiuytif B NPOrpaMmMy OCHOBHOI'O KVPCa MaTeMaTHKIi
BBLICUIMX TCXHHYECCKHX VueOHBIX 3aBefeHHii (MeXaHHKO-MallH-
HOCTPOUTEJIbHBIX, CTPOHTEJbLHBIX, aBHAlHOHHBIX, TPAHCIOPT-
HBIX, 9JICKTPOTEXHHYCCKHX, JHEPrCTHYECKHMX M I'OPHOMETAl-
JIYPrHYeCKHX).

KHura umeer JIBOSIKOC Ha3HAucCHIIe.

Bo-nepBuiX, OHa aaeT (GaKTHYECKYIO CHPABKY: YTO TaKOC
BCKTOpHOE IPOH3BEACHHE, KAK NAKHTH II0BEPXHOCTh T€JIa Bpa-
LWEHHST, KaK PadjloKNTL QVHKINIO B TPHIOHOMETPHYECKHIT pax
11 1. . CooTBeTCTRBYIOULHE OlIPE/ICIICHHSI, TCOPeMbl, TpaBHJIa |
(OPMVIIBI, CONPOBOXAACMBIC NIPHMEPAMH M HPAKTHYECKHUMH
VKa3aHIsIMH, HaX0/IATCS OBICTPO; 3TOI 1{eJIH CIIV)KAT ACTaJIbHAS
pyvOpuKanist H noapoOHeli andaBUTHBIT VKa3aTelib.

Bo-pTopLix, KHHIA 1IPeIHa3HAYCHA JUIST CHCTCMATHYCCKOI'0
ureHist. OHa HC IPCTCHAVET Ha pOJIb VYeGHHKA, H 10TOMY
JI0KAa3aTeJIbCTBA NPOBOASITCST 31CCh NMOJHOCTBIO JIMIb B HCKJIIO-
UHTCJLHBIX Cilyyasx. OJHAKO OHA MOYKET CIY)KHTh 10coOHem
JUIST 1IepBOro  o3HaKOMIICHHS ¢ npeamerom. C 3Toil 1neiibio
3JCCh NOAPVOHO Pa3BACHSIIOTCS OCHOBHBIE IIOHSITHI, KaK-TO:
HOHSITHE CKASSIpHOro npousseenus (§ 104), npenesa (§§ 203 —
206), muddepenunana (§§ 228 —235), OeckoHeuHoro psja
(§8§ 270, 366 —370). C aToii »Ke 11eJ1bl0 BCe HPaBHIA HILIOCTPH-
pYIOTCSt OOJIBUIHM YHCJIOM IIPHMEPOB, KOTOpBIE COCTaBJISIIOT B
9TOH KHMIe opraHHuyeckvio ce yactb (cm. §§ 50—62, 134, 149,
264 — 266, 369, 422, 498 u n1p.). OHH VSICHAIOT, KaK HaJ0 NpH-
MCHSITb NMPABUIA, KOT/IA IIPABUJIO TEPsIET CHY, KaKHX OLIHO0K
Hapo usberarb (§§ 290, 339, 340, 379 u ap.).

Teopemul 1 NPaBHia COMPOBOXKIAAITCA TAK)Ke Pa3NHUHOIO
pouaa nosicHeHusaMH. MHoraa umeeTcsi B BUAY HAIVIAAHO BLI-
SIBUTb codepxcaiiile TeOPeMbl, YTo0H YYallHiicst MOI' 10-HACTOSI-
1CMY YCBOHTB JI0Ka3aTeJibCcTBO. MHoryia 1osicHeHHEe CONpoBO-
JKRAET YaCTHEIi HPHMED H COAEPH(HT TAKOE PaccyrAeHHe,
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KOTOPOE SIBUTCSI JIOJIHLIM 0K33aTeIbCTBOM TeOPEMBI, €CJIH €ro
NpUMEHUTh K o0memy cavyato (cm. §§ 148, 149, 369, 374).
HMHorja nosicHeHHUE OrpaHUYMBAETCST VKa3aHUEM TeX Iaparpa-
$0oB, Ha-JOTOPHIX OCHOBBIBAETCSl AOKA3aTeJbCTBO. MenKuM
wpudToM BHIIEIEH TOT MaTepHal, KOTOPHI MOXXHO ONYCTHTb
npu nepéom umeHuu, YTO BOBCE HE BCETAa 03HAUaeT ero mMano-
Ba)KHOCTb.

CosnaresbHOE YCBOCHHE MATEMATHYCCKUX HAel upe3BLIyaiiHo
o0nieryaercst Ipyu 03HAKOMJIEHUH C 06GCTOsITeNbCTBAMH HX 3a-
POXRJEHHUsST M pa3BUTHsI. BoT nouemy Goyblioe BHUMaHHE Vc-
JICHO 3/leCh HCTOpHYeCKUM cBejeHustM. Tak, §§ 270, 366 B
cBasu ¢ §§ 271, 383, 399, 400, Hageioch, MO3BOJISAAT VSICHUTH
Teopuio psiga Teiinopa Jvuuwe, yem npu 00blYHOM (opMalib-
HOM H3J10)KeHUH, Hapsaay ¢ MCTOpUYeCKUMH CBEAECHHSIMH JIaHbI
o6uorpaduueckue cripaBky 00 VUeHbLIX, HMEHA KOTOPBIX CBSI3aHbI
€ M3JIaraeMbIM MaTepHaJIoM.

JpYrux MeTomuyecKuxX O0CO0eHHGCTEH KHHMI'M HET CMEBICHa
KacaTthCsl: vyamuiicsi 6VAET CYAUTh 0 HHUX IO CTEIeHH JOXO-
YHBOCTH, NPEMOAABATEJ0 JKE JOCTaTOYHO YKAa3aHMsA Ha psij
XapakTepHBIX naparpados: 28, 60 — 62, 92, 184 — 190, 203 — 206,
228 —234, 237, 258 — 260, 271, 343 — 347, 430 - 438, 459.

Hacroxyxee M3MaHMe MevaTaercad 0e3 CYLICCTBCHHBIX
M3MEHEHUH II0 CpAaBHCHHIO C IIpEABIAYLIMM H3OaHHEM,
.I/IcnpaBneHm JIMILIB 3aMCYCHHBIC OIICYATKH,



AHAJIUTUYECKAS TEOMETPUSA
HA IIJTOCKOCTHU

§ 1. IonsTHe 0 NpeaMeTe aHATHTHYECKOH IreomeT pun

B konpHoil (a4eMertmapitoli) YeOMETPHU H3YUAIOTCS CBOI-
CTBA NPSIMOJIMHEHHLIX GUUYP U OKPYXHOCTH, OCHOBHYIO POJb
HI'PAIOT NOCTPOCHISI, BLIUICICHHSI K€, XOTSI NPAKTHYCCKOC 3HA-
ycHHC HX M BCJHKO, B TCOPHIT HI'PAIOT IOJUIHCHHYIO DOJIb.
BriGop TOro miai HHOIO TNOCTPOCHIST 00LIMHO Tpefver H30-
OpeTaTesIbHOCTH, ITO H COCTABJISICT IJIABHYIO TPYAHOCTEH TNPH
pelIeHHH 3a/1a4 MCTOAAMH DJICMCHTAPHOI reomeTpity.

Anaaumuuecras 2eoMempus BO3HHKIA H3 TNOTPEGHOCTH
co3fiath eAHMHOOOpPAa3HLBIC CPeACTBA JUIS PCLUCHHS
reoMeTPHUCCKHX 3ajau ¢ TeM, yTolul NPUMEHHTL HX K H3Yue-
HHI0O BaOXKHLIX JUISI NMPAKTHKH KPUBLIX JIMHHEL pagiiuHoiH
dopmrr,

dra ueap Gbina JIOCTUCHYTA CO3AAHMCM K00pdUHAMIt020
MemoOda (cM. Hibke §§ 2—4). B Hem Bepvuivio poJib HrpanoT
BLIYHCJIEHHST, TOCTPOCHHST YKC HMEIOT BCIIOMOI'ATELIIOE 3HAYE-
Hue., BesteficTBUE 3100 PCILUCHHE 3a/laU METOOM aHaNUTIIYe-
CKOIT reoMeTpHH TpeGVer ropasiio menbulei nsoOperarens-
HOCTH.

CozjjaHHe KOOPAMHATHOrO McToa OblIO TNMOArOTOBJIEHO
TPYRAMH JAPCBHCIPCYCCKHX  MATEMATHKOB, B 0COOCHHOCTH
Anonnonusi (3—2 B. 10 H. 3.). CHcTeMaTHYCCKOE DA3BHTHE
KOOPIHHATHLIE METOA 1OJVUHI B NCPBOil mosnosHHe 17 Beka
B pa6orax depmal) u Hexapra?). Ouu, ojHaKo,

HIIsep Pdepma (1601 —1655)—anamenuTsit dpanuLyscKkuit mate-
MAaTHK, ONMH U3 npejuectseHuKoB HbloTona u JleiGunia B paspa6orke
nuhdepeHUnanLHON0 HCUMCIIEHHST; BHec GONbINoR BKIIA B TEOPHIO YHCEIT.
BonbwuHcTBO pabeT depma (B TOM HHCE NO AHAJUTHYECKOH reomeTpHH)
ye Ny GIHKOBAJIOCh NIPU >KMBHH aBTopa.

2) Pene HdekapT (1596 —1650) — sHameNuThiH (ppaHuy3cKkuit duno-
cod v MaTemaTtuk. OnyOnUKoBaHHe ero «"eoMeTpHUH» (0QHO M3 NMPHIIOIKE -
HUI K dunocothckoMy TpaKTaTy «Puccyrkaenue o metone») B 1637 r. cunra-
ETCST (YCI0BHO) RATONA POXKAEHHS QAUANTHTHYECKOR reOMETPHH
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paccMaTpHUBal TOJIBKO IJIOCKHE MTHHUU. K CHCTeMaTHYeCKOMY
N3VYeHHUI0 NPOCTPAHCTBEHHBIX JIMHUH M NOBepXHOCTEH KOOPAH-
HaTHBIl MeTOR Oblyl MpHMeHeH BrepBble JI. dffnepom?),

§ 2. KoopauHatst

KoopaitHaTamil TOUKH Ha3BIBAOTCS TAKHE BEJIMUMHBL, KOTO-
pble ONpPeaeNsIOT MOJI0XeHHe 3TOH TOUKH (B NPOCTPAHCTBE, HA
IUIOCKOI MJIH HAa KPUBOH NOBEPXHOCTH, Ha NMPSIMOH MU KpHU-

BOM JIMHUM). TaK, ecJid, HallpUMep, TOY-

0 M Ka M poJpkHa Jiexxatb rjae-HM6vab Ha

X % NpAmMoi auhMM X'X (uept. 1), TO ec

TOJIOYKCHHE MOXXHO ONpeJesIiTh OAHHM

UYepr. 1 YUCJIOM, Hanpumep, ciexnviowium obpa-

30M: BeIOpaB Ha X’X Kakyio-ju0o Ha-

YaJnbHYI0 TOYKY O, U3MePHM 0TPe30K OM, CKa>keM, B CAHTUMET-

pax. Mbl TOJIVYMM YUCIIO X, TIONOXKHUTENbHOe UJIH OTPHLATE)Ib-

HOe, CMOTPsI N0 TOMY, KV/Ja HampasJieH oTpe3ok OM (Bnpaso

IIJIH BJIEBO, €CJIH IipsiMasi FOPU3OHTAAbHA)., UHC0 X ecTh KO-
opaMHaTa ToukH M, .

3HaucHHC KOOPAMHATHI X 3aBUCHT OT BblOpa HauallbHOMH
TouKkH O, OT BHIGOpA IOJIO)KUTCIBHOTO HalpaBJicHUST Ha Npsi-
MOif M 0T TOro, KaKoi 0TPEe30K NPUHAT 3a eAHHKIY macuiTaba.

§ 3. IIpsamMoyronpHasAm CHCTEMa KOOPAMHAT

Tlosio)KkeHHe TOYKM Ha TUIOCKOCTH OINPENesIsieTcA XBYMS
KoopauHatamu. Ilpocreituuit cnoco6 Takos.

ITpoBoasiTCs iBe B3aUMHO MepreHAUKYJIsIpHBIE TpsiMble X’ X,
Y'Y (uepr. 2). OHu HaswbiBalOTCA ocamu koopounam. OnHa
13 Hux X’X (06blYHO €e TPOBOASIT TOPHU30OHTAJBHO) HA3bI-
BAeTCst ocblo udcyuce, apyrast Y'Y — ocero opouram. Touka O
MX IIepeceveHIsT Ha3blBACTCST HQUAAOM KoOpOUHam, - WM,
KOpoYe, HauaaoM. JJist U3MEPCHHSI OTPE3KOB HAa 0CAX KOUPJH-
Hat BelfHpaercst HeKOTOpast eUHULA MacuTafa, HPOH3BOJIb-
Has1, HO 0/iHa M Ta >Ke IS 00eHx oceii.

Ha ka)knoii oc BHIOHPACTCSI ITOJI0YKHUTEIILHOC HallpaBJIeHHE
(odosHavaemoe crpesikoit). Ha uepr. 2 svy OX paer nojio-
>KUTeNbHOE HampasjeHHe Ha ocu abcuuce, a vy OY — Ha
OCH OpAHHAT.

)Jieowapn dhnep (1707—-1783) ponmnca B llseHuapuu.
B 1727 r, npubsin B Poccuio; paGoTan cHauana B KayecTBE aibIOHKTA
(HayyHOro coTpyaiiKa) [eTepOy preKoit akageMuu Hay K, asaTem(c 1733 r.)
B KauecTBe ee aKaneMuka, Hanmcan cebiie 800 paGoT. Bo Bcex ¢uanko-
MATeMaTHYECKHMX HAYKaX CAesas BayKHeHIUHE OTKPHITHA, MHOr0 copeAcTRO-
BaJ1 pa3BHTHIO PYCCKOH HAYKH, ’ ’



$ 4, fIPAMOYIONBLHLIE KOOPAUHATD! i6

TIpuHsaATO BHOHPATH NOJIOXKHTENBHBIC HANpaBjIeHHUS Tak,
uTo6bl (4epT. 3) MOJIOYKMTENBHBI JIvy OX 1ocie MmoBopoTa
Ha 90° npOoTHB YacOBOH CTPEJIKH COBMEILAJICST C IOJIOXKHUTENb-
HbIM JIYyom OY

Yepr. 2. Yepr. 3.

Ocu xoopaunat X’'X, Y'Y (c vCTaHOBJIEHHBIMH IOJI0XKH-
TEJbHBLIMH HalpaBJIeHHAMH M BbhIOpaHHBIM MaciutaGom) obpa-
3VIOT NPAMOY20AbHY0 clCMeMy KoopOuHam,

§ 4. Hpamoyrombibie KO0PAHHATHI

IMonoyxenne Toykn M Ha IUIOCKOCTH B TNIPSIMOYIOJIbHOI
cHcreme KOOPAMHAT (§ 3) ompenensieTcs CIeAYIOUIM 00pa3om.
ITposoaum MP|| Y'Y no nepeceyeHus ¢ ocblo X’X B Touxke P
(uept., 4) U MQ||X’X pno mnepe- v
CeueHus1 € ochio Y’ X B Touke Q. Unc- a

L - -9,
Ja X U Y, U3MepsIllHe OTPe3KH :N
OP n 0Q B M30pakHOM Mmacwitabe !
(a MHOrza M camMH 3TH OTDE3KH), '
Ha3bIBAWTCSA NPAMOY2016HBIMUL - .
roopdunamamy  (kopoye, koop- X 0 Fox

OounHamamu) ToYkH M. ITH umucna
OepeM IOJIOXKHUTEJIBLHLIMU HIH  OT-
pHLATEJbHBIMH B 3aBHCHMOCTH OT y
HanpaslleHUst oTpe3xoB OP, 0OQ.

Yucsio X HasbIBaeTCst abeyuccoll ToY- Yepr. 4.

KH M, uucio y—ee opdunamoi.

Ha uept. 4 Touka M umeer aGcuuccy X=2 H OpAWHATY
y=3 (npH eauHuue Macwraba 0,4 cm). ITO 3aNMHUCHIBAETCA
Tax: M (2; 3). BooGuwe sanuch M (a; b) 03Hauaert, yto Touka M
nmeet abcuucey

XxX=a
H OPRHHATY
y=b
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ITpumepul. OTMCYCHHLIC HA YePT. 5 TOUKM PETMCTPH-
pyviotea Tak: A, (+2; +4), A, (=2 +4), A,(+2 -4),
A (=2 —-4), B, (+5; 0), B, (0; ~6), 0(0; 0).

3ameuyanuec. Koopauunatel faHHOH Touku M 6yayrt
HHBIMH B MHOH NpPSIMOYTOJILHOT CHCTEMe KOOpAMHAT.

Y

Y
YeprT. 5. UYeprt. 6.

§ 5. KoopaunatHble Yriael

Yetsipe vyria, o0pa30BaHHLIE OCSIMH KOOPAHHAT, HOCAT
HasBaHue wxoopdunamuerx yeaos. OHH HYMEPVIOTCS, Kak
norkasaHo Ha ucpt. 6. Creaviomast Ta0JiMia IOKa3bIBaeT,
KaKHe 3HaKM MMEloT KOOPAMHATBEI TOYKH B Pa3IHUHBIX KOOp-
AMHATHBIX Vriax:

Wpuunmm,xe
YIB! 1 I
Koopmman,x\

III v

AGcumcca + - - +

OpauvHara + + - -

Ha uepr. 5 Touka A, JeKHT B ICPBOM KOOPAHMHATHOM
yray, Toyka A, —BO BTOPOM, TOUKa A, —B TPEThCM H TOYKA
A; —B ueTBEpPTOM.

Ecau Touka Jie>kUT Ha ocH abecuuce (nanplmep, Toyka B,
Ha uyepT. H), TO ee opAiHara y paBHa HvJw. Ecan Touka
JIOKUT HA OCH OpPAHHAT (HanmpHmep, Touka B, Ha uept. 5), TO
ee abciyicca paBHa HVJIIO.
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§ 6. KocoyroibHasi cMCTeMa KOOpAMHAT

Kpome npsimovrojibHoii CHCTEMBI KOODAHHAT, YHOTPeGs-
10TCs1 U Apvrue cuctemet. KocovronsHas cricrema (oHa HauGosee
€X0j1Ha € NPSIMOVIOJLHOM) CTPOUTCA TaK: HPOBOASATCSI (4epT. 7)
JIBC HEMEPMCHAHKVIISIPHLIC psiMble X' X
u Y'Y (ocu rkoopounam) n panbuie no- Y
CTVIAIOT TaK >Ke€, KaK MPH NOCTPOCHHH A
npsamovroasHoii cucremsl (§ 3). Koop-
jumartel x = OP (adcuncca) uy = PM Y
(oprirHaTa) ONpeAcsIIOTCs TaK HKe, KaK Z

- -
odnsicHeHo B § 4. x/o , ¥
ITpsimovronbHast H KOCOYIOJLIASL )

clcTeMbl  00BbCAMHSIIOTCST TMOJ  Ha3pa-
nHem  Oeicapmoeod  cucmemst  Koop- Hepr. 7.
ounam.

Hapsiay ¢ xcxaproBoii MPHMCHSIIOTCS M JPYTHE CHCTEMBL
J\nopmmm (1an6onec vnorpeGHTeNLHA NOAAPHAS CHCTEMA,
cm, § 73).

§ 7. YpaBHeHHe JHHHH

PaccmoTpum ypaBHeHHe X+) = 3, CBsi3bIBalouice adcuHc-
CV x H opaHHATY y. EMY VJ0BJIETBOPSICT MHOMKCCTBO 11ap

3HAUCHHIT X, y, Hanpumep, x =1 11y =2, x=2H ¥ = 1,
x=3Hy=0,x=4uny= —1nrt 1 Kaxpaoii nape koop-
AMHAT (B JaHHOH cHCTeMe KOOpPAHHAT) COOTBETCTRVET OJ(HA
Y Y
0 T
'al
A
4, -
! 0 X
X0 4, X X
Y a v
} /S r’&}
Yepr. 8..

Touka (§ 4). Ha uepT. 8, @ M306pa>KeHbl TOUKH A, (1 2),
Ay (2 1), A 3; 0), 4, (4; —1). Ouu neskar Ha oauou npsi-
moit UV, Ha 1oii YKe NPSIMOH JISKHT BCsIKAsl ApYrasi TOYKa,
KOOPAUHATHl KOTOPOHf VIOBJETBODPSIOT YpaBHCHHIO X4y = 3.
OG6patHo, Vv J1000# ToukH, nexaueHd Ha npsmoit UV, koop-
JAMHATHL X, ¥ VAOBJICTBOPSIOT YPaBHCHUIO X+ = 3
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CooBpa3HO C STUM TOBOPST: YpasHeHue X+y = 3 ecmb
ypasrerte npamoli aunun UV, TOBOPST TalOKe: ypasHeHile
x+y = 3 npedcmasasem npamyio UV. B aHanornynom
CMBICJIE HAJ0 IOHHMMAThL BLI-
iy PAXKEHHS: «VDABHEHHE Mpsi-
Moii nuHHU ST (uepT. 8, 6) ecTh
P . ¥y = 2x», VpaBHeHHe X%+ y* =
= 49 npeacraBNiseT OKPYIK-
] HOCTH (uepT. 9), paguyc KoTo-
G po# comep T 7 macuTabHbLIX
. - »  €JMHHULL, & 1IEHTP COBMEILAeTCst
X A ¢ HavanoM  KOOpAHHAT
(cm. § 38).

BooGuie ypasHenue, cés-
< 3ui8arotyee Koopounamel x, y,

Hasvleaemca ypasHenueMm -
y' Huu L, ecnyr co0niojieHbl jina
Yepr, 9 VesoBHsT: 1) koopounamer x, y

i ecaxoll modku M aunuu L
y0osaemeopston moMy ypas-
HeHuro, 2) xoopduname! X, ¥ ecaxoii mouku, He Jexcaujell
Ha aunuu L, He y0081emeopaom smomy ypasHeHum.

Koopaunartet Toukd M, B3sT0i1 HA IMHUM L NPOM3BONBHLIM
00pa3oM, HasbIBAIOT MeKyUUMIL K00 pOUHAMAMU, TAK KAK JIHHMS1 L
MOKeT OblTh 00pa3oBaHa nepemelieHUeM («TeYeHHeM») TOUKH M.

IIycts My, My, Mg,... (uept. 10) -- mocnenoBaTenbHble IONOIKEHUA
TOYKH M Ha JMHUK L. ITocTpoum psg nepnenaukynspos M,P;, MpP.,
M3yPy oo K 0cH OX. ITonyunm Huywue apyr
8a Apyrom otpeskd PyM;, P,M,, P3M;,... Ha Y MM,
ocH 0X 0TCEKalOTCA TIpH STOM oTpe3xu OPy, MHJ L5 (L)
OP3, OPg,... Oun 6yayT abcuuccamu, C 5THUM M2
CBA3aHO NPOHCXOYKAEHHNE TEPMHUHOB ¢abcunccar
M «opauHaTar. JlaTHHCKOE cJI0BO <afcuHccar
(abscissa) B nepeBojie 03HAYaAET «QTCEYEHHAs?;
CJIDBO <«OPAMHATAS €CTH COKpalleHHe TepMHHA
«opauHaTiHM AyKTar (ordinatim ducta), uto 03- o[ p,ng,p“q‘ X
HayaeT «noApAL NpoBeAEHHAAr,

IpencTaBassi KAKAY IO TOYKY IJIOCKOCTH ee YepT. 10,
XOOPAHWHATAMH, 4 Ka)KAYIO JIHHHIO —YpaBHe~
HHEM, CBS3LIBAIOLIUM TEKYIUHe KOOPAMHATH!, MBI CBOAUM I'€OMETpHUEC-
KYI0 3afiauy K <aHanuTH4ecKoil» (T. €, BBIMHCIIKTENLHOI), Or1copa Has-
BAHHC taHAAUMUYecKan 2eoMeMpu.»

§ 8. B3auMHOe PacmONOMEHHE JHHHH M TOUYKK

UroGHl 0TBETUTL Ha BOTIP®C, JIEXKUT JIM T04Ka M Ha HEKO-
TOPOjt JIMHUM L, FOCTATOYHO 3HATH KOOPAMHATHL TOYKH M I
ypaBHeHue JHHMY L, Ecam KoopAHHATEL TOUKH M YAOBJIETBO-
PSIOT VpaBHEHHI0 JIMHKKM L, T0 M se)Kut Ha L; B IPOTHBHOM
¢/Iyyae He JIEKHT,
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ITpumep. Jlexxur au touka M (5; 5) Ha OKPVIKHOCTH
Xt+y? = 49§ 7)?

PeweHue, [ToactaBum sHaueHust x = 5,y = 5 B ypaBHe-
Hie x*+y* = 49. Tak Kak ypaBHeHHE He YIORJCTBOPSETCSI,
TO TOYKA M He JIKMT HAa PaccMaTpPHBAeMOil OKPYHCHOCTH.

§ 9. B3auMHOe pacnoyo)KeHHe ABYX JHHHMIA

YT100bl OTBETHTh HA BOIIPOC, €CTh JIH V JABYX JIMHHHA 001UC
TOYKH M €CJH A3, TO CKOJIbKO, AOCTATOYHO 3HATh VPaBHCHMSI
9TUX JNWHMA. EciM ypaBHEHMs1 COBMECTHBI, TO 00LIHMCE TOUKH
¢CTb, B MPOTHBHOM CJIvyae UX HeT. UHcso o0mmx ToyeK paBHO
YMCJIY pelueHUit CUCTEeMBI YPaBHEHHH.

IIpumep 1. Ilpamas saunust x+y = 3§ 7) U OKPVIK-
HoCcTh X2+ )% = 49 umewr naBe ofwue ToukyH, HOO cHcTema

x+y =3, x*+y*=49
HMeeT ABa pelIeHMs:

% =208 L6 5, =2V g
" _ .
x=2208 L 320y, - V89 g0

Mpumep 2. Ipsamas auHust Xx+y = 3 #H OKPYIKHOCTL
X%+y? = 4 He umeloT o6MX TOYCK, TAaK KaK CHCTEMa

x+y =3, x2 +y*=4
He uMmeeT peuteHHit (eHCTBUTEABHLIX).

§ 10. PaccrosiHue MeKQy ABYMA TOYKaMH

Paccrosinue d mexxay 1oukamu A, (x;; 1) U Ay (Xg ¥s)
BbhIpaXkaetTcst Gopmyioi

d=V(x:—x)* + (V.- )% (1)
IIpumep. Paccrosinue mexxay rtoukamu M (—2,3; 4,0)
H N (8,5; 0,7) cocraBnsiet

d=V(85+23)2 + (0,7-4)* = ¥10,8:+3,3* ~ 11,3
(macwrabHbIX eaHHUL). .
3ameuaHue 1. ITopsagox Touek M u N He urpaer
poJsn; Mo)KHO N cuuTtaTh nepsoif, a M —BTOpOH.
3ameuaHue 2 PaccrosiHue d CUMTaeTCst NOJIOXKHUTENb=
HBIM; 103TOMY B dopmvie (1) KopeHb Gepercst ¢ OJHHM 3Ha-
KOM (rumioc). '
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§ 11. lenenue 0Tpe3Ka B JaHHOM OTHOILEHHH

HaHul ToURH A (xy, 1), A, (xa; ¥2) (uept. 11). Tpebvercs
HAHTH KOOpPAHHATBI X, Yy Toukn K,
4, pessinieli oTpe3ok A; A, B OTHOWCHHH

AK: KA, = my:m,.

Y

L
1
. [}
]
A g ! Pewienne pactest gpopmysiamn
! .
br ¢ o MM
Thﬁ ‘; Y B "11+’”2 ’ ])
UI ! ¢ . My yy (
YepT. 11. T omy+m,

Ecan otHowmienne my @ m, o6o3Haunth GYKBoii XA, To ¢op-
MVJIBL (1) TIPHMYT HCCHMMETPHYNBIH BHA

o xita _ _l,_-l-lyg
="ty V= T+a  ° 2

ITpumep 1. Hanst Touxka B (6;—4) u Touxa O, coBna-
Jaouiast ¢ HauajioM koopannat. Haiirin Touky K, aensinyio BO
B OTHomCHHH 2: 3.

Pewenue. B dopmvasl (1) HA0 NOACTABUTH:

m=2,m=3%5=61y=-4x=0y =0

IMonyuaem:

x=12 =36 y= -2 =-24

3T0 — KoOopiaHHATHI HCKOMOIT Toukn K.

3amecuanue 1. Buopawenue «touka K penur orpe-
30K A;A, B OTHOUICHHH M1, : my» 03HAYACT, YTO OTHOLICHHE
m,:m, paBHo oTHOWICHHIO OTpe3koB A K : KA, B3STHX
umeniio ¢ smom (a He B oOpatHom) nopsiaxke. B npumepe 1
Touka K (3,6; —2,4) peaut otpesok BO B oTHoweHuu 2: 3,
a orpe3ok OB —B oTHoweHuy 3 : 2,

3amcuanne 2 Ilyeth Touka K ACnMT O0Tpe3ok A A,
GHelHUM 00pa3oM, T. €. JIKUT Ha NPOJOJDKEHUH OTpPe3Ka
A A,; Toraa gopmyant (1) 1 (2) coxpaHsioT CHIIY, eCIH BCJH-
YHHe m,:m, = A NpPUMNHCATb OTPHIATEeNbHbIII 3HAK.

INMpumep 2. Oausl Touku A, (1; 2) u A, (3; 3). Haiitu
Ha NPOAODKEHHM OTpe3ka A;A, TOUKY, OTCTOAWYIO OT A,
RABOE JajblLic, UeM OT A,.
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Pemenue. Vimeem A = m, 1 m, = —2 (TaK 4T0 MOXKHO
nonowwute m, = =2, my=1 ww my =2, my = —1). Ilo
dopmynam (1) naxouum:

_114(=2)3 _ 124(=2-3
— oy =% VY E oy =4

§ 11a. [lenenne OTpe3ka nononam

KoopjiHatht cepejiibl 0Tpeska A; A, PaBHBI NOJYCYMMaM
COOTBCTCTBCHHBLIX KOOPAHHAT €I'0 KOHIOB:

Xy -+ Xy Nty
Xx="5", y= —.L2__._
It GopMYJILI MOAVUAIOTCSI H3 Q)op\wn (1) 1 (2) § 11, ecnu
[OJIOKHUTL My = m, = 1 1 A =

§ 12. Onpenenurens BTOPOro nopsinka !)

3arich ofo3navact TO >Ke, uyTo ad — be.

ITpumepnl.
27 2:5-37 11;
35 TV T Y
3 -4
‘ 2’:3-2—6-(—4):30.
bl
Buipaskenue d’ HA3bIBACTCST onpedeaumeneM 6mopo2o
nopaoxa.

§ 13. Nnowans TpeyronbHHKa

Ilvets TOuKH A, (x5 1), As (X Vo), Ay (% y3) — Bep-
ILIKHE TpCVl“OﬂbHHka TOT/a Cro MAoWanh Buipaskaercst Gop-
MVJ10ii

1

X1— X -y
1= % W }3 . m
Xp—X3 Ya2—
B NpaBoit 4acTH CTOMT ONPENEIUTEIb m'oporo nopsiaka (§ 12).
Tlnomans, TPEYrONbHHKA MBI CYMTaeM MOJIOKHTenbHoil. Tlo-
OTOMY mepejl onmpejfennTesem Oepem 3HAK IUIIOC, €CJIH 3HAue-
HHE OTPEeJe/IHTEIIST MOJIOXKUTENLHO, I MHHYC, €CJIH OHO OTpH-
1ATEJIbHO.

1) ITonpoGHee o6 onpepenuTensx cm. §§ 182 —185.
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ITp u me p. Halith nuomans TpevroiabHHUKa € BepLIHHAMH
A(1;3), B(2; —5) u C(-38; 4).

PemeHue, Ilpunumass A 3a nepevio BepwnHy, B 3a
BTOpYIO, C 3a TPeTbI0, HAXOAUM:

X —X3 Yi—¥s|_|1+8 3-4]
Xo=%X; Vo—Val |2+8 —5-4|"
9 -—~1|
= - - 0= —17I.
llO Y 81+1 71

B dopmviie (1) Hago B3sATH 3HAK MHHYC; MOJIVUaeM:
S = —5(=T1) = 355.
Ecnu sxe cumrath nepsoit BepuuHoit A, ntopoii C H
TpeTbeit B, TO
Xi=Xs Yi—Va ' 1-2 3+5 -1 8
Xo—X3 Vo=Vl |—-8-2 445 -10 9

B dopmyne (1) Temepb HY)KHO B35ITb 3HAK TIIOC; IOJYYHM
CHOBa S = 35,5,

3ameyanue. Eciu BepuudHa A, COBNAfaeT ¢ Hayajaom
KOOP/IMHAT, TO MJIOLAAb TPEVIONLHHKA NpeAcTaBsieres dop-
MyJI0it

l=71.

X, 2
1 J.ll (2)
(sacthmit cnvyait opmyant (1) npu x; = y; = 0).

§ 14. YpAMana NuUHMA; ypaBHEHHe, Pa3pelleHHOE
OTHOCHTENEHO OPAMHATHL («C YrIOBEIM KO3 (DUUHACHTOMN?)

Besikyio NPAMYIO, HE napauieJbHVI0 OCH Op/HHAT, MOXKHO
NPeACTaBUTh YPABHCHHCM BHAA

y = ax+b; (1)

3jeck a ecTb TaHreHc vivia e« (uepr. 12), oGpasoBaHHOIO
NPSMOH € TONOMUTESbHBLIM HanparsieHueM ocu  abcryice?)

1) HauanbHbIM nyuoM vria &« cuutaerca nyy OX. Ha npsamoit SS’
MOXKHO B3ATh 000N M3 siyuent LS, LS’, Yron XLS cuMTaeTCA MoJ0XHTENE=
HbIM, €CJIM OBOPOT, coBMellaoluin nyy LX ¢ nyyom LS, coBepluaercsi B
TOM )K€ HamnpaBJeHHH, uTo NoBopoT Ha 90° ock OX, COBMELIAIOWHI €ee C
0Ccb1) OY (T. . NPH OGLINHOM PACMONOXKEHUH — TIPOTHB YaCOBOM CTPENKH).
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(a =tg « = tg £ XLS), a uuciuo b no aGCoMOTHOMY SHAYEHHIO
paBHO JuuHe oTpe3ka OK, OTCeKaeMoro mpsMoli Ha OCH
OpPAMHAT; YUCJIO b NMOJIOYKUTENLHO MJIM OTPULIATEJILHO B 3aBH-
CHMOCTH OT HampasJjieHHst otTpeska OK. Ecan npsimasi nmpoxo-
IUT yepe3 Havano, 1o b = 0.

BeJIMYHHY a Ha3bIBAKT Y24086IM K03Pduytenmom, BelU-
YURY b — Havarenoll opdunamoii.

IIpumep 1. Hanucarb ypasHeHHe npsimoit (ueprt. 13),
obpasviouieii ¢ ocblo O0X yron &« = —45° H orcekawlleii Ha-
YaJbHYI0 OpAHHATY b =

P e i e H ¥ e. YI710BO Koatquuueu'r a=tg(—~45°) =

Hckomoe vpaBHEHHe €CTh ¥ = —Xx—3.
Y
l} ,
Y s 2 v
2 3
X
K 2
[7] X
 —
/L 0 X /)
Yepr. 12, YepT. 13. Yepr, 14.

ITpumep 2. Kakvio JHHUIO NpeiCTaBlisieT VpaBHEHHE
3x = VY3 y?

Pew e Hue, PaspewuB ypaBHCHIHEe OTHOCHTEIBHO ¥, Ha-
xomum y = Y3 x. o vriosomy koshduuuenty a = ¥3 Haii-
M YIOJ & TaK Kax tg « = ¥3, 10 « = 60° (unu « = 240°).
HauanbHast opaunata & = 0; moaTomy JaHHOE VYpaBHEHHC
npeacrasiasier npsimvio UV (uept. 14), npoxoasuyio yepes
Hayajio u o0pasviomyio ¢ ocblo OX vroin 60° (nnu 240°).

3amevyaHue l. B omnune OT APYrux BUAOB VDPaBHeHUsT
npsimodt (cM. Hmwke §§ 30, 33) vpaBHenue (1) HaseiBaeTCst
Da3petieHHBIM  OMHOCUMEAbHO O0pOUHAmMbl WM Y DAGHEHUEM
¢ yenosem xoafifuyuermom?).

1) [TepBoe Ha3BaHHE NPEOTNOUTUTENBLHO, TdaK K4K YpaBHEHHe BHaa
X = a’y+ b’ (paspeluerHoe OTHOCHTENbHO abCUMCChl) TOYXKE NMPeCTaBIAeT
NPAMYI0 (He NapasienbHy 10 0cH aGcUMCC); TaK KaK KOOPAHHATHI X, Y PaBHO-
NpaBHBY, TO YHCJI0 a’ MOXKHO Gbinio Gbl Ha3BaTh YIJI0BbIM K03G(HLHEHTOM
€ TeM XK€ NPABOM, UTO H YHCIIO a.
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3ameuaHuc 2 Ilpsamyio, napajieyJbHYIO OCH OPAHHAT,
Henb3sl TpPEACTABUTh VYPaBHEHHEM, Ppa3pelICHHBIM OTHOCH-
TeabHO opauHatel. Cp. § 15.

§ 15. IIpaman, napainenbHas OCH

Ilpsimast, napannenbHast ocu abeuuce (yepr. 15), npencra-
BJISIETCs1 YpaBHeHHeM ')

Y y=b (1
~—— e T'JIC BEJIMYHHA b 10 a6COJIIOTHOMY 3HAYEHHIO
b/ paBHA paccTostHUIo OT ocu abcuucc no
\ npamoit. Ecnu b > 0, To npsimast JEeKUT
o ___x <¢Ham ocbio aGeuuce (cm. uept. 15); ecan
b < 0, — To0 «mmoma» Heil. Cama ock abcnuce

Uepr. 15. MPCACTABISICTCSI Y PaBHECHHEM
y = 0. (1a)
IMpsimas, napannesbHast ocH opauHat (yept. 16), npen-

CTaBJISICTCS1 YPABHEHUEM 2)

x =] (2

AGconioTHOE 3HayeHMe | HaeT PacCTOSIHHE OT OCH OPJHHAT
Ao npsimoit. Ecau f > 0, mpsiMast JIEXKHT «ClpaBa» OT OCH

1
X Iol X

)

Yepr. 16. Yepr. 17. Yepr. 18.

opauHart (cM. yeprt. 16); ecn f <= 0, — «cneBay ot Hee. Cama
0Cb OPAMHAT MPEACTaBJISACTCS VPaBHEHHEM

x=0. (2a)

ITpume p 1. Hanucare ypaBreHue npsimoii, orcexatoueit
HauajbHVIO OpAMHATY b = 3 W napannenbHoit ocu OX
(uepT. 17).

OrBeT. ¥y =3.

1) YpaBHende (1) ecTb yacTHLIH BMO YpaBHeHMUs y =ax + b, paspe-
LLIEHHOr0 OTHOCHTENbHO opauHaThl (§ 14). Yraoso#t koadpduuneHt a =0.

2) YpaBHeHHe (2) ecTb 4YacTHbI# BMA YpaBHEHHA x =a’y+ b’, paspe-
LIEHHOro OTHOCHTENBHO abcuuccel (cM. § 14, cHocka). YrnoBoH koaddH=-
LHeHT a’ =0.
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IIpumep 2. Kakvio JAHHHIO NpPEACTaBIseT VpaBHEeHHUe
3x+5 = 0?
Pemenne. Paspemwas panHoe VpaBHEHHE OTHOCH-

5
TeNbHO X, MONYYaeM X = — . YpPaBHEHHE MpeACTaBisieT

NpaAMYI0, Napajelbhyio ocu OY U nexaiuvi «CjaeBa» 0T Hee
5 5

Ha pacCTOsIHMH (uepr. 18). Beanuuny f = —3 MOXHO

Ha3BaTh «HayanbHOI abcuuccoiiy.

§ 16. OGuee ypaBHeHME npsmoit

YpaBHeHHe
Ax+ By+C =0 (1)

(rne A, B, C Morvr umerb jio0ble 3HAY€HUs, JHWb GBI KO-
abpduumenTel A, B He OblNIHM HYAsiMH 00a cpa3sy !)) npeacra-
BJisieT npsimvio JinHKIO (cp. §§ 14, 15). Besikvio npsiMyio MO>KHO
NpeACTaBUTh VPaBHCHHEM 3Toro Buaa. IToaTomMy ero Hashi-
BAIOT 061yuM ypagHeriuem npamoil.

Eciu A = 0, T. e. vpaBHeHue (1) He COOEPIKHT X, TO OHO
NnpeACTaBJsCT NPSIMYIO, Napannenbryo 2) ocn 0X (§ 15).

Ecnn B = 0, T. e. ypaBHeHHe (1) He couepmm ¥, TO OHO
npeACTaBisicT NPSAMYIO, apauiesbHyio 2) ocu OY

Korna B He paBHO Hviio, vpaBHeHHe (1) MO)KHO paspe-
IUUTh OTHOCHTEJILHO OPAMHATHI y; TOTAa OHO npeobpasvercs
K BUAY

y=ax+b(re a= -5, b= -5). @

Tax, vpaBHeHHe 2x-4y+5=0(A = 2, B= -4,C = 5)
npeofpasvercst K BUAY

y = 0,5x+1,25

(a =-—7=0510b= -;— =1 25) paspeuIeHHOMY OTHOCH-

TeNbHO opmma'rbr (HayanbHast opaunara b = 1,25, yrinosoit
koatpduuuent a = 0,5, Tak uTo o0 =~ 26°34"; cm. § 14).

1) IIipn A =B =0 noayuaerca nnbo toxaectso 0=0 (ecau C =0),
nn6o Geccmuicavua Bpoae 5 =0 (npu C =0).

2) K npsmbiM, napannenbHbiM ocH OX, NPHYHUCIIACTCSA M caMa 3Ta 0Ch.
Tomaoy'rak e K MPsMbIM, apa/iesIbHBIM OCH OY, npuuHciaerca cama
2
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Ananornuno, npu A # O ypasHeHue (1) MOXKHO pa3spe-
HIHTh OTHOCHTEJIBHO X.

Ecau C = 0, T. e. vpaBHeHHe (1) He comepyKUT CBOGOHOTO
uJIcHa, TO OHO NpEICTABJIAET NPSAMYI0, MPOXOAALLYVIO Yepe3
HauaJso (§ 8).

§ 17. HocTpocHHe npAMOH no ee ypaBHEHHIO

JJ1s1 MoCTpOeHUsT NPSAMOH [OCTAaTOYHO OTMETHTh JBE €e
ToukM. Hanpumep, MO»HO B35ITh TOYKH NepeceyeHHsi C OCSIMH
(ecsin mpsimasi He napaJuieslbHa HY OJHOM OCH M He IPOXOAUT
yepe3 HayaJio; B CJIvyae, KOTAA Nps-
Mast napaJulesbHa OJHOM H3 oceif
HIM TNPOXOJUT Yepe3 HAyalo, Mbl
HMEEM TOJIBKO OJHY TOUYKY mepece-
yeHus), JHnst Gosblueit TOYHOCTH
Jgyvyue HalTH eumle OAHY-7iBeé KOH-
TPOJIbHBIE TOYKH.

I1 p u m e p. ITocTpouth Npsimyio
4x+3y = 1. Honoxxus y = 0, Haii-

" aem (uepr. 19) TOYKY mepeceyeHHs

- npsimoii ¢ ocelo abeuumcc: Al(%; 0).

- y ITono)kuB x = 0, HalieM TOUKY
mepeceyeHUs1 € OCbI0  OpJHHAT:

1

Yepr. 19, A;(0; 3). 9 Touk: caMmKOM
6anskn apvr K apvry. Ioaromy

JdajuuM alcuHcee Clle JABa 3HAYEeHHsT, HanpHmep x = —3

n x = +3. Haiigem Toukn A, (-3; ?), A3 —131) Ipo-
BOAUM npamvio Ay A A, A,
§ 18. YcnoBHe napanieNbHOCTH NPAMBIX
Yes0BHeM NapasiebHOCTH BYX NPAMBIX, 3alaHHBIX VpaB-

HeHUSIMH
Yy = ax+by, (1
V= ax-+by, (2
CAYIKHUT PaBEHCTBO YIJIOBHLIX KOI(OHIMEHTOB

a, = az, (3)



$§ 18. YCJIOBME IMAPAJIJIEJIBHOCTH IIPSIMBIX 31

T, €, npsimbie (1) 1 (2) mapanenbHey, ecyi VIJIOBHE K03ddH-
1IMeHTBl PABHHI, H He NapaJjuiesibHbl, €CJIH VIVIOBbIE K03(duIn-
CHTHI He paBHHIY),

IIpumep 1. Ilpsimere y = 3x—5 n y = 3x+4 napan-
JIeJILHEL, 'ralc) KaK V¥ HHUX VYIJIOBble KO3(GGUUMEHTE paBHBI
(a, = a, = 3).

IHpumep 2, Ipsampie y = 3x—~5 u y = 6x—8 He na
%)annenbﬂu, TaK) KaK vV HUX YIVIOBLIE KOI(GHHLHCHTLI He PaBHBI

al = 3, a2 = 6 .

IIpumep 3. Opsambie 2y = 3x~5 u 4y = 6x—8 napai-

JIeIlebg TaK KaK ¥V HHUX VYIJI0Bble KO03(DQHUHEHTH DPaBHBI
6 3

(ax='§'9 =7 =75)

3ameuanue 1. Ecin vpaBHeHHe 0/1HOI U3 ABYX npsi-
MBIX HE COJIeP)KHUT opAHHATH (T. €. NPsIMasi apajlieslbHa 0CH
0Y), 10 9Ta npsiMasinapajjiesibHa ApYToH NPsIMOii IPH YCIIOBHH,
YTO VpaBHEHME IOCJeAHed Taloke He comep)xut y. Hampu-
Mep, npsmble 2x4-3 = 0 ¥ X = 5 napanjenbHbl, a NpAMbIe
x—-3 =01 x—y = 0 He napanjieabHbl,

JameyaHue 2 Ecau ase npsmele npeacTaBicHLl VpaB-
HEHHAMU

A1x+ B,y+C1 = O, l

4
AX+By+Cy=0, “)

TO YCJOBHE MX napajijieJibHOCTH €CTh
ABy—A,B, = 0 ©)

i B ipyrom oGosnauennu (§ 12)

IIpumep 4. Ilpsimeie
2x—7y+12= 0
x-3,5y+10=0

1) Ise coBnanaolme npsmele 371ech, KaK M BCIOAY B AanbHEHIIEM, CUl=
TATCA NapanjebHbIMH,



8  AHAAWTHUECKAA FEOMETPUA HA ANOCKOCTH
napajjejibHbl, TaK KaK

A B 2 -7
A, Bl =11 =35 =2:(=35) -1:(=7) =0.
INIpumep 5. Ipsimeie
2x-Ty+12 =0
H .
3x+2y—-6 =0
He napaJJjesibHbl, TaK KaK
2 -7
= 25 .
\3 2 I 25 =0
3amevanue 3. PaBeHcTBo (5) MO)KHO 3anucaTh B BHJE
A B
A= o

T. €. ycaoeueM napadseasriocmu npamerx (4) seasemea npo”
nopyuoHaAbHOCMb  KO3PPUYUerMve npu  mexyuyux Koopou~
namax?), Cp. npumepnt 4 1 5. Ecii cBepx TOro U cBoGoaHble
YieHbl TIPONOPUHOHANLHE, T. €. €CJH

=B =G )

TO npsimele (4) He TOJLKO MapauICJbHLI, HO M COBIAJAIOT.
Tax, vpaBHCHUA

3x+2y-6=0
6x+4y—-12=0
NIPEACTAaBIISIOT OLHY M TV JKe NPSMYIO.

b%4

§ 19. XepeceueHue npsAMBIX
JInst pasbiCKaHMS TOYKM TePECeyeHHst NPsIMbIX
Ax+By+C =0 (1)
Ax+ Byy+Cp =0 )]

1) M0>KET OKA3ATLCSI, YTO OFHA M3 BeJIMuMH A,, B, (Ho He obe BmecTe;
cM. § 16) papna hiymio. ‘Toraa nponopurio (6) HY *KHO NOHUMATD B TOM CMBIC~
J1e, UTO COOTBETCTRY IOLMH YMCIIHTEND TOXE PAaBEH HYJIO. TOT »Ke CMBICH
nmeet nponopumsa (7) npH C; =0,



§20. VEJIOBUE NEPNEHIUKYJIAPHOCTH ABY X MPAMBIX 33

HajO0 peuIMTh CcHCTeMY vpaBHenuit (1) u (2). Sra cucrema,
KaK NpaBHjo, JACT CAUHCTBEHHOE pelleHHe, W Mbl MOJNYYHM
HCKOMYIO TOUKY (§ 9). McKiiloueHHe BOSMO)KHO JMIUL NIPH pa-

w A
BCHCTBE OTHOWECHHUH Z—l H Fl’ T. €. B CJjyyac napajjicjibHO-
2

2

CTH JAHHBIX NMPAMBIX (CM. § 18, 3ameuanust 2 u 3).

3ameuanue. Eciu jaHHbe OpsMble TapajjienbHLL H He
COBIIAZaIoT, To cucrema (1)—(2) He MMeeT peuUICHMIt, a ecail
COBTIAJAIOT, TO PelICHHI (0eCKOHEYHO MHOrO.

IIpumep 1. Haiith TOUKHM IEPECCYCHHUS HPSIMBIX
y =2x—=3 u y = —3x+2. Pewast cucTemy VpaBHeHHH, Ha-
zclolmml )x =1, y = —1. Ilpsimple mepecekaloTcsi B TOYKe

s .
IIpumep 2 Ilpameie

2x~Ty+12=0, x-3,5y+10=0

napasieJIbHbl U HC COBHAJAIOT, TAK KaK OTHOLIEHMst 2:1 M
(—7):(—3,5) paBHLl Me)XAY C000H, HO He paBHBI OTHOLIE-
umo 12: 10 (cp. npumep 4 § 18). Hdanuas cucrema vpaBHeHUi
He HMCCT peLieHHs,

HDpumep 3. INpsameie 3x4+2y—6 = 0, 6x+4y—-12=0
COBNAJaIoT, TaKk KaKk oTHouweHus 3:6, 2:4 u (—~6):(-12)
paBHBl APV ApvrY. Bropoe vpaBHeHHe IOJIVYAeTCsT U3 Mep-
BOTO YMHO)KCHHeM Ha 2. JlaHHas cucremMa umeeT OecuHcCieH-
HOE MHOM(CCTEO pellIeHHUit,

§ 20. YcnoBue nepneHAMKYIAPHOCTH ABYX NPAMBLIX

VYenonreMm neprneHMKVISIPHOCTH ABYX NPSIMBIX, 33aHHBLIX
VpaBHEHUAMU

y = ax+b, )

Y = axx+b,, )]
CAVIKHUT COOTHOLICHHE

aa, = -1, &)

T. €. JIBC IpPsIMBIC TIEPUEHAMKYIISAPHE, €CH NPOU3BEAEHHE MX
VIVIOBLIX KO3(Q(OHIUMNEHTOB paBHO — 1, ¥ He IIePNCHANKYIAPHDL,
€CJY 0HO He paBHO —1.,
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Npumep L. Ilpsimpie y = 3xn y = —% X NmeprneHAUKY-
JIAPHEL, TaK KaK 4;as = 3 -(— :13- = -1
IIpumep 2. Ilpsmuiey = 3xuy = % X He NepreHauKy-

JAPHBI, TAK KAK dya, = 3~% =1,

3ameuanune 1. Ecau ypaBHeHHe OfHOIT U3 IBVX Hpsi-
MBEIX He COAEPIKHUT OpAMHATH (T..e. IIpsIMasi IapajiciibHa
ocu OY), To aTa NpsAMasi NCPICHIHUKVIISIPHA K APYIoil npsimoii
YIPH VCJIOBHMH, UTO VPABHEHHUE IOCJIC/IHEil He COXePIKUT abciHC-
chl (Torpa BTopast HpsMast napanienbHa ocH abeuuce). B nipo-
THBHOM CJIVUac IPsiMble He ITe PIICHAUKYJIsIpHLL. Hanpumep, npsi-
Mele X = 5 ¥ 3y+2 = 0 nepncHAUKYJISPHL, a NIpsAMble X == D
M Yy = 2X He NCPNeHOUKYJISIPHHL

3ameyanuc 2, Ecan e NpsiMbie NPC/ICTABIEH) VPan-
HEHUAMU

Ax+By+C, =0, Ax+ By,y+Cy, =0, 4)
TO VCJIOBHC HX NCPICHAMKYIISIPHOCTH €CTh
AA,+ BB, = 0. (5)

IIpumep 3. Ilpamsie 2x+5y = 8 u 5x—2y = 3 nep-
TEHTUKYJISPHBL) 1eCTBUTEINIBHO, 31ech A; = 2, A, = b, B, = 5,
B, = —2, sHaunt, A A+ BB, = 10-10 =0,

IIpumep 4, Ilpamsie —;— x—-—%y =0Hu2x—-3y =0 He
NIePNEHAUKYIADPHL], Talk KaK 3ech A A,+ BBy = 2,

§ 21, Vron mMe)ay AsyMs HNPAMBIMH

Tlvers aBe HMemepreHpuKyJsipusie npsmele Ly, L, (B3sATHE
B JIaHHOM JIOPSIAKE) NPEeACTABISIOTCS VPaBHEHHAMH

y = ax+b, (1
Y = ax+by (2
Torpa dopmynal)
ay ~d;
g0 = {352 @

1) O NpUMEHNMOCTH ee B CiIvyae, Korja npamee Ly, Ly nepnesfuKky-~
JISIpHHL, CM, HIDKE 3ameyauue 1.
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JlaeT VroJi, Ha KOTOpHIH Haj0 IOBEPHVTH NEPBVIO NPAMYIO,
yro0Hl OHA CTana napajienbHoit BTOPOit.

I pumep i. Haiith yroa mexay npsmeiMH y = 2X~3 H
y = —3x+2 (uepr. 20).

3peck q = 2, a, = —3. ITo popmyie (3) HaxoAUM:
—3-2
80 = Ty = 1

orciofa 0 = +45° Or0 3HauuT, uTO IpsIMasT y = 2x—~3
(AB Ha uepr. 20), noBepHYTast Ha yroa - 45° 0K0JI0 TOYKH
nepeceycHust M (1; —1) pauubX npsi-
mpix (mpumep 1 § 19), coBmecTHTCsT € D)y 8
npsimoit y = —3x+ 2 (CD Ha uepr. 20),
MO)KHO B3sITh TaKOKe 0 = 180°+45° =
= 225°, 6= —180°+45° = —135°
u 1. A (Ot vrabl 00o3HaueHb 0y, 9,
Ha uepr. 20.)
IIpumep 2. Haiitn vron mMesxray
NPSMBIMA Y = —3x+2 U ¥ = 2x-3.
ITpsiMble 37ecb—Te JKe, UTO B
npumepe 1, HO Tenepr npamasg CD
(cM. uepr. 20)—mepBast, a mnpsmast
AB ~— wmropas. dopmvia (3) paer
tg 6=~1, ™ e 0= —45° (um
0 = 135° unu 0 = —225° u T, A.).
Ha atoT yroj Hajgo INOBEPHYTh IIps-
Mvio CD 150 cosMmeweHHst ¢ AB,
IT p uMec p 3. Halitit npsamyIo, Npoxo/isilyIo Yepe3 Hayano
KOOpAMHAT M IlepeCeKalollyI0 IPSAMYIO
any y = 2x—3 nop vriom 45°.
P ew e Hue. Mckomas npamas npeg-
D Ccrapisiercst vpaBHeHuwem y = ax (§ 14).
Vropoit x0ahGHIHEHT a@ MOKHO HailTH
 ° X u3 (3), B3sB BMCCTO ¢; VITIOBOH Koaddu-
uMeHT HaHHOH mnpsiMoit (T. €. HOJIOXKHUB
@, = 2); BMECTO d, BO3bMEM VIJIOBOH K03~
GUIMEHT a MCKOMOiT TIPsSIMOM, a BMeCTO
0—vron +45° mnun —45°, Ilonvyaem:

Yeprt. 21, a—2
1422 — * 1

3ajjaya uMmeeT fBa pelweHwsir y = —3x (upsimas AB
HauepT. 21) U y = —;—x (npsimast CD).

3amevanue 1, Eciu npamuie (1) 1 (2) meprneHAUKY-
agpHet (0 = + 90°), 70 BHpakenue 1+ aqa, CTOAUEE B

YeprT, 20,

A
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3HameHarese (3), oOpaiaercst B HYJb (§ 20) 1 yacTHoe l"T';l‘}
nepecTaeT CYIIECTBOBATh!). OLHOBPEMEHHO NEPECTaeT Cylue-
cTBOBaTh («00palaercsi B 0eCKOHEYHOCTDY) tg 6. Popmvna (3),
TOHHMaeMasi OVKBANBHO, TEPSET CMBIC]; HO B 9TOM Ciavuae ce
HY)KHO IOHMMATh VCJIOBHO, MIMEHHO, BCSIKUII pas, KaK B SHa-
meHarejie (3) HOSIBNSICTCSl HVJb, VIOoJ O HAaJ0 .CUHTATh PABHLIM
+ 90° (kak moBopor Ha + 90°, TaK ¥ MOBOPOT HA —90° coB-
MeiaeT Jo0VI0O U3 HNEPNEHAUKVISIPHEIX NPSIMBIX C JIPVroif).

II1pume p 4. Haiitit yroJ Mexay npsimbiMu y = 2x—3 u

1 1

y= —-7x+7(a1 =2, a= —-5-). Ecan npexBapuTeibHO
IOCTaBUTh BONPOC: HEPNEHIUKVYIISIPHEL JIU 9TH NpsiMbIe, TO IO
npu3Haxky (3) § 20 noavuuM VYTBepAUTEJIbHBIM OTBET, TAK YTO

u 6e3 Gopmyant (3) monvuaem 6 = + 90°, To ke gaetr u dop-
myaa (3). Mei moavuaem:

_5;2 =_2_;_
e

B coorBeTcTBUM € 3ameyaHHeM 1 3TO PaBEHCTBO HYIKHO M10-
HUMATb B TOM CMEICJe, uto 6 = X 90°

3amevanue 2. Ecau xorst 651 0fHa U3 npsimMeIx Ly, L,
(unu o6c) mapamtensHa ocu OY, To dopmvia (3) BoBce
HenmpuMennma, ubo Torga OZHY M3 NpsiMbIX (MK 00c) Heab3s
npexacraButh (§ 15) vpaBnenuem Buaa (1). B arom ciavyae
VYo 6 onpepensieTcst CieAVIOIUM 00pa3om:

a) xorja npsmasi L, napanienbsa ocu 0Y, a Ly He mapan-
JielbHa, npuUMEHsieM Gopmyay

1.
tg 0 ='-E;’
6) xorma npsmas L, napamnenssa ocu OY, a L, He napads
JIeNbHA, TIpPHMEHsEM GopMyay
1
tg0= ——;

as

tg0 =

i

B) Korja o0e mpsiMble mapaiiensHst ocu OY, orM napani-
JIEJILHEL K MEeXXRY co00i1, TaK uyto tg 0 = 0.
3ameuaHue 3. Yrojd Mexay HPAMbLIMH, 3aJaHHBIMH

VpaBHEHHsIMU
Ax+By+C =0 )
A2x+ Bzy-“ Cg = 0, (5)

1) Ypcnurens a; —a; He paBeH HY 10, TAK KaK TOJILKO Y Napaniefib-
HEIX IPAMBIX YIN0BEIE K09dHLHEHTEH a5, @5 PaBHLL (§ 18).

n




§ 23.YPAB. IIPSIMOM, NPOXOAAILIEN UEPES JIBE TOUKHK 37
MOXKHO Haiith mo dopmvie
A;B: — A, B

tgh= AlA:+ BBy ©)

Npu A A,+ B B, = 0 dopmyaa (6), noHuMaemast vcJios-
Ho (cM. 3amcuyanue 1), naer 6 = + 90° Cp. § 20, dop-
myia (5).

§ 22. VYcaoBue, npu KOTOPOM TPU TOUKH
JeKaT Ha OABOH npsAMoilt

Tpu TOUKH A (X V1), As (Xa; V), Az (x5 ¥5) siexkar na
OjIHO# TIPSIMOIT B TOM U TOJIKO B TOM Cayuyae, Korgal)
Xo—X -
| %, Ya=¥i| _ . )
Xg=X1 Vi—=0
dra dopmyia Beipa)kaer Taroxe (§ 13), uro momans «rpe-
VrojaeHuKay A, A; A, paBHa HVJIO.
IIpumep 1. Touku A, (—2; 5), A,(4; 3), A;(16; ~1)
JIeXKAT Ha OXHOH NpsiMoif, TaK Kak

X=Xy Y2m 1 4+2 3‘5'_
Xam¥% Va=n|  [1642 -1-5{7
6 -2

18 -6l=6‘(-’6)~(—2)‘18=0.

IMMpumep 2, Toukn A, (-2; 6), A, (2 5), A;(5; 3) He
zeyar Ha ogHol npsiMoi, Tak Kak

X=Xy Vo2 2+2 5"6]‘__
X3"xl yg""yl 5+2 3"'6 B

4 -1
7 -3

1

|- -s.

§ 23. Ypasnenue npsmoll, npoxoasuei
yepe3 JBe TOUKHA

Ipsirnas, DPoXoAswast uyepe3 JxBe TOUKU A (x5 yy) H
A, (x, y.), npencTaBisAeTCs YpaBHEHHEM )
Xy—X -
2=%1 V2= V1| _ 0. 1)
X=% Y-=-h

( 1)§J'§e23)an yacth paseHcTBa (1) sanucana B Buae onpenenutens
M. .
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OHO BHIpa)kaeT, YTO AAHHBIE TOYKM A;, A, M «TeKvash
Touka A (x; y) Jexar Ha ofHoi npsimoit (§ 22).
Vpapuenune (1) MOYKHO NPEACTaBUTh (CM. HH)Ke 3aMeyaHue)
B BUJE
X=% o Y=h 2
X2 =X Ve=n * ( )
910 ypaBHeHHE BBLIPAXKAET NMPOIop-
LMOHAJILHOCTb KaTeTOB B MPSIMOYIOJb=
HBIX TpevronbHMKaX A RA H ASA,,
n300pakeHHBIX Ha ueprT. 22, rae

x, = OP,, x, = OP,, x = OP,
x—x; = AR, %,—x = AS;
Y1 = PLAy, ¥, = P, Ay, y = PA,
V=V =RA, ¥, =y =84,
IIpumep 1. CoctaButh YpaBHeHHE NPSIMOIL, poxosiieit
yepe3 ToukH (1; B) u (3; 9).
PecweHue. dopmvia (1) naer:

3—-1 9-5 2 4
x—1 y-5 x-1 y-5
T.c.2(y-5)—4(x—1)=0mmu2x—y+3 = 0.

dopmyaa (2) nact x 1 y-5, Orclona cHOBa Haxo-

2 T 71

M 2x—y+3 = 0.

3ameyaHue. B ciyuae, xorga x, = x; (WM ¥, = ¥),
OMH M3 3HaMeHaTtescit paBeHcTBAa (2) paBeH HVIIO; TOrAa
VpaBHeHHe (2) Haja0 NMOHUMATb B TOM CMbICJIe, YTO COOTBCT-
CTBYIOIMIT YHCUTEIL paBeH HyJo. CM, HIbKe nipuMep 2 (a Tak-
JKC CHOCKY Ha cTp. 32).

ITpumep 2. CocraBUTh YpaBHCHHE NIPSIMOH, Mpoxoasieit
yepes TOuKH A;(4; —2) u A, (4; 5). YpapHenue (1) maer:

0 7 0 @)
x-4 y+2| 7
T...0(y+2)—-7(x—-4) =0, T.¢. x—4 = 0.

¥YpasHenue (2) sanuumercst B BUAE
x—-4 y+2
e e @
3JleCh 3HAaMcHATE L JIeBOH yacTH paBeH HyJio. IToHnmast ypas-
HeHHe (4) B BBILCVKA3AaHHOM CMbICTle, IOjlaraeM 4YHCJIHTEND
.neazﬁ 4acTH paBHbIM HYJQ, ITonyyaeM Dpe)XHHH pesvibTat
x_ = Ov ’

|=0, T, €.

-0
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§ 24. Ily4ox mpAMEBIX

Yepes 0auy TOUKY A, (x;; y;) (YepT. 23) npoXOAHT MHOMKe-
CTBO TPSMBIX, MMEHVEMOE YeHMpPAAbHbIM NYUKOM (MIH IIPO-
cT0 nyuxom). Touka A; Ha3bBaeTcs
yenmpom nyuxa. Kaxavio us npsi- y
MBIX Nyyka (kpome TOH, KOTOpas
napaJijiesibHa OCH OpJMHAT; CM. 3a- ~
meyanue 1) MOXKHO NpPEACTaBHTH
VpaBHEHHEM

Y=y = k(x—x). 1

N
3aece  k—vyraoeodt  kKoadounmeHr 1
[;/accmanuBafi\a)oﬁ npsimoii (k=tg o). /
paBHEHHe Ha3bIBAOT YpasHe-

Huem nyuka, Benwunmna k (na- Hepr. 23
paMemp TYYKa) XapaKTepU3veT
HampasjieHHe NPSIMOil; OHA MeHsercst OT OmHoll  mpsimoit
nvYyKa K Apyroi.

3HayeHHe mapameTpa k MOXKHO HaiiTH, €CIHM AaHO ele
KaKoe-JuG0 VCII0BHe, KOTOpoe (BMECTe C YCJIOBHEM IIPHHAIIEIK-
HOCTH NPSAMOH RaHHOMY INMVYKY) ONpPefeSuT MOJIOYKEeHUe Npsi-
Moii; cM. mpumep 2.

Ilpumep 1, CocraBUTh VpPaBHEHHE NYYKY C LEHTPOM
B Touke A, (-4; —8).

PeweHue, CormacHo (1) umeem:

ITpumep 2. Halitu ypaBHeHHe npsmoii, npoxoxsuiei
uepes TOUKY A;(l; 4) u mepHeHAUKVASIPHOH K NpsimMoit
3x=2y = 12,

P e m e 1 1 e. ickoMast npsiMast MPUHAMJIEIKUT MYUKY C IeH-
tpom (1; 4). YpasHenue 31Ooro nyuka y—4 = k(x-1).
YroObl HaliTH 3HAYeHHe napamerpa k, VYTEM, UTO HCKOMAs

npsMasi MepneHAUKYJIsApHa K npsimoit 3x—2y = 12; vruioBoi
KoshduLHenT nocneaHeii ecTs 2. meen ¢ 20) —2— k= -1,

NESTAN \
™

2
1.6, k = —% . Mickomast mpsimast npeJcCTaBJisieTCs] Y PpaBHEHUEM

y—-4 = —-% x-1)umy = —% x+4-§—.

3ameuanune l. [Ipamass, npuHagIe)Kamas NvuKy ¢ LeH-
TPpOM B A, (x;; y,) ¥ napainenbHast ocd OY, npeacTaBisieTcsa
VpaBHeHHEM X—x; = 0; 3TO VpaBHeHHe He TOJYYyaeTCa
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u3 (1) Hu npy KaKOM3HaueHUU k. Bce Ge3 HCKAWYCHH 5
NpsiMBlE TIVYKA MOJKHO IPEACTaBUTh YpPaBHEHHCM

Ly-n) =m(x—x), (2

rpe [ ¥ m—npou3BoJIbHBIE YHCIA (He pPaBHBIE HVJIIO OfHO-
BpemenHo). Koraa [ = 0, MBI MOYKEM pasfesiTh ypaBHeHHUE (2)

Ha [, Toraa, 0603Ha4YHB —7%— yepes k, noavuum (1), Eciu e mo-
n0uth I = 0, T0 VpaBHenue (2) npuHUMaeT BUR X—X, = O.

3ameuanue 2 Ypapuenne nyyka, B COCTaB KOTOPOr'0 BXOAAT ABe
nepecexaommecs npamoe Ly, Ly, 3afaHnble Y pABHEHHSIMH

Ax+ By +C; =0, Axx + Byy +Cp =0,

my(Ax + Byy +Cy) + np(Agx + By +Cp) =0, ®)
B Hem m,, m,; —Ipou3BONLHLIE YMcaa (He paBHbIE HYJIO ONHOBPEMEHHO),
B yacTHOCTH, NPH 711, =0 ronyuaem npamyio Lg, IpH my =0 ~npsamvio L.
BmecTo (3) MOXKHO HANHCATh YpaBHCHHE
A + By +Cy + 2 (Agx + Byy +Cy) =0, “)
B KOTOPOM BCEBO3MO>KHLIE BHAYCHH S AAIOTCA TOJILKO OAHOH 6YKBE A, HO H3
(4) HenbL3sT MONYUUTL Y PABHEHHE NTPsiMOi Lo,

‘Ypapnenue (1) ecThb yacTHLIT BHL Y paBuenust (4), Koraa npusimuie Ly 1
L, naHbl ypaBHEHHAMH, ¥ =3y, X=X, (Torfla oHH napajijejbHbl OCAM
KOOPAMHAT).

ITpumep 3. CocraBuTh ypanlieune npsmoit, rpoxopsiueli yvepes
TOUKY TIepeceueHUsT mpamulx 2x ~3y—1=0, 3x~y~2=0 H nepnenpu-
KYJISPHOR K MpsiMoit y =x,

PeweHue. Mcroman npsivasn (0HA 3ABEIOMO HE COBNAjiacT ¢ Npsi-
MoH 3x —y —2 =0) NPHHALILHHUT NYUYKY

2x -3y ~1+2(3x~y-2)=0, (5)
3242

1MeeT BHRL

¥Yraopoit Koahduument npamoft (5) ectb k = . Tak Kak KcKoMas

npsaMas nepreHanKyaspHa K npamoi y =x, 1o (§ 20) k= —1, Caenosa-
TeMbHO, Srzxe =1, . ¢, A= ——, TloxpcTaBanag A = —— B (5), HaxonUM
A+3 i 4 4
NOC/E YIIPOLIEHUM:
Ix+T7y=-6 =0,

Bameuanuue 3. Ecnu npamble Ly, Ly, nmapannensusl (HO He €o-
BIIafawT), TO Y paBHeHHe (3) NMPH BCEBO3MOXKHLIX SHAYEHHAX My, N1y NIpeft-~
CTaBlseT BCE lIpsiMble, TIApaJlJeSIbHEIE ABYM JaHHBIM. MHOYKECTBO Mps-
MBIX, IAPAJLIENbHBIX MCYKAY COGO0H, MMEHYETCS NapasneabHuim NYHKOM.
Taxum o6pasom, ypasuenne (3) npeacraBasnet anubo LEHTpanbHLIK, aHbO
JiapanneabHblt NyyoK.

§ 25. Vpasnenue npsamoif, npoxoasufel vyepes AaHHyio
TOUKY NapajieabHO RAHHOH mpsAMoOK

1. IIpamasi, NPOXOAsALLAsT yepe3d ToUKY M, (x;; ¥) u napan-
NenabHAasgw NPSAMOl y = ax+ b, NPEACTaBNsieTcs: YPaBHEHHEM

Cp. § 24, Y=% = a(x-x) ¢))
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ITpume p 1. CocraBuTh VYpaBHeHUE NPSIMOH, MpoOXeaMieH
yepes TOUKY (—~2; 5) M nmapaniejspHoii NpsiMoi

5x—-Ty-4=0.

Pcurenue, JlaHHVIO NPSIMYI0 MOKHO 1IPECTABUTE V)aB-
HEHHeM y = % x—% (:mecr, a= %) . YpaBHeHHC MCKOMOH
npsmoit ectb y—5 = -‘;l[x—(-.?)], T. €. T(y—5) =5(x+2)
umu 5x—~Ty+45 = 0,

2. ITpsimast, NPOXOASIIAST Yepes TOuKY M, (X3 y;) ¥ napai-
JienbHast npsimol Ax4- By+C = 0, npeacraBJisicTcst Vpas-

HeHHCM
A(x—x)+B(y-y) =0. 2

IIpumep 2. Peuus npumep 1 (A =15, B= —7) no
dopmyie (2), Haitnem 5 (x42)—7 (y—5) = O.

ITpume p 3. CocraBUTh YpaBHEHHC NPSAMOIL, NpoxoasIeH
yepes Touxy (—2; 5) M napamienvHoit npsimoii 7x--10 = 0.

Pemenue, 3aecs A=1T, B=0. ®opmysa (2) naer
7(x+2) =0, 1. . x+2=0. dopmvna (l) .HenmpumeHHUMa,
TaK KaK JAHHOC YPABHCHHC HCJIB3ST DA3PCLIUTh OTHOCHTENLHO ¥
(nannas npsiMasl mapasieibiua 0CH opauuat, cp. § 15).

§ 26. VpaBHeHMC NpSIMOM, NpOXoAsAuUleit Hepe3 AaHHYH
TOYKY NEPNeHAMKYNSIPHO K NaHHON npsMoi

1. IIpsmast, mpoxoasmast yepes Touky M; (x;; y,) 4 nepneu-
JUKVJsIpHast K .MpsiMoit y = ax-+ b, npejcraBisieTcst vpasle-
HHEM

1
Y=yr= =5 x-x) (1)
Cp. § 24, npumep 2.
Il pume p 1. CocTaBuTh YpaBHCHUE NPsIMOH, Tpoxo et
yeped TOUKY (2; —1) M mepneHaAHKYIAPHOi K NpsamMoi

4x -9y = 3.
Peme i e, JauHyio NPSIMYIO MOYKHO IIPCACTABUTE VpaB-
4 [V} i
HCHUEM Y = %— x——;—(a = 3). VpapHeHue MCKOMOH npsiMoii
9

ecth y+1= —% (x-2), ™ e 9x+4y—14 = 0.
2. Ipsimast, npoxomawast yepes Touky M, (x; y1) U mep-
NCHAMKYJISIpHAst K npsamoit Ax+ By+C = 0, npejcraBiaseTcst

VpaBHeHHEM
' A(}’—yx)"B(x—x!) = 0., (2)
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IIpume p 2 Pewas npumep 1 (A = 4, B = —9) o gop-
lenf (2), naiigem 4(y+1)+9(x-2) =10, 1. e, 9x+4y—-

H—p HMe p 3. CocTaBUTb YpaBHEHHUE NPSAMOMH, NPOXOAsLIei
yepe3 TOUKY (—3; —2) NepHEHAUKVIAPHO K IPsMOH

2y+1 =0,
Pewenue, 3pece A=0, B=2 dopmyna (2) npaer

—-2(x4+3) =0, 1. e. x + 3 = 0. Popmvaa (1) HenpumMeHUMa,
uéo a = 0 (cp. § 20, 3ameyannue 1), =

§ 27. B3aumMHOE pPaCHONIO)KEHHE IPAMOM M maper TOUEK

B3auMHOC pacrojioXkenne Touek M,(xp: 31), Ma(xp; ¥,) H npamoit
Ax+By+C =0

MOKHO OTIPENENTHUTE 110 CJIEAVIOMM ITPHUSHAKaM:

a) Touxd M; ¥ M, Jle)KaT 0 OfHY CTOPOHMY OT npsmo (1), xorna
uHcna Ax; + By, +Cy, Axp + By, +Cy HMCIOT OIMHAKOBbIE 3HAKH;

6) My M M, ne)kar no pasuble CTOPOHBI OT npsimoi (1), xorga aTH
yics1a MMEIOT NPOTHBOMOIOYKHbIE BHAKH;

B) Of{Ha M3 ToueK M;, M, (unu oGe) nesKUT Ha npsMoit (1), ecit ogHO
M3 9THX yHcesa (MaH 06a) paBHO HYJIIO,

Mpumep L. TouyxH (2; —6), (—4;=2) JeXKat 10 OJHY CTOPOHY OT
npaMon

3x+5y—1 =0,

TaKk Kak_ uHena 3¢2454(~6)=1==25 U 3+(=D+5+(=2) =~ 1=
= —23 o6a oTpHLAaTebHBbI,

M pumep 2, Hauano koopauHar (0; 0) 1 Touka (5; 5) neyar rno pas-
Hble CTOPOHBI OT mpsAMoi x+y—8=0, Tak Kak yucna 0+4+0—-8=~8
H5+4+5~8=+2 uMeloT pasHbIe 3HAKH,

§ 28. PaccrosHue OT TOUKM J0 npsmoit
Paccrosinue d o1 Touku M, (X, ¥) 10 npsamoit

- Ax+By+C =0 (1)

PaBHO aGCOIOTHOMY 3HAYEHHUIO BeJHYHHEL

_ Ax 4+ By +C_

8= YAz BE ' @

Axl + By, +C
il @®)
O pumep. Haiitn paccrosune or touku (—1; 41) xo

npsiMoit
3x—4y+5=0.

1) ®opmyna (3) 0GbIUHO BHIBOQUTCS € IIOMOLIBIO MCKY CCTBEHHOI'O IT0=
CTPOEHHS; HHXKE (CM. 3aMeyaHHe 2) YKa3aH YHCTO aHANUTHYECKU BBIBOR,

T. e 1)
d=[8]=




§ 29, IOJIAPHBIE NMAPAMETPLI TIPSIMOIT 43
PemeHue.

3 =4y 45 _ 3(=D)=d145 _ 2
V3t +42 Y3t 42 5

2 2

d=]8]= _F|~§.

3ameuanue 1. ITyvere npsamas (1) He npoxoAXT uepes Hayano O H,
gHauMT, C #0 (§ 16). Ecnu npH aTom 3HaKkK & U1 C OAMHAKOBEI, TO TO'IKH
M; ¥ O ne)xaT 1o oRHY CTOPOHY OT NpsiMoii (1); €CIIH NPOTHBOMOIOMKHDI, —
TO MO pasHule CTOPOHLI (cp. § 27); ecnu »ce & =0 (YTO BOIMO>KHO NHLIb
npu_Ax; + By; +C =0), To M ne)xut Ha faHHoM npsimoit (§ 8).

BesHuyMHA & Ha3blBAGTCA OPUEHTMUPOSAHHBIM  paccmosnHuem Ot
ToYykH M; o npsimo#t (1). B paccMoTperHoM NMpHMepe OpHeHTHPOBAHHOE
paccTosiHHe 8 paBHO —2/g, a C =5. 3HaKH & M C MPOTHBOMOJIOMNKHD!; 3Ha-
YUT, TOUKH M; (~1; +1) 1 O nexkar no pasunle
CTOPOHBI OT npsAMoit 3x —4y +5=0.

3ameyanue 2, Gopmyaa (3) BHIBOAUTCSH
Tpole BCEro CReayomnm oGpa3oM.

IMMycth My(x,; V) (4ept. 24) — ocHOBaHHe
Tie PIIEHANKY 151pa, ONYILNEHHOr0 H3 TOYKM M,
(x1; 1) Ha npamvia (1), Toraa

d =V —x) +@:—y)% (4)
KoopnuHaThl Xz, Y Hal/leM KaK peLIeHHe CH-
CTEMBI
Ax+ By+C =0, (1) Yepr. 24,
A (=) ~B (x~x)=0, (5)

I/ie BTOPOE Y paBHeHHe 1pefcTaBsieT npsimyio My M, (§ 26). Itna oonerqe-
HHUA BBIKNAAOK NTPeoGpa3yeM repBoe Y PaBHEHHE CUCTEMBI K BHAY

A (x~x)+ B (y =)+ Ax, + By, +C =0, ()
Pewas (5) M (6) 0THOCHTENBHO (X ~X;), (¥ —¥1), HAXOAKHM:

(Axy + By +C), (U]

A
X=X =~

B
y=3 = -m(Axx+B}’1 +0C). 8)
Mopcrasus (7) 1 (8) B (4), Halinem:
Ax1 -+ By1 +C

YAz Bt
§ 29. Honsapurie napamerTpsl npsmMol )

ITosi0sceHMe NPsAMOiL HA TIIIOCKOCTH MOYKHO 3aJaTh JIBYMS
YUCJIaMHM; TaKHe YMCJIa HashIBAWTCS NapaMempamil TPSMOM,
Tak, unucna b (HavanbHast opausara) ¥ a (VryioBoit Koapodu-
uuenT) sipaswotes (cp. § 14) napamerpamu npsmoit. Ho napa-
MeTpH b M a NPUroAHH He ST BCeX TIPSIMBIX; NpsIMYio, Ia-
pannenepuvio OY, Henb3st umu 3apath (§ 15). B nporusomno-
JIOYKHOCTB 3TOMY NONSIPHBIMH IIapaMeTpamMyt (CM. HIDKE) MOXKHO
33JaTh MOJIO)KEHHE B C A KO H npamoii.

1) 9ror naparpad ABnAETCA BBOAHLIM AnA §§ 30 1 31,
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Hosapnoim paccmoayiem npsmoit UV (uepr. 25) Ha-
3blBaeTCA JUIMHA p TepneHpukvaspa OK, INpoBeaeHHOro
K npsimoi u3 Havana O, ITonsipHoe pac-
Y CTOSITHHE MOJIOYKUTENBHO WM PAaBHO HY-

U a0 (p = 0).
Hoaaprum yeaom npsimoit UV Ha-

Y 3bIBACTCA VION o = £ XOK Mexay

1 gJyuyamu OX u OK (B3ATHIMH B RaH-

A H HoM nopsigke; cp. § 21). Ecau npamas

; AN} UV He nmpoxoaur yepe3d Havyano (KaK

of ¢ ¥ Ha uyepT. 25), TO HanpaBJICHHE BTO-
Uepr, 25 poro jyya pnojue ompepesneso (ot O

Kk K); ecnu »e UV npoxogur uepes
O (torpa O u K coBmapawor), TO avy,
TIePNEHANKYASAPHLE K UV, nposogurcst B Jio6oM M3 ABYX
BO3MO)YKHBIX HaNpaBJICHHUIA.

ITossipHOE paccTosiHUe U MOJISIPHBIA VIoJ1 HasLIBAIOTCS No-
AAPHUIMU nApaMempamt NPamot.

Ecnu npsamast UV npeAcTaBhsieTCst YpaBHEHHEM

Ax+By+C = 0,

TO €¢ MOJIAPHOE PacCTOsINHC onpeaensiercst mo dopmvie
1C]

= 1
p }/Az-i-Bz ’ ( )
a MONAPHLIL YroJt o~mno popmynam
A . B
Cos o = ——, Sl & = —_— 2
¥ YAryBe’ ¥ YArsB: ' 2)

rae BepxHue 3Haku Oepvrest, Korna C > 0, a HKHHC ~ KOrja
C < 0; ecnu ke C = 0, To mo npoussony Gepvrca JaunGo
TOJIKO BePXHHe, NGO TOALKO HH)KHHC 3HAKH 1),

1) dbopmyna (1) nonyyaercst u3 (3) § 28 (mpH xy =y, =0). Gopmyast
(2) noayuaiTca Tak: W3 YepT.

OL x LK 4

cos«=—.7<—=—i, sin « =oK< 7" )
CornacHo (7), (8) § 28 (npu x, =y; =0) nmeem:
xmaAC L BC_ *
=~ ZXayrp ) ATt B
U3z (1), (3) 1 (4) cnenver:

Co8 a ——-—L--——-— sin « ==—--£———-—-—B——- (5)

1Cl yaryme' ICl yazyB2
dopmyar (5) corRrapaioT ¢ (2), n6o T?-l- = +tnpuC=>0n -I—C—l =~1

npu C =<0,



§ 30. HOPMAJILHOE YPABHEHHE npPHAMON 45
IT1pume p 1. HaliTi nonsipHele napameTpel NpsiMoii
3x—4y+10 = 0
10
Pcmecnue. dopmvia (1) paer p = R s . $op-

myasl (2), rjie HY)KHO B3SITb BEPXHUE 8HaKH (6o C = +10),
Aaiot

.8 8, . (= _ 4
COS & = Vore = 5 sSin o« = V32+42—+5'

CuiepiopaTenbHo, & =~ 127° (i o ~ 487° u 1. 1.).
ITpumep 2 Haiitu noaspuoie napameTpsl nNpsimoit

3x—-4y = 0.

®opmyana (1) pact p=0; B dopmvrax (2) MOXKHO B3sSiThH JIMGO
TOJLKO BCPXHME 3HAKH, JHMO0 TONbKO HWKHHE, B mneppom

3 4
civyae cose = — 3, sin « = 11, 3HAUNT, « ~ 127°; Bo BTO-
3 4
poM cavuyae cose« = 3, sine = —+ M, 3HAYMT, o & ~53°

§ 30. HopmanbHoe ypaBHeHHe npsaMoit

Ipsivast ¢ nonsipHeIM paccrostiueM p (§ 29) u noasipHEIM
VIUIOM o IIPC/ICTaBJISICTCST YPaBHCHHEM

xcosa+ysina—p = 0. (1

OHO HA3BLIBACTCST HOPMAALHLIM Y pasiteriil-
eM npamoil.

ITpumep. Ilvers npsimag UV o1cTO-
HT OT HayaJa Ha pacCTOsiHHC

OK =Y2

(uept. 26) n nvere ayy OK cocrasusier
¢ nvuom OX vron a=225° Toraa HOPMAJILHOC YpaBHCHIC
npsmoit UV ccth

x 0§ 225°+y sin 225°— Y2 = 0,
V— ""y V2=o.

Yepr. 26,

T. €.
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TTOMHOXXHB Ha —V2, Monyuum vpaeHenue mpamoit UV B
Buge x+y+2 =0, HO 9TO VYpaBHEHHE V)KC HeE SBJsETCA
HOPMaJIbHBIM.

BrBon vpasuenus (1), O6osHau¥M KOOPAMHATHL TOUKM K
(uepT. 27) uepe3 X, y,. Torma x,=OL=p cos «, Yy, =LK =p sin a.
Npamana OK, npoxopauasn yepes TouxkH O (0; 0) u K (xp; ¥2), Iipeacra-
Bserca (§ 23) ypaBHenuem 2 Y2l o e (sina) x — (cos «) y=0.
Hpsimasa UV npoxonut uepe3 K (Xp; y2) H NepIeHAUKYIsApHA K INpAMoIL
OK., 3uauur (§ 26, 11, 2), oHa NMPEACTABAAETCA Y PABHEHHEM Sin « (Y —Y») —

—(—cos a) (x —x3) =0. IToxpcraBnsia ciojia
Xg = pCOSa H Y, = psin«, ¥IONYUaeM
x ¢os a+y sin «—p=0,

§ 31. IlpuBcneuue
YpaBHEHUsA npamMoit
K HOpMaJbHOMY BHAY

0| z L » X UroOur HaiiTil HOpManbHOE Vpa-
Yepr. 27 BHEHHC MPsMoii, 3aaHHO}l VpaBHC-
pT. 21 HleM  Ax+By+C =0, jocra-
TOYHO DPa3/JCIHThL JAHHOC VpPAaBHC-
Hue Ha TFVAT+ B2, mpHyem BepxHilit 3HaK Oepercst, Korjaa
C > 0, 1 HiKHUL — Korna C < O; ecau ke C=0, TO MOXKHO
B3ATH N1000it 3HaK, [Tonyynm ypaBHeHne
- A . B C
F F y- lel
YAz + B2 YA+ Bt YAz + Bz

Ono 6yaer HOpMaNbHEIMY).

ITpumep 1. Ilpusecrin vpasHeume 3x—4y+10=0
K HOpMaJIbHOMY BUAY.

3nece A=3, B=~4 1 C=10 > 0. IToatoMy JeauMm Ha

— V32442 = -5, [Tonryyaem

3 4
~5 Xtzy-2=0

310 — vpaBHeHHe Buja X C0S oty sina—p = 0. HMuenuo
3 .
p=2 cosa= -3, sine = +¢ (3Hayur, « ~ 127°).

ITpumep 2. Npusectu ypasHeHue 3x—~4y = 0 K HOp-
MaJIbHOMY BHAY,

1) H60 KosdhdpHuUMeHTH TPHU X, ¥ COOTBETCTBEHHO PABHBI COS &, Sifl &
B cHay (2) § 29, a cBoGosHEIN YsieH pasett (— p) B cuay (1) § 29,



§ 32. OTPE3KH HA 0CAX 47

Taxk Kak 3cch C=0, TO MOXHO paspgeiuTh JHGO Ha B,
nubo HA — 5. B nepnom ciyyae nosgvyaem
3 4.0
TX-FV =
(p=0, « ~ 307°), BO BTOPOM CJIVyae umecn
3 4
~§Xtgy =0

(p=0, « ~ 127°). JIByM 3HAUCHHUSM « COOTBETCTBYIOT 7ABA
cnoco6a BLIGOpA MOJIOKUTENBHOr0 HanpaBieHHs Ha ayue OK
(cm. § 29).

§ 32. Orpesku Ha ocsaX

Juist pasvickanust orpeska OL=a (uept. 28), oTcexaemoro
npsimoit UV Ha ocu acumucc, 0CTaTOYHO B YPABHEHHH Mpsi-
MOiT MoJIO)KNTL ¥ =0 M pelHTh VPABUCHHC OTHOCHTEJILHO X.
AHaNOrHYHO HUICTCS 0TPC30K
ON=b Ha ocH oppuHar. 3Hauye- Y
HUST @ U b MOI'VT OLIT KaK NMOJOXKH-

TEJbHLIMM, TaK H OTPHLATCJbLHBI-
M, Ecnn npsiMasi napasuiesbHa

OJHOM H3 OCei, TO COOTBETCTBYIO- b

mHUil  OTPE30K He  CYHICCTBVET

(«obpamtaercst B 0ECKOHEYHOCTHY), 7 = IS<X
Ecny npsiMasi npoXoAuT yepes Ha- I v
yajo, TO Ka)XAblX OTPE30K BHI- Uepr. 28.

pOXKAACTCST B TOYKY (a= b = O).

IIpumep I, Halitu otpesku a, b, oTceKacMbic Npsmoii
3x—2y+412 = O Ha ocsix.

Pecure Hue, IToraraem y=0 1 u3 vpasHenns 3x4 12 = 0
HaXoauMm =~4, TIlonarag  x=0, H3 VYpaBHEHH:
—~2y+12 = 0 HaxopuM y =6. Utak, a= —4, b=6.

ITpumep 2. Halitu orpeskut a, b, OTCCKAaGMbLIC HA 0CAX
npsMoi

5y+4+15 = 0.

P e e H1r e. 9ta npsimast napanicibha ocy adeuucc (§ 15).
Otpesok a He cvimecTsver (mojoskiB y=0, nmonyyum mnpo-
THBODEUHBOE COOTHowenue 15=0). Orpesox b paBeH —3.

Iipumep 3. Halith oTpesku @, b, oTceKaeMble Ha 0CAX

NPpAMOi
3y—-2x = 0.

Peurenue., Mo maaoxennony cnocoly naijnem a=0,
b=0. KoHel, Ka>kjoro H3 ¢OTPC3ikOB» COBNAJAET € CI'0 Ha-
4aJioM, T. €. OTPEe30K BBIPOXKAAeTCS B TOYKY, IIpsimass mpoxo-
AuT yepes Hayauo (cp. § 14).
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§ 33. YpaBHeHHe nmpsamoil B OTpe3kax

Ecnu npsiMasl 0TCEKaeT Ha 0CsIX OTPe3kH a, b (He paBHble
HYJII0), TO ¢ MO)KHO NPEACTABUTL VPABHEHHEM

X,y
=t = 1. (1)

O6parHo, vpaBHeHHe (1) npeACTaBIsIET NPAMYIO, OTCEKAI0-
Y10 Ha ocsIX (cumTtast OT Hauana O) OTpesKH a, b.

VYpapuenune (1) Ha3LIBAETCsA YpasHenueM npamold 6 om-
pesKax.

IT p u m e p. Haiith ypaBHeHue npsimoit

3x—2p+12=10 )
B 0Tpe3KaxX.

Pemenune. Haxonum (§ 32, npumep 1) a=~4, b=6.
YpaBHexme B OTpE3Kax €CTh

X .Y
E+d =1, @®)

OHO paBHOCHIJIBHO VpaBHeHHIO (2).

3ameyanue 1. I[Ipsgamyio, 0TCEKAOULYIO HA OCSAX OTPE3-
KM, paBHble HVJlI0 (T. e, IPOXOASIILYIO Yepe3 Hayalo; CM, NpHU-
mep 3 § 32), Hesb3st MPEACTABUTE VPABHCHUEM B OTPC3KAX,

3aMeuanue?, IMpamyio, napannensuyio ock 0X (§ 32, npumep 2),

MOYKHO NpeRcTaBUTh ypanHe;meM% =1, rue b—oTpesok Ha ocu OY,

AHanornyxo, NpsMyo, napannenbuyio oci OY, MO)KHO TNpeicTaBHTb
x
VPaBHEHHEM - = 1. CuHTaTL M OTH Y PABIICHHS «¥ PABHEHHSMH B OTPE3KAX»

HMITH HET —AEN0 corjatienys (0GIUEenpPHHATOr0 COrNalleHHA B IHTECpATYpe
Rner) 1),

§ 34. IlpeoGpa3oBaHHe KoopauHAT (MOCTAHOBKA BONPOCa)

Opna M Ta >Ke JIMHMSI TPeACTaBJISIeTCST PasIHYHLIMY YpaB-
HCHHSIMM B PasHBIX CHCTeMax KoopauHar. Yacrto TpeOvercs,
3HAs YPaBHEHHE HEKOTOPOil JIMHMM B OAHOII CHCTeMC KOCp-
auHAT («emapoli»), HaliTH VpaBHeHHE TOH >Ke JMHHHM B ApY-
roif cucreme («rogoiy). Dtolt menn cav>at gopmyant npeold-
pasoearus roopouram. OHHU VYCTaHaBJMBAIOT CBsI3b MEXKAY
CTapLIMH M HOBEIMH KOOPAMHATAMM KaxoH-nu6o Touxu M.

x
1) CymecTBEHHO TO, Y4TO ypaBneHHe;: 1 nm %—= 1 Moo mno-

JIYYUTBb M3 YpaBHeHHs % +—yb- = 1, HO He KaK YacTHBbI ero cnyuail, a ¢
MOMOLBIO MPEALALHOro nepexo Aa (npi GeckoneuHo GonblioM b nan @),
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JTi06y10 HOBYI0 CHCTEMY NPSIMOVIOJIBHBIX KOOpauHar X'0' Y’
MOKHO MONYYHTB U3 Ni0Goii cTapoii cuctemsl XOY (ueprt. 29)
€ IIOMOIIBIO ABYX JIBHIKEHUII: 1) cHauaJsia coBMelaeM Hayano O
¢ TOUKO# O0’, COXpaHsist HeM3MEHHBIMM HanpaBJIeHUsT OCeif; 11o-
JlvyaeM BCIOMOratesqbHvio cuctemy XO'Y (00603HaueHHVIO
NVHKTUPOM); 2) 3areM MOBOpayHBaeM BCIOMOTaTeJbHYIO

CUCTEMY OKOJIO TOuUKM O’ 10 COBMCHICHMA € HOBOit CH-
cTemoii X'0'Y’.

[N 4 o
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o X \
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0 ' X -0
YepT, 29. YepT, 30.

OTH >Ke JBA ABUIKEHUST MOXKHO BHITONHUTB U B 00paTHOM
nopsiaKe (CHauana nopopoT oKos1e O, AWK BCIOMOraTeib-
HyI0 cucteMy XOY, sarem mnepenoc —
HayaJsia B TOuKY O’, falouinii HOBVIO CH- M
ctemy X'0' Y/, uepr, 30).

B COOTBETCTBHH € 9THM J0CTATOUIIO
3HaTh (OPMYJIL npeobpasoBaHUst KOOP-
AUHAT npu nepenoce navana (§ 35) u 0
pu nosopote oceit (§ 36).
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§ 35. Iepenoc Hayana KOOpAMHAT

Yepr. 31,
OGosnauenus (uept. 31):

CTapble KOOPAHHATHE Touky M: x=0P, y=PM;
HOBBIE KOOPAMHATEI TOUKH M: x’=0'P’, y'=P'M;
KoOpAuHaThl HOBOr0 Hayana O’ B crapoi cucreme X0Y:

%=OR, Yo=RO".
dopmynel neperioea:

X=X +X, Y=V-IY, (1
HIK
X = X=Xy ¥ =¥=Vo )
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CrnoBaMu: ¢mapas koopouHama pasHa HOG0U, CA0MCeHHOU ¢
K00pOuUHamoii Ho8020 Hauaaa (B CTApOi cucTeme) ).
IIpumep 1. Hayano KoOpAWHAT HEPEHECEHO B TOUKY
(2; —5). Haiiti HoBLIC KOOPAMHATHL TOUKH M(—3; 4).
P e w e H ne, Mmeem:

X=2, y=-5 x=-3, y=4.
ITo dopmynam (2) HaxopuM:
X = —=3-2= -5, y=4+5=0.
IIpumep 2, YpapHeHHe HeKOTOPOH JHHHH CCTh
x2+y?—4x+6y = 36.

KakoBo 6yper vpaBHEHHC TOH »Ke JIMHMM IOCJae TepeHoca
Hayana KoopauHar B Touky 0’ (2; ~3)?
PeweHu e CornacHo popmyaant (1) umeem;

X=x'+2 U y=y-3
IToacTaBUM 3TH BLIPA)KCHHSI B JlaHHOE ypasHeHue. ITonyuum:
(x'+2)2 4 (' —3)2—4 (' +2)4-6 (y'=3) = 36,

MJIM TI0CJIC YNIPOIEHHH
X2y = 49,

9T0 — HOBOC VpaBHCHHE Halueil JHHINL M3 Hero BHAHO,
YTO 9Ta JIHHHUS eCTh (§ 38) OKPYIKHOCTL paxuyvca R=7 ¢ LeHT-
PoM B TOuKe O,

§ 36. IToBopoT oceii

O6o3HaueHus (yept. 32);
cTapble KOOpAMHATHL TOUKH M:x=0P, y=PM;
HOBbIE KOOPAKHATHI TOYKH M :x'=0P’, y'=P'M;
VYroJ nosopora oceit 2) « = £ X0X’' = £ YOV,
DopMyIEl I0BOpOTA 3):

x
y 0))

1) JInsa sanoMHHaHUA NpaBUia He YHTalTE C/I0B B CKOGKAX; OHM CyIlie-
CTBEHHD!, HO JIEFKO BOCCTAHABJIHBAIACA 10 CMBICHY.

2) O 3HaKe yrna « cM, § 14, moacTpouHoe MpHMeuaHHe,

3) Hna sanoMuuanns popmyn (1) 3ameTbre, UTO B BLIPAMEHHM J11A X
HMeeM «ITONHbIA GecropsAaoKs (KOCHEYC CTOHT PAHBINEC CHIY CA, MEXKTY HlIC-
HaMH NpaBoH HACTH —3HAK MHHYC). [HANpOTHR, B BLIDAYKEHHH A5 Y MUL
HMeEM «[TOJIHLIA NMOPSI0K» (CHAYAIA CHHYC, ITOTOM KOCHHYC, & MY Yjie-
HaMH «~3HaK I1110¢).

Dopmy bl (2) nonyuartest U3 (1), ecnv 3aMeHHTD a Ha — o M 1IOMEHSATD
oGosHaueHHA x, ¥ Ha X’ ,)’, H Ha000POT,

Il

X' cosa—y’sino,
X’ sin 4y’ cos «,

I
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HIH

I

]

x' = xcosa+ysine, } @)
¥y = —xsine«+y cos «.

IIpumep 1. YpaBHenune 2xy =49 npeactasisieT JHHUIO,
COCTOSIILYIO M3 IBYX BetBeit LAN u L' A’N’ (yepTt. 33) (oHa

X

h
~

o\

YepT. 32. Yepr. 33.

Ha3LIBACTCs1 paBHOGOuHOH rumepGonoit). Halith ypasHeHne
9TOM JIMHUK I0OCJIe 1I0BOPOTA OCeil Ha yrog 45°,

Peurcnue, dopmyns (1) npy «=45° npUHUMAIOT BHA

X=X V— J}'Vz—’

y:x—y—z-f-y sz.

TTofcTaBMM OTH BLIPAXKCHHS B JaHHOC YpaBHeHHe, [Tonyunm:
2 V_ V 2 (x; y;)(xl +yl) — 49’
WIH 110CJ1€ anOULCHHH

x'2—y'% = 49,

ITpumep 2. Mo nosopora oceii Ha yron —20° Toyka M
uMena abeuucey x=6 W opauHaty y=0. Hailtu Koopau-
HaThl TOUKH M 1nocie noBopoTa oceit.

P e 1w e H ue. HoBble KOOPAUHATHL X!, ¥’ TOUKH M Haltpyrest

no popmyaam (2), rae Hafo MONOKUTE X=6, y = 0, & = —20°,
ITonyunm:

x’
yl

I

6 cos (—20°) ~ 5,64,
~ 6 sin (—20°) ~ 2,05,

il
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§ 37. AnreGpavyecKue NMHHM M MX NOPANAOK

YpaBHenue BHAA
Ax+By+C =0, (1)

Te 1Mo xpaiiHeil Mepe onHa M3 BeJMudH A, B He paBHa HYJIIO,
€CTb anzebpaudeckoe ypagHenue nepeoli cmenenu (C ABYMsI
HEeH3BCCTHEIMU X, y). OHO Bcerja mpeACTaBiseT NPAMYIO
JIMHHIO.

AnzeOpaudeckum ypasHetiieM 6mopoil cmeneHyt Ha3pBACTCS
BCsIKO€ YpaBHCHHE BHAA

Ax*4+ Bxy+Cy*+Dx+ Ey+ F =0, ?)

rae no kpaiineii mepe opHa w3 BenMuuH A, B, C He paBua
HYJ10.

VYpaBHCHHe, PaBHOCHJIBHOE VpaBHeHHIO (2), TaK)Ke Hasul-
BaIOT ajarcOpanyccKuM.

ITpumep 1. YpaBHeHue y=>5x%, paBHOCHIIbHOE VpPaBHe-
Huo 5x2—y = 0, — anrcOpaunuccKoe VpaBHCHHC BTOpOH cTe-
neuu (A=5, B=0, C=0, D=0, E= -1, F=0).

ITpumep 2. YpasHeHue xy=1, paBHOCUJIbHOC VpaBHe-
HHUI0 Xxy—1 =0, ectb anrebpanueckoe VpaBHEHHE BTOPOH
crenenn (A=0, B=1,C=0, D=0, E=0, F = ~1),

ITpumep 3. YpaBHeHue (x+y+2):—(x+y+1)t=
€CThb YpaBHEGHHE NEPBOIi CTENEHH, TaK KaK OHO PaBHOCHJIbLHO
vpaBHeHHIO 2x+2y+3 = 0.

Ananoruuno onpegensiorcst anrefpanuecKHe VpPaBHEHHS
TpeTheil, YeTBEepPTOH, MATOH U T. A. CcTencHeil, Bennuuuer A,
B, C, D u . n (B TOM yucie CBOOOJHBII YJicH) HASHIBAIOTCSI
Ko3ppuyuenmamu anreGpanyecKoro YpaBHCHHSI.

Ecnu Hexoropas JuHHs L NPeACTaBAsIeTCs B KAKOH-1H00
0JHO{1 IeKapTOBOIl cHCTeMe KOOPAMHAT anredpanyecKHM ypas-
HEHMEM n1-i1 CcTemeHY, TO M BO BCAKOH ApYroii jekaprtoBoit
CHCTEMC OHA NPEACTABUTCS anrebpaHyecKUM YpPaBHCHHEM TOi
>Ke crenenH. Ilpu 3TOM, OXHaKO, KOI(GOUUUCHTEI VpPaBHECHUA
(BCE MJIM HEKOTOpBIE) M3MEHST CBOM 3HAYCHUS; B YACTHOCTH,
HEKOTOPEIC MOTYT 00PaTUTBCS B HYJIb,

JInnus L, npencraBisiemast (B AeKAPTOBOH CHCTEME) VPaB-
HCHHMEM n-H CTCNCHY, HA3LIBACTCSL ageebpauveckoil AuHuel
n-2o0 nopaoka.

INIpumep 4. Ilpsimast NHHHUS NMPCACTABIISIETCS B NPSIMO-
VIOJNBbHOH CHCTEME KoopauHat anreﬁpamecxnm YpaBHEHHEM
neppoii crenenu Buga Ax+ By+C = 0 (§ 16). IToatomy npsi-
Mast eCThb aarefpanyeckas JIHHNS IEPBOT0 nopsaxa. Jnst ofHokH
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H To# Ke nmpsimoit KoadhduurueHTE A, B, C UMEIOT pas3iuyHbe
3HAYEHHUs1 B Pa3NIMYHBIX CHUCTeMaX KOOpauHar. Tak, NyCTb
B «CTapoil» cucTeMe IpsiMasi NPEACTABJSICTCS VPaBHEHHEM
2x+3y-5=0 (A=2, B=3, C= —5). Eciu NOBEPHVTb
ocu Ha yroa 45° To (§ 36) B «HOBOI» cUCTEME Ta >KE TIPsAMAasT
TIPe/ICTABUTCST VPABHEHHEM

2(x' L;%—y’ 12—3)4-3 (x' 12—5+y' Y2) 5 0,

2
T. €.
51 2 2 52 2
V2 X2y 50 (a=-22, p-1Z, c=-5).

IHpumep 5. Ecan nayano KooOpaHHAT COBNANAET € 1IEHT-
POM OKPYIKHOCTH paauvca R=3, TO OKPVIKHOCTH IpPEACTaB-
Jistercst vpasHenuem (§ 38) x2+y?—9 = 0, Oto — anreGpan-
yeckoe vpapHeHue BTopoif crenenn (A=1, B=0,C=1, D=0,
E =0, F = —9)., 3HauUuT, OKPY)XHOCTH €CTb JIMHUsI
BTOPOro nopsiika. Eciiv Hayasno KoopauHaT NePCHECTH B TOUKY
(—=5; —2), To B HOBOIi CHCTCMe Ta >KC OKPY)KHOCTb NpejcTa-
putest (§ 35) vpasueHuem (x’—5)24(y'—2)2—-9 =0, T. e.
x24+y2—10x’'—4y’+20 = 0. 3TO VpPaBHCHHUC TO>Xe BTOPOH
creneHH; KoadpouuHeHtst A, B u C 0CTajnuCh INpPe)KHUMH,
Ho D, E u F H3MEHUNHCh.

IIpumep 6. JluHus, npeacTaBisieMasi YpaBHEHHEM
¥ = sin x (cuHyCcoupa), — He anrebpanycckast,

§ 38. Oxpy)KHOCTD

Oxpy)KHOCTb paaMvca R ¢ LCHTPOM B Hayalie KOOPAMHAT
TIPe/ICTaBJIACTCS YPAaBHEHHCM
x2+y2 = R2,
OHO BEIPA)KACT, YTO KBajpaT PaccTos-
Hust O A (cM. uept. 9 Ha cTp. 22) OT Ha-
yana KoopauHAT 10 Ji0G0H TOuKH A,
Jierauieii Ha OKPY)KHOCTH, paBeH R2
OKpPW)KHOCTE paauvca R ¢ LeH-
TpoM B Touke C (a; b) nmpeacTaBJIsIeTCA
VpaBHEHHEM Yepr. 34.
(x-ay+(y-b=R. (1)
OHo BEIpa)kaeT, uTO KBanpat paccrosgaust MC (uepr. 34)
Mexxay Toukamu M (x; y) n C (a; b) (§ 10) pasen R2,
YpasHeHHe (1) MOXXHO NepenucaTh B BUIE
X2+ y%—2ax—2by +a*+b*—R? = 0. )
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‘YpaBHeHHe (2) MO)KHO NMOMHOXHUTb Ha JioGoe uucio A;
TOTAA OHO IIPHMET BHJ,

Ax2+ Ay —2Aax-2Aby+ A(a?+b*~R?) = 0, ?3)

ITpumep 1. Okpv)kHOCTL paguyca R=T C LEHTPOM
C (4; —6) npeacTaBasieTCst VpaBHEHHEM

(x—4)*+ (y+6)? = 49 unu x24-y2—-8x+12y+3 = 0
MM (rmocsie YMHOMKEHHUs Ha 3)
3x%43y?—24x+36y+9 = 0.

3ameuyaHu e OKpYI)KHOCTb €CT JIMHHS BTOPOrO NOPsIIKa
(§ 37), TaK KaK NpeJCTaBIsIETCsi VPABHEHMEM BTOPOM CTeNeHH,
OAaHako ypaBHEHHe BTOPOH CTeneH! NPe/iCTaBISIET OKPYIKHOCTh
Jianexo He Bceraa. st 9Toro HeoGXOAUMO:

1) uToOBl B HeM He OLIJIO YjleHA C IIPOM3BEJCHHEM XY;

2) yToOBl KO3QOUUMCHTHI NPH X* W y? ObIM paBHb (CP.
ypaBHeHue (3)).

Ho atH veioBHst He BOJIHE foCTaTOYHHI (cM. § 39).

IT p um e p 2. YpaBHeHHc BTOPOi cTeneHH X2+ 3xy +y* = 1
HE NPeACTaBIISICT OKPYXCHOCTD: B HCM CCTb YJIEH 3xY.

ITpumep 3. YpasHeHue Bropoit crenenu 9x*+4y? = 49
He NPEACTaBJISIET OKPY)KHOCTb: KO3Q(UIHCHTH IPH X H NPH
¥* He paBHLL

ITpumep4. YpasHeHHe

5x2~10x4-5y*+20y-20 =0

YAOBNETBOPsieT VCiOBHAM 1) H 2), B § 39 nokasaHo, yTo OHO
TIPEACTABJIAET OKPY)KHOCTB,

§ 39. Pa3picKaHue HEHTPAa H Pajguyca OKPY)KHOCTH

YpaBHenue : .
Ax+ Bx+ Ay?4+Cy+D =0 ¢))
(oHo vposyieTBOpsieT yvenousiM 1 u 2 § 38) npeacrasisieT
OKPY)KHOCTb NIPH VCJIOBHH, uTo K0ddpduuuenter A, B, C, D
VIO0BJIETBOPAIOT HEPABCHCTRY
B24C*—-4AD > 0. (2

Torna ueHTp {a; b) U paguyC R OKPYYKHOCTH MO)KHO HalTH
no gpopmyaam )
B

oy b= —m, Rr=EEESAAD (g

a=- 247 =T eAr

1) Her HY)KAbl MX 3anOMHHATh; cp. npumep 1 (BTOpoit cnocof).
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3amevyaHnue. HepaBeHeTBO (2) BEIPAaXKAET, UT0 KBagpaT
papuyca [OJHKEH OblThb NMOJIOXKHTCIbHBIM UHCIIOM; CP. NOCJeS-
Hiolo ¢opmyny (3). Eciau HepaBeHCTBO (2) He BBIIOJIHAETCS,
TO YpaBHeHHE (1) HC NPeACTanisaeT HHKaKOR JJUHUH (CM. HIDKe
npumep 2).

IIpumep 1. Ypapuenue

) 5x2—10x+5y2+20y~20 = 0 4)
noaxoaut nog BuA (1); spech
A=5 B=-10, C=20, D= -20.

HepaBeHerBo (2) BuinosbsieTest, 3HauHT, ypaBHeHne (4) npef-
CTaBJIsIET OKPY)KHOCTh., ITo dopmynam (3) Haxomum:

a=1,b= -2 Rt =09,

T. €. UeHTp ecthb (1; —2), a paauyec R = 3.
Adpvroit cnoco®. Pasgenun vpasHeHHe (4) Ha x03d-
GuIeHT NPH YjeHaX BTOPOH CTenciH, T. €. Ha 5, MONVYUM:

x*—-2x+y*+4y—4.=0.

HonmonHum cvMmol x*—2x M y*+4y po ksazpparto. Jias
aroro npubaBHmM K IepBoit cymme 1, a Ko Btopoit 4. s
KOMIIEHCAUHK NpHOaBHUM TC »KE YHUCJa K ITPaBoil yactH ypas-
Henus, Tlonvuum:

(x2_2x+ 1)+(}12+4y+4)—4 = 1'['41

T, €.
(x=1)24 (y42)* = 9.
IIpumep 2, YpasHenue
X2—2x-+y24-2 =0 )

noaxoaut nox Buj (1), HO HepaBeHCTBO (2) He BLINOJHSETCS.
3naunt, ypaBHeHMe (5) He NpeAcTaB/IsIeT HUKAKOH JIHHUM.

K 3T0oMY BBIBOAY MOYKHO IDUATH M TaK (cp. npumep 1):

JonosHum cymmy x* —2x 10 KBaaparta, npubasuB K Heit 1.
Hns xomneHcauun npubaBum 1 Taroke M K NpaBoil YacTH.
ITonvunm  (x—1)2+3y24+2=1, T e (x—1)2+y*= -1,
Ho cymma KkpappatoB (ACHCTBHTCIBHBIX) YMCEJ HC MOJKET
PaBHSITLCSI OTPHIIATCALHOMY ulicay, ITo3TOMY HCT HH ORHOI
TOUKH, KOOPAHHATHI KOTOPOH VAOBJETBOPsIIM Obl JAHHOMY
YPaBHEHHIO,
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§ 40. daaunc xak c)KaTasg OKPY)KHOCTH

UYepea neHTp O OKPYIKHOCTH papuvca a (uepT. 35) npose-
JleM BP3aUMHO NepleHAUKVIISIpHBhE juamerpnl A’A, D’D, Ha
papuveax OD, OD’ otnoxkum ot TOYKU O paBHble OTPE3KU
OB, 0B’ pnnHol b (MeHbILel, uem a).
N3 kawpoit TOUYKM N OKPYIK-
HOCTH ONVCTHM NIepNeHAuKYasip NP
Ha auametp A’A M Ha 3TOM ItepIicH-
JUKYISIpe OTJI0)KUM OT €ro OCHO-
BaHUs1 P oTpe3ok PM Tak, 4to0bt

PM:PN=b:a. (1)
Sro nocrpoeHne mpeoGpasver

B KOKAVIO TOUKY N B JIPVIVIO

i COOTBETCTBEHHVI0 el TOouky M,
JIOKAIYI0O HA TOM OJKe Iep-

Yepr. 35, neHpukyisipe NP, npuuem PM

noavyaercst U3 PN yMeHblIEHHEM
B OJHOM U TOM )K€ OTHOIUEHUU Kk = %. ‘Taroe nmpeodpaso-

BaHHE Ha3LIBACTCH pASHOMepHBIM cocamueM. Ilpsmass ArA
HA3bIBACTCSI OCLIO CHCAmMUAL.

JInanst ABA’B’, B KOTOPYIO TIpeoOpasyeTcst OKPYIKHOCTh
rocjie PaBHOMEPHOr0 C)KaTHsI, HA3bIBACTCS 3AAUNCOMY).

Otpesok A’A = 2a (a yacto u npsimast A’A, T. e. 0Cb
CYKATHs) Ha3LIBAETCS 6061U0LL 0CbI0 BIVINIICA.

Orpesox B’B = 2b (a yacto u npsmast B’B) HageBaeTcst
Masoii ocoro ayumnca (o nocTpoeHuio 2a > 2b). Touka O
HasLBaeTCs1 yenmpom annunca. Touxku A, A’, B, B’ Hasbl-
BAIOTCSI Gepusltiamu dJITHIICA.

OtHowenne I = b:a Ha3uBACTCSt KOIPPUYUEHMOM CHca-

mus anaaunca. BeauwumHa 1—k = a;b (T. €. OTHOIIEHHE

BD : OD) unasviBaetcst cycamuem smmmnca, OHa 0603Hayacrcst
OVKBOH o,

OJININNC CHUMMETPHYCH OTHOCHTCJIBHO 00abINoil ¥ Mmanoi
0CCH, a 3HAUMT, U OTHOCHTENLHO LIEHTPA.

OKpYI)KHOCTB MOYKHO PaccMaTpPHMBATh KaK dJUIMNC ¢ KO-
dunnenTom oxxartusa k = 1.

KanonunuecKkoe ypaBHeHHEe 3aJHICa, Ecau
OCH 3JJIMIICA TIPHHATb 3a OCH KOOPAMHAT, TO 3JJUIMNC

1) Hpyroe onpenesenne onnmnca cM. B § 41,
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npeACTaBIsIeTCsT VpaBHeHHeM )
2 2

Xl =1, ¥))

a5
OHO Ha3sbIBACTCsl KAHOHUYECKUM 2) YpasHeHUeM IIMICA.
ITpumep 1. OxpycHOCTB papuvea a = 10 c¢u noasepr-
HYTa PAaBHOMCPHOMY C)KATHIO C KoadduuyeHTom cxxatus 3 : 5.
TTocne nmpeoGpa3oBaHust NOJVYUTCA 3JAUNC ¢ GONbLIOH OCBIO
2a =20 cM um Mmajoii OCblO
2b = 12 ¢ (nonvocu a = 10 ca,
b==6 CM)._C)K&THeISTOI‘O aJ1-
0-6
amnea « = 1-k = —5-=04
KaHoHHYeCKOe VpaBHEHHE ero
eCTh

x2 32 _
Tt 5 = 1-
ITpumep 2, Ilpu npoexru-
POBaHHH OKPYYCHOCTH HA KaKVYI0-
HHOVABL IJI0CKOCTB P AuameTp
A} A, (uepr. 36), mapaiesbHblit
9T0i NAOCKOCTH, NPOCKTUPVETCS Hepr. 36,
B HaTYDaJIbHYIO BEJIMYHHY, a BCe
XOpABI, NCPNEHAUKYJISIPHBIE K [AHAMETPY, COKPAUIAIOTCS B
OTHOLIEHUH, PABHOM COS @, TAE ¢ —YIoJl MEXAY INJIO0CKOCTLIO
OKPYIKHOCTH Py ¥ IJI0CKOCTBIO P, I109TOMY IPOEKLUS OKPVIK-~
HOCTH €CThb d/UIMNC ¢ 00JbIoi ochio 24 = A’A u KoadduLH-
CHTOM C)KaTHst kK = COS ¢.

1) Met umeem:
OP2 +PN? = ON2 = g%, (3)
B cuny (1) nmeem:

PN = Z.PM. (4)

IlopcTaBnsan B (3), HaxoaHM: .
OP: + 5 PM = w2, (5)

T. €, .

&

x2 +Tz— y2=as, (6)

Pasnenus Ha a2, NMOJYUMM PaBHOCHAbHOE YpaBHeHue (2). HTak, ecnu
M(x, y) ne>xkut Ha saaunce ABA’B’, To x, ¥ YA0BJETBOPSIOT ¥ PABHEHHIO
(2). Ecnu ke M He JEKHT HA STOM JJNIHICE, TO PaBeHCTBO (4), a
3HauuT, H ypasHenue (6) He yaonsersopsiores: (cp. § 7).

2) OT rpeyecKoro cnoBa sxaHoHs—oOpageu. TakuM 06pa3oM, Haapa-
HYe «<KAHOHHUYECKO€» PAaBHOZHAYHO HA3BAHHIO ¢THIIOBOE?,
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IIpumep 3. 3emHOHl MepHUAHAH TOYHee NMPHHATL HE 3a
OKPY)KHOCTb, a 34 3JUIMIC., 3eMHast 0Cb €CThb Manast 0Cb 3TOro
annunca. J{nuHa ee (okpvrienHo) 12 712 xm, QnuHa Gonblioit
ocH paBHa (OKpvrjeHHO) 12754 xm. Halith kospduuueHT
C)Karusa k U C)KaTHe « 9TOro dJjunca,

Pemennue.

a-b _ 2a-2b _ 12754-12712

« = a 12754

= 1-a ~ 0,997.

~ 0,003,

§ 41, Apyroe onpeneneHue 3naumnca

OnpepneneHue, damunc ectb reoMeTpUYeCKOe MeCTO
Toyek (M), cymMMa pAcCTOSTHMH KOTOPHIX 70 ABVX JaHHBIX
Touek F’, F (uept. 37) MMeeT ORHO M TO K€ 3HayeHue 2a:

F'M+FM = 2a, (1)

Touxu F’ 1 F HasuBaTCS dfoxycamu 1) annmnca, a paccrosi-

nue F'F —doxycrotM paccmostuem, OHO 0003HavaeTcss 2¢

F'F = 2¢, 2)
Tak KaKk F'F < FPM+FM, 10 2¢ < 2a, T. €.
c < a. (3)

OnpepenieHye HACTOsILIEr0 naparpada paBHO3HAYHO € Onpe-
penenuem § 40 [cp. vpaBHenne (7) ¢ vpaBHenuem (2) § 40].

Y
M Mizy)

[2
F'ooo £/ x

Yepr. 37. YepT, 38,

KanHoHuuyecKoe VpaBHeHHe anamnmnca, Ilpu-
MeM npsimvio F/ F (uepr. 38) 3a ocb abenucc u cepeguny O oTpes-
Ka F’ F —3a Hauajo KoopauHaT, CorylacHo onpezese HHI0 3J1JIHI-
cau (1) § 10 nmeem F’ (—¢, 0), F (c, 0). Corsnacho § 10

Vx+)*+y: +V(x—c)*+y? = 2a. 4

~,

1) DOKYC —NATHHCKOE C0BO; 03HAyaeT <oyar», EcnH B TOoyke 'F
(unu F’) NOMeCTHTb MCTOYHHK CBETA, TO NOCJIE OTPAYKEHHS OT SJLIHIICA BCE
Jyan co6epyTes B Touke F/ (unu F) K NoMelesHoe TaM BoCIiaMensiolee-
€51 BELIECTBO 3aropHTCs, DTO 3pesHILE Mopa)<ano 3pHTeIeii; 10aToOMY €0~
B0 «hOKYC» TIONYUHIIO TOT CMBIC], B KOTOPOM €ro YHoTpeG/ianT Huue
B obuxope,




§ 41. IPYI'OE OMNPENEJEHUE 3JIJIUIICA 59
OcBoGOAHBIINCL OT paAMKANOB!), MOJVYUM PaBHOCHJILHOE

YypaBHEHUe
(a—c)x2+ a2yt = a*(a%—c?) (5)
M \ .
X
Ttara =1 ©)

Beaedemete (3) éeauuuHa a* — ¢t noaoxnctumensta. INosTomy
(6) mMo)XHO HamucaTh B BHJE

2 2
%’{"’%‘i‘ = 1: (7)

b% = a—c2, ‘8 4 A

VpasHenue (7) copnanaer ¢ (2) § 40.
3HayuT, JIMHUS, Ha3BaHHasi B Ha-
cTosIleM naparpade aJIuIcom, Aek-
CTBUTCJILHO TOXXIECTBCHHA C JIMHUEH, Yepr. 39.
Ha3BaHHOH annuncom B § 40. Ilpu
3TOM OKA3bIBAETCs, uTo HeHTp O snnunca (uept. 39) coBnagaer
¢ cepenHoOii oTpe3ka F'F,T.e. OF = ¢. Boibwas ocb 2a = A’A
3NIIMNCA, COIJIACHO paBeHCTBY (1), OKA3LIBAETCS PaBHOI HEH3«
MeHHOIt cyMme paccrosiiuit F'M+ FM (uepr. 38). Manag
moayocb b = OB (uepr. 39) u oTpe30K ¢ = OF sABAANICH
KaTeTaMH IPsIMOVIOJILHOT0 TpeyvronbHika BOF; runorenyvaa BF
9TOr0 TPEVIOJBHHUKA PaBHA 4. DTO BHAHO U3 paBeHCTBA (8),
a TaK)Ke U3 TOro, YT0 pasHble oTpe3k F'B u F B coctaBiIsT
B cymme 2a (no ompegmeneHuio 3annumnca). Takum o6pasom,
paccrostHie oT QoKyca A0 KOHLA Majoit OCH paBHO JJIMHE
60b1I0}1 ToNyocH,

OTHoueHNe %—g— tokycHoro paccrosinust K 6onbuioif ocH,
T, €. BeJIMYUHA ~:~, Ha3bIBARTCSI K CHeHMPUCUNEMOM DIITIHIICA,

SKeueHTpHCHTET 0003HAYACTCST r'peueckoit 6VKBOH ¢ («oncH-
JIOHY):

Y

rae

e=2. ©)

Besegersye (3) SKCLEHTPHCHTET 9JVIMIICA MEHbLIE CAWHHULEL
OKCUEHTPUCUTET € M KOIQPUuUeHT CHKaThs k snnunca (§ 40)
B cHaIy (8) CBsI3aHBl COOTHOILIEHHEM

k= 1-e, (10)

1) OiMH M3 paHMKanoB MEePEHOCHM B NPaByIo yacTh ¥ BO3BORAHM YPaB~
HeHHe B KBajpaT; B HOBOM YpaBHEHMH GYNET TONBKO OXMH pagHKas.
Y eMHHB €r0, CHOBA BO3BEACM B KBaApaT. [10¢/1¢ YIIPOLUCHHUH IToRY yuM (5),
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II pume p. Iyers GoxycHoe paccrosiHue aunca 2c=8 c o,
a4 CyMMa paccTosiHuii IPOM3BOJILHOM €ro TOUKM 10 (OKYCOB
cocrasiseT 10 e, Toraa 6onbias ocb 2a = 10 ¢M, IKCHEHTPH-

curer & = — = 0,8. Koadduuuent oxxatust k = VT=e* = 0,6.

Manast otk 2b = 2ak = 2Ya*— ¢ = 6 ¢cm. Kanonnmueckoe
VpaBHEHHE JUIUICA eCTh
2579 .
3ameuanue. Ecnu OKPYIKHOCTH PACCMATPHBATL KAK
YyacTHHIK BUJ aymnca b = a, T0 ¢ = 0, 1. e, dokvest F’ u F
HY)KHO CYMTATE COBIIABIINMH, DKCICHTPHCHTET OKPY>KHOCTH
paBeH HYJIIO,

§ 42. XlocTpoenue MIUNCA IO €ro OCAM
IMepenit cmoco®. Ha nepneHANKYIsAPHEX MPSIMBIX
X' Xn Y'Y (uepr. 40) otkyanpiBaeM OTpesku OA’ = OA = awu
OB’ = OB = b [monoBHHH JAHHBIX oCeH 2a, 2b (a > b))
Touxu A’, A, B’, B OVAVT BepIIHHAMHU 9JLIHIICA.

Y 4
N
i M 5 M,
u e -7 \\ 17} k
‘q\,¢' \\/4 A M a
X F O\\K L/F X X ol o/P) X
\B'
Nl Br
Y' Yl
Uepr. 40. Uepr. 41,

W3 TouxM B panuycoM a ONMMCHBAEM AVIY uv, OHa nepe-
ceuer 0TPesoK A’ A B TouKax F’, F; 310 GYAYT GOKYCH 2J1MIICa
[cornacno (8) § 41]. Pasnenum oTpesok A’A = 2a NPOM3BOJILHO
Ha pBe vacTt A'K =1 u KA=r, Tak ut0 r'+r = 2a.
Y3 Toukn F onuchHBaeM OKPY)KHOCTH pajuyca r, a H3
F’— OKPY)XHOCTb paguycea r’. ITH OKPYIKHOCTH 1icpeceKyTcs
B IBYX TOUKax M u M’, mpuuem 1o nocrpoenuo F'Li+4+ FM =
= 2a 4 F'M’+ FM’ = 2a. CornacHo onpezeyieuno § 41 Touxu
M u M’ nexxar Ha annunce, MeHsst r, 6yaeM I01y4aTh HOBHIE
TOYKH BJLINIICA.

Bropo# cnoco6. INpoeogum ABe KOHIEHTPHUUECKHE
OKPV)KHOCTH panuvca OA = a u OB = b (uepr. 41). Uepes
LeHTp O mpoBOAMM NPOMSBOJIBHEIA J1vy ON, Yepes Touxu K u
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My, B koTopbix ON BCTpEUaeT ABe OKPYIKHOCTH, POBOIUM 11 psi-
Mble, COOTBCTCTBEHHO NapaiiesbpHele ocsim X' X, Y'Y, Otu npsi-
Mble nepecekyTcst B Touke M. Ee opgunata PM (= KD) xopoue
opauHatel P M, Touku My, Ie)Kalueii Ha 0KpYyKHOCTH paguyca a,
npuyem PM : PM; = b:a. 3xauur (§ 40), Touka M Jnexur
Ha HCKOMOM annunce, MeHsist Hanpasienue avya ON, noavyuM
HOBHIC TOYKH 3JIIHIICA,

§ 43. I'unepGona

Oupepnencuue, l'unepbosa (yepr. 42) eCTh reoMeTpH-
yeckoe mecto TouCK (M), pasHOCTH PAacCTOSIHHH KOTOPHIX JIO

VNN

YepT, 42, YepT. 43.

JIBVX NaHHBIX Toyek F’, F uMeer OfHO M ‘TO Ke a0CcoNioTHOe
3HayeHue (Cp. ompejeyieHue suunca § 41):

| FM=FM| = 2a. (1)

Touxku F’ n F HaspBalotca goxycamu?) runepGosr, pac-
crosune F'F~dioxycuoim paccmosHueM; OHO 00o3Havaercst

yepes 2¢:
F'F = 2, @
Taxk Kak F'F » | FFM~FM], 7o [cp. dopmvay (3) § 41]
¢ >a, ®3)

Ecmu M ommwxe x doxkvey F’, uem K dokyey F, 1. e. ecnu
F'M < FM (uepr. 43), To BMECTO (1) MO)KHO HanmucaTb:

FM~F'M = 2a, (1a)
Ecmuoxe M 6mre K F, ueMK F/, 1. ¢. F'M = FM (uepr. 42),
TO MBI HMEEM;

F'M~FM = 2a. (16)

1) Ecnu B oAHOM M3 GOKYCOB NOMECTHTB MCTOYHMK CBETa, 'T0 Tocne
OTPaXKeHHUs1 OT runep6onet NyuH 06pasyIoT pacxonAWKHCS MYUOK € LEeHT=
pom B fipyrom poKyce. Cp. CHOCKY Ha ¢Tp. 58,
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Te TOUKU, WA KOTOpHX F'M—FM = 2a, oGpasyvior OgHY
BETBb Irunep6onl (NpH OOBIYHOM DPACIHOJIOXKEHHH YepTerKa —
«IPaBVIOY); TE€ TOYKH, AJAs KOTOPHX FM—F'M = 2a, o6pa-
3VIOT APVIVIO BETBb (WIEBYION).

KaHoHHUYeCKOe VYPaBHeHHUE TrumepGoJHL
3a ock 0X npuHumaem (uept. 44) npsimvio F’F, 3a Hayasno Ko-
oppuHar—cepeguHy O otpeska F’'F, CorjacHo (2) umeem
F(c; 0), F'(—¢; 0). IlpaBasi BeTBb
corjacHo (16) u § 10 wupexcras-
JISIETCST YPaBHEHHEM

) Y or ey

VGO = 2. (4a)

Jist JieBOH >Ke BETBU COIJIACHO
(1a) 1 § 10 umeem vpaBHeHHC

[CERRERTE
~Vx+e)+y? = 2a.  (40)
OcB0GOKAASICE 0T PajUKANOB, NMOJIVYHUM B 0GOHX Clvyasx:

YeprT, 44,

(@ —c)x2+a%* = a® (a2 —c?) (5)
Hin

CAR L (6)

az gz ¢t

910 VpaBHEHHE PaBHOCHJIBHO TMape vpasHcuui (4a), (46) u
npeacraBiisier 06€ BeTBH runepfosist cpasyl),

YpaBHeHHe (6) UMmeer TOT )Ke BHCIIHHIT BUX, YTO VpaBHe-
Hue annunca [cp. (6) § 41], HO 9T0 CXOACTBO 0OMAHYHBO, TaK
KaK Tenepb BCjieJcTBHE (3) BCIMYMHA a%—(? OTPHUIATEJIbHA,

TaK 4ro Ya?-—c%--muuMass BenuwuuHa. IlosTomy oGo3Hauum
yepes b BeaMuuHY -+ VcE—a?, TaK uro 2)

b? = 2 —at. )

Toraa us (6) mosvuaeM KaHoHuueckoe 8) ypagrerue runepioIs

2 2
Zeft ®

1) J1Be BETBH I'HNepGOIILI MOMKHO ObII0 Gbl CYUHTATD HE 3a OfIHY JIMHHIO,
a 3a nBe. Ho TOrAa HH OflHA M3 3THUX JIHHHH B OTAEJILHOCTH He npeacrTas-
nAnack Gbl anrebpanyecKHM y paBHEHHEM BTOPOMR CTeneHH,

2) O reoMETPHYECKOM CMBICTIE BEJIHUMHEL b CM. § 46,

3) Cm, cHOCRY 2) Ha ¢TP, b7,
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IIpumep. Ecin pasHocte paccrosinuit FP’M—FM no
abCcoyoTHOM BesMyMHe paBHa 2a = 20 cM, a QOKYCHOe pac-

— lr’
crosuue 2¢ = 25 cM, T0 b =Yc*—a? = - (cM). KaHouu-

6 Eal L |
YeCKoe YpaBHeHHC rnnep 0JIBI eCTh W"ﬁ = ],
4

§ 44. dopma runepGoONBI; BEPIIHHBI U OCH

T'unepGoJsia cHMMETPHYHA OTHOCHTEIBHO TOuKH O —cepe-
JuiHbl otpeska F’F (uepr. 45); 0HA CHMMETPHYHA OTHOCHTEJIBHO
npsimoit F'F 1 OTHOCHTENLHO NpsMoi Y'Y, npoBeaenHol
yepes O mnepneHAukvisipHo K F'F. Touka O HasbBaeTcst
yenwmpom runepbonel, Ilpsmasi F'F
niepecexacT ruiepbony B ABYX TOYKAX s fy 1@
A(+a 0) u A’ (~a; 0). 3TH TOUKH
HA3BIBAIOTCS, 6epuitriamy THNCpGOLL.
Orpesdo A’A = 2a (a uacTo ¥ npsmast
A’A) HaswiBacTcst  OelicmeuimeabHoll o ¢
ocb1o TunepOosL, S

Ilpsimast Y'Y He nepecexacr runep- X' £ Al oje W F X
oony. TeM HE MeHee NIPHHATO OTI(Ia-

JAbIBATDL HA Heif oTpe3kd B'O = OB = b 5
M HasmiBaTh OTPe30K B’'B = 2§ (a Tak-
ke u mpsimvio YY) mMHumoil ocor TH- 7 I e
nepGoEL, ’
Tak xak AB:= 0A*+0B!= Hepr. 45.

= a?4+ b2 10 M3 (7) § 43 cuenver,
Y10 AB = ¢, T. €, PacCTOSIHHE OT BEePUIMHBI IHmepOoJIBl 10
KOHUA MHUMOH OCH PaBHO NOJAY(HOKYCHOMY pacCTOsIHHUIO,

s ¥ la

Raal/ XF ol ANF

>¥

X' FAA o‘ A[F X 18
5 \
RoIr e R Ar lp
Yepr, 46, YepT, 47,

Muumast ock 2b Moxxer ObITh Gosblie (uept. 45), MeHblue
(aepr. 46) miH paBHa (uepT. 47) feHcTBUTENBHOM OCcH 24, Ecnn
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JelicTBUTEJIbHASI U MHMMAst OCH PaBHH! (a = b), To runepGorna
Ha3bIBAaCTCSI paGHOCMOpoHHeli (MU pasHobouHol).
4

F'F “
OTHOLIEHHE A= % (OKVCHOrO paccTosiHUs K AeiicTBH-
TCILHOM OCH HA3BIBACTCS IKCYeHmMpucumemom THIEpPOOaLI U
oGosnauaetcst € [cp. (9) § 41]. Beaencrsue (3) § 43 axcueH-

TPUCHTET IUNCPOOTLI GONIbLUIE eAUHHILL, DKCLEHTPUCUTET paB-
HOCTOPOHHEH runep0oanl paBeH V2.

CunepGosia JICKUT LEIMKOM BHE IOJIOCH, OrpaHHYCHHOM
NpsiMbIMH PQ W RS, napanieabHbIMH Y’Y M OTCTOSIIMMH OT
Y’Y na paccrosinne O A = A’'O = a (uepT. 45, 46, 47). Bnpaso
M BJEBO OT 9TOH mojocel runepfoyia NPoCcTHPACTCsl Heorpa-
HHUYCHHO,

§ 45. Ilocrpoenue runepGoNLl N0 €e 0CAM

Ha nepneHpuxyaapHbix npamex XX u Y'Y (uepr, 48)
oTiia/wiBaem oTpeaki 0A = OA’ = a uOB = 0B’ = b (aeii-
CTBHTCJILHBIC M MIIMMBIC II0JIVOCH).
3atem oTKJagbiBacm orpesxkd OF
u OF’, paBHbie AB, Touku F’
F —(okycel (cornacHo (7) § 43).
Ha npoposxenun orpeska A’A sa

Y
Bﬁ\
XF A0 %x TOUKY A OepeM NpPOU3BOJLHO TOY-
U
8 M
Y

kv K. U3 Touxu F paguvcomr = AK
OMMCHIBaEM OKPYIKHOCTD, aTOUKH F/
OIIMCBIBAEM OKDPY)KHOCTH PafinycoM
r = A’K = 2a+r. 9tH OKPY)KHO-
Uepr, 48, CTH IIEPECEKYTCS B IBVX TOuKax M,
M’, ipuyeM 110 nocTpoexrHio I'M—
—FM=2a u FFPM'—FM’' = 2a.

Y CorsiacHo onpepenenuio (§ 43) Touku
\ % Mu M’ ne>xar Ha runepbosie. Mensist
r, MOJVUYHM HOBBIE TOUKH «IIPaBOji»
BeTBH. AHAJIOTHYHO CTPOSITCS TOYKH
\X (1eBoii» BETBH,
yl

§ 46, AcuMnNTOTHI runmepGoaLl

Uepr, 49, Ilpsimast y = kx (oHa IIPOXOAMUT
yepes LCHTP runepOonel O) NpH

b
| k| < - Tepecexaer rumeposy B ABYX TOuKax DY, D
(ucpt. 49), cHMMETPHYHBIX OTHOCHTeNEHO O, Ecanm ke
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[k|= %, To npsmast y = kx (E’'E Ha uepT. 50) He umeer
o0WHX TOYEK € runepboJIoi.
Ilpsimble y = %x Hy = —% x (U’U u V'V na uepr. 51),

b
A Kotopeix | k| = = 0612/1a10T CACAYIOMUM (TOJNIBKO HM

\:b’
&
Q
t~
(%
[ S)
<

Yeprt. 50. YepT, 51.

HPHCYIEM) CBOICTBOM: TNIPH  HEOrPAHHMYCHHOM IPOAOJIC-
HHIT Ka)KJast M3 HHX HCOTPAHMUYECHHO COJIM)KaeTCst ¢ rumep-
oonoi.

Tounee: ecau npamyw Q'Q, napanieabHyr ocu opduxam,
HeoepanuuentHo yoaaame om yenmpa O (BNpPaBO WJM BJICBO),
mo ompesxu QS, Q'S‘ Mexncdy eunepbosoll u xanclol us
npamorx U'U, V'V Heoepanuuento ymeHvizaomes,

b b
Hpsimpie y = — X M y = —— X HA3LIBAIOTCA acuMNmMo-
mamu eunepbonor t). '

ACHMOTOTBI PABHOCTOPOHHCH runepOoabl B3aHMHO nep-
MCHUKYVIISIPHLL.

IlF'comerpuuecKkHil CMBICT MHUMOH ocH Ye-
pe3 BepiHHY A rinep6osnt (uept. 51) nposeaem npsmyio L'L,
MCPNEHJIMKYASAPHYIO K JeiicTBuTenbHoil ocn. Torma oTpesok
L’ L a1oif npsiMoil, 3aKJII0YEHHDBIH Me)KAY aCUMNTOTAMH IUnep-
0oanl, pasel muumMoi ocn runepGossl BB = 2b.

§ 47. Conpsykennsie runepoosInl
JBe runep6onsl HasbIBAOTCS conpsascentiotmMu (uept. 52),
ecnH OHH umeloT o0uwii ueHtp O u olwme ocH, HO JeiicTBU-
TeJbHAsl OCh OAHOH M3 HHUX SIBJISICTCST MHHMOIT OCbl0 ApPVYroH.

1) «ACHMITOTA» —FPEUECKOE CJI0BO; O03HA4YaeT <HE TMOonajalas,
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Ha wuepr. 52 A’A- peiictButenbHast och runepGonst I u
MHHMasi ocb rumepbosst I, B’B-— pelicTBUTeNbHast 0Cb
v runep6onsl Il u mMHHUMast oCh

Y runepGon 1.

T Ecin

B 3;__3& =1
a b2

eCTb YpaBHEeHHe OIHOH U3 conps-
SKCHHBIX runep6on, TO Apvras
NPEACTaBJsIETCSA YPaBHEHHEM

x2 yz
Yepr. 52. @ e T -1

ConpsiykenHbie runep6osn umelor o6mue acumnroThl (U'U
n V'V Ha uepr. 52).

§ 48. IlapaGona

Onpeneaenue. ITapaboaa (uepr. 53) eCTb reoMeTpH-
uecKoe MecTo Touek (M), paBHOVIaJeHHBIX OT AaHHOIt TOuKH F
M faHHOH npsimoii PQ: aw

FM = KM. 1) "/

Touka F HaswBactcst (fokycom?'), a K 0
npsimass  PQ—Odupexmpucoili napaGonbl.
Paccrosihue FC = p ot $oxvyca a0 aupex-

TPUCH HA3LIBAETCS NApamempom 1apabosisl. —
Ilpumem 3a Hauajo KoopauHat cepe- CfO\F X
auHy O otpeska FC, Tak uto
P
€O = OF = 3. (2)
3a och abGcuucc npumem npsimvio CF; p ly
NOJIOXKHTEJIbHBIM ~ HampaBjleHHeM  OvieMm Uepr. 53.

cyutath Hanpasyenue ot O K F.
Torpa nmeem: F (5 0), KM = KD+ DM = £+ xu(§10)

FM = l/(g— x)2+ y:. Benenctaue (1) umeem:

J =) +r = o ®

OcB00OMBIIUCE OT pajiMKaja, NoJVYHM PaBHOCHJbHOE VpaB-
HEHHE

¥ = 2px. 4)

1) [MapanaenbHbI NYYOK AVYeH, NMEpHeHIHKY ISPHbIX K AHPEKTPHCE,
rocne oTpakKeHHUst oT napabosi! o6paTHTCS B LEHTPalbHBI NMYYOK ¢
Hentpom B doxyce. Cp, CHOCKY Ha ¢Tp. 58.
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IT0 — KaHoHuueckoe) ypastenue napabosibl.
YpaBHeHHe TUPEKTPHCH PQ (B TOIT »Kke cCHCTeMe KOOPAHHAT)

ecrbx+§= 0.

ITapa6ona cuMMeTpHYHA OTHOCHTEJILHO npsimoii FC (ocb
abcumce npH HaleM Bei0OPE CHCTEMBI KOOPAHHAT). 3Tta npsamas
HasbiBaeTcs1 ocblo nmapalonul. IlapaGona npoxomuT yepes ce-
peaHy O otpeska FC. Toyka O Ha3blBaeTCsi 8epuruHoil
napa6onbl (ec Mbl IPHHSJIM 332 Hayano
KOOpAUHAT). Q s

ITapa6ona JeKUT UEIHMKOM HO ORHY
CTOPOHY OT npsmoit Y’Y (kacatenbHas B
BepLIMHE) H NMPOCTHPACTCSI B 3TV CTOPOHY
Heor paHH4EeHHO.

§ 49. INocrpoenue napaGonbi
o laHHOMY napamerpy p

ITpoBeacm (uept. 54) npsimvio PQ (uu- M
peKTpHCY napabosibl) H Ha NAHHOM PaccTosI- P
HUH p = CF 0T Hee BO3bMEM TO4KY F UepT. 54.
(porvc). Cepeauna O orpeska CF Ovier
BepuwMHOi, a mnpsmast CF —ocelo napaGosiel. Ha sivae OF
BO3bMCM TPOM3BOJIBHYIO TOYKY R M uepe3 Hee NPOBCAEM
npsimvio RS, nepneHAUKYAspHYIO Kk ocu. M3 ¢okvea F, Kak U3
LeHTpa, OMUIUEM OKPY)KHOCTb paauvcoMm, paBHoiM CR. OHa
nepeceyer RS B ABVX Toukax M, M’. Touku M u M’ npu-
Hajje)xaT HWCKOMOH mnapafone, TaKk Kak N0 IOCTPOEHHIO
FM = CR = KM (cm. onpeaeaenue, § 48). MeHsist nonoykenue
TOYKH R, 6yaeM HaxoAUTb HOBLIE TOYKH napaboJibl.

§ 50. INapaGona Kak rpaduk ypaBHeHHA Yy =ax:+DE + ¢
YpaBHeHHe
x? = 2py (1)
NnpejCTaBJIsieT TV jKe napabony, uTo M VpaBHeHHe Y2 = 2px
(cp. § 48), TosubKO Tenmepb Och nMapafoJibi COBMAJAET C OCHIO
ODAMHAT; HA4aJi0 KOOPJAMHAT IO-NPeXXHEMY COBMNajfaeT ¢ Bep-
wHHOH napaboast (4epr. 55). POKYC HAXOAMTCA B TOUKe

F(O; %) Hupexkrpuca PQ npeicrasiseTcss YpaBHEHHEM
y+& =0

1) CM. CHOCKY 2) Ha cTp. 57,
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Ecan 3a nojo)kyutenbLHOE HamnpaslieHHe HAa OCH OpAvHaAT

\4 Y
d
X
F
F
0 X
P a
Yeprt. 55. YepT. 56.

NMPUHSTL He HanpasieHue OF, a nanpasychHue FO (qep'r 56),
TO YpaBHeHHE napabosibl OvaeT:

o

—xt = 2py @
(cm. yepT. 36, rac 0csIM KOOPAMHAT NMpPHAaHB OGbIuHBIE Ha-
y npasnenust). Coobpa3sno ¢

9THM rpadukamMu GYHKIHR

VRV I
\ ELT/_;, y= 3

cay)kar napa6osnl, 00pa-

LIeHHBIE BOTHYTOCTbIO

\ BBepX, Korga a >0, ¥u

7 ) BHH3, Korga a < 0. Uem

\ y -
2 MeHblIe a0CoJ1I0THOE 3Ha

NN B yenue a (1a uept. 57 ume-

ema=2,a==%1a=

= -1 0 / i X 1 1
N =i-2—,a=€),TeM6nn-
swe (oKye OT BepUIMHBI,
/ = w Tem GoJsiblie  «pacTBOPY»

PARA napa6osnsol.
/ W\ Bcsikoe vpaBHeHHe
~ h®

I : \ y=ax+bx+c (4)
: rpaduyecku usobpaxcaem-
= ca moii e napa6oaoll,
Yepr. 57. umo u ypasHenue y = ax?
(rnst obenx napaﬁon pac-
CTOsIHHE —‘2'1 OT BepuInHL A0 $okvca PaBHO 7 ) O0e o0-

pani€Hbl BOTHYTOCTEIO B O/HOM H TOM XKe HanpaBneHuu. Ho
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BepiuMHa mapabosbl (4) Je)KHUT He B Hayane, a B TOUKe A
(uepT. 58) ¢ KOOpAMHATAMH

b 4ac — b
x4=0P=—7&-, yA=PA=_a_fu_z_.f. (5)
Il pume p. YpaBHenue
1.,,3 1

y=-—g¥tgx-g (4a)

1 3 1 )
(a =-—gqyb=7,¢= —5) npejactasasier (uept. 59) TV e

Y

\

Y
g 1 I\X
P X F

o0
Yepr, 58, YepT, 59.
napabosy, uTo H YpaBHeHUe y = —% X%, BepuiHa yiexxut B
TOYyKe A ¢ KOOPAHHATaAMU
b 3 dac—b2 _ 1
Xg= —ge=y V4= 4 = 5" (5a)

DOKYC HAXOAUTCS CHHU3Y OT BEPIUHHBI HA PACCTOSIHUU
p 1

2 1 4a]
CrnenoBaTenbHO, KOOPAUHATE HOKVCA CYTh

3 1 15
=3, Vr=q-l=-15.

-= 1.

3amevyanue 1, Her Hy)xan 3anoMuHath Gopmyiet (5).
JUIst BLIUMCIIEHUS X4, Y4 MOXKHO NPHUMEHHTb CJeRVIOWMiA
npueM. YpaBHeHHue (4a) nepenuiiem B BUje

y+g = =7 (x2=3x). (6)
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JlomoiHUM BEIpa)KeHHe B CKOOKaX /10 MOJIHOI'0 KBajpaTa, npH-
9

6aBus — . Jlnst KOMNEHCAUMH NMPHOABUM — 7 = -5 K
JneBoi vacru. ITonvyum:
Y 1 1 3\
v =-7(x-32). @
VYpasHeHue (7) npuUMeT BHJ
1
- = - xlzy (8)
A F ’ Y 4
i y €CJIM BHITOJHUTH Npeobpa3oBaHue nepe-
Hoca oceit (§ 35):
1 , 3
y'=y—'-l‘€, x:x——z—. (9)

Yepr. 60.
P Bepmnna mnapaGosist (1. €. TOYKa
, 3 1
x’ = 0, y’ = 0) uMeeT KOOpAMHATH X = &, ¥ = 4g -

3ameuyaHue 2 O6ume popmyan (5) Mo>KHO BbiBecTH M3 (4) TeM
JKe NpHEMOM, KaKoft Gblr MpUMeHEH B 3ameuaHHn 1 K ypasHenHio (4a).
3amevaHHne 3. YpaBHeHHe

x = ay*+by+c
4ac - b* b
npeacrtasssietT napadony (uept. 60) ¢ BepLIMHOMH B TOuKe ( ia ' T2a

Ocb ee mnapannenbHa ocH abCUMCC; BOTHYTOCTb ofpalleHa «Brpapo», ¢Ciu
a >0, u «BsIeBOy, €CH a <0.

§ 51. [AupexTpucel 3naunca M runepGousi

a) AupexTpuch snuaunca. Ilycte gan aaaunc
(uepT. 61) ¢ Gonbloii ocbio A’A = 2@ U 3KCLUEHTPUCHTETOM

OF

§41) Gz=2 =¢c MycThe = 0 ,
U

(T. €. 3JIITUIIC HE SIBNISICTCS! OKPY) K- @ e

HOCTbI0). OT/I0KHMM OT LEHTpa « =M

O annunca Ha ero 60oabu0il ocu

X
otpesku  OD = OD', pasHiie Af;ﬁ /\
% (r.e. OD:0A = 0A:OF). \J’”’"
Ilpsamuie PQ, P'Q’, npoxoasiue o
COOTBETCTBEHHO Yepes D, D’ u s
napaniejbHble MaJoH 0CH, Ha3bl- Yepr. 61.
BaIOTCS OupeKxmpucamii saaunca.

Ka)ia0h U3 AMPEeKTPUC MOCTaBMM B CGOTBETCTBHE TOT ¢ho-

KYC 3J1JIMICa, KOTOpblﬁ JIEJKHUT MO TY )K€ CTOPOHY OT LIEHTPA,
T. €. AMpeKTpHce PQ-dokyve F, a gupextphce P'Q’ — (oKyc




§ 52. 3JLJIUIIC, TUIEPBOJIA U MAPABOJIA n
/

F’. Torpa 0as aro6oll mouku M saaunca omuouteHue ee pac-
cmosnusa 0o gpoxyca Kk paccmosnure 00 coomeemcmesyioujell
Oupexmpucsl pagHo IKCYenmpucumemy , T. .

MF: MK = MF': MK’ = . (§))

Tak KaK JJist 3JIMNca € < 1, TO BCSIKAsl TOYKA 3JUTMIICA OITHoKe
K (OKVCY, YeM K COOTBETCTBYIOLICH AMPEKTPHCE.

Eciu 60N1b11ast 0Ch 3JUIHIICA 0CTACTCS HEM3MEHHOH, a 9KCLeH-
TPHCHTCT CTPEMUTCSI K HVJIIO (T. €. 3JIMIC BCe MEHbUIE OTJIH-
yaeTcst OT OKPYXKHOCTH), TO AH-

PEKTPHCHL HeOrpaHUYyeHHO Vaals- o

I0TCS1 OT LIEHTpa. X'
YV OKPYXHOCTH JIHPEKTPHC HCT.

6) AupexTpHCH IrHIeEp- ]
6 o a1 bl ITvets A’ A (uepT. 62) ccTh FlIDr o] D
JciicTBUTEIbHAST OCh runep0osLl, a

OF [
€= 9a = g €t OKCLUEHTPHCHTCT o
(§ 44). OTknapeiBaem
oD = 0D = < Yepr. 62.

(r. e. OD:0A = OA:OF). Ilps-

mple PQ, P'Q’, npoxojasiuue COOTBETCTBEHHO uepe3 D,
D’ u napannesibHbLIC MHMMOiI OCH, Ha3bIBAKTCS OUupekmpucamu
eunepboavl. fasa awboti mouxu M eunepboasr omHolteHUe
ee paccmosnua 0o oxkyca K paccmoaHuw 00 coomeemcm-
eytowyell Oupexmpucsl [CM. IYHKT a)] pasHo xkcyerimpucumemy
e, m. e.

MF: MK = MF': MK’ = «. (2)

Tak kag ans runep6onast € > 1, T0 BCsIKas TOYKA I'HNEpPOOJIBbL
OJIXKe K MPEKTPHCE, YEM K COOTBETCTBYIOUIEMY (QOKYCY,

§ 52. OGuiee ompeneneHue 3aiaunca, runepGonnl
H napabonnt

Bce annuncel 1), runepGonsl k napaGosnnl 06J1aRa0T CAEQY IOWIMM CBOM-
CTBOM: ANSA KaKAOR M3 3THX JAHHHA OCTaeTCS1 HEM3MEHHLIM OTHOLUEHHE
(uepr. 63)

FM: MK, M
rae FM —paccTosiHHe NPOU3BONILHOIM ee TouKH M 10 naHHo# ToukH F (do-
Kyca), a MK —paccTosiHHe TOUKH M no naHHo# npsimolt PQ (AUPEKTpHCHI).

1) Kpome OKpY XHOCTH.
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JAna annunca (uepT. 64) 9TO OTHOWWIEHHE MeHbLiIE EAUHHLIL (OHO PaBHO
[
9KCLEHTPHCUTETY 3JIHICA @ cp. §§ 41, 51). dna runepGoarl (uepT. 65)

c
OoHO Gonblue eAHHHULI (OHO pPAaBHO SKCUEHTPHCHTETY TIHepGosbl —;;

cp. §§ 43, 51); nna napaGoast (yepT. 66) oxo pasHo 1 (§ 48).
O6paTtHO, BCAKasA JIMHKUA, o0naganilasi vy KasaHHbIM CBOHCTBOM, €CTh
nubo ananunc (ecan FM : MK <1), nu6o runepGona (ecnut FM : MK >1),

0 8
M

X

X M
c A\lf‘ Fja

cl F R
P p
YepT, 63. YepT. 64.

nnbo napaGona (ecnu FM: MK =1). [TosToMy YNOMSIHYTOE CBOHCTBO
MO>KHO MPUHATH 3a oflLee onpeneneHte Naunca, runep6ost v napaGonst,
a HeH3MeHHoe oOTHoluenne I'M : MK =¢ Ha3BaTb 3KCyeHMpUCUMEMOoM.
IKCLUEHTPUCHTET ¢ apabonbl paBeH eAHHHLE, A1 daaHnca ¢ <1, anst ru-
nep6onel e>1.

3apanneM SKCLEHTPHCHTETA ¢ M paccTonHusa FC =d ot dorkyca a0 AU~
PEKTPHCHI MOJTHOCTBIO ONIPEAEASIOTCS BeNHUHHa ¥ dopma annnca, runep-
Oonbl ¥ napaGonbl, EciM MpH JaHHOM
€ UBMEHATD d, TO BCe NMONYYaeMble KPH~- 7]
Boie OyayT nogoOHB! ApYT APYIY.

(53

Q

L]t -]

P
YeprT. 65. YepT. 66.

Xopna RR’ anaunca, runep6osbl M napabonsl (uept. 64, 65, 66), npo-
xonsiuas ueped Poxyc F 1 neprneHAUKY nApHas K ock FC, HagbiBaeTcs fio-
KaabHoU xopooti ¥ 0Oo3HavaeTcs 2p:

RR’ = 2p. 2)
BenuunHa p = FR = FR’ (1. e. {nuHa GoKanbHOMH Mony XopAbl) Ha3bIBAeTCA
napamempom annnnca, runep6osb Had napadonsl, OHa cBa3aHa ¢ d COOTHO-

ILUEHHEM
p =de, 3

TaK uTo Ans mapaGosnnl (e =1
P ( ) p =d. (3a)
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Bepuuubl annunca, runepGonsbt U napabonst (A Ha uepr. 64, 65, 66)
nensat oTpe3ok FC B oTHoweHHH FA : AC =e¢. Bropasi BepiHHa aanmnca
¥ runep6onsl (A’ Ha uepT. 64, 65) nenuT FC B TOM K€ OTHOILUEHHH BHEILIHUM
oGpagom (§ 11). ’

B COOTBETCTBHH C HOBBIM ONpeENie/IeHHEM 3JITHIC, THrep6Gona u napa-
60na NPEeacTaBAsIOTCS eMHbIM YpaBHeHHeM. EcnM 3a Hauano NpHHATHL
BepLIHHY A (uepT. 67) K 0Chb HanpaBUTb N0 Ayuy AF, TO 3TO YpaBHEHHe

Gypert:
y2=2px —(1 —c?)x?; 4)
a;iecs p ~napameTp, a ¢—3KCLEHTPHCHTET.

B6au3n ot BepluMHLI napaGona u no ¢opMe Mano OTIHYAETCH OT 3J1-
JIUTICOB M rMnepGoJT, HMEIOIHX SKCLEHTPHUCHTET, Onn3knit K 1. Ha uepT. 68

y/
Xcl A F L4 A\F
\

Yepr. 67. YepT. 68.

Hn306GpaKeHsl AJHIC € IKCUEHTPHCHTeTOM € =0,9, runep6ona 1) ¢ skcuen-
TpHcHTeToM ¢ =1,1 K napabona (e =1), umelomne obmmui doxkyc F u 06-
Y10 BepuivHy A,

TMonyocu a, b u nonydHoKyCcHoe paccTosHMe ¢ anJunca ¥ runepGost
BBLIPAXKAIOTCA uepes e cieay oM obpasom:

__P _ P _ . €
Anaunc a=7_= b = T €=de =p3_——

___P _ P _ _ &
I'unepGona ¢ =3 b_Va—ZTT ¢=de =P

Paccroaune § =AF ot hokyca F f0 BepLIMHBI A BO BCEX TPEX CJY-
yaax BHIpa)kaeTca Gopmynoh d
_ € - p [
8 = 1+e¢ 14¢° ®

1) Bropas BeplIMHa 3/UIHICa U runep6oJibl {(a BMECTe C TeM M BCS BToOpas
BETBb FUMEpOO/b) TeM Alanblle OT NepBOlt BEPLIMHE, YeM ¢ 6mre K 1,



74 AHAJIUTHUYECKASI TEOMETPHST HA IVIOCKOCTH

§ 53. KoHuueckue ceveHHA
BHHan, runepﬁonv H 'napaﬁony Ha3blBAKOT KORUYECKUMU CeHEHURAMU,
TaK KaK UX MO)XHO IT0JIYYHTDb HAa NOBEPXHOCTH KPYIJoro l) KOHYCa B nepe-

Ce4EHHH € NMAOCKOCTLIO P, He npoxous-
el yepe3 BEPWIMHY KoHyca. Ilpu

3TOM NOBEPXHOCTb KOMYCA MBICIHTCH
HeOrpaHHuyeHHO NpPoaoMKEHHOH B ofe
CTOPOHEI OT BEpPLIHHbI.
b

YepT, 69.

K'
K‘

Yepr, 70. UepT. 71.

Ecnu nnockoctb P He nmapannensHa HK onHolt ofpasyioiueit Konyca
(uepT. 69), TO KOHHUECKOE CeyeHIEe eCTh JJIMIC 2).

Ecnyu nnockocth P napannenbHa ToAbKO ofHON H3 06pa3yoluXx Ko-
nyca (KK’ Ha uepT. 70), TO KOHHUECKOe ceueHKe ecTb nmapabona.

Ecnu nnockocth P napannenpHa nByMm o6pasyiomnm Kouyca (KK’ u
LL’ Ha yepT. T1), TO KOHHYECKOE CEUEHHE ecThb runepbona.

Ecnn nnockocTb P NPOXOOMT yepe3 BEPLIMHY KOHYca, TO BMECTO 3JI-
JINTICA MBI MONYYHM TOUKY, BMECTO THNep6Oosbl —MApy NeEPeceKaroilnxcst
npAMbIX (4epT. 72), a BMecTO napaboJsibl —NPsAMYI0 KacaHHs NI0CKOCTH P
€ KOHYCOM (4epT. 73). DTY NPAMYIO MOXKHO PaCcCMaTPHUBaTh KAK ABE CIHB-
LIMECS B ORHY.

1) A TaroKe Ha NOBePXHOCTH HEKPYIJIOro KpyroBoro KoHyca.

2) B 4acTHOCTH, 3JAHNIC MOXKET GhiITh OKPY>KHOCTbIO, Ha Kpyraom ko-
HYC€ KPYroBble CeYeHHs 06pa3ayIioTCA TONbKO TJIOCKOCTAMH, Napanieib-
HBIMH OCHOB@HMIO; HEKDY I'IbIA YK€ KOHY C MMEET €ll1€ OAAHO ¢eMeNCTBO Kpy-
TOBBIX Ce4eHHH,
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Yepr. 73,

Uepr. 72.

§ 54. [IuameTpbl KOHHYECKOTO CEYCHHA
Cepenmm napanaenbHblX XOpA BCAKOI0 KOHHYECKOI'0 CEYEHHS JIe)KaT

Ha ORHOM MNpsMOi; 3Ta NpsiMas Ha3bLIBACTCs OUAMEMPOM KOHHUECKOIO
ceyenns. Kakaomy HanpaBsieHHIO NapanjenbHbIX XOPA COOTBETCTBYET
cBOR ftHameTp («conpAxceHHsId> C NAHHLIM HanpasaeHuem). Ha uept. 74

Yepr. 74. Yepr, 75.

n3obparkeH oMK M3 nuametpoB U’U snasnca. Ha HeM Jjie)KaT cepenvHb
15 Kg,... Mapannenbubix xopn MyM{, MaM3, ... T'eoOMeTpHUECKOE MECTO

K
9THX cepenHH ecTh oTpe3ok L L nuamerpa U’U.
Ha uepTt. 75 n3o6paxken nuamerp U’U runep6osl, COOTBETCTBY 10LHH

napanneabHbiM Xopaam MyMj;, M,Mj; u T. A. Ha HEM JIe)KAT CepeaHHB
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Ky,K3,... 3THX XopA. "'eomeTpnuecroe mecto Toyex Kj, Ks,... €CTh mapa
nyuyet L’U’ m LU.

3aMmeuaHHu e, BanementapHoit reoMeTpHH {HAMETPOM OKPY IKHOCTH
Ha3bIBAETCS O T p €3 0 K (HanGonbilass Xopaa). B aHanuTHuecKkoi reo-
METPHH CJI0BO <AHAMETP» HHOIZA TOXKE YIIOTPebsieTcs ANnsl 0603HAUEHHS
orpesxa LL’ (uepT.74,75). Ho uauie 3THM CJIOBOM Ha3bLIBAIOT B € 10
npsimyio LL’.

§ 55. uamerpsl 31IHMnca

Bce gHaMeTphl 3JIJIMIICA MTPOXOAAT Uepes ero LEeHTP.

JAnameTp, COOTBETCTBY IOILHI XOpAaM, napassebHbiM Maofi ocH, ecTh
Goablas ochb (uepT, 76). [JnameTp, COOTBETCTBY IOLIMHA XOPaM, naparesib-
HBIM GONIBILIOM OCH, €CThb MAaNasi oCh,

Y

YepT. 76. Uepr. 77.

Xopnam ¢ yraosemkoadduuHeHToM & (k#0) oTBeuaeT AnameTp y=Kx,
rae k; onpenesaeTcAa H3 COOTHOLICHHA

kky = 2 ~1, [¢))
T. €.
Ky = =22 (1a)
1= @z
NMpumep 1, duamerp U’U annnnca
x2 y2 _
9ty !
(uepT. 77), oTBevalOWMUI XOpAAM ¢ YIIOBeIM KoddduuueHTOM &k = —% B
IPECTaBASETCA YPABHEHHEM Y =K, X; 3HAUCHHE K, OTIPENEIAETCA U3 COOT-
HOWEHHA — o k= =g » TAK UTO ypaBHEHHE nuamerpa U’U ecTh
1
y= 'E X.
Mpumep 2, Juamerp V'V (uepT. 77) TOro »Ke 3A1MnCa, COOTBET-
CTBYIOIMH XOpAaM ¢ YTIOBLIM KOOPOHUHEHTOM &k = -, NPEACTaBIACT-
CAl YpaBHEHHEM Y = —% X.

Ecian guamerp U’U anaurca ResiuT 1orojiaMm Xopasl, rnapanienbHble
avamerpy V‘V, To nuameTp V'’V Bceraa AesIRT IIONoJiaM Xopast, napasjienb-
Hule aHamerpy U'U
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8 x2 y2
Mpumep 3. Huamerp y = —Ex annumnca T+T
Mepbl 1 M 2) AenuT norosaM Xopjbl, NapannenbHuie fHaAMETpy ¥ = % X.

= 1 (cp. npu=

1 A
B cBo1o oue €ab NHAMET = X ACJIMT nonoJjiam Xopapl, rnapanjenbHble
pPy=3

AnaMmeTpy y = —% X,

JAHaMeTpbl, N3 KOTOPLIX KAXKAKI NeUT NOoMosaM X0pabl, napanneib-
HbI€ IPYrOMY, Ha3blBAIOTCA 63QUMHO CONPANCEHHBIMU,

JiBa nMameTpa, CONMPSYKEHHBIX APYT C JIPYFOM H BMECTe C TEM B3aUMHGC
TNEePreHANKY IAPHLIX, HA3BIBAIOTCA 24a6HLIMU Ouamempamu, Y OKPYK-
HOCTH BCSIKHIT QHAMETP —IJIaBHbIH. Y anaMnca, oTJMUYHONO OT OKPYX(HOC-
TH, €CTh JIMIUL ONHA TNapa raaBHLIX AHaMeTpoB —Gosbluast U Manast OCH.

¥Yrnosble Ko3hpdHLUHEHTbI HErJaBHbIX COMPSHYKEHHBLIX HanpabBieHU
HMET corsiacHo (1a) MpOTHBONONOXKHLIE 3HAKH, T. €, ABa COMp A -
JKEHHBIX AMaMEeTpa 3JNJIMNCAa NMpUHaane)XaT pag-
JIJHUHBIM NMapamM BepTHKAaNbHbLIX Yriunos, oGpasye-
MBIX 0CAMH (Ha uepT, 77 nuamerp V'V ge>kur Bo Il 1 IV ueTBepTH,
a U'U —8 I u 1T uersepTH). [Npy Bpamennu nuamerpa U’'U conpsken-
Hblll fuameTp V'V BpaliaeTcsi B TY »Ke CTOPOHY, uTo U U’U.

§ 56. AuameTpbl rumepoobl

Bce nuameTpsl runepfonbl NPOXOASAT 4Yepe3 ee LEeHTp.

JuameTp, COOTBETCTBYIOLUMA XOpAam, MapanselibHbIM MHHMMoH ocu
(uepr. 7€), ecTb NEHCTBHTEAbHAA OCh (TEOMETPHUECKOE MECTO CEPEANH XOPIX
ecTb napa ayueid A’X’ u AX); nHameTp, COOTBETCTBY IOILUMIA Xopaam, na-
pannenbHbIM AeICTBUTENbHOH OCH (uepT. 79), €CTb MHHMas oCb (CepeaHHbI
XO0pA 3anoaHAIOT 0Cb Y'Y LEeIHKoM).

y Y

{
X' Aol A X —A X
' p
Y Y N\
YepT. 78. Yepr. 79.

Jns runepGoskl, KaK ¥ 1A saaunca, yraoeo koadhduuneur k napan-
nenbHblX Xopn (k#0) M yrnosokt koadduuHEHT k) COOTBETCTBYIOLIErO
AHaMeTpa CBA3aHbl COOTHOLIEHHEM

kky = 2 ~1, [¢))
Ho cootHowenne (1a) § 55 sameHseTcs cooTHoweHHem

b2
kk; = +-‘—1?- (16)
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2 48
I pumep 1. Quamerp U’'U runepGonbt 3‘9——%— =1 (uepr. 80), cooTt-

BETCTBY IO XOpAaM ¢ YIioBbIM KoaddunuenTom k =-g» npencTapnseTca

VPaBHEHHEM Y =K;X; SRaueHHe Ky
ONPERENSETCA H3 COOTHOLIEHHMA

kly = -, TaK uTO ypaBHeNHe
puametpa U'U ecTb y = 5
Npumep 2, NOuamerp V'V
(uepr. 80) TOM >xe runepGonsl,
COOTBETCTBY IOLUMIt XOPAAM ¢ yrJio-

BbiM Ko3hduLMeHTOM & =% , npen-

0
CTaBNAETCAA YPABHEHHEM Y= -19— X.

Ecau anamerp U’U penuT no-
noJjam XopAbl, NapannenbHbie AHA-
meTpy V'V, To nuamerp V'V Bcerna nesiuT NornosiiamM Xopasl, napannesnbiule
auametpy U’U.TaxkHe 1Ba AMaMeTpa Ha3blBAKTCA 63AUMHO CONPANCEHHUIMU.

Y Bcsaiko# runep6onbl €CTh MWL OAHA NMapa P a1 aBH b X (T. €. COMN=-
PSXKEHHBIX M BMECTE C TEM B3aMMHO MNMEPNEeHANKY NSAPHBIX) AHAMETPOB —
NeNCTBUTENbHAss H MHHUMas OCH.

Ecnu yrnosoit koaddHLUHEHT nmapaaienbHbIX XOpA MO aGCcosI0THOMY
3HAYeHHIO Goablue, YeM YraoBoi KoahpdHUHEHT ACUMNTOTHI, T, €.

b
S

b 2
(CM. npumep 1, rae = 3) » TO F'€OMETPHYECKOE MECTO CEPENUH XOPA
ecTb napa ayvueit (L'U’ n LU). Ecau ke

b
l’t|<;

(cM. ipHuMep 2), TO cepefMHBI X0pA 3arnonHsawT aAxameTp (V'V Ha uepT. 80)
uenHKoM, M3 ABY X COMpsHKEHHbIX AHAMETPOB OAHH BCErAa INPHHAANEeXHT
K [1epBOMY THIIY, OApYT'0it —KO BTOpOMY.

3ameuanune 1. Yrnosoit xoaduuueHT napannenbHuIX XOpA He

MO)KeT Mo aGCOMOTHOMY 3HAUEHHIO PaBHATHLCHA o uGo npsiMble y =
b
=t (acuMnTOTHI) HE MepeceKaloT runepfonsl, a NpsiMble, Iapanyieb-

HblE aCHMIITOTE, NEepeceKalT runepbony JHilbL B ofHOR Touke.

Yraoeble KoahdHUHEHTH Her1aBHbIX CONMPSHKEHHBIX HanpaBIeHHi nMe-
10T cornacHo (16) onnHaKoBblE 3HAKH, T. €, IBA& COMPSAKEHHB X A Ha-
mMeTpa runepGonb NpHHagAe) aT OAHON U TOR e
nape BEpTHKAaJAbHHNXYTrnoB o6pa3oBaHHBX OCAMH,

HanpoTuB, MO OTHOWEHMIO K ACHMITOTaM JBa COMPsYKEHRLIX OHa-
MeTpa MpPHHAINIEXKAT PAa3JTHUYHBIM N apaM BEPTHKANbHLIX YINOB.

3ameuaHnue 2 [NpyBpawenun auamerpa U’'U runepGonsl conpa-
>HEHHBIN nuameTp V'V Bpamaercs B NMPOTHBOIIOIO0KHYIO cTOpoHY. [IpH
3TOM, Korfa U'U HeorpaHH4yeHHO NMpHOAMIKaeTCss K ONHOH M3 aCHMINTOT,
V'’V MeorpaHHueHHO NMPUGAHIKAETCA K Mol xce acumnToTe. [Toaromy 06
aCHMIITOTE T'OBOPAT, YTO OHA ABJIAETCS AHAMETPOM, CO"pRDKtHHHM cCamomy
cefie. DTO BuIpa)KEHHE YCNO0BHO, GO aCHMMTOTA He SABASETCA AHAMETPOM
(cp. sameuanue 1). Kpome acuMnToT, BCAKaA Apyras npsimas, rpoxoga-
uast yepes LeHTp runepGonbi, ABIAETCA OAHHM H3 €€ QUAMETPOB,
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§ 57. Juamerpnl napaGonnr

Bce nuameTpel napaGoJibl napansieNbHL! ee 0CH; CM. ueprT. 81 u 82(reo-
METPHYECKOE MECTO Cepe[IHH NNapasieSIbHbIX X0PA napa6oJisl ecTh nyy LU).

JluameTp, COOTBETCTBY IOILIHIt XOPAAM, TEPIEHAHKY ISAPHBIM K OCH napa-
Gonrl, ecTb cama och (uepr. 83).

Yepr. 81, Yepr, 82,
JInameTp napaGonst y2 =2px, COOTBETCTBYIOIUMH XOPAAM € YIJ0BBIM
Koapduumuentom k (k =0), npepcTaBisAeTCA Y paBHEHHEM
=P
Y=1%

(ueMm_Gonblue HAKJIOH XOPAbI K OCH, TEM AHaMeTp Aanablle OT ocH 1)),

ITp n M e p. Onamerp napa6osst y2 =2 px, COOTBETCTBY IOLLUI XOpaaMm,
HAKJIOHEHHBIM K OCH NoX yrjioM +45° (k=1), npeacraBaseTca ypas-
HEHHEM Y =D, T. €. €ro paccTosiHHe OoT oCH AX (uepT. 84) paBHO POKab-

R

7/

A KIaVAF X

Yepr. 83. Yeprt. 84.

Ho#t nonyxopae FR (§ 52). 3HauuT, AMamMeTp nepecexaer napabony B To4-
Ke R, ne>xaeit Hag dokycom F.

Bce npsimble, napatesibible KAKOMY-THG0 nHameTpy napaGoset, nepe-
cexaioT napabony TONBKO B OfHON Touke, [T03TOMY B3aUMHO COTIPSIKEH=
HBbIX JHAMETPOB Y Nnapaboibl HeT.

1) YrnoBoh KoadpuLHeHT BCAKOro AHaMeTpa napaGonul paBeH Hy IO,
T. €. YIOBJIETBODSET YypaBHeHHMIO kk, = ¢2—1, KOTOpO€ HMeEET MECTO
(§§ 55, 56) pns aanunca u runepGonsl (ANA napaboast € =1).
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§ 58. JIuuuM BTOPOro noOpsiAKa

Smune (B YaCTHOCTH, OKPY)KHOCTB), rumepGojia u mapa-
60J1a SIBASIIOYICS JIMHUSIMM BTOPOTO IODPsSIAKA, T. €. BO BCAKOHN
CHCTEME J[IEKAPTOBLIX KOOPAMHAT NPEACTAaBJSIOTCS VpaBHe-
HUsIMH BTOpo# cTemeHH. Ho He BCsikoe ypaBHeHHe BTOPOii
CTeNeHU NMPEeACTABJISIET OOHY U3 VIIOMSIHVTHIX JIMHUH. ModKer,
HanpuMep, CJIVYUTBCS, UTO YPaBHeHHe BTOPOIi CTeneHH IpeA-
CTaBJISIET MAPY NPSIMBIX,

ITpumep 1. YpaBHeHue

4x2-9y? = 0, (1)

pacriajannreecst Ha ABa VpaBHeHHUsI 2x —3y = O u 2x+ 3y =0,
NPEACTaBJISAET Napy NPSMBIX, EePECEKA0IUXCSA B HayaJje Koop-
JUHAT.

Il pumep 2. YpaBHeHHE
x2—2xy+y2—-9 =0, @)
pacnagaiouneecsi Ha VpaBHeHHst X—y+3 =0 u x-y-3 =0,

NMpeACTaBJISICT Napy NapaiejJbHLIX NMPSAMDBIX.
Ilpumep 3. YpasHeHHe

X-2xp+yt = 0, ®)
T. €. (x—y)? = 0, npeacTapisieT ORHY NpsIMVIo X—y = O;
HO BBHIY TOTO, YTO B JIEBVIO 4acTh (3) ABYVYJEH X—) BXO-
JIUT MHO)KMTEJIEM HBaYKABI, MPHHSTO CYMTaTh, uTO (3) mMpen-
CTaBJIsSIeT IB€ CJAMBIIHECS NPSAIMBIE,

MO>KeT CIVYUTHCS, YTO VpaBHeHHe BTOPOH CTeneHu mnpef-
CTaBJISIET TOJIBKO OAHY TOYKY.
ITpumep 4. YpaBHeHue

Xty =0 )
HMMeeT TOJIbKO OJIHO AeHCTBHTENILHOE peleHHe, UMeHHO x = 0,
y = 0. OHo upencraBnsier Touky (0; 0). Brpouem, (4) pacna-
naetTcsl Ha /iBa VPaBHEHHs X+ iy = o, x—-;—iy =0 ¢ MHU-
MpIMH  KO3Gduumentamu. IToaromy rosopsit, uto (4) npen-

CTaBJISIET «MApPyY MHUMBIX NPSIMBIX, HepeceKaomuxcs B jek-
CTBUTEJILHOH TOUKe»,

HawxoHell, MOYKET 0Kas3aThCsl, YTO YpaBHeHHe BTOPOIi cre-
[eHH He TIPeJCTaBJIsieT HUKAKOI0 IreoMETPHYECKOI'0 MecTa.
IIpumep 5 YpaBHeHue

Gy =1 (5)
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He NPEACTABJISIET HU JIMHHM, HU JAQXKE TOYKH, TaK KaK BeJu-
2 2
UHHA =5+ HE MOXCT HMCTb NI0OJI0XKUTELHONO 3HAUCHHST.

OpHAKO BBULY BHEIUIHEro CX0ACTBAa VpaBHeHHs (5) ¢ vpasHe-
HHEM 3JUIMIICA TOBOPSIT, YTO vpaBHeHue (5) mpeacrapiisier
«MHHUMBIH JJIUIICH.

ITpumep 6. YpaBHeHue

x2=2xy+y*+9=0 (6)
TO)KE He NpeACTaBJISieT HH JIMHUM, BM Aake Toukd, Ho Tak
KaK OHO pacnajaercsi Ha ypaBHeHUst X—y+3i =0 u x—y—
—3i = 0, To rosopaT (cp. npumep 2), uto (6) mpeacTaBIsIET
«apy MHUMBIX ITapajule/IbHBIX NPSIMBIX».

KOHHYECKHMH CCUEHHSIMH M MapaMH NPSMBIX 1CYePHHIBA-
10TCS1 BCE JIMHUH, KOTOPBIC MOTYT ITPeJICTABJISITLCA VPAaBHEHHEM
BTOPOIi CTeNeHU B JIeKapTOBOii cHcTeMe KCOPAMHAT. VIHBIMHU CJ10-
BaMH, MMeeT MeCTO CJIeAvIolasi Teopema.

Teopema. Beakasa aurus emopozo nopsadxka ecme Au6o
aaaunc, aubo eunepboaa, aubo napaboaa, aubo napa npsa-
Mbix (Nepecexaromyuxcs, NAPaAIteAbHbIX UAL COGNAGIIUX).

IInaun aokasaTeabcTBa. C nomomwsio npeoGpaso-
BaHMA KOOPAMHAT JaHHOE VPaBHEHHE BTOPOIl CTENEeHU MPHUBO-
autcst K 0oJiee MPOCTOMY BHAY, U TOTAa MBI JH00 mosivyaem
0JJHO U3 KaHOHHYECKHUX VPaBHEHHit

2 g . . .
—Z‘? % = + 1 (onnunc, HeHCTBHTENLHBI MM MHMMbIL),
x2 2

I

&% = £ 1 (tunepGona), y* = 2px (napabona),

160 00HApPYI)KMBACM, YTO YPaBHEHHe BTOPOil cTermeHU pasna-
raeTcsi Ha JBa VpaBHEHUs NepBoil cTeneHU. BmecTe ¢ TeM Mbl
HAXOAHUM pa3Mephl JIMHMHM BTOPOI'0 NOPSIAKA U PACHOJI0)KEeHUE
€e OTHOCHTEeJIbHO NepBOHAYaJbHOM CHCTeMbl KOOPJAMHAT (Ha-
MpuMep, AJIA JJIAUNCA — AJIMHBL 0CeH, X YpaBHEHMsI, MOJIOMKE-
HHe LCHTPa H T. IL.).

B §§ 61-62 vnomsnHyrole npeoGpa3oBaHUsi NPOBEACHHI
NOJIHOCTBIO.

§ 59. 3anuch o0wero ypaBHeHMsi BTOpOH cTenenyu

Oouee vpapHeHHe BTOPOH CTeneHM O0OBIYHO NMUMIYT B BHJE
Ax*+2Bxy+Cy*+2Dx+2Ey+ F = 0. (1)
Ob6ozHauenus1 2B, 2D, 2E (a He B, D, E) BBefieHb IIOTOMY,
YTO BO MHOrHe (QOpMyJibl BXOAAT IMOJOBUHBI K03Q(HLLEHTOB
npH xy, npH x 1 npu y. [Nonbsyscsh 06c3HaueHusimu 2B, 2D,
2E, Mbl YCTpaHsieM APOOHBIE BbIpaYKeHUs.
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IIpumep l. Ona ypaBHeHUs

x¥4xy—2y2+2x+4y+4=0
nmeem: .

A=1, B=-§', C=-2 D=1, E=2, F=4
INNpumep 2. Hua vpaBHeHHsa 2xy+x+5 = 0 umeem:
A=0, B=1, C=0, D=+, E=0, F=25

3ameyaHnue, Beanuunn A, B, C, D, E, F MOrYT HMETh

Jo0ble 3HaYeHHUs, UL Obl BeJIMUHHbL A, B, C He OBl paBHBI

HVI0 Bce BMecte, MO0 Toraa (1) ecth ypaBHeHMe nepBOH
CTENEHH.

§ 60. YnpoiueHue ypaBHeHHA BTOPOM CTeneHH;
ouue 3amMeyaHHn

ITpeoOpas3oBaHHe ypaBHEHHST BTOPOil CTCIEHH
Ax?+2Bxy + Cy*+2Dx+2Ey+ F = 0 (1)

K OAHOMY M3 NPOCTeHIIHX BUAOB (CM. § 58) Mbl BLIMOJIHUM IO
CleAVIOIIEMY IIaHy 1),

a) INIpeaBpapurenbHoe npeobpasoBaHHue.
C ero nmomouiplo Mbl 0CBOGOAMMCA OT uJieHa, COJEpIKaILero
Nnpou3BejieHHe KOOPAKHAT (3TO AOCTHraercst MOBOPOTOM ocei;
cm. § 61).

0) 3aBepwalomee npeobpaszoBaHue. Cero
MOMOIUBI0O MbI 3aTeM OCBOGOAMMCSI OT YJIEHOB, COACPIKAIUMX
IepBble CTENMEHH KOOPAUHAT (3TO JOCTHUraeTCs NepPeHOCOM Ha-
yana; cm. § 62).

§ 61. IpensapurenbHoe npeoGpasoBaHHe
YpaBHeHMSl BTOPOH cTeneHH

(Ecnu B =0, T0 910 npeoOpasoBaHHe CTAHOBHTCA He-
HY>KHBIM.)

IToBopaunBaeM OCH KOOPAMHAT HA YroJ o, YAOBJIETBOPSIO-
LKA VCIIOBHIO 2)

2B
tg 20 = a-c' (2)
1) Manaraemeift aneck crocob —He cambift GuicTphift, HO OH HE TpeGveT

HHMKaKHUX BCIIOMOraTesnbHbIX TeopeM. Jpyrofl cnocol, BeAymuft K uenaun
GricTpee, 06 bACHEH B §§ 69, 70,

3) Ecau A = C ( Benuunna A2_B «obpaiaercs B 6eCKOHe'lHOCTbt),
70 (§ 21, 3ameuanne) 2« = £ 90°, T, e, « = * 45°,




§ 61. NPEABAPUTEJILHOE TNPEOBPA3SOBAHHUE 83
dopmyasl npeodpasoBanus 6yayvr (§ 36):
X =X cosa—y’ sine, y = x'sina+y’ cosa. 3)

UneHbl ¢ X'y’ B3aUMHO VHHYTOXKATCA ), H HOBOE YypaBHeHHe
Oyaetr UMeTh BHJA

Ax2+Cy2+2D'x’ +2Ey'+ F' = 0. 4)
IIpumep 1. Jano vpaBHeHue
—4xy+5y2—x+5y—-4 = 0. (1a)
3pech A=2,B= -2C=5D=-3,E=3, F=-4.
W3 vceaoBusa (2) Haxoaum:
tg2a=—:—;—=%. (2a)

Ecnu vron 2« B3iTh B nNeppoit uyeTrBepTH (20 ~ 53°8,
o ~ 26°34’), TO MONYUUM:
cos 2¢ = '——l—'____. = 3 ,
YT+tez 2« O

®opmyibl (3) NPUHUMAIOT BUA

2 1
X===X —--=
ve o ¥e (3a)
= y—g X +V_5
IoacraBnsasa B (1a), HAXOAUM HOBOE YpaBHEHHe
x"+6y'=+y_ X+ y..y -4 =0, (4a)
TAe
’ — [ [ P _3 ’  _
A =1 B =0,=6,D 2},5}3 2Y—’F 4,

1) KoahduuneHt npu x’y’ MMeeT BU

2B’ = (C—A)2sin acos a+2B(cosza sinta) =
= (C —A) sin 2a +2B'cos 2,

B cHay (2) 9ToT Ko3addHUMEHT paBeH HY/IIO,
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Eciu  B3aTh vron 2¢x B Tperheit uetBeptH (20 ~ 233°8,
o ~ 116°34’), To aHaJOFMYHO MOJIVYHM YpaBHeHHe

bx2 4yl — 2y 4 =0,
V5

V5
rae
P '’ 3 M = -
A=6,B=0C=10D V_’E 2V-“7’F 4,
IIpumep 2. JaHO vpaBHCHHE
X4 2xy+yi4-2x-Fy = 0. (16)
3necn

A=1, B=1, C=1, D=1,E= 4, F=0.

Taxk kak A = C, T0 (CM. CHOCKY 2) Ha CTp. 82) MO)KHO B3SThb
o = 45°, IloactaBus B (10) BhlpaXkeHHA

X = x’ cos 45° —y’ sin 45° = L_(x'-y'), ]

, (36)
¥y = X’ sin 45°+y’ cos 45° = —?(x +y), I
HaXOZUM:
2y 3Ly oo 46
2x +}’2 X sz (46)
3nech
3
A'=2,B’=0,C’=0,D’=§V—?, E = - y_,F’—‘O
Ecny B3ATH o = ~45°, T0 NOAVUHM:
2L — X t-=y =0 46
2y +,,2 X +V2 y (46)
3nech
r — { J— L ’ —_ ___l__ ’ — 3 7l =
A =0, =0, C=2, D 2V§’E —_2;/”2“’F .

ODpumep 3. Kano ypasHeHnue

—4xy 4 2y* 4 8x—-8y—17 = 0. (1B)
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Taxk kak A = C, TO MOXHO B3sTb a=45° IToacTaBue B (1B)
Buipaienust (36), Halizem:

4y2-8Y2y —17 = 0. (48)
B3siB & = —45°, nonyuum;
4x248Y2x ~17 = 0. (4w)

§ 62. 3aBepuwuarouiee npeodpasoBanue
ypaBHEHUs1 BTOPOi CTEneHU

37ech HY)KHO pa3yiMyath ABa CAvYas:
1) ui opnH u3 KoadpduuuenTos A’, C’ B YpaBHeHHH

A1x12+Clylz+2Dlxl+2E/yl+ Fr =20 (4)

e paseH HyJlo (Taxk 6b110 B npumepe 1);

2) onnH u3 KoahPuuneHToB A’, ¢’ paBeH HVJIO (TaK OblIO
B npumepax 2 u 3) ).

Canvuaiit 1. YpaBHeHue

Ax24+Cy242D'x' +2E'y+ F' = 0 )

npeo6pazvem Ttak. Cvmmy A’x’242D'x’ = A’ (x'2+2 )

’

D’2
MOTIONIHSIEM  WIEHOM —; MOJIVuaeM A’ (x’ —) Cymmy

2 E’\2
C'y'24-2E’y’ NOTIOJIHSIEM YJIEHOM f: ; monvuaem C’ (y’ —) .
E’2

K npaBoit yactu (4) a1 KoMneHCAL U npnﬁannﬂem x +
IToavuaem vpaBHeHHe BHAA
D E’\2
A (xr+ +z) =K, ©)
rje
D E
K' = Al <~ F.

’

IlepeHocnm Hawano B TOUKY —%;
avem koopauHaret (§ 35) nmo popmysam

’ X D’ ’ v El
X =%-= YV=V-F. (6)

—-5(_,57'), T, €. npeobpa-

1) Koabduunentst A’ 1 C’ He MoryT oGa BMeCTe PaBHATLCA HYJIO
(Mnauye ypabsHenHe (4) Gy[eT NMepBOA cTenenH),
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ITonvyaem ypaBHeHHe

A'x*+Cyp* = K (A =0, C =0). )]

Ecnn K’ =0, 170 pasgenum 310 vpaBHeHHe Ha K’. IMTonvuum:
2 5

ot =1 ®)
Alocr

’ 4
a) Eciu oGe BeJHYHHBI ﬁ,, o
3JITUIIC.
6) Eciu o0e BeJIHYMHBI %, %— OTPHLIATEJIbHLI, TO HMEEM

MHUMBIIT 3suiunce (cp. npumep 5 § 58).
B) Eciu opHa M3 3THX BeJMUYMH (BCe PaBHO Kakasl) 1oJio-
JKMTeNbHa, a Apyras OTpPHULATEIbHA, TO HMeeM rumepbony.
Ecan e K’=0, To ypaBHenue (7) HMeeT BHJ

A4 C72 = 0. @)

Bo3moy)xHBI ABa cavyas:

r) Ecan A’ u C’ MMel0T pa3nyuHble 3HAKH, TO A’x%+ C'j?
pasyaraercst Ha MHOXKHTEJH IIepBOil CTeneHH, KaK pasHOCTh
KBajparoB. ‘B 000onx MHOKHTENSIX KO3QOHUHCHTLI AeiCTBH-
TEJILHE, U Mbl HMe€eM Mapy NepeceKaloUXCs NMPAMBIX (Cp.
npumep 1 § 58).

n) Ecau A’ n C’ nmeloT oaMHaKOBEIE 3HAKH, TO A’X2+ C’y?
TO)KE pa3jiaraeTcst Ha MHO)KHTeJIH TEpBOi CTeneHH, HO oba
MHO)KHUTESA COREPIKAT UJIEHBI C MHHMBIMH KO3(GHLHEHTAMH,
M MBIl MMEEM NMapy MHHMBIX NepeCceKalolXcsl NPSAMBIX, T. €.
OAHY AeHCTBHTEJIbHYIO TOYKY (cp. § 58, npumep 4).

ITpumep 1. ¥YpaBHenue (1a) npumepa 1§ 61 nocye noso-
poTa oceii npeoGpa3oBaoch K BHAY

MOJIOXKHUTEJIbHBI, TO HMECM

x’2+6y"’+y—_—x+ _.y -4 = (4a)

3To vpaBHeHue 3afuiluem B BHUe
xl
( +' (y'+12V5)

2y5) 12V

(’H“) (y ART V5)2 = %l'

(52)
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Hepexozm K HOBOH cHCTeMe C HayajaomM KOODAMHAT B TOUKeE
! ) no dopmyyam

2}’5 - 12Y5,
, _z__3 b1
X =X Y y=>b 1215’ (6a)
noJivyydem:
F6 = (7a)
24
HAH
;2 ;l
Tt el = 1 (8a)

Hccnenyemoe vpaBHeHHe NPEACTABJISIET JUIMIC € MOJYOCAMU
a= 1_2:% 23, b= V%"‘ 1,0. Ha uept. 85 (rme OE—
eaAMHULA MacwTaba) a = O'A, b= 0'B

LeHTp anuunca HaxXOAHUTCST B Touyke O’ ¢ KOOPAUHATAMH

X=0, y=0. C nomouipio N 4 \
¢dopmya (6a) HalizeM KOOPAH- W .\ {*,
HaThl LeHTPA B NPOMEIKYTOY- K
Holi cucteme X'0Y": % P )?“1 ¥
i 0] x
X = - N —
2Y5 0.7, “ . /0\<
,_ __1

y - 12)13 == —0,4.

Ha yepr. 85 UYepr. 85.

X' = 0P, y' =PO.

ITo dpopmynam (3a) § 61 HalimeM KOOPAMHATHEI LEHTPA B NEPBO-
HavanbHoii cucTeme XOY:

xu:v?( 2V5) (—12}”‘)— —1 -0

2
Yu= }’5( 2V5) V5 12}/5 = -3~ 0%
Ha uepr. 85 x, = OP, y, = PO".
Hailinem ypaBHeHHs Oceil dIMNICa B NePBOHAYaNbHOM CH-
creme, B cucreme X0'Y Gosbuwiast och NPeACTABIACTCSH VPaB-
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Henuem y=0, B cucreme X'OY’ Ta >Ke 0Cb B CHJIV BTOpPOro
vpaBHeHHs1 (6a) NpeACTaBSIETCST YPaBHEHHEM )’ = —

12V5
PewuB cucremy (3a) OTHOCHTENILHO X', ¥’, HaiifeM:
1
X = e X oes

5 ﬁy’

y' —_ _2_ y_._l_ X

Y57 V5
HaMm HY)KHO TOJIbKO BTOPO€ H3 3THX VPaBHEHHi; IOJIO)KUB B
HeM Yy’ = Tk NOJIYYUM VpaBHCHHE GOJIbIIOLL OCH B CH-

creme XOY; IMEHHO

2., 1.
327 Tk
12x—24y—11 = 0.

nm

Tem >Kke crmocodom HaiizeM ypaBHCHUE MaJIOit ocH
4x+2y+3=0.

Cavuyaii 2. Onun u3 koapduiuentToB A’, C’ paBeH HYIIIO.
VpaBHeHne (4) umeet BUJ

Ax?42D'x +2Ey + F = 0 )
HJH
Cy?+2D'x +2Ey + F' = 0, @)

Paccmorpum vpasHeHue Buza (9) [ni1s vpaBHeHust Buza (97)
BBIMHCJICHHUST T€ KC, TOJILKO X’ U Y’ MEHSIIOTCST pOJIsIMU].

a) Ecin E’#0, To ypaBHeHue (9) MOXXHO paspelUHTh
OTHOCHTCJILHO ¥’; TIOJIVYMM:

A, D F

e T T2 (10)
Hmeem napabony. KoopauHATE BepIuHHEl onpesensiores: dpop-
mvaamu (5) § 50 npu

f A D
= "9 9= —Fy €= T

6) Ecnu E’=0, To vpasHenue (9) npumet Bup
Ax?42D'x' + F' = 0, (1)
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Pasnoy)xuB neBvI0 4actb (11) Ha MHO)KUTEJIM NEPBOii CTeneHH,
noyavyum !):

A (v — }’D'Z—A’F’ D')( , D'2—AF’+D )

0. (12)

Vpasuenue (12) [a sHauuT, u (11)] npu D'2— A’F’ > 0 npea-
CTaBJACT NAapV NapauiCabHLIX NPSIMBIX, pU D'2— A’F’ < 0 —
napy MHUMBIX NapajiebHBIX NPSMBbIX, Ipu D2 — A’'F’ = 0 —
JiBC CauBLIMcCs npsimbie (§ 58, nmpumepst 2, 6 u 3).

ITpumep 2. Ypapuenue (16) npumepa 2§ 61 nocse no-
BOPOTa OCeii Ha yroJ 45° npeo0pa3oBaoch K BULY

1
2x2 —_x' -y = 0. 40
tEXEY (40)
Paapemms OTHOCHUTEJILHO y’, MOJIVUHUM:
y = 2V2x243x". (106)

¥Ypasuenuue (100) [a 3nauur, u (16)] npeacrapisier napaGony
(uepT. 86); KOOpAMHATHI X', V"

¢¢ BEPLIIMHBI A HaXOJUM IIO \.5 Y
popmviam (5) § 50:
\ AN 14
3 AN 4
X4 = ——== —0,5, N\ 4
4y2 \\ N\ |~
9 08 \ 0 7 2
YVa= ——== =03 \ X
8¥z ’ /\6 \_\
/
KoopauHaTLl  BEepPLIMHBI 7/ ™
MO>KXHO HaHTH U §e3 momounu u 86
gopmyva (5) § 50 (cm. § 50, pT. S

3ameuanue 1).
ITo dopmvaam (36) § 61 HaxomuM KOOPAMHATHL BEPLIMHBL
B NIePBOHAYaJIbHOH CHCTCME:

2
Xa = 2(X' )'__“( 4V2 m ——l_e‘k"orzr
, V2 3 9 15
Va (x +}’)—7("W§—W§ = -1~ —09
1) BenuuHHLL VD - A,FI n 2! D/z— 'FI D’ cymn xopum

ypaBHeHHa (11).
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Haiinem yvpaBHeHue ocu AU napaGosbl. B HoBoii cucteme aTa
0Ch NPE/ICTaBJISAETCSt YPaBHEHHEM

3
4yz"’

PaspewnB ypaBHenus (36) OTHOCHTENBHO X', y’, Haiijem:

X =

X = VTZ(x+y).
y = V%(y—X)-

ITogcTaBUB B nepBoe U3 3THX VpaBHeHuH (BTOpoe Ham He

HY)KHO) X’ = ————=, MNOJYUHM:
4y2

3 =2 (xty)

Tarz

4x+4y+3 = 0.

910 — ypaBHeHHe ocH napaloJinl B
nepBOHauabHOI cHCTeMe,

IIpumep 3. YpasHenue (1B)
npumepa 3 § 61 mocae nosopora
oceit Ha yron -45° npeobpasosa-
JIOCh K BUAY

4x248Y2x' ~17 = 0. (48')

WIn

Yepr. 87.

Pa3no)xuB JeBYIO 4aCTb YPaBHeHHSI (4B’) HA MHO)KHTEJH, TiO-
NYUUM: _
4(x— 5—2;1/2_)( xn 5+22V-2—) =0, (123)

T. €. MMeeM Iapy napaluieJbHeix npamelx (UV u U’'V’ Ha

uept. 87): _ _

— 5

x = 222V2 2',2 , X = —-—-———"+§y2 . (13)

Haiinem vpaBHeHus aTux npsimbix B cucteme X0Y. Tak kak

cucrema XOY moavuaercs u3 X‘OY’ noBopotom Ha -+ 45°,
TO

w =2 x-y), y =Tty (14)
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IToactaBisia B NMepBoe M3 3TUX YpaBHeHhit CHavana ofHo, a
noTOM Apvroe 3HaueHue (13), HaxoauM:

5-2V2 V2

-—-2———=T(x—y),

5+2V2 V2
__.+T__ = _Z_.(X__y)

HIIH . .
V2x-V2y—-5+2V2=0,

V2x-V2y+5+2Y2=0.

J10 — vypapHenus npsmuix UV, U’V’ B nepBoHayasibHOM CH-
cTeme.

63. 0 npuemax, ofaervawiuux ynpouieHHe
§ y
YpaBHEHHA BTOpoil cremeHH

CrocoG VIIpOLHEeHUs1 YPABHEHUsT BTOPOH CTENEHH, U310 eH-
nuifi B §§ 61 — 62, uMeeT nepex APYruMM cnocobamu apa npe-
umyulecTBa: 1) OH faet MOJIHYIO- KNacCHPHKaUMIO JTHHUM BTO-
poro nmopsiaka (teopema § 58); 2) oH eauHooOpa3eH M mpocT
no uaee. OaHAKO 3TOT CMOCO0 TPeGYeT ROBOJILHO VTOMHTEJb-
HBIX BBIKJIAZ0K.

Bo MHOrux cjiv4asix BhIKJAAKH MOYKHO 00JIeryuTh,

1. Anst 1MHUI BTOPOro Nopsifika, pacnajaloumuxcs Ha napy
npsambix (§ 58, npumepsl 2, 3, 4, 6), MOXXHO JerKo HaiitH
vpaBHeHHs1 00eux NpsIMBIX, He npuberasi K npeodpa3cBaHHI0
KOOpAHHAT. ITOT cnoco0d usnaraercs B § 65; npeaBapuTeNbHO
(§ 64) maercst MPH3HAK pacnajeHHst.

2. Hepacnapawwascsti JTHHHS BTOPOr0 MNOPSAKa MOXKET
6BITh MJTH JUIMIICOM, WK r'Unep6oJioH, Ui napabosoii. anunc
u runepboyna UMET UeHTP, a mapabona He- umeer. [ToaTomy
VIIpolleHHe YPaBHeHU aanunca 1 runepfoss yao6GHO HavaTh
C nepeHoca Hauasa B LleHTp. MO)KHO 3apaHee V3HaTh, K Ka-
KOMY H3 3THX TPeX THMOB NPHHAMJIEKHUT JIHHUSL BTOPOTO I10-
psaka. CooTBeTcTBYIOWMH npu3Hak aaH B § 67, B § 68 yrou-
HSIETCSI TIOHsITHE LieHTpa M B § 69 00BbsicHeHO, KaK Haiith
KOOpAHHATHl ULeHTpa. B § 70 o0bscHen crmocod ynpoiieHHst
VpaBHeHHii annunca ¥ runepoosl.

3. Uro kacaetrcst mapabosbl, TO JJIsL Hee cmocoG ympo-
LIeHHsT, U3J10XKeHHbIH B § 61, octaercs Haunavuwmm. Brpouew,
pasmepbl nmapaGosinl (T. €. BEJMYHHY [apamerpa p) MOXKHO
JIerk0 Ha#TH NPH NOMOLM TaK HA3LIBAEMBIX WHBapHAHTOB,
O Hux ckasaHo B § 66,
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§ 64. NpusHak pacnajeHusi NHHMH BTOPOro MOPsAKa

Ecau JMHUst BTOPOT0 MOpsaKa
Ax2+2Bxy+Cy?+2Dx+2Ey+F =0 (1)
pacnajaetcst Ha aBe (pas3/IMuHble WJIM COBMAJAIolLie) NpsiMble
(oHH MOryt OLITH M MHHMMBIMH), TO ONpEJEJIHUTC]Ib TPEThero
nopsiaka (§ 118)
A BD

B C E
D E F

(«Gonbloit pUCKpUMHHAHTY 1)) ofpamuaercst B HyJb. OGpaTHo,
ecsin A=0, to auHusa (1) pacnafacTcsi Ha JiBe NpsIMBIE.

JlokasaTesbeTBO CM. B § 65 (3ameuanue 2),

INNpumep 1. B § 61 (npumep 3) Obuta paccmoTpeHa Jiu-
HHUST BTOPOI'0 NOPSIAKA

2x2—4xy +2y2+8x—-8y—-17T=0
(A=2, B= —-2,C=2,D=4,E = -4, F = —17).

B § 62 (npumep 3) 6bUI0 VCTAHOBJIEHO, YTO JTa JHMHHS pac-
najaeTcs Ha iBe napaJijebHble MPsMbIe:

V2x-V2y-5+2Y2 =0 3)

V2x-V2y+5+2Y2 = 0. 4)
B COOTBETCTBHH C 3THM GOJIbINOM AUCKPUMHUHAHT A paBeH
Hyo. JelicTBUTENBHO,

A= o)

H

2 -2 4
A=|-2 2-4
4 -4 -17

_2| 2—4|+2| —2—4l+4| -2 2l=
= 2:(-50)+2'50+0 = 0.
ITpume p 2. Jlunust BTOPOro nOPsIAKa
2x2—4xy+5y2—x+5y-4 =0
He pacnajgaercst, TaK Kak 60JibL1ol JUCKPUMHHAHT

1
A=1-2 5 S|=-=
_L 5 _4

1) IHMCKPHUMHHAHT —JIATHHCKMIA TEPMHH, ROCJIOBHO <«pa3fiHuHUTEbs,
J1H0§<%lémuuam A Ha3bIBACTCS 60ALWUM B OT/IHUHE OT Ma/020, 0 KOTOPOM
M 5
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He paseH Hvo. B §§ 61, 62 (npumep 1) 6blI0 ITOKA3aHO, YTO
9Ta JUHHUSA — JLIHIC.

IlpaBuno past 3anoOMHMHAaHHUST BHpaxXe-
H U 5 (2). B nepBoit cTpOKe BLINHMCBIBAIOTCA NOAPSIA Te OVKBLI, 34
KOTOPBLIMHU CJIefiyeT X B ypaBHeHHMH (1), BO BropoH ~ Te, 3a
KOTODHIMK (HEMNCCPEJACTBEHHO HMJM NOCJIE X) CIeIVeET Y, B
TpeTheif — TPH mocaeaHHE OYKBEL

§ 65. PasbickanHe NPAMBIX, COCTABIAIOLIMX
pacnajaKwilyocs JHHHIO BTOPOro mopsjKa

Y1008 HAliTH YpaBHEeHMST IBYX NPSIMBIX, BMECTC COCTABJISIIO-
WHX pacnajaolyocs JHHHIO BTOPOro nopsiaxKa

Ax?4+2Bxy+Cy?4-2Dx+2Ey+F = 0 (1)

(venoBue pacmazeHust cm. § 64), nrocraTtouHo PasyIoKUTH Jie-

BVIO yacTh (1) Ha MHOXKUTENU NepBoit creneHH. Korma Xorst

061 ofMH U3 KoddduumeHntoB A, C He paBeH HVIIO, JyYlie

BCEro NMPsIMO pelinTh VpaBHeHHe (1) OTHOCHTENILHO TOi U3 6VKB

X, ¥, KOTOpasi BXOXHUT TYA BO BTOpOit creneny. JIBa pereHust

(OHM MOTVT Y COBNAjaTh) NPeJCTaBsIT ABE HCKOMbIE MpsIMbie,
ITpumep 1. JIuaus BTOpOro Nopsigka

2x2—4xy+2y24+8x—8y—-17=0 2

SIBJISIETCST pacnajaouielicss, Tak Kak 00JblIOH AUCKPUMHHAHT
2 -2 4
A=} -2 2 -4
4 —4 17

paBeH HvJ0. YpaBHeHHe (2) MOXKHO pelIaTh OTHOCHTEJIBHO
Jo6oit M3 6ykB x, y (06e BXoAsAT BO Bropoil crenenu). Ilpen-
cTaBuB (2) B BUzie

. 1
y--2(x+2)y+(x2+4x—77) =0,

peimiaeM €ro OTHOCUTEJILHO Y, NOJIYUAeM:

y=x+2:) (42— (x2+4x-7),

5
y—x+2i7§:.
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OgHa M3 NpsIMBIX MPEACTABAAETCA VPABHCHHEM y = X+ 24
+y—?_2-, apvrasgs — VpDaBHEHHEM y = x+2—-3—7. 31 nps-
Mble mapasiesibhsl (cp. npumep 3 §§ 61 — 62).
ITpumep 2. Jlunns BToporo nopsiaka
2x24-Txy — 15y2 - 10x+54y-48 = 0 3)
pacnajfaeTes, Tak Kak

2 L -5
A= I .15 27|=0
-5 21 48

IlpencraBuB (3) B BHAC
15y2 — (Tx+54) y - (2x* — 10x—48) = 0,
HAXO0AHUM:
_ Tx+54+V(Ix +54)2 +4.15 (2x2 ~10x —48) |
y= 30
INogxopennoe Buipaxkenue paBHo  169x2+ 156x 436 =

= (13x+ 6)% CnenosatenbHo, y = M%M. Oana u3
HPSIMLIX TIPEACTABJISICTCSI YDABHCHHEM Y = 2";6, apvras —
VpaBHCHHEM Y = %4’8. JTH npsiMble NMEPeCceKalnTCsl B TOUYKE
(__6_ 22
13’ 13)*
ITpumep 3. Jiuuusa
10xy ~ 14x+ 15y -21 = 0 4)
pacnanaercs, Tak Kax
0 5 =7
15
A= 5 0 F]=o
15
-7 5 =21

B ypasHeHue (4) Kak X, TaK H ¥ BXOJST TOJIbKO B IePBOH
creneHd. Iloaromy pasnaraeMm JIeBYIO 4acTb (4) Ha MHOXKH-
TeJH, FPYNNHUPYst wieHsl. [Tonyuaem:
10xy — 14x4- 15y - 21 = 2x By =7)+3 5y —-7) =

= (2x+3)(5y - T).

JInHus (4) pacnapaercst Ha npamble; 2x+3 = 0 u 5y-7 = 0,
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3ameyanuel. B cavuae A = C = 0 MOXKHO TO)XKe pe-
WaTh AaHHOE VpaBHeHHe OTHOCHUTEJBHO X HIM J; TaK, B NpH-
mepe 3 moavuum (10x+15)y = 14x+21, HO aanblue AeIHTH

oGe yactH Ha 10x+ 15 MOXKHO JiMIUL B TOM CJyyae, Korga

10x+ 15 He paBHO Hviwo. Torga noavuaem y = }g;——ﬁ—; =

2 7 "
=1x43) + » M YpaBHeHHe O/IHOH U3 NPSMBIX €CTb Y = %— ,

T 5(@2x+3)

T. e. 5y—-T7 =0. B cayyae, rxorga 10x+15=0, T. e.
X = —%, yvpasHeHne (10x+15)y = 14x+21 vpaoBnerBo-
psieTcA npH J1060M 3HAYEHHH y; TakHM 00pa3oM, nojyvyaem
JIPYIVIO NIPSIMYIO X = —%, T. e. 2x+3 = 0.

3ameuaHue 2, Broiuncnenus, npojesaHHbie B IpHMe-
pax 1 1 2, MO)KHO BHIITOJTHUTD U151 J1l060ro ypasHeHus Buza (1),
ecay Toubko C #0. Ilpogenas aTH BhIKNAAKH B o0HieM BHAE,
NMOJIVYMM NOJ PajHMKANIOM KBaApaTHHIH TpeXujeH

(B:— AC)x*+2(BE-CD)x+ E?*-CF. (5)
OH OyAaeT MOJIHBIM KBAJpaTOM B TOM H TOJILKO B TOM Cjavuae,
ecsn

(BE-CD)*~(B*— AC) (E*—~CF) = 0. 6)

ITocne npocreix npeobpa3oBaHuii VBHAUM, 4TO JieBasi 4acTh
paBedctBa (6) paBHa CA, rae A — 6onbwoii AUCKPUMHHAHT.
Tak Kak, no npeanoJiokeHuio, C = 0, To NpU3HaK pacnajeHust
cctb A = 0. B cayuae, korga C = 0, HoO A = 0, MBI IIPHXO-
MM K TOMY >Ke BbIBOAY, NOMCHSIB ponsiMM X M y. Tak joKa-
3bIBAETCA NPH3HAK § 64 17151 00wero cavyast, B HekiouuTeib-
HOM Ke ciiyyae, koraa A = C = 0 (4, crano Obth, B # 0),
JieBast yacTb YpaBHeHHs (1) MPHHHUMAET BHA

2Bxy+2Dx+2Ey+ F.

IlpeactaBum 3ror MHoroudeH B Buae 2x(By+D)+
+(2Ey+ F). 310 BHIpa)keHHe pa3naraeTcst Ha MHOXKUTEIM
NIepBOH CTelleHH TONBLKO B TOM CJyuyae, KOTra VY JABVYJIEHOB
By+D u 2Ey+ F COOTBEeTCTBEHHblE KOI()QULHEHTbH PABHBI
HJIH NPONOPLHOHAABHHL (cM. mpumep 3), T. e. koraa 2DE—
—~BF =0.Hos paccma(')rpuezgmom cayyae 60nbuIoH AUCKPH-

B

MUHAHT A umeer BUA| B 0 E |, a orClofa CJeAver, 4TO
A DEF

2DE- BF = 5. TaK J0Ka3biBaeTCs npu3Hak § 64 B HCKI0-

YUTENIBHOM Cl1yyae,
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§ 66. MuBapuaHThl YpaBHeHHUA BTOPoOH crTemeHM

Ilpu nepexojc OT OAHOH CHCTEMBI IPSMOVIOJbHLIX KOOP-
JUHAT K APVroil Mbl 3aMeHsleM VDaBHeHHe

Ax2+2Bxy+Cy*+2Dx+2Ey+F =0 (1)
JIMHHHM BTOPOro MOPSIAKA APYIHM VDPaBHEHHEM
Ax?+2B'x'y +C'y2+ 2D'x’ + 2E'y' + F' = 0, )
KoTopoe moyivyaercst M3 (1) ¢ momoursio Gopmya mpeodpaso-
BaHUsi KoopAMHAT (cM. npumeps §§ 61 u 62). Ilpu atom 3Ha-
uenust A’, B’, C’, D’, E’, F’ (BCe MM HEKOTOPLIE) OTJIMYAIOTCS
OT 3HaYeHHUH OILHOPIMCHHbIX BeauuuH A, B, C, D, E, F.
OJHAaKo TPH HHIYKENPUBEIEHHBIX Bblpa)KeHHH, coCTaBJeH-
HbIX u3 BeauuuH A/, B, ¢/, D’, E’, F’, Bcerga OCTaloTCs
PASHbIMUL  O0OHOUMEHHbIM GBIDANCEHUAM, COCMAGACHHbIM U3
geauuurn A, B, C, D, E, F. 3TH TPH BLIPa)KeHUsT HA3bIBAIOTCSI
uHeapuanmamu ') ypaBHeHHs1 BTOPOH CTeMEHU.
a) IlepBuiit HHBapHAHT A+C

0) Bropoii uHBapuaHT § _. B C I(Manmﬁ AUCKPUMUHAHT).
B) TpeTuii MHBapHAaHT

ABD
B CE
D EF

ITpumep 1. YpaBHeHHe
~4xy+5y2—x+5y~4=0
(A=2, B=-2 C=5 D=~3, E=3, F=-4)
MBI npeoGpasonanu B § 61 (npumep 1) K BuAY

A= (60sbI0# AUCKPUMHHAHT),

x'2+6y"’+}7—5_—x' y_y -4 =0

(A 1, B=0,C =6 D = —— V , Er = ;‘y‘—? '=-4)

COOTBETCTBEHHO IOBOPOTY OCeif Ha yroJ arcsin ,T‘ ~ 26°34'.

a) Beipaskenue A+C B Crapoit cucTeMe pPaBHSJIOCH
2+5="T, B HOBOIl cHCTeME OJHOMMEHHOE BHIPA>KEHHE
A’+C’ papusietcst 14+6 = 7, TaKk yTo

A+C = A+,

1) IHBapHaHT — IaTHHCKHA TEPMHH, B NEpPEBOJie — sHEU3MEHHBDI,
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6) Masblii AMCKPHMHHAHT B CTapoil cucTeme Obln paneH

2 -2
5=|_372=25-(-2-2 =5
B HOBO}i CHCTCME MMCCM!
_J1o0
~— |06
TaK YTo
8§ =29,
B) Bonbluoli AMCKPUMHHAHT B CTapoit CHCTeMe GbUI paBeH
1
2-2 —-E 131
S A s
-7 7 —4
B HOBOH cHCTeme
3
= LU D 1}
A=) 0 0 25| 4’
S AL g
2¥5  2(%
TaK uTo
A=A

ITpuMmep 2. YpaBHeHHe

11
xrpprr x40
R T
Mbl 3aTem mipeoGpasoBanu B § 62 (cM. npumep 1) K BUAY
X24-6y2 - i =0 COOTBeTCTBeHHO NnepeHoCcy Hauyaja B TOUKY
3

Y o e
X 2}/3, y 12}/— Bonbuioii AUCKPUMHUHAHT TEIephb
Gvaer:
32 8 131
A= 0 0 18T T
24
T. €.

A=A =A
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JBanpyrux nuBapHanTa, 0UCBHHO,TOYKE COXPAHHIIN TP~
Hue 3HaYeHUsI,

J7st moKasaTeNbCTBA HCU3MCHHOCTH KaXKJ0i M3 BEJMYMH
a). 6), B) IOCTATOYHO COCTABHTDL BLIPAXKEHHSI BeJHunH A’, B,
C’,...uepes A, B, C, ... (3TH Bblpa)KeHHUsI OYAYT COfepIKaTth
TAK)Ke YI'0JI IIOBOPOTA oo ¥ KOOPAUHATH HOBOIrO Hauaia). ITox-
CTaBHB HX, HAIPHUMED, B BRIpayKeHUe A’ 4 C’, MBI ITOCJIE VIIPO-
1eHuit HaligeM A4+ C B 1. 1. OAHAKO STH BHIKJAAKH 0YEHb
rpomMosaxu ).

3ameyanue. Ecau ofe yacri vpaBHeHus (1) momHo-
SKUTH (WJIM PasfielIuTh) Ha KaKoe-HHUOVAL YHCIIO k, TO HOBOE
VpaBHEHHE TIPeACTABJSIET TY )K€ JIMHHIO BTOPOTO IOPsiAKa.
OJHaKo Tenephb BeJIMYUHLL a), 0), B) H3MEHSIIOTCS: NepBas No-
MHOXXHTCSI Ha k, BTOpas Ha k2, Tpetbst Ha k3, Bot nouemy Bean-
YUHL! a), 0), B) HA3HLIBAIOTCSl MHBapHAHTAMH YpaGHeHUs BTO-
poii cTemend, a ne MHBAPHAHTAMH JUHUL BTOPOTO TOpsKa.

§ 67, Tpu THnA JMHUK BTOPOro IOPAAKA

Mauneiit auckpumunant 8 (§ 66) a1 anAIUIICA TOJIOYKUTCIIEH
(cm. mpumep 1 § 66), anst runep60oJILl OTpULIATENIEH, AJIST Tapa-
00JBl paBeH HYIIO.

JdoxKaszaTeabcTB 0. DIAUIC IPEACTABISETCS] YPaBHE-

2 42 .
HHeM 24+ —1 = 0, Y 9TOr0 VPaBHeHHST MANLIH JHCKPUMH-

Haur § = 5157}2- > 0, Ilpu npeobpa3oBaHMH KOOPAMHAT &

COXpaHsIeT CBOIO BEJMUYHHY, a IIPH YMHOXKEeHHH 00CHX uacTeii
VpaBHeHMsI Ha KaKoe-JHG0 YHCI0 k AUCKPHMHHAHT YMHOKACTCS
na k2 (§ 66, sameyanue). CrefoBaTenbuo, AUCKPHMIHAHT JJI-
JIMTCA TI0JIOXKUTCINICH B Jilo60it cucreme KoopjuHat, B cavyae
runepGoasl U B chivyae napaGoJsiel AOKA3aTcibCTBO aHAJo-
I'HYHO.

Coo0pasHo ¢ STUM PA3IMyaloT TPH THIA JHHUH BTOPOIo
nopsiaxka (M ypaBHeHUI BTOPOIf CcTencun):

a) Jaaunmuyeckuill mun, XapaKTepL3YIOMMUICST Y¢JIOBHCM

§=AC-B*=>0,

'K HeMY OTHOCSITCST, KPOMC JIeHCTBITEIILHOI0 SJUIHICA, TAKIKE
MHUMBLA dsune (§ 58, npumep 5) M napa MHUMBIX NPSIMBIX,
nepeceKaouMxcss B AeficTBHTENbHOM Touke (§ 58, npumep 4).

1) CymecTBYIOT HMCKYCCTBEHHEIE NpHeMbi, ofierdaiouie RoKazas
“TeNbCTBO,
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6) I'unepGoauveckul mun, XapaxtrepHsviowuiicst yeaosuem
8= AC~B%*=< ().

K Hemy OTHOCHTCST; KpOME FHIIEPGOJIb, Hapa ACHCTBHIEND-

HBIX lIEpeceKalouxcst npsameix (§ 58, npumep 1).
B) IlapaGoauueckull mun, XapaKTepHavIOUMHCA YCA0BHEM

8= AC-B:=0.
K Hemy oTHoCHTCs1, KpoMe napadoJinl, napa napaulebHHX
(neficTBUTCJILHLIX MM MHHUMEIX) APAMBIX (OHH MOTYT COB-
najarh).
HDpumep 1. YpasHenue

X2y Y224y = 0 (1)

HpHHAIEKUT K napaloyIHuecKoMy THiny, HOO
3= AC~B*=11-1!=0.

TaK KaK 00JbWOR AHCKPHMHUHAHT

T
A”‘:'z‘=“?
1 40

He paBeH HvJio, TO ypasHeHue (1) npeucrasnseT Hepacrnaja-
lomylocst IMHMI0, T. €. napaGoay (cp. §§ 6162, npumep 2).
I pumep 2, Ypashenue

8X2 4+ 24xy + V2 — 56X+ 18y ~55 = 0 )
HPHHAANGOKUT K I'Hl'lepﬁ()JmlleCI(OMy THny, uoo
§= AC=B!=81-12= 136 < 0;

812 -28
12 1 9
~28 9 55

TO VpaBHeHue (2) npejcTaBisier napy Hepecealuuxces nps-
MbiX. X ypaBHEHHST MOXKHO HaiiTH no crocoby § 65,
Mpumep 3. YpabHeHne

Xt~ 4xp+ 5yt -x+5y~4=0

TaK KaiK

A= =0,
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NPHHAAJC)KHUT K JJIMNTHYECKOMY THITY, ubo

8= AC-B?*=52-2=6 > 0.
Tax kaxk

|
n
I

fonpo] e

= 0,

>3

1l

|
N DN
)
Y

wjo e

TO JIMHHUSI He pacnajactcsi M, 3HAYUT, SIBASETCST JJJIUICOM.
3ameuaHue. ORHOTHIIHBIE
JIHHUH  TEOMCTPUYECKH  CBSI3aHBI
TaK: 1apa NepeceKawliiXxesi MHHU-
MbIX  nOpsAmbix (T. e. oAHA jcii-
CTBUTCJIBHAST TOYKAa) eCcTb IIpe-
DeJbHBIH  cayyalh aanunca, «CTsi-
X rUBAIOIIErocst B TOYKY» (YcpT. 88);
napa nepecekatiomuxcs peicTau-
TeJbHbIX NPSMBIX — NPeaeabHbli
cavuait runep6osnl, npubamkaio-
Yepr. 88, nelics K CBOMM  acMMNTOTaMm

(uepr. 89); napa mnapaJjseabHbLIX

NPSIMLIX — IIPEAeNbHbI cnvuail nmapabonbl, ¥ KOTOPoH 0oCb U
ojHa napa Toyek M, M’, CHMMETPHYHBIX OTHOCHUTEJIBHO OCII

Y

4

YepT. 89. Yepr. 90.

(uept. 90), HEMOABIKHL, @ BEPIUHHA VAANAETCA B GeCcKoHey-
HOCTb.
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§ 68. LlenTpanbHble H HEUEHTpaJbHbIE JHHHH
BTOPOro nopsaxa

OnpepencHue, Touku A ¥ B (uepr. 91) HasLiBaIOTCSI
CUMMEeMPUYHbIMIL OTHOCHTEJIBHO TOUKM C, ecnu C JeJUT Io-
nonam otpe3oik AB. Touxka C Ha3blBaCTCS YeHMPoM CUMMem-
puu (xopoue, yenmpom) QUrypLL, €ciM V QUIYPL HapsaRy
¢ Kaxaoil ee Toukoih M Hmeercsi

Taloke Touka N, cUMMeTpHuHasg ¢ 2 c 8
M otHocuTenbHo C.
Touxa, Ha3paHHasi Hamu (§ 40) Yepr. 91,

LEHTPOM 3JIJIMNCA, a TaK)Ke TUYKa,

Ha3BaHHas (§ 44) ueHTpPOM rumnepboJsibl, OYEeBHAHO, NOAXOAAT
noj onpejejeHHe Hacrtoswero naparpada. LleHTpoM JHHUH
BTOPOro NopsiAKa, pacmajalouieiicsi Ha JABE IEPECEKANIIHECS

f\g
Y ?,
/7
X
0 / X 0 /
% /
Y <,
Yepr. 92, Yepr. 93,

npamele (§ 58), siBAsieTCs, COIVIACHO ONPeENENICHHIO HACTOs-
LIero E1)151)parpa(pa, TOYKA IIePEeCCYCHHs 9THUX npsimbix (L Ha
yepT. 92).

Ka)xpast U3 pacCMOTPeHHBIX BHIE JIHHMH BTOPOro IO-
panka o6yianaerT eIMHCTBEHHBIM LeHTPoM. Ecau >Ke JIMHUS
BTOPOr0 MOPSiAKA COCTOMT H3 JBYX DNapajijieJibHBIX MNPSIMBIX
(AB u CD Ha uept. 93), TO noj onpejeieHHe LEHTPA MOAXO-
nm'Dn 100as Touka nmpamoit MN, paBHooTCTOSILCH OT AB
u CD.

ITapaGona BOBCe HE MMEET LICHTpA.

JIMHUN BTOPOro NOpPsAKA, MMeloLINe eIHHCTBEHHBI LeHTD
(a:umnnc, runep6ona, napa nepeceKaIMXCsl NPSIMbIX), HA3Hl-
BAIOTCSL YeHMpQAbHbIMU; JIKHUU BTOPOrO MOPsJAKa, HMEIolIHe
MHO)KECTBO LCHTPOB MJIM BOBCe UX He uMelowue (napa6osna,
napa napasuie/ibHbIX NPSAMBIX), HA3LIBAIOTCS HeYeHIMPAAbHbIMU.

3amMeuaHue. MHUMBIE IJUIMNCH ¥ NAPEl MHUMBIX Mpsi=
MBIX, TIEPeCeKaWMXCA B ieiicTBUTENbHON Touke (cM, § 58),
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NPUYKCIISIIOTCS K LEHTPAJbHBIM JUHMsIM. TTo oTHomeHHIO K
MHHMOMY 3JUIMIICY 3TO INPHYHCIEHHE VCI0BHO, durvpa e,
€OCTOSIAsT M3 ORHOHM AeHCTBUTENBLHOH TOYKH, NMOAXOAUT IOJK
onpenesieHHe LEHTPaNbHON IMHUMY (3Ta TOYKA CaMma SIBJISIeTCSI
nesTpom). ITapel MHUMBLIX IapasuielbHBIX NpsMbIX (§ 58) npu-
YHUCJISIIOTCST K HEUeHTPaJbHBIM JIMHUSIM.

Taxkum 00pa3oMm, JIMHUM BTOPOre MOPsIAKA, MpHHAiJeXxa-
IHe K JIJTHNITHYECKOMY U mnepﬁonnqecxomv THNaAM ()IJIH HHUX
AC— B? % 0; cMm. § 67),— ueHTpanbHele; JUHUM napadosye-
CKOro THIa (AC B? = () — HelleHTPaJIbHEIE,

§ 69. PaspickaHMe LEHTPA LEHTPaNbHOU JHHUW
BTOPOI'0 NOpPAAKa

Uro6bl HAWTH KOOPAMHATHL Xy, Y, UEHTPA LEHTPaIbHOI
JIMHUU

Ax?42Bxy+Cy?+2Dx+2Ey+ F = 0, (1)
Ha/0 PewnTh CUCTEMY VpaBHeHMH
Ax0+ Byu+D = 0’ } (2)
Bxy+Cyy+ E = 0.
Ora cHCTeMa COBMECTHA M MMEeT eXUHCTBCHHOE pellecHHE

§ 187
we-iBel B2l \
0 ‘B l I ®

TaK Kak I B g l # 0 (3r0~—vesoBue LeHTpalbHocTH; § 68).
IIpumep 1. LHenrp aunun (npumep 2 § 67)
8x2+4 24xy +y?~56x+18y-55 = 0 (4)
HalifieM, peluNB CHCTEMY
8%+ 12y,~28 = 0,

TTonvyum: 1#5+50+9 = 0
-28 12 -28
B s e %]

812 =  ~Ly= s =
12 11
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Tax kak (4) eCTp pacnafaniascs JHHUSA TUNepOoIIHYeCKOro
THna, To ToYka (—1; 3) ecTh TOUKA IlepeceueHHsi NMPSIMBIX,
COCTABJISIOIIMX JINHUKO (4).

IIpumep 2 Lenrp suunu (npumep 1§ 61)
2x2—4xy+-5y2~x+5y—-4 =0 ()
Halinem, peumMB CHCTEMY ;
2%~2)~5 = 0,

-2xo+5yo+% =0,
ITonyyum: 5 .
%= —73» Yo= — 3.
Jlunns (5) ects smaune (rak kak 8 > 0u A = 0),

BruBopxg vpasHeHuii (2). Ecin nepeHects Hayaljio B
MCKOMEIE HeHTp C (Xp; ¥,), TO ypaBHenue (1) ¢ momouplo
hopmyJ nepeHoca

X=2X+X, ¥=y+y (©)
npeoOpasyercsi K BUAY
Ax2+2Bx'y' 4 Cy'2+2 (Axy+ By, + D) x' -+
+2(Bxy+Cyy+E)y'+ F' = 0, ™
TAe Uit KPATKOCTH TNOJIOXKEHO
F' = Ax}+2Bxgy,+ Cy3+2Dxy+ 2Ey,+ F.

Ecnu X, Yo OVAVT vaoBnerBopsite VpasHeHuAM (2), 1o (7)

TIPUMET BHJ,
Ax'?4+2Bx'y’+-Cy'2+ Fr = 0. (8)
910 VpaBHeHHEe MOXKHO IepelnicaTh B BHAC
A(=x)+2B(~x)(-y)+C(~y)+F = 0.
ITosTomy Hapsiny ¢ Kakpoii Toukoit M (x/; y’), mpUHaAIeKa-
et JTMHNK (8), 9T4 JHHUS COAEPIKUT H TOUKY N (—x/; —¥’),

CHMMETPUYHVIO ¢ M oOTHOCHTeJbHO HOBOro Havaja C. Cre-
poBatesbHO (§ 68), C ectb LeHTp JiuHUH (8).

§ 70. Ynpowmenne ypaBHeHHs1 LEHTPaNbHOK JMHUK
BTOPOro NOPPAKA

ITpeoGpa3oBaHue VpaBHEHUS LEHTPANLHOM JIMHUM K NpPO-
creiimemy BUAY MO)KHO BBIIIOJIHUTH ﬁbICTpee, yeM 110 00LEeMY
crocofy § 60, ecny cHayajla COBEpPIUMTH Il€PEHOC Hayaja B
LEHTp (BCJIEACTBHE Y€ro MCYESHVT WIEHHl NEPBOH CTENCHH;
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cM. § 69), a 3aTemM mMOBOPOT oceif (BCJICACTBYUE Yero MCue3HET
YjeH, coAepykawui xy). Yrom o 310r0 INOBOpOTa 3apaHee
uasecTeH (§ 61); oH onpexessieTcss U3 YpPaBHEHUS

2B
tg2e = — n

3ameyaHHe. IT0T cocod NpUMeHHM KO BCSIKOIi IieH-
TPaJjbHOI JIMHUM BTOPOro MOPSIAKA, HO ANs pacnajalouleiics

JIHHUY JIvylie NPUMeHHTH crnocob § 65.
Il pume p. davo vpaBHenue (npumep 1 §§ 61 —62)

2x2—-4xy+5y?—x+5y-4 = 0. 2)
ITepeHocUM HAualn0 B LEHTD X, = — % Vo = ——g— @§ 69,
npumep 2).
C nomouieio gopmy nepeHoca
X=X+X, Y=Y+y ®

onyyacem [cp. (8) § 69]:
20— 4xy + 5yt - = 0. (4)

U3 (1) Haxonum g 2« = -g—, M CCJH B3SITH'VIO0J oo B NePBOi
yetBepTH (cp. § 61), mosvyaem (o pPMYJIL NOBOPOTA

X! = _&. E_L v
V5" V5’
a2 (5
= X1+=Y.
AN
Ioacrasiasia B (4), HAXOAUM:
- - 131
4652 = o (6)
uim
bt § o2
x y
13T +45m =1 0]
4 144
JlaHHasi JIUHHA eCTh JUIHIC C IONYVOCSIMH a = -‘2%1- ~ 23

131
H b= V:—i—‘, ~ 1,0, B mepBoHayanbHOH CHCTEME Cro LEHTP
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HMeeT KOOPAMHATHL X, = —--l%, Yo = —%, Gonbmast oChb
(oHa siBNsieTcst 0Chi0 abcuuce B CHCTeMe X, ) NpeACTaBlisieTcst
VPaBHCHUEM Y —V, = tg a (x—x,) wiu y+% = % (x+%),
T. €. 12x—24y—11 = O (cp. § 62, npumep 1).
3ameuanue Pasmeps annunca MO)XHO HAalTH H He

BHITOJHASA npeo0pa3oBaHusi KOOpPAHHAT. Mbl 3HacMm 3apaHee,
YTO B Pe3VJIbTaTe Npeodpa3oBatmst A0JKHO TIOVYHTECS VPaB-

HCHHE BMJa A%*4+Ci?+F =0. Benmunnnt A, C u F
MOXXHO HalTH C NoMolubio MHBapHAHTOB (§ 66). B nepBOHa-
YaJbHOM YDAaBHEHHM CHI PaBHBI

A+C=2+5=7 8= AC—B!=25—(-2) =

ABD
a=|BC E|=-8L
DEF

Te >ie 3nHaueHdst OHM JOJDKHBL UMETh B YIPOIEHHOM YpaB-
Henuy., CleoBaTelibHO,

A+C =17, AC=6,

A0O
0C 0|=ACF= -2,
00 F

0TKY A
~ = 7 131
A=1 C=6, F= ~75

M MBI CHOBA IOJvyacm ypasHeHHue (6).

§ 71. PaBHOCTOpOHHAA IHnepOona KaK I'paduk
YPABHCHHA ¥ = —

YpaBHeHHC
y="% (1)

(k = O) npeacraBisieT paBHOCTOPOHMOI0 THrepbony (§ 44);
€¢ acumMnTOTHl COBMAJAIOT C OCSMH KoopauHat, Ilonvocu ee

a=0b=1V2[k]. @
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Ecau k > 0, T0 BeTBH runepGoJil PACIOJIOKEHH OJHA B
1epBoii, pyrass B TpeTbel ueTBepTH; €CJM ke k < 0, — TO
BO BTOPOii W uerBeproif (uepr. 94). B nepeom civuae aeit-
CTBHUTCJILHASI 0Ch runep6oJIbl Co-
CTaBJsieT C OCblo abcuuce vrof
45°, BO BTOPOM —yroJ —45°,

Bee 310 BHIBOAUTCA IO CNO-
coby § 61, ecnu vpasHenue (1)
3anucaTth B BHAC

xy = k. 3

3amevaHue. B civuae, korna
k=90, vypasHeHne (3) mnpencrasnser
napy npsambix y=0 (ocb abcumce)
x =0 (ock opaunart). Korna | k | neor-
PaHHYEHHO YMeHbIAaeTCs, rune poonsr
(3) Bce TecHee NPHMBIKAIOT K 9THM Npsi-
MBIM (TaK YTO Mapy IXepreHJHKYJIAp=
HBIX NPAMBIX MOXKHO paccMaTpMBaTh
KaK BBIPOXKIAEHHYIO PABHOCTOPOHHION
runepGony).
VYpabucnne (1) npu k=0 npeacraBasAeT TOALKO ORAHY NpsAMYIo y =0
(och aGcumcc) M NPUTOM He BCIO LEIHKOM, a 6e3 Havasa KOOpAHHAT, H6o

npu k=0 M x=0 BHpaKeHHE Yy = 3 CTAHOBHTCA HEONpPeeNCHHbIM.

Ecnu >xe aToM HeonpeneneHHo! BeJHYMHe NaBaTh BCEBO3MOMCHBIE 3HAUE-
HHS1, TO MBI M TIOJTY YHM «TTIPONABLUVIO* OCh ODAWHAT.

§ 72. PaBHOCTOPOHHSA rHnepdona Kax rpagux

mx+n
YPaBHCHUA Y = Pria
PaCCMOTpHM VPaBHCHHE
_ mx+n
px+q (1)

uppu p = 0 (npu p = 0 nmeem npsmyio y = '-'qix+%)
Ecau onpejiesinteiip

mn
D= = mq—-np
P q
HC paBeH HYJIo, TO VpaBHeHue (1) mpeacraBiisier TV >Ke
PaBHOCTOPOHHIOI0 runepbony, uyro M ypasHeHue (1) § 71:
k
V=15

D " o
rae k = ot C TOH JHWB PASHHUCH, YTO LIEHTP CMEUlaeTCs
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143 Hauajia KOOPAMHAT B TOUKY C (—-%; %) (uept. 95, 96).

3uauur (§ 71), nonvocH paBHel @ = b = 2 lp?' .

B cayuae, xorpa D < O (toraa k > 0), pmeiicTBuTenbHast
oCb coctaBJisieT ¢ ochlo abcumce vron +-45° (uepr., 95),
ccam ke D > 0, — To vrosi — 45° (yepr. 96).

NDpumep 1. YpaBuenne

_ 4x~9

T 2x—-0
4 -9
sgecb m=4, n= -9, p=2, g= -6, D= o _6 = -6
TIPCJICTABJISIET PABHOCTOPOHHIOW THmepGoay (uepr. 95) ¢

Y a ¥
1

411

o

o

=

I =S
S
e

Y
!
{

UepT, 95. YepT. 96.

HeHTPOM C (3;2) M ¢ MONvoCAMH a=b= V22-—f = V3 ~ 1,73,
Ocb A’ A obpasver ¢ 0OX vroa 45°, rak Kak D < 0. Koopau-

HATHI BEPUIHHBL A OVAYT:
X4 = Xg+a c0s 45° = 3+ V?V-z—? ~ 4,2,
Ya = yotasind® = 2+ V3 2 ~ 32,
Tax xe Haraem:
50 =3-V5Z x 1,8, y0 = 2-13 2 ~ 08,
ITpumep 2 YpanHenne
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(Brece m=1, n= -1, p=1, ¢=1, D=2) npeacrasnuser
PaBHOCTOPOHHIOK runepbosy (udepr. 96) ¢ meurpom C (—1; 1)
1 C MOAVOCSMH a = b = 21—,2 = 2. Ocb A’A cocraBisiet

¢ OX vron —45° 1ak kak D > O,

m
3ameuvanwue l, Ecinonpeneantens D = 1 paBeH uHysmo, TO
P q

m _n
BESIMYHHLI M, N U p, ¢ NPOMOPLHOHABLHE (; = _17)' TaK yTo mx + n fe-

m
NUTCA HAa px +¢; YaCTHOE PaBHO X Y paBHeHHe (1) npencTaBisieT B 5TOM

m
cnyaae npsamyio y =7 NMIEHHYIO TOUKH x = —3 (npn x=-2
BhIpakenHe (1) HeonpeneneHHo; cM. § 71, same-
yaHue).

\4 Y
Hanpusmep, vpaBHeHne y = _Iix;;ﬁ (m=3,

2|7

= npen-
1 2

CTaBJSET NPAMYIO Y =3, JHILEHHYIO TOYKH
¥ U x = —2. Ecan HeonpeneseHHo BenHUHHE Y
1aBaTh BCEBO3MO)>KHblE 3HAYEHHA, TO, KpoMme
npaAMofl y =3, NoAy4HM elle NpamMy X = —2.
3ameuaHue 2. «BbinaneHHe» TOYKH
Voo X = —2 "3 npsMot y =3 MOKHO HarJIAAHO
npenctasuTh cebe caepyiounm obpazom. Pac-

UeprT. 97. 3x+68
CMOTPHMM YpaBHEHHE y = —X_+T; snech

n=6, p=1, ¢=2,D=

13 6
D= ' | ; =6 (1 —P), Tak uto Mpu B1 Mb HMeeM runepony c
acumiiTotaMd X = ~2 ¥ y=3. Ho korga sennuuna B 6ausxa K 1, sta
runep6ona (uept. 97, rae § =1,1) oyeHb TECHO NPHUMBIKAET K CBOMM ACHMII-
ToTam UJ’U n V'V, nepecexkaiowmmnmes B Touxe K (—2; 3). Mo>xHo 6b110 661
0XKHAATh, YTO NpH B=1 Mbl nonyuum napy npsmeix U’U (y=3) H
V'V (x = -2). OnHako npsiMmas V’V BbINaaaeT, TAK KaK OHA napasaneb-
Ha ocH OY u, 3Hauur (§ 14, 3ameuanne 2), ee HeNb3A NPENCTABHTb ¥ DABHE-
HHEM, pa3spelieHHbIM OTHOCHTENbHO opauHaTh. Bmecrte ¢ npamop V'V
BLITIAFlAET H neKawan Ha Helt Touka K.

§ 73. NoasipHbie KOOPAUHATHI

Bosbmem Ha niaockoctH (uepT. 98) NpoM3BOABHVIO TOUKY O
(nomoc) n npoeepem avu OX (noaspuas oce)., Tlpumem
KaKoii-n1u6o orpesok OA 3a efuHUUY JIIMHBI U KaKoi-nu6o
yroJj (00bI1HO OepeTcst pajjMaH) 3a eAHHULY U3MepeHUs1 YIJIOB.
Toraa nonor)xenue n060iH ToUKH M Ha MAOCKOCTH MOKHO 3a-
AaTh JABYMSI yuciaamu: 1) MONOXKHUTENbHBIM YMCJIOM p, BhIpa-
YKaIMMM JUIMHY oTpeska OM (noasapneill paouyc), 2) uuc-
JIOM @, BHIPA)KAIOWMUM BeJIHUMHY yraa XOM (nvasprulid yaon).
Yucna p 1 ¢ Ha3LIBAKTCS NOAAPHBIMUL KOOPOUHAMAMU TOUKY M.
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INMpumep 1. IMTonsipHble KOOPAMHATHL p=3, @ = —%
onpefessiioT Touky N (uepr. 98), NOASIPHBIC KOOPAHHATLI
p=3, ¢ = 32—“ — TV )>Xe TOUKY N, MNOJIsIpHbIE KOOPAHHATHI

=1, =0 (a Tawxe p=1, ¢=2r nmm p=1, p=—-2rn
HT. A.) — TOUKY A.

Yepr. 98. Yepr. 99.

Ka)kpoit nape 3HaucHuit p, @ OTBCUACT TOJBKO OJHA TOUKA,
HO OAHOI1 M TO i HKe TouKe M 0TBLYACT GECYHCIICHHOE MHUYXKECTBO
3HAUCHHH MOJASIPHUTO YIU1d, OTAMYAIOWMXCS ApPYI 0T Apvyra
HA 4YMCJU, KpaTHue 27 (cp. npumep 1), Eciln e touka M
COBNAAACT C MOJIUCOM, TO 3HAULHUE (10JISIPHULU YA OCTALTCSE
COBEPUICHHO NPUH3BUALHbLIM.

MO)KHU YCIIUBHTBCS BbIACISITE TOJIbKO OAHO 113 3HAYCHUIA
MONSIPHOTO YIJId, HanpuUMep OpaTh ¢ B npeaesax

- <Q=TT. 1)

Taxoe 3HauCHHE MMOJISPHOIO VIJia HAa3bIBACTCH 24A8HbIM.

Mpumep 2. Touke N (4epT. Y8) COUTBETCTBY T MOJSAP-
Hble KOOpAMHATH p = 3, ¢ = —%—-i- 2km; raaBHOe 3HaueHHC

TOJISIPHOTO YEJIA €CTh — 2.

Touke L oTBevaioT MNOJNSIPHbIE KOOPAMHATHI p=2, Q=
= 7+ 2kr; rjJaBHU¢ 3Ha4YeHUE @ COIJIACHO VCJuBMIO (1) ecTh &
(a He —m).

Ilpu BBeleHUHM IJIaBHBIX 3HAUeHUH KaKaO0H Touke (Kpome
10J110Ca) OTBLYACT OAHA MApPa MUJSIPHLIX KeupauHaT, s no-
noca ke p=0, a ¢ 0CTaLTCs NPUH3BUIbHBIM,

3ameuanunel, Korna Touka M, onuchiBas OKPYIKHOCTh C LICHT-
pom B nontoce O (uepr. 99), nepecekaer B Touxke K Npoao»KeHHe N0ARD-
HOMt OCH, r1aBHOE 3HAYEHHE NONSPHOrO Y12 UBMEHAETCA CKAYKOM (B TOUKe
M, 0HO 6113K0 K =, B TOUKe My—K ~—=x). [10aToMy BO MHOI'MX Cayuasx
HeLea¢co06pasHo OrpaHHUMBATLECA TOMLKO INIABHBIMH SHAYEHUAMH ¢.
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3 ameuyanne2. KornaTouka M, onuceisas npsimyio PQ (uept. 100),
NPOXOAHT uepes mnojioc O, 3HAYCHHE ¢ H3MEHsIETCA cKaukom. Hanpu-

Mep,ecnu £ XOP=%, TO 718 TOukH M; (Ha nyue OP) ¢=% +2kw, a gna

TOUKH M, (Ha avue 0Q) ¢ = —¥+2nn (k ¥ n—uenwie uncna). Bo u3-
GerXkaHHe 3TOr0 MOXKHO NPHIHCATL 6CeM 1iovKam NPpsiMoit PQ ofiHo M TO e
o
P M
M,
MO A %
ol A4 X
7] ¢
Yepr. 100, YepT, 101.

JHaAuYeHUe ¢, HanpuMmep o= XOP, anoasapHule paanycbl CYHTATL NOJO-
JKHTENnbHBIMH Ha nyuye OFP W oTpHuaTentieiMH Ha ayuye OQ. Hanpumep,
MOJNIAPHbIE KOOPAUHATDI

p=-—, o=

OTIPENIENAT TOYKY M,, a MOJSAPHBIE KOOPAKHATLI

? = 4 » o 1 —--§—
— TOYKY M,.
Te e TOUKH MOXKHO 3a0aTh KoopadHaTaMH
3 i
PECGm 0=y
(Touxka M,) n .
¢ = -7 T 0= - 7

(Touxa M,). Tlpx 9ToM Mbl NPHNHCHLIBAEM BCEM TOUKAM npsamoit PQ 3nade-
HHe 9=~ XO0Q, TaK 4TO ¢ NOJOXKUTENbHO Ha ayye OQ M OTPHLATENbHO
ua OP,

Mpumep 3. TocTpouTh TOUKY M ¢ NOAAPHLIMK KOOPAHHATAMH

e = -3, Q’:—%

Tlonapuomy yray <p=—12'- oTBeuaer nyu OC (uepr. 101). Ha ero npo-
aomKeHnu 0D oTinaauizaem OM =3 O A, Tlonyyaem HCKOMY IO Touky M.,
ki3
To# e TOYKE COOTBETCTRYIOT MOJAPHBIE KOOPAUHATH ¢=3, ¢ = 5

§ 74. CBA3b Me)KRY NONAPHBIMH KOO PAHHATAMH
H NPAMOYI'0NLHBIMH

Iyerb nosmoc O (uepr. 102) noJiApHOT cHCTEMbt COBMANACT
¢ HayajloM IPSIMOYIOJILHOR CHCTeMBl M nojsipHasi ock OX
COBNAACT C NOJIOKHTENILHO HAnpapjeHHOi ochlo afciuuce,
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Iyers M — 1npoHu3BoJIbHAA TOYKA TJIGCKOCTH, X HY — ee 1psi-
MOVTOJIbHBIC KOODAMHATEI, @ 9, ¢ — noJsApHeie, Toraa

Xx=pcosg, y=psing. 1)

O6patHo 1),
o = Vx5, )

= % T 4
COS @ = e sing = o (3)
"
=2

tge=1%- (&)

Ho ojtHo#i opmyiint (4) {a Taroke ToJBKO 01HOH U3 dopmyi (3)]
HEJO0CTATOYHO /UJIAA ONPEneJIEHHA VYIJia ¢ (CM.

npumep 1). v
INIpumep 1. IIpamovroJibHele KOOPAHU- "
HaThl TOYKH paBHH X=2, y = —2, Haiith
ce NoJsIpHbIe KOOPAWHATHl (MPH YKa3aHHOM 2/ ly
Bbllle B3aHMHOM pAaCNOJIO)KEHUH 006eHX CH-
crem). of = # %
PecuweHue. Ilo dopmyae (2)
o= VEF(=2¢ =2V2, Yepr. 102,
no gopmviie (4) tg <p=12%= - 1. 3unauur, Jm6o = --:-+2k1r,

Jan6o ¢ = 3T"+ 2w, Tak KaK TOYKa JIOKHT B YETBePTOH ueT-~
BE€PTH, TO JIMIIb IepBOC 3HAYCHHE NPABHJILHO. I'naBHOC 3Ha-
yeHuue @ ¢Crb — = .

Ecau  Bocnonw30BatTbCst GopMyiIol cos @ =

2 _VZ
2

x
Vi

IOJAVYHM  COS @ = —== = ==, CiefoBaTe/IbHO, JHGO ¢ =

2¥2
= 7 +2km, 160 ¢ = —7+2km. TOJALKO BTOPOE 3HACHHE
NpPaBHAbHO,

1) B dopmynax (2) ¥ (3) npepnonaraercs, uro MojiNpHui paanye e
BCEr/Ia NMOAOYKHTENEH, ECIH pacCMaTPHBATD M OTPHULIATENbHbIE 3HAUEHHA @

(§ 73, 3ameyanue 2), To BMECTO (2) M (3) HY)KHO HanHcaTb ¢ = F¥xt+)?,

CO8 ¢ = e, 8l = T HAKU  JTH BCC BEPXHHE
P e ST pyaggs Cnexu mmbo sce mepxe,

anGo Bee HKKEKE), DopMynt (1) K (4) 0CTAIOTCA HEHIMEHHBIMKU,
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INMpumep 2. B npamoyronsHoii cucteme XOY OKpvIK-
HOCTb, M3ubpa>keHHan Ha uvept. 103, npencraBisieTcst vpas-
HeHuem (§ 38) (x—R)*+y? = R:. Gopmyan (1) u (2)
T03BOJISIIOT HAWTH €€ VypaBHeHHWe B TMOJNSIPHOH CHCTeme
(0 — noutioc, O X = noasipHas ocb). [Nonyuaem p? —2Rp cos ¢=0.
9T0 ypaBHeHHe pacnanacTest Ha aBa: 1) p=0, 2) p — 2R cos ¢=0.
IlepBoe npepactasBasier (npu JwGom 3HaueHHH ¢) nojwc O.

Bropoe naer BCe TOYKH
Y OKPY)KHOCTH, B TOM 4HCJIe

T
nomoc (npu ¢ =5 W
® = —%) Toatomy nep-
BOE VPaBHCHHE MOJKHO
OTOPOCHTD; NONIYYaEM:
YepT. 103. YepT. 104. p = 2R c0s % (5)

9T0 VpaBHEHHE N0JIYYaeTCs1 HEMOCPEACTBCHHO U3 TPEVIOJib-
HuKka OMK c npsimbiMm vrjom npu BepumnHe M (OK =2R,
OM=p, £ KOM=g9).

3ameyanne, Eciu He BBOOWTH OTPHLATENBHbIX 3HAYEHUH 0, TO B
ypaBHeHUH (5) yron ¢ Mo>kHO 6paTb B 4eTBepTOH M nepBolit ueTBEpPTAX,
a BO BTOpPOW M TpeTbefl —Henb3A. Tak, NpH ¢ = 3T ypaBHeHHe (5) naer
e = — R V2. OetctBuTenbHo, nyy ON (uepT. 103), Kpome noawca, He
HMMeeT ToueK, 0GLIMX C OKPYI)KHOCThbI0. ECnNyu >XKe BBECTH oTpHLATENRbHbIE

3
3HaueHHn o (§ 73, 3aMedaHHe 2), To KOOPAMHATH ¢ =— RV 2, ¢ =z
AawT Touky L Ha npoaouxenru npsimoit ON.,

ITpumep 3. Onpeaenutb, KaKVi0 JIHHUIO NpPe/ACTaBJIseT
YpaBHeHHC
p = 2asin . (6)
Pewenue. Ilepexoas K NMpsiMOVIOJIbLHOH cHCTeMe, Ha-
XOAUM:
Y _

T YT =
Vxity? = 2a ==,

T. €.

x2+y*-2ay =0
Ui

X2+ (y—a)t = at.

VYpaBucHue (6) npexcTaBisieT OKPY)KHOCTh paauvca a
(uept. 104), npoxoasuyio uepe3 nojiwe O M Katawowyiocs
nosaspHoi ocu 0X,



§ 75. APXMMEIOBA CIUPAJIb 113
§ 75. Apxumenosa cnupanb')

1. Onpeagenedue. Ilvets npamas UV (uepr. 105),
HCXOJs1 U3 HA4aJIbHOIO IoJ0)KeHHus1 X’ X, paBHOMEPHO Bpaila-
eTCSsI OKO0JI0O HenmoABMXKHOH TOoukM O, a Touka M, HCXO0Asi H3
HavyaJIbHOr'0 MoJIOXKCHHA O, paBHOMEPHO ABMXKeTCst Baoab UV,
JIuHus, onucoiBaemasi TOYKOH M, HasbiBaeTcss apxumedosoll
cnupaabl) — B YeCThb BEJIMKOIO JPEBHErPEYECKOro VUeHOro
Apxumepga(3B. 10 H. 3.), BnepBble H3VYHUBILEI0 3TV JIMHUIO.

3ameuaHue Bxoasmue B onpeaesieHHe KUHemaTHye-
CKHeE MOHATHUS MOXKHO YCTPAaHHTb, 3aMEHHB UX VCJIOBHEM, 4TOOHI
paccTosiHie p=O0M GbJIO NPONOPUUOHAJIBLHO YITIY NIOBOPOTA @
npsimoit UV.

IMoBopoty npsimoit UV u3 71060ro ee noysoXeHUs: HA AaH-
HBIE VYroj COOTBCTCTBYET OJHO M TO )>Ke MNpUpaleHue

4

YepT. 105. Yepr. 106.

paccTosiHust p. B yacTHOCTH, NOTHOMY 0GOPOTY COOTBETCTBYET
OHO M TO (ke cmeuwleHMe MM, =a. OTpe30K a Ha3hBaeTCs
wa20M apxuMenoBoii cnupanu.

JlaHHOMY L1ary @ c0OTBETCTBYIOT ABE aPXUMEIOBLI CHMPAJH,
pasJiMyalolIHecs: APYr OT ApVIa HanpaBjicHHEM BpalLeHHsl mpsi-
Mot UV. I'lpu BpalueHHH NPOTHB YACOBOH CTPEJIKH MOJivYaer-
¢ npasasa cnupanib (uept. 106, »kupHAst JTHHUSA); NPU Bpalle-
HUHM N0 4acoBoit crpesxe — saegas (uept. 106, MYHKTUpHas
JIUHUS).

TipaByio M JieBVIO Cnupand C OJHMM M TEM >Ke LIarom
MOYKHO COBMECTHUTB, HO JJIs1 3TOr0 Haj0 vV OJHOI U3 HUX NHUe-
BYI0 CTOPOHY cjies1aTh 060POTHOMH. ~—

Kax BujiHo U3 uepr. 106, npaBvio U JIeBVIO CIHPAJIH OAHOTO
M TOr0 JKe 11ara MO>XHO pacCMaTPHBATh KaK /IBC BETBU JIMHUH,

1)7_};‘,7onee noapoGuLe CBEAEHHA 00 apXHMenoBOH CrHpanH cM, Ha
cTp. .
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onucsiBaeMofl Toukoi M, Korma nociegHsis npoGeraer BClo
npsimyio UV, npoxoast ToYky O nonyTHO.
2MNonssipHoe ypaBHeHHUcCc (0O — nojwc; HarpasJie-
HHe noJspHoit ocH OX COBNAaAaeT C HanpaBJIeHUEM ABHIKCHUS
TOYKM M, KOraa oHa MNpPOXOAMT yepe3 TOUKY 0; a — war
cnupaJn):
e _ @
- =5 (n
ITonosKUTCALHLIM 3HAUCHHAM ¢ COOTBETCTBYCT IHpaBast
BCTBb; OTPHLIATEILHBIM 3HAYCHHSIM — JIeBast,
Vpashenue (1) MO)KHO 3anucaTh B BUfe

o= ke,

rae k (napamemp apXumeAoBoil cnMpanu) ecTh CMCILeHHUE ;7
Touku M no npsamoit UV npu nosoporte nociaeaHeit Ha vron

B OAHH pajauaH.

§ 76. IlonsipHoe ypaBHeHue npamoit

Ilpsaimasgs AB (uepr. 107), He mpoxojsilas uepe3 moJfioc,
NpeCTaBIsIETC B MNOJAPHLIX KOOPAWHATAX VYpaBHEHHCM

r
P = o=y (N
e p=0K n u= < XOK - mojsipHsle napamerpsl npsimoii
AB (§ 29).

YpaBHenue (1) nmosvyaercst u3 Tpevrojbiuka OKM (rie
OM=pu £ KOM = ¢—a).

; @
0
(4
Yepr. 107, YepT, 108.

Ilpsimvio CD (uepr. 108), npoxopswyvio 4Yepes no.roc,
HEAL3sl NPeACTaBUTh YpaBHeHHeM BHAA (1) [ans Takeit nps-

MOH p=0 H -« = £, TaK 4T0 ccs(p—oy = O] Ee
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J'vy OD npe/ICTaBIISIeTCST YPABHEHHEM ¢ = ¢, (1€ ¢, = < XOD),
a ayy OC — vpaBHeHHEM @=g¢; (Iie @ = <L X0C). Kaxpoe
M3 3THX VPaBHEHHI1 MOXKET NMPeACTaBHTh BCIO NPSIMVIO, €CJ]I
BBECTH OTpHUNATe/IbHEBIE 3HaueHus p (§ 73, 3ameuanue 2).

§ 77. ITonsApHoe ypaBHEHHE KOHHUYECKOr'0 CeUCHMS

Ilomectum mouoc B Qokyce F (uepT. 109) KOHHYECKOro
ceyeHus (ayumnca, runep6oJisl MM Mapabosisl), a NONSIPHYIO
0Cb COBMECTHM € 0Cbl0 FX KOHHYECKOro CeueHNs, Hanpa-
BUB ¢¢ B CTOPOHY, NPOTHBOIMOJIOXKHYIO TO,
IJIe JIEXXUT COOTBETCTBYIOIAS AMPEKTPHCA
PQ. Toraa KOHHYECKOE CEueHHe Tpe/cTa-
BHTCS1 YpaBHEHHEM

__»
P = Tcos s’ (1)

rjae p — napameTp, a € — 3KCHEHTPUCHUTET
KOHHYeckoro ceueHus (§ 52).

3amevyaHue, Ecan paccmarpuBath
TOJIbKO IOJIOXKUTEIbHBIE 3HAYCHHS P, TO B
ciyyae runep6osnt (¢ > 1) vpaBHenue (1)
IPEACTaBJSAECT JIHIIb OJHY BeTBb — TV,
BHYTPH KOTOPOit aexut Gorye. Ilpu arom ajs ¢ ROJKHO Bbl-
HOJIHSITLCST HepaBeHCTBO 1 ~ecos ¢ > 0. Ecau e pacemar-
pPHBATL M OTPHIATEJIbHBIE 3HAYEHUST P, TO @ MOXKET HMMETh
Jio6oe 3HaveHme, U npu 1—ecos < O moavuyaem BTOPYIO
BCTBb.

Uept, 109.
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§ 78. MNoHsATHe 0 BEKTOPax M CKalspax

Bexmoproii geauqunoil, U eexmopom (B ILIPOKOM CMBICTE),
Ha3bIBaeTCs1 BCsIKAsl BeJiM4MHA, 00najaioillasi HanpasjeHHEM.
Craaspnoil eeaununoii, UNU cKaaApoM, Ha3bLIBAETCS BeJTHUUHA,
He o0sanaionast HanpaBJeHHEM.

I1pumep 1. Cuna, aeiicTByiolias Ha MaTepHAJIBHVIO TOY-
KY, €CTh BEKTOP, TaK Kak oHa o0japacTt HanpabJyieHHeMm. CKo-
POCTb MaTepHaNbHOH TOUKH — TOXKE BCKTOP.

IIpumep 2. Temnepatypa Tena ecTb CKaJsAp, TaK Kak
€ 9TOH BeJHYMHOH He CBS3aHO HMKaKoe HanpasJjcHue. Macca
TeJia U NJIOTHOCTL er0 — TOXKe CKaNsAPhI.

Ecan oTBAeYbCSt OT HAaNpaBieHHUsl BEKTOPHOH BeJIMUMHBI,
TO €¢, KaK U CKaJSIPHVI0O BeJIHUMHY, MOYXHO U3MCPHTD, BolOpaB
COOTBETCTBYIOHIVIO eAHHULY u3mepeHust. Ho uucso, nonyuen-

4 HOE N0CJIE M3MEPEHHsl, XapaKTepH3YeT Ckansp-
HYI0 B€JIMYUHY IOJIHOCTBIO, @ BEKTODHYI0 —

YaCTUYHO.
B BeKTOpHVIO BeJIHYHHY MOYKHO HOJHOCTBIO
0XapaKTepu30BaTbHANM PABJIEHHBIM OT-
PN p €3 K 0O M, IpeJBapUTCIbHO 3a/1aB JIMHeHHbIH
macura6.
Uepr. 110, Il p u m e p 3. HanpasneHHbIH 0Tpe30k AB

Ha uept. 110 nmpu macwirabe MN, usobpa-
JRakoueM  eaMHMUY cuabl (1 kI'), xapakTepusver CHAY B
3,5 kI', HanpaBneHue KOTOPOH COBNAJAeT C HANpPaBJIeHUCM
oTpe3ka AB (YKa3aHHBIM CTPEJIKOI).

§ 79. BeKTOp B reoMeTpHH

B reomerpum eexmopom (B V3KOM CMBICJE) Ha3blBaeTCA
BCSIKHI HanpaBJjieHHbIA 0TPe30K.

BekTop, HauaoM KOTOPOro CAV)KHT TOYKA A, a KOHIOM —
TOYKa B, oGosHayaercs1 AB (uepr. 110).
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Bexrop 0Go3nauaercst Tak)Ke 0;1HOI 6VKBOM, KaK MOKa3aHO
Ha uept. 111. 3Ty OYKBY meyaTaloT XMPHHIM WPHUPTOM (@),
a B MUCbMe CTaBsiT Ham OvkBoii yepty (a).
JiMHA BeKTOpa Ha3LIBACTCST TAKiKE €ro Mo0y-
Aem. MopynbecTbCKalsipHasi BEJHYHHA.,

a
MOAVJH) BCKTOpa 0003Hayaercst ABYMA BCPTHU-
KaJILHBIMH YepTaMi — CJIcBa M cnpaBa: |AB |, unu
la|, unn |al. Yepr. 111,

IIpn nByOVKBCHHOM 006031AaYCHHUH BeKTOpA
Cr'0 MOAYJIL MHOraa o0003HAYaCTCst TEMU JKe — o
6vkBamMH, HO (e3 ctpenku (AB — monviab Bektopa AB), nipu
0MHOOVKBCHHOM 0003HAauCHUU — TOH »>Ke OVKBUM, HaneyaTaH-
HO#i cBeTaLIM mpHdTom (b — MOAYAL BekTOpa D).

§ 80. BexkTopHas anredpa
Haji pekropamu npoH3BoJSIT HCHCTBHS, Ha3biBacMble CJI0-
SKCHHMEM, BBIUMTAHIICM M VMHOXXCHHECM BCKTOPUB (CM. HHKE).
At peiicTBisSE HMCIOT MHOIO 00WHX cBOiCTB ¢ anrcOpaunue-
CKUMH  JICICTBUSIMIL CIOMCHHS, BLIYHTAHHSL H YMHOMKCHUSI.
INoatomy VucHHE 0 ACHCTBUSIX HAA BCKTOPAMH HAa3bIBACTCSt
gexmopHoli arcebpoil.

§ 81, KoanuHeapHble BEKTOPLI

Bekrope!, nejxaunic Ha napasiefbHeIX MPSIMBIX (MM Ha
OfHOMt M TOH >KC NpsIMOiH), HA3LIBAIOTCSA KOAAUNEAPHBIMU.
Bekrtoper @, b, ¢ na uepr. 112 koanuHeapHnl, Bexropsi
—_— — —_—

AC, BD 1 CB Ha yept. 113 ikonaHieapHsl.
A
a B
b yv ¢

Yepr. 112, Yepr. 113, \

(=]

KonnuHeapHsic BCKTOPLI MOCYT HMETb ONHO H TO HKe
HaMpaBJICHUC (pasHOHANpas.leHHble 6eKMOPbl) HAW MPOTHBONO-
JoXkHble, Tak, BCKTOPH @ ¥ ¢ (YepT. 112) papHOHanpasaeHsl,
BeKTOpe @ W b (a Taroke b M ¢) NPOTHBONOJOXKHO Hanpas-
qenbl. Bektopul AC v BD Ha uept. 113 paBHOHanpasneHul,

— s

BeKTOpbl AC H C B NPOTHBOMOJIONHO HallpaBJeHul,
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§ 82. Hynn-BeKTOp

Ecsn Havano A M koHel, B otpeska AB coBmajamnor, TO
OTPe30K, AB o0pawaeTcss B TOUKY H TEpsieT HanpasJieHHe.
Ho ana o0muocTH nmpaBuil BeKTOPHOHA anre6psl mapy coBIia-
JAIOUIMX TOYEK HAJ0 TOXce IIPUYMCIHTD K BEKTOpaM. IToT
0CO0bIii BEKTOp HAa3BIBACTCS HY/Ab-6eKMOPOM H CUHTAETCSA
KOJUITMHCAPHBIM C JIIOGEIM BEKTOPOM,

Hynb-BekTop o0003HauaeTcst TaK jKe, KaK YHCIO HYJIL
(3Hakom 0).

§ 83. PaBeHCTBO BEKTOpUB

OnpepneneHnye, lBa (HeHVJIEBhX) BekTopa @ U b paB-
HSI, €CJIM OHY PABHOHANPABJIEHH M MMEIOT OfUH H TOT K€ MO-
JvJib, Bce HyneBble BeKTOPH CUHTAIOTCSI paBHbIMHM, Bo Bcex
0CTANBHBIX CIVYASIX BEKTOPLI HE PaBHBL

IIpumep 1. Bekropst ABu C_I_)__(_qepr. 114) paBHsl.

IIpumep 2. Bekropst OM u ON (4epr. 115) He paBHb
(XOTSl Y HUX JUIMHBl M OJIUHAKOBH), HGO UX HanpapJieHHs pag-

JnyHbl, Bexropst ON u KL Toxe
N He paBHebl, a BexTopt OM 1 KL

8 p .y DaBHEL
IIpepocTepesxxecHUE.
A / t Henb3s cMelMBaTh NOHATHE «pa-
¢ o / BEHCTBO BEKTOPOB) C HOHATHEM
K «paBEHCTBg }\;)Tpelz?i?n». ToBpps:
«OTPE3KH | PaBHEI, Mbl
Yept, 114, Uepr. 115. v'mlepnmaem, YTO OAMH M3 HHX
MO)KHO COBMECTHTb C JPYIHM.
Ho anst aT010 MOMET NMOHAROOUTBCA ITOBOPOT COBMELIAEMOTO
0TpesKka (KaKk B PacnojioXKeHHUu uepT, 115_)_._’ B Takom ciayuyae

corvlacHo ompepsienuio eexmoptt ON u KL He pasusl. HBa
BeKTOpa GVAVT PaBHHI JHMWbL B TOM ClIVyae, KOTa HX MONCHO
coeMecmums 6e3 nogopoma.,

O0o3HavyeHHs. 3anuce a=>b BHpP@KaET, 4TO BEK-
TOPH @ ¥ b paBHH. 3anuch @s<b BHIPAKAET, YTO BEKTOPHI
a u b He paBHul, 3anuck |@| = | b| BEIpaXKaer, YTO MOAYJIH
(JUIfiHB) BEKTOPOB @ 1 b PaBHB;, NpPH 3TOM CaMH BEKTOPH @
11 b MOTYT P4BHSTBCS, 4 MOTVT M HC DPaBHSITECS APYI' APYIY.

—n — p—

_Mipumep3. AB=E_(E§BT. 114), ON = KL (uepr. 115),
|ON| = | KL] (uepr. 115), OM = KI. (uepr. 115).
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§ 84. NpuBeaenue BEKTOPOB K obuemy nayany

Besikue BexTopnt (B J11060M uMCIIC) MOKHO «IPHUBECTH K
o0LIEeMY Hayajay», T. €. IIOCTPOUTH BeK-
TOPK, COOTBETCTBEHHO paBHble JaH-
HBIM M MMemolHe o0uiee Hayajo B He-
KoTopoif Touke O, Taxoe nmpHBeeHUC
MOKa3aHo Ha uept, 116,

§ 85. IIpoTHBONONO)KHBIE
BEKTO pbl

Onpenenenune. Isa Bexropa,
UMCIOIIIMC paBHBIE MOAVJIM H HpOTHUBO~
HOJIO)KHO HaNPaBJICHHBIC, HA3bIBAIOTCS

npomuEoN0A0HCHIMIL. "
BexTOR, MPOTUBOMOJIOMNCHEIN BEKTO~ N
PY @, 0603HauaeTcsT — &, L /
— e

ITpumep 1. Bexropst LM u NK
Ha yeprt, 117 ~ IPOTHBOMOJIOXKHEIE,

——— Yepr, 117.
Npumep 2. Ecnu BekTop LM .
_(q_ep’r. 117) oGo3uauuth 6vKeoii @, 10 NK = ~a, ML = —a,
KN = @,

Us onpepenenns cnepver: ~(—a)=@, | ~a|=|al
§ 86. Cnojkenue BexTOpOB

Onpenesexrue, CyMmoll BeKTOPOB @ U b Ha3bIBAETCS
TpeTHit BEKTOP €, NMONYyaeMblif CHEAVIOUWIMM IOCTPOCHUEM:
M3 MNPOM3BOJILHOIO Hayajna O

M. (uepr. 118) crpoum Bexrop OL,

Py (] , paBHblii @ (§ 83); u3 TouxH L, Kax
/A ¢ ¥ u3 navana, erpoum sextop LM,
5 ¢ paBHbiit b, Bekrop ¢=0M cc1b

cyMMa BeKTOpoB @ 1 b («pa-
BHJIO TPEYIOJbHHKAY).

3anuch: ¢+-b = .

IlpenocrepesxkeHue Henpss cmemnBarh NOHATHE
¢CYMMa OTpE3KOB» C HOMATHEM «CYMMa Bexropops. CymMma
orpeskoB OL 1 LM nonyyaercst CJefVIOIIUM HOCTPOEHHEM:
npogomKUB npsimvio OL (uepT. 119), oTKnafsiBaeM OTpPe30K
LN, paenbiit orpesky LM. Ortpe3ok ON_ectn cyMma OTpes-

KoB OL u LM. Cymma eéexmopoe OL u LM cTpouTtcst MHaue
(cm. onpenenieHue).

Yepr, 118, Yepr, 119,
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Ilpn cCJIOXKEHHH BEKTOPOB HMEIOT MeCTO HepaBeHCTBA
la+b|=<|e|+|b], o)
la+b|=|la|-|b]| 2
BHIpAXKAKWLIKE, YTo CTOpOHA OM TpevronabHuka QML (uepr. 118)

MEHbIUE CYMMBI H 0OJibIIC DPAa3HOCTH [BYX JAPYFHX CTO-
poH. B dopmyne (1) 3HaK paBEHCTBA HMCET MECTO TOJBKO

)
o/ L
e B
e e
0 0Ca-0M—b-L
YepT. 120. Yepr. 121, YepT. 122,

I paBHOHANpaBJICHHBIX BekTOpoB (uepr. 120), B dopmyie
(2) — TONbKO AJS1 MPOTHBOMOJIOMNKHO HATPABJICHIILIX BCKTODOB
(uepT. 121).

CYyMMa NpPOTHMBOMOJIOMHBX BeKTOpOB. U3
OMpEeAeNCHUST CICAYET, YTO CYyMMa NPOIMUGONOAONCILLIX GeK-
Mmopoé pasHa HyAb-6eKMOpYy:

a+ (— ﬂ) =

CBoiicTBo mepemecTHTENbHOCTIL Om nepe-

CMAHO6KU €Aa2aeMbIX CyMMA 6eKMOPOB He MeHsAemCH:
at+b =b+a.
ITpaBuno mapaaaenorpamma. Ecau cnarae-

MbIe @ U b He KoaauHeapHwl, TO CYMMY a+ b MO)XHO HaKTH
CAeAVIOIMM MOCTpoeHHeM: H3 Jiioboro Havana O (uepr. 122)
it —

crpoum BexTopsl OA=a u OB=0b; Ha oTpc3kax 04,___08
cTpoum mapainenorpamm O ACB. Bekrop nuaronann OC=e
€CTb CYMMa BCKTOPOB @ H b (Tak Kak AC=0B=>b u
oC = 0A+ AC)

K xonnuneaphsim BekTopam (uepr. 120 u 121) ato mocrpo-
€HHE HenpuMeHIMO.

3ameuanue. OnpeneneHue ClOXKEHHsT BEKTOPOB vcTa-
HOBJICHO B COOTBCTCTBHII ¢ QU3HUCCKHMI 32KOHAMH CJIOXKEHUS]
BEKTOPHLIX BEJIHYMH (HaNpUMep, CHUJI, MPUIIOKEHHBIX K MaTe-
PHaJIbHOI TOUKE).
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§ 87. Cymma HeCKOJILKUX BEKTOPOB

OnpepncacHue., CyMmol BEKTOPOB @, d,, dy, . .., @,
1a3LIBACTCSL BCKTOD, MOJIVYAIIUICA nocne psiia nocjefo-
BaTeJIbHbIX CJIO0XKCHHIA:
K BCKTOpPY @, npudaB-
JIAETCS BEKTOD @,, K
MOJIVYCHHOMY BEKTOPY
npulaBisiCTCS BEKTOP
a; uT. [

U3  onpepcisieHus
BHITCKAET TaKoe I0-
CTpUeHHE (npasuno 0 a, 4
Mnoeoyeo/mzuxa HIAH Yepr, 123. YepT. 124.
npasuao yent).

___ Vi3 npousponnsHoro Hauana O (uepr. 123) cTpoMM BCKTOp

% = @, U3 TOYKH A;, KaK 3 Hayana, CTpOHMM BEKTOP
AA, = @;, U3 TOUKH A, cTpouUM BeKTOp A,A; = @3 H T. 1.
Bemop OA (na uept. 123 n = 4) ccrb CYMMA BEKTOPOB @,
"y a’l

Cymma BCKTODOB @, @,, d; @, 0003HayaeTcs a,-+a,+
+a;+a,.

CBoHCTBO couycTaTCcJbHOCTH. Caacaembie Gex-
mopul MOXMCHO epynnuposams kax y200Ho. Tak, eciau HaHTH
CHauana CYMMY BCKTOPOB @,+@;+@, (oHa paBHa Bek-

Topy A;A,, He u300pa)kcHHOMY Ha uepT. 123) m K Hel
NPUOaBUTE BEKTOD ‘ﬂ_{ = 57\1), TO MOJIYYHM TOT >K€ BEKTOp
at+atazt+a, (= 0A,):
a+ (a;+a;+a,) = a,+a,+a;+a,
INNpaBuno mapanancacnunena. Ecnu Tpu Bek-
TOpa @, b, ¢ nocie npUBeAcHUst K 00uemy Hauany (§ 84) He ne-

»KatT B OJIHOI MUIOCKOCTH, TO CYMMY @+ b+ ¢ MOXKHO HalTh
TaKHUM NMOCTPOCHUEM. b Hs3 .mo6010 Havasa 0 (uepT. 124) cTpoum
BEKTOPbI 0A =a, 0B = b, 0C = ¢. Ha orpeskax OA, OB,
oc, KaK Ha peﬁpax CTpOHM napaJujieJienunes. Bex’rop aua-
roxanu OL 0D ectb CYyMMa BCKTOPOB @, b u ¢ (Tax KaK OA = a,
AK = 0B = b, KD = OC=cuOD = OA+AK+KD)

K BexTopaM, KoTOpble (rocje NpHBeJcHHS K O0OLEeMY

Hayany) Jie)kaT B OJAHOH IIOCKOCTH, 3TO IIOCTpOCHHE Henpu-
MEHUMO.
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§ 88. BrlunTanHe BeKTOPOB

OnpepneneHue. BruecTh BeKTOp @, (BblYHTAEMOE) M3
BEeKTOpa @, (YMeHblaeMOC) 3HAYUT HAHTH HOBBIH BEKTOp &
(pa3HoCTb), KOTOPHIY B CYMME C BeKTODOM @; [IaeT BeK-
TOp @,.

l(opoqe' BLIYHTaHUe BEKTOPOB eCTh AeiicTBHe, obpaTHoe
CI0XEHHUIO0.

O0o3HaueHHEC: a,—a,.

U3 onpepeneHust BbiTEKaeT TaKoe MOCTPOEHHe: U3 MPOU3-
BOJIHOTO Hayana O (uepr. 125 126) cTpouM BEKTOPLI

OAl = a;, 0A, = a,. Bekrop A1A2 (npoBegeHHbIH M3 KOHLA
BLIYMTAEMOTO BEKTOPA K KOHHY VMEHBLIAEMOTO) €CTh pas-
HOCTh @, —@;:
B ——— —_— ——
AA, = 0A;,-0A,.
—_— — ——
JelictBurennHo, cymma OA, + A, A, paBHa O A,.

Sameuvanue. Moavab pasHOCTH (ANHHA BEKTOpa A, 2) MO>KeT
GbiTh MEHbILE MORY JIA <V MCHBILIAEMOI'0», HO MOXKET GBbITh M 6omau.|e M paBeH
emMy. 3TH TPH Cayuas NnokasaHbl Ha yepT. 125, 126, 127,

UYepT. 125. Yepr. 126. Yepr, 127, Yepr. 128.

Jdpvroe noctpoeHHe, Uro6s MoCTPOUTb PasHOCTL
@,— a, BEKTOPOB @, U @, MOXKHO B3ATb CYMMV BCKTODOB
an —a,T e,

a—a, = ay+(—-a,).

INpumep. Ivcrs TpeGverca HalTH PasHOCTH a,-a,
(uept. 128), CorjacHo MepPBOMY INOCTPOEHUIO @, — @, = A A,.
Mocrponm Tenepb BEKTOP A_;I: = —@, U CJIIOXHM BEKTODHI
OA2 O M A L = —a,. ITonvyum (§ 86, onpenenenue) BeK-
TOD OL. Via uepTerxa BHJIHO, 4TO OL A
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§ 89. YMHOKeHHE M JeNCHHE BEKTOPA Ha MHCI0

OnpeneneHue 1. YMHOKUTE BEKTOD @ (MHOXKHMOE)
Ha 4uCJI0 X (MHOXKUTENb) 3HAUYMT MOCTPOUTH HOBBHI BexTOp
(npousBefieHHE), MOAYV/IL KOTOPOTO MOJIVYAETCS VMHOXKEHHEM
MOAVJsSl BeKTOpa @ Ha a(CcosiloTHOE 3HAUCHME uHuciIa X, a
HanpasjieHHe COBNAaJaeT C HaNpaBJICHHEM BEKTOPa @ WIH
NPOTHBOMOJIOXCHO €MV, CMOTPS MO TOMY, IOJOXKHUTENBEHO
YHCHI0 X WU OTpMuATeshHO. Ecin ke x = 0, To npoussene-
HHE €CTb HVJIb-BEKTOD.

O003HayCeHHE: ax UIH Xxa.

___Hpumi)g bl@: 5212_4 uan .(-)_E=49?(qep1'. 129),
OC = 35 0A, OD = —20A, OE = —1,50A (ucpr. 130).

B A ¢
( 50

0 (/]

Yepr, 129. Yepr. 130,

OupeneneHune 2, Pasgenurs BCKTOP @ HA YUCIIO X
3HAYUT HaliTH Takoil BekTOpP, KOTOPHIH, OVAYVYM VYMHO)KEH
Ha UMCJI0 X, JACT B NPOU3BEAECHHH BEKTOD @.

OGo3HaYeHHE a:x WM 3.

Bmecto neneHust = MOXKHO BbINMOJIHUTD YMHOXKEHNE a'—!- .
x X

VYMHOXKEHHE BEKTOPA Ha YHCIO MOAYMHSCTCS TEM JKe 3a-
KOHaM, 4YT0 H YMHO)XEHHE yuceJ:

1, (x+y) @ = xa+ye  (CBOICTBO pacmpenesUTeNIbLHOCTH
TI0 OTHOWIEHHI0 K YHMCJI0BOMY
MHOYKHTeJII0),

2, x(a+b) = xa+xb  (cBOHCTBO pacnpeneHIENbHOCTH
10 OTHOUIEHHI) K BEKTOPHOMY
MHOKHTEJI0),

3. x(ya) = (xy)a (cBolicTBO CoueTATENILHOCTH),

B cwiy STHX CBOHCTB MOXXHO COCTaBJSTH BEKTOpPHbHIE
BLIPAYKEHHSI, UMeIOLIMe TOT K€ BHEIUHMH BHA, YTO M MHOro-
ujieHB! NepBoit CTeneHH B anireGpe; 5TH BBHIPAXKEHHST MOMCHO
7ipedpa3oBLIBaTh TaK JKe, KaK Mpeobpas3vioTcss COOTBETCTBYIO-
jume anrebpanueCKie BbIPaYKeHUs (MPUBORHTD N0L0CHBIE YJIEHE],
PAcKpLIBaTh CKOQKH, BRIHOCHTD 33 CKOOKH, TEPCHOCHTD YNIEHEL
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u3 ozui)oﬁ YyaCTH paBeHCTBA B APVYIVIO C O0pPaTHHIM 3HAKOM
HT. A.).
INpume ph. 2¢+3a = 5a (B cuny cBoiicta 1),
2(a+b) = 2a+2b (B cuny cBoiicTsa 2),
5:12¢ = 60c (B cuny cpoiicTsa 3);
4[2a+(-3b)] = 4[2a+(-3)b] =
4-2a+4(-3)b = 8a+(-12)b = 8a—12b,
2(3a-4b+¢)-3(2a+b—-3c) = 6a—-8b+2c—6a—-3b+9¢c=
= —11b+1lc = 11(c-b).

4 (22 -3b)

i

§ 90. B3aumHas CBA3b KOJJIMHEaPHLIX BEKTODOB
(aeneHHe BEKTOpPa Ha BEKTOP)

Ecin BeKTOp @—He HVneBOH, TO BCAKMII BexkTop b,
KOJJHHEeApHb # C HUIM, MOXKHO NIPCACTABUTL B BHlE X,
TAe X-—uucno, Monvyacmoe TaK: OHO HmceeT abCoNKTHOE

- »
B 4
Yepr, 131. YepT. 132,

3HaueHHe | b | : | @] (oTHOmEHHE MOV JIEil); OHO MOJIOXKUTEJIBHO,
€CJIH BEKTOP & PaBHOHANPABJICH C BCKTOPOM @, OTPULATEJBHO,
ccqd b H @ NPOTHBOMOJIO)XKHO HanpasJleHbl, H PaBHO HVIJII,
€Can b — HYJIb-BEKTOP.

ITpume pou. Has BekTopoB @ U b Ha uept. 131 UMeem

= 2a (x = 2), Ha ueprT. 132 umeem b = - 2a.

"3'ameuaHue. PasbickaHHe 4HCAA X HASHIBAIOT OeleHiieM
gexmopa b Ha eexmop @&. Hexoaaureapreie 6exmopbt Oeaums
0py2 Ha Opyaa Heab3s.

§ 91. ITpoekunsa TouKH Ha oCb

Ocblo Ha3bLIBACTCST BCSIKast npsamasi, Ha KOTOpOFl BBUICJICHO
OJHO M3 ABYX ec HanpaBhcHnii (Bce paBHO Kakoe). ITo
HanpaBJCHHEC HA3WBACTCST NOAONCUMENALHHIM (Ha uyepTeXke OHO
00603HauaeTCs1 CTPEJIKOi); NPOTUBOMOJIOKHOE HanpapieHHe
HA3LIBACTCS OMPUYAMEAbHSIM.
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Kaxayvio ocb MOXKHO 3aJaTh JIIOOLIM BEKTOPOM, JieXKalliM
Ha Heil ¥ MMEIOILLMM TO >X¢ HampaBjcHHe. Tak, ocb uepr. 133
— —_— ——

MO)KHO 3a/1aTh BeKTOPOM AB uaun AC (HO He BeKTOpoM B A).

Ilycte pana ocb OX (uepr. 134) u HekoTopas Touka M
(BHe ocu niM Ha Heii). Tlposemem uepe3 M nuockocTts, nep-
NCHAUKYJISIPHYIO K OCH; OHA NCPCCCYET OCb B HEKOTOPOIi
Touke M’. Touka M’ nasmBactces npoexyueli mouku M Ha

M
2 il
C P

A [4] M’ X

YepT. 133. Yeprt. 134.

ocb OX (ccan TouKa M JIeXKHUT Ha OCH, TO OHA Cama SIBJISICTCSI
cBoeii npoekuuceit).

3ameuaHue MHLIMH CIOBaMH, MPOCKLMA TOYKH M Ha
ocb OX eCTb OCHUBaAHMe NEPNCHAMKYJISIPA, NPOBCACHHOTO U3
TOYkH M Kk ocn OX. JlaHHoe Bbile ONPeAC/ieHUC NOJYEPKH-
BAET, YTO MOCTPOECHHE BHIMOJHSIETCA B NPUCTPAHCTBE.

§ 92. IpoeKkuun BeKTOpa Ha oChb
Boipa)keHHe «npoeKuHss BekTopa AB Ha ock OX» vno-

TpebnsieTcst B ABYX Pa3HBIX CMBICIaX: TE€OMETPUYECKOM H
anrebpanyeckom (apUPMeTHUICCKOM).

1. ITpoexyueil (2eomempuyeckoil) BeKTOpa AB Ha ocb 0X

HasblBacTCs BekTop A’B’ (uepr. 135),
Hayano KOTOporo A’ eCTb NPOEKUMSI
Hauana A Ha ocb OX, a KoHeu B’'—
NpoeKuHs KOHUA B HA TY MC OCh.

O6o3HaveHuc: Ilpoy AB uan,
—

xopoue, [Ip AB.
Ecau ocb OX 3amaHa BEKTOPOM ¢, Yepr. 135.

TO BeKTOp A’B’ Ha3bIBACTCS1 TaKKe
——
npoexyueli éexmopa AB na nanpagaerue eexmopa € U 000-

sHavactes Ilpe AB.
IeoMeTpHUECKasi TPOEKIHS BCKTOpa Ha ocb O X Ha3blBaeTCst
TaKIKe KoMnoHenmoil eexmopa no ocu OX.

2. Ilpoexyueiil (aszebpaudeckoli) pektopa AB Ha otk OX
(M Ha HanpabJ/ieHUe BEKTOpa c) Ha3hiBaeTCsl 04uHa BeKTOpa
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i
A’B’, B3siTast CO BHAKOM + MJIM ~, CMOTPS 110 TOMY, MMeer

Ji BekTop A’B’ TO »Ke HallpaBileHHe, y10 ock 0X (BekTop ¢),
HJIH NPOTHBOMNOJIOXKHOC.
O6o3HaycHHEC:

np,,xxg WiH nchE

3aMeuanue, [comerpHucciast IpoeKkiust (IKOMIIOHEHTA)
BEKTOPA CCTh GeKkmop, a anreGpanuccKasi NpocKUsl BCKTOPa
ecTb uucao.

.
IT pume p 1, Feomerpuucckast npoeicist Bexktopa OK = @
——

(uepr. 136) Ha Gcb OX ectb BexTOp OL. Ero nanpas-
JieHHe TPOTHBOIIOJIOMHO HANPAaBJICHUIO OCH, a AJMHA (IpH
enuHHIe Macuitaba OFE) paBHa 2. 3Haumr,

aircbpanueckas mnpoeknust Bekropa OK
Ha ocb OX eCTb OTPHLATCILHOC Y U C-
o —~2:

IIpﬁ:BI: np 0K = -2

Yepr. 136, Ecin sexropst AB u CD (uyepr. 137)
paBhbl, TO MX amre0panyccKUC IPOEKUHH
110 OZAHOIi M TOH YKe GCH TO)KE PaBHbI (np AB = npCD = -—é— .

To e 7151 TEOMETPHYECKHX TIPOEKIMH,

Yepr., 137, Yepr. 138,

AnreGpanuecKue NpoeKLUH OJHOIO H TOTO YK€ BLKTOPA Ha
nBe pasHoHanpasieHHele och (0,X; M 0,X, Ha uepr. 138)

paBHbl !) (MpoxsNM = npo.x,NM = —-2). To »e ans reo-
METPHUYECKHX MPOEKLHii.

1) Ecnan ocv napajnenbHbl, HO IPOTHBONONOXHO HaNpamieHk, To
anre6panyecKHe MPOCKLHN HE PABHB); OHM QTIIHYAIOTCS FHAKAM,
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3.CBA3B MCHKJY KOMIOHCHTOH (reomerpuue-
cioit mpoerpei)n anrebpanyccKol npoexuued
BeKRTOPa. IveTh e, CCTh BEKTOp, PaBHOHANPABJICHHKIE C
ochlo OX 1 umerouit Anuuy 1. Toraa rcoMeTpHuccKast HpoeK-
ust (KOMNOHEHTA) KAKoro-yindo BekTopa @ no ock OX paBHa
IIDOM3BEJICHHIO BCKTOpA ¢; Ha anre0panueckyio IPOeKIiHio
IHEKTOPA @ MO TOM »Ke OCH:

Ilpa = npa-c,.

Mpumep 2. Ilpu0G03HAYCHUSXK YEPT, 13ﬁnmeemq_0E.
['comerpryeciast nNpocKuMst BEKTOpA OK a na ock 0OX
¢CTh BCKTOP oL R anreﬁpauuecxaﬂ IIPOCKIHA TOT0 e BCK-
TOpA €CTh yMcio—2 (cm. npumep 1). Mmeém OL = -20L.

§ 93. OcHOBHbIE TEOPeMBI 0 NPOCKUUAX BEKTOPA

Tcopema 1. ITpocKnHst CYMMbI BEKTOPOB HA KaKVI0-JING0
0Ch PaBHA CYMMC NPOCIKIIHIT CJIaracMblX BCKTOPOB HA TY JKE 0Ch,
Teopema crnpascjiiiBa npH o6oux
CMBICJIAX TEPMHHA WTPOCKIHS BCKTOPA» 3
1t npy 11060M YMCIe CAAaracMLIX; Tax,
HPI TPEX CllaracMuix

IIp (a,-l-a,-;-aa) =
= Ipa,+Ip a,4-TIp a; (l)l £
0

5 SRR
b,

11
np (a4 a,+ag) = oo 130
1 = 1?[) @+ 1p a,+np a,. (2) fepT. 139

hopmyna (1) BLITEKACT N3 ONpefeNeHHs C0XKEHHA BEKTOPOR, GopMy-
2ta (2) —H3 IPABHIIA CHOMCEHNST TTOJIOMKHTEABHLIX ¥ OTPHLATEIbHBIX YHCEeT,

Ipum e p 1. Bexrop AC (yepr. 139) ecTh CyMMa BeKTO-
poB ‘AB u BC. I‘come_T_gl_Heu(aﬂ IIPOeKusT BEKTOpa AC Ha
0Chb OX_gETb BEKTOP A_C;,)a reoMeTpHYEeCKHE TNPOeKIHH BCK-
TOpoB AB 1 BC cyth AB' 1 BC, Ilpu aToM

;4_(37 = AE’-FE'-’C',
TaK yro . . .
Ilp (AB+BC) =Ilp AB+Ilp BC.

MDpumep 2. Ilvers OE (yept. 139) ecThb e/MHHMIA Mac-
mraba, Toraa anre6panyeckast npoexius Bekropa AB HA 0Cb
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OX paBHa 4 (anuHa AB_'._Psmaﬂ €O 3HaKOM ILIIOC), T. e.
np AB = 4. Hanee EgBC = —2 (mnuna B’C’, B3sTast €O
3HaKOM MHHYC) U np AC = +2 (mnuHa AC’, B3siTasi CO 3Ha-
KOM 1utioc). Mimeem

np /Tﬁ+np BC =4-2=2
€ APVIoii CTOPOHLL,

np (XE-FEE) = np?é =2,
TaK 4To

np (AB + BC) = np AB+np BC.

Teopema 2 AnrcOpanueckas NPOEKUWST BCKTOPR Ha
KaKvio-n1M00 0oCb paBHAa NPOM3BEACHHI0 AJIMHBI BeKTOpAa Ha
KOCHUHYC VIJIa MeXKAY OCbl0 U BCKTUPUM:

npab = | b | cos (4, b). Q)

Npumep 3. Bexrop b = MN (uept. 140) oGpasver ¢
ocbi0 OX (oHa 3apaHa BekTOpoM @) vroa B 60°. Ecin OL
ecTb efMHMLA maciuTaba, To | b | = 4, TaK uTO

npb = 4-c0s 60° = 4-% =2

HelicTBHTeNnbHO, NNHHA BeKkTOopa M’N’ (reoMeTpHUeCKOH MpPOoeKLHH
BeKTOpa b) paBHa 2, a HanpaBneHHe COBMANaeT C HanpaBJeHHEM ocH 0.X

(cp. § 92, n. 2).
N
4 v
Ml !
o L a ! ;
OF M N X 0L Vv U X
Ueprt. 140, Yepr. 141.

ITpumep 4. Bexkrop b = UV Ha uept. 141 obpasver
P

¢ ocbio OX (c BekTopoM @) vroa (e, b) = 120°. Onuua | b |

BekTopa b paBHa 4. [loatomy npgb = 4-cos 120° = -2,

—
He#cTBUTENBHO, NNTHHA BekTOpa UV’ paBHa 2, a HanpaBJieHHe MPOTH-
BOTIOJIOXHO HAnpaBieHKIO OCH,
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§ 94. IIpsimoyroabHas cCHCTEMa KOOPAMHAT
B NPOCTPAHCTBE

OCHOBHLIE BEKTOPpPBH. TPH B3aUMHO NePHEHAUKY-
nsipHble ocu 0X, OY, OZ (uepr. 142), npoxoasimue uepes HeKoO-
TOPYIO TOYKY O, 00pa3vIOT npameyzoabHylo cucmeMmy Koop-
dunam. Touka O Ha- z
3bIBACTCST HAUAAOM KO-
opounam, npsimeic 0X,
0Y, OZ-—-ocamu ko-
opounam  (OX —ocb
abcyucc OY —ocn
opouHain, OZ - ocb
anauxam')), a I0-
EKOCTM XO;’, YOZ, ‘g

0OX — KoopOuHam#bl-
Mu n/wcrcocfmunu. Ka- Hepr. 142. Uepr. 143.
Koii-nn6o orpesox UV
NpUHHUMAETC 3a CAHMHULY macwraba AXs BCceXx
Tpex oceil

OmoxuB Ha ocax OX, OY, OZ B moJIO)KHTEIbHOM Ha-
npasicHuu otpeaku O A, OB, OC, paBHbie eAURULE MacmTa@’,

MOJIVYNUM TPH Bektopa OA,
i —

OB, OC. OHH HAa3LIBAKTCS
OCHOBHLIMU  gekmopamu U
0003H34al0TCSA COOTBETCTBEH-
HO i, j, k.

ITonoskurenbHLIE HAMpPaB-
JIEHHs HA OCSX TPUHSATO BhIOH-
UepT. 144. Uept. 145. partb Tak, 4yTo0bl NOBOPOT HA

90°, coBMeLIAOIMHA MOJIOKU-~
TesIbHBI 1v4 O X ¢ nyuom OY (uepr. 142), Kasasicsi IPOHCXOMsI-
IIUM MPOTHB YaCOBOIl CTPCNKH, ecid HalNIoOAATH €ro ¢o CTo-
poHbl 1vya OZ. Takast cuCTeMa KOOPJHHAT HAa3bIBAGTCSI Npagoli.
Muorpa nonwsviotest M segoll cucmemotll xoopOunam. B Heii
VIIOMSIHVTLIT MOBOPOT COBEPIIACTCST IO YacOBOH CTpeJiKe
(uepT. 143).
3ameuanue 1, TpexrpaHHble yrasl, o6pa3oBaHHble avuamu 0X,

OY, OZ B npaBoil 1 neBoH cHcTEME, HENIL3A COBMECTHTD TaK, 4TOGL! COBNANK
coomeemcmeeHHble OCH.

3ameuaHue 2, Haspauus «ipaBash» M «JIeBas» MPOUCXOZAT OT
TOro, 4T0 GONbIIONA, YKa3aTeNbHbI! ¥ CPeHUIT Manbub! NPABOH PYKH, eCNH
HMX Pacnosio)KnTh Hanonobue oceit 0.X, OY, OZ (uepT. 144), o6pasyiornpas
BYIO cHcTemy. Ha neso#t )xe pyke (yepT. 145) nonyuaem JieBYI0 CHCTEMY.

C
k
0

Ur——-’——iV

1) O NTPOHCXO)KAEHNH TePMHHA ¢allJINKaTa» cM. § 95,
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§ 95. KoopmuHaTel TOUKH

TTono)xenne nio6oii Touk M B IPOCTPAHCTBE MOXKHO OIIpe-
JeJIUTh TPeMsl KOOp/MHATaMU Clefviomum obpasom. Uepes M
NPOBOJHM IUIOCKOCTH MP, MQ, MR (uept. 146), cooT-
BETCTBEHHO IIapajllenwHuic IockocTaMm YOZ, Z0X, XOY.

B nepeceueHMH ¢ OCSIMM NO-
s ayyaem Toukn P, Q, R.

Hucna x (adcuucca), y (opau-
HaTta), 2 (amnukara) '), uame-
pstioiuue orpesku OP, 0Q, OR
B u30paHHOM macwrade, Ha-
3LIBAIOTCSL (11pAMOY20AbHBIMIL)
KoopOunamamu TOYKH M.
Ouu  Gepytest HOJIOIKHTENB-
HBIMH MJIA OTPULATENbHLIMH,
CMOTPs 1O TOMY, MMCIOT JIH
BekTOpbl OP, 0Q, OR cooT-
BETCTBCHHO Te )Ke HamnpaBJe-
HUsI, UTO U OCHOBHBIE BCKTO-
pol i, j, k, uau npoTUBOIO-

JIOYKHLIE,
ITpumep. KoopauHarel Touky M Ha uepr. 146 cvrTb:
abcuucca
x =2,
OpAHHATA
y= _3)
anjHKara
2= 2.
3anuce:
M(2; -3; 2).

—

Bektop OM, upvimuit ot Hayana O K HEKOTOpOii Touxe M,
Ha3LIBAETCST paduy(om-6ekmopoMm TOYKM M U o603Hauaercst
OVKBO# 7 yTOOB OTIHYATBE APVr OT APVra PaaUyChbi-BEKTOPHI
PasHbIX TOUeK, pY OYKBe 7 CTaBAT 3HAUKU: TaK, PaAUVC-BeKTOP
TOYKH M o6G03HauaeTcss 7y. Paguycobl-BeKTOpHI TOUCK Ay,
A,, ..., A, 0603Hava0TCA

rlr Tos o ooy Ty

1) JTaTHHCKOE CJIOBO «anaukartas (applicata) B nepeBone osHauaeT «IpH-
JI0’KEeHHas» (TOUKY M MOXKHO MMOCTPOUTH TAK: CHAvala B3STh Ha NIOCKOCTH
XOY Touxy L ¢ xoopnvHatamyn x =0P, y=PL, a 3aTeM «IPHJIOYKHTEY
pTpesoK LM =2, NepneHAUKY IAPHEIR K IIOCKOCTH XOY),
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§ 96. KoopauHaThr BeKTOpa

OupepneneHnune. ITIpamoyeosoHuIMIL  KOOPOUHAMAGMLU
eexmopa m HasHIBAWTCA anredpanyeckue npoexuun (§ 92)
BeKTopa m Ha ocH koopjuHar. Koopaunarst BekTopa 0003Ha-
vawTcsi 0onbwHmy OvkBami X, Y. Z (KoopjguHaThl TOUKH —
MaJbIMH).

3anuce:

m{X,Y,Z}) mm m={X, Y, Z).

Bmecto TOro 4roObl NMPOEKTHPOBATH BEKTOP M Ha OCH
0X, OY, OZ, MO>KHO NIPOEKTHPOBATL er0 Ha ocH M; A, M, B,
M,C (uepr. 147), npoBeaeHHbE Ye-
pe3 Hauasio M; BCKTOpa mt U PaBHO-
HanpaBJIeHHbIE € (CAMH KOODAMHAT M
§ 92, m. 2). b4 .

INpumep 1. Haittn koopuu-

—_—
HaThl BeKTOpa M, M, (uepT. 147) oT1- .
HOCHTEJIbHO CHCTEMBI KOOPAMHAT i om\
OXYZ. 1) .

Yepes TOUKY M, NIPOBOIUM OCH { \ 8
M, A, MB, MC, coorserctBeHio @ I¥ M

paBHOHANpaBJieHHLle ¢ 0CsAMH OX . 7 / Y
0Y,0Z. 4 A

Yepes TOUKY M, 1POBOAHM
nnockocth M,P, M,Q, MR, na- Yepr, 147
paJulenbHbBle  KOOPJAMHATHBIM  11JI0-
cxoctsim. ITinockoetn M,P, M.Q,
M,R nepecexyr ocu M; A, M, B, M,C COOTBCTCTBCHHO B TOY-

kax P, Q, R. A6cuucca X ekropa M, M, ecTb /UIHHA BEKTOpa

M, P, B3siTast CO 3HaKOM MUHYC (§ 92, 1. 2); opauHaTa Y BeKTOpa

M ecTh JUIHHA BeKTOpa M,Q, B3siTasl CO 3HAKOM MHHYC; aIlJH-
—

Kara Z - JJIMHA BeKTOpa MR, B3aTas CO 3HaKOM IOC.
Ilpn macwraGe yepr. 147 X = ~4, Y = ~3,Z=2.
Banuce:

MM, {~4; -3: 2)
nay’

MlMg = {"‘4; "3; 2}.

Ecau ABa BEKTOpa MM, M M, PABHH, TO UX KOOPAHHATH
COOTBETCTBEHHO PAaBHBI

@802 m 2 N Vi=¥e Z=%4
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KoopauHatst BeKTOpa He MEHSII0TC s NPH napani-
JIENbHOM IIepeHeCCHHM CHCTeMBl KoopauHat. Hanpotus, Ko-
OpAMHATHL T 0 Y K M NIPH NapasiyieIbHOM NepeHeCeHUH CHCTEMBI
KOOpAHHAT MeHsAIoTCs (cM. HibKe § 166, m. 1).

e
Ecau nauaabnas mouxa O eekmopa OM cosnadaem ¢ Ha-
—

yaaoM Koopounam, mo koopouxHamst eexmopa OM coomeem-
CIMGeHHO PAHbL KOOpOUHAMAM Koreuroli e2o mouxu M (§ 95).

Ilpumep 2. YV Bekropa OM na yepr. 146 abcuucca
X=2, opaunara Y = -3, annukara Z=2. Te ke Koopau-
HaTbl UMeeT Toyka M.

3anuche: 57\2{2; -3; 2} wm 51?4={2; -3; 2}

§ 97. Bripa)KeHHsI BEKTOpA Yepe3 KOMIOHEHTLI
H uYepe3 KOOpPAUHATDI

1. Ka)kneit BeKTOp paBeH CYMMe €2 KOMIOHEHT (reome-
TPUYECKUX NMPOCKLHiT) 110 TPEM OCAM KOODAHHAT;

m = IIpoym +IIpoym +Ilpo,m. (1)

IIpume p 1. Ilpu o60o3naveHusx yept. 147 umecm:

MM, = M,P+ M,Q+ MR,

2. Kaxaulif BeKTOp ™ paBeH CYMMe IPOM3BENEHHl Tpex
OCHOBHBIX BEKTOPDOB Ha COOTBETCTBYIOIUIHE KOOPAHHATHI BCK-
TOpam:

m = Xi+ Yj+Zk. 2)

IMMpumep 2. Ilpu o6o3HaveHusx 4epr. 147 umeem:

MM, = - 4i-3j42k.

§ 98. MlelicTBNA Han BeKTOPaMH, 38JaHHBIMH
CBOHMH KOODAHHATAMH

1. Ilpu caoxcenuu eexmopos ux KoopOuHamel cKAQObI-
eanomesa, T.e. eClIH @ = @, +@;, T0 X = X+ X,, Y = Y;+ Y,
Z=27,+Z,

2, AHanOTHYHOE NMPABUNO ISl BHIYHUTAHUS BEKTOPOB: €CJIH
a=a,—a, 10 X=X,—X,, Y=VY,-Y,, Z=2,-Z,.

3. Ilpu ymuodxceHuu eexmopa Ha 4ucA0 6ce KOOpOUHa-
mol MHOM¥CAMCA HA MO Xce HucA0, T. €. eCIH M, = Am,, TO
X’ = XX|. Y. = kyl, Z’ = )‘Zl'
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4. AHanoruuHoe IPaBUIIO AJist ACJICHUST BEKTOpA HA YHCI0:

X %
cemy =51, 10 Xp =32, ¥o= L, Z, = ?)%

§ 99. Beipa)keHHE BEKTOpa 4epe3 pajHyChI-BEKTOPBI
ero Hayajla M KOHLA

CJ/leAYET 3aMCTHTB Ba)KHVIO GOPMYIY

Ay =1,-my, ey
rac =0 A, (uepr. 148)_e_c_rb paauyc-ekTop (§ 95) Havana A,
BekTOopa A, 4,, a ¥*,=0A, — pajguyc-
BCKTOP €ro KoHua A,.

H3 (1) B cuny § 98, . 2 BEITCKAIOT
dopmyaibl

X =Xx—%, Y=92-¥1,\
Z=12,—-2. @)

3recy X, Y, Z — KoopauHATHl BCK-

Topa AA; X, Vi, 2, — KOOpAMHA-
Tol TOYKH A; (OHH COOTBETCTBEHHO Uepr. 148.
paBHBl KOOPAMHATAM PAaAMYCa-BEKTOPA

—

r=0A) U Xy, ¥, 2, — KOOPAMHATE TOUKM A, (OHH COOT-

BCTCTBEHHO PaBHLI KOOPAMHATAM PaaMyca-BeKTopa 7,=0 A,).
CrnoBamu: umofet natimu adcyuccy ecikmopa, 1a00 U3

adcyuccel KoHya ebriecmt abcyuccy Hauaaa éexmopa.
AnanoruyHslc nNpaBHia [ OPAUHATBE U ATUIMKATHL.

ITpumep. Haiith xooppuuatsl BekTopa A;A,, eCiIH
A(l; =2; 5)u A, (~2; 4; 0).
Pemenune, X=-2-1= -3, Y =4-(-2)=6,

——i

Z=0-5= -5 rakuro A, A, = {-3, 6, —5}.

§ 100. [nuHa BekTOpa.
PaccTosiHMe MeKAY ABYMA TOYKAMHU

Jiuna sextopa a {X, Y, Z} Buipaskactcst uepes cro Ko-
opaunatul Gopmynoii

la| = VX?+ Y2120 1)

INNpumep 1. dauHa Bexropa a{-4, -3, 2} paBHa
(cp. uepr. 147)

Ial = y(__4)2+(_3)2+2‘ = }/2_9 ~ 5,4-
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Pacctosiiue d MeXAY TouKaMH A, (X5 ¥y 21), As (X5 Va) 25)
npeAcTaBseTCsT YOPMYIICH

d = V=X + 01l + -2 (2
Oua nonvuaercst w3 (1) B cuay dgopmva (2) § 99 (cp. § 10)
ITp umMe p 2. PaccTustHHE MEXAY TOUKaMH A; (8, —3; 8),

A, (6; =1;9) ccth d = V(6—=8)2+(—~14+3)2+(9- 8)-= 3.

§ 101. Yron mexay ocbio KoOpavHar
H BEKTOPOM

Yrawt o, B, v (4epr. 149), 06pasvemble N0J07KHTENLHBIMU
HanpasJeHusimu OX, OY, OZ ¢ Bek-

R Topom @ {X, Y, Z}, MO>KHO HaHTH 110
<2 dopmyaam ')
L X X
M cosot == —mee [ = . i
os|_Ja, eaen(C ) W
A Y cosB = Y (=X @)
v YXerveize let )’
zZ
Uepr. 149. cosy = m( |a|) 3)

Ecnu BeKTOp @ MMeeT JUIMHY, PABHYIO CAHHHIE macuitada,
T. €. ecan |a|=1, 10

ccsa=X, cecsB=Y, cosy=2Z.
Hs (1), (2), (3) creaver:
cos?o+ccstBtcosty = 1. (4)

ITpumep. Haiitu vrasl, oGpasyvemble 0CsIMH KCOPiMHAT
¢ Bexktropom {2, —2, —1},

PemeHue CCSq=-——o == cosB:-——-z—
) T¥Er(=2r+1 37 3!
C0S ¥ = —, OTKVAA o ~ 48°11’, B ~ 131°49, y ~ 109°28"

1) M3 npamoyronbHoro Tpeyroabnuka OMR umeeMm:
cos y OR - V4 ¥4
B — _— = ——————,
|oa| el yxyveez:

ABRNOIHYHO noayuaKTea dopmyst (1) H (2).
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§ 102. Tpu3HAK KONNMHEAPHOCTH (NapajuieNbHOCTH)
BEKTOPOB

Ecnu Bexropul e, {X,, Yy, Z,}, @, {X,, Y, Z,} «on-
JIMHEAPHLI, TO HX COCTBETCTBEHHbIC KOOPAHHATHI MPOITOPIHO-
HANBHB

Xo:Ny=VY,: Y, =2,:2 (1)

11 00paTHO.
Ecnan Koa@QUINIEHT HPONOPIHOHATLHOCTH A = e Yo 2
’ - X Yz

NOJOKHTENIEH, TO BEKTOPH @, 1 @, DPABHOHANPABJIEHb;
€CHM OTPHUATCNICH — NPOTHBONOJIOXHO HanpassieHsl, AGCO-
JIOTHOE 3HAUCHHME A BLIPAYKAeT OTHOLICHHE HJNH |a, |:|a ]

3ameuanuce. Ecim ogna M3 KCOPAMHAT BeKTOpa @,
paBHa HYJIo, TO NPONopLHio (1) Hallo NOHUMATL B TOM CMbICJIE,
YTO COOTBETCTBYIOWLAA KOODAMHATA BCKTOPA @, TO)KE paBHA
HVJI0.

ITpumep 1. Bexropm {-2, 1, 3} u {4, -2, —-6)
KOJUIHHEApHbl ¥ MPOTHBONONO>KKO HaIpaBiicHH (A = —2).
BTopoli BekTOp B/iBOC JUIHHHEE MEPBOIO,

Hpumep 2. Bekropsl {4, 0, 10} u {6, 0, 15} wonnu-

HeapHbl ¥ PaBHOHANPaBJCHbI (x = —2—). Bropoii BekTop B noj-

TOpa pasa JJIMHIiee NepBoro.
ITpumep 3. Bektopu {2, 0, 4} u {4, 0, 2} wue Koi-
JIMHEADHLI.

§ 103. [lenenue oTpe3ka B RaHHOM OTHOLIEHHM

Paauyvc-Bextop r Toukn A, nensiuieit orpesox A, A, B 0THO-
weHHn A A AA, = my 1 m,, onpeseasieTcst Gopmynoit
_ nmpr myr,
= i M
rje », Hr, — pajuyChi-BEKTOPLI ToueK A; i A,.
KoopauHaTst TOUKH A HaXoJsATCs N0 QopmyJiam
myx; +mX; _ My tmyy, ez d-my2,

x= my+my ! mtm; ' ¢ my +m, @)

(cp. § 11).
B yacTHOCTH, KOODAMHATHL CCPeMHL oTpe3ka A; A, ¢VThb

Xp + Xp
)

. Wty Hi+2e
X BEX gy NN, ada ®)
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3amcuyanue Touka A moxxer ObiTb B3SiTA M HA MpoO-
JI0JOKeHUH oTpeska A; A, B TY MM, APYIVIO CTOPOHY, TOraa
OfHO M3 yMcena m,, N, HY)KHO B3SITb CO 3HAKOM MHHVC.

IT p u m e p. Haiiti KoopauHaTh! TOUKH A, Acasiulei oTpe-
30K A; A, BoTHOmEHUH A, A AA, = 2:3, cenu A (2; 4; — 1),

A, (-3; —1; 6).
ITo dopmyaam (2) Haxoxum:
_3:242.(-3) _ _3.4+42.(-)
X=—mi3— =0, y=—733—=2,
_3.(=1D+2.6 _ 9
z= 2+3 -5

§ 104. CkanspHoe npou3BeneHME ABYX BEKTOPOB

OnpeneneHue. CKaIApHLIM NpoussedeHleM Gexmopa
@ Ha BCKTOp b HasbiBaeTCsl NpOM3BEACHHE MX MOAYJed Ha
KOCHHYC VIJIa MEXXAY HUMH.

O6Go3HavyeHue: a-b uiu ab.

CoruyiacHO onpejiesieHHIO

ab = |a]-|b]cos (g b). )
B cuny reopemel 2 § 93
-~
[ b cos (a, b) = mp,b,
TaK 410 BMeCTO (1) MOYKHO HamHCAThL:

ab = |a | np,b. 2
AHaJIOI'H4HO
ab = l b l npba.

CnoBamu: ckaaspHoe npousgedelitte 06yX Gekmopog pPasHo
MO0YAI0 00HO20 U3 HUX, NOMHONCEHHOMY Ha aa2ebpauiecrkyio
npoexyuio 0py2020 6eKmopa Ha Hanpasaentie nepeozo.

Ecnu vroa mexxay Bexropami @ u b ocrpslit, T0 ab > 0;
ecsu TYMoi, T0 ab < 0; ccau npsamoii, To ab=0.

Buirekaer u3 dopmynn (1).

II p u M e p. Jnuuet BeKTOpoB @ 1 U COOTBETCTBEHHO PaBHbI
2 M u 1 M, a vroa me>xxay Humu 120°, Haiitn ckanspHoe npo-
usBeieHHe ab. i

ITo ¢opmyiae (1) ab = 2-1-cos 120° = —1 (#?).
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BBLIYHCIHM TY XKe BeJMUHHY no ¢opmyie (2). Anredpau-
uecKasi npoekuMsi Bektopa b (uepr. 150) Ha HanpaBieHHe
— ——

1
BeKkTOpa @ paBHa | OB | cos 120° = — 3 (&umHe Bekropa OB,
B35TOH €O 3uaKoM MuHYC)., Mmeem: 8
1
ab = |a|np,b = 2~(—§) = —1().
amecuanucel. B repmune «ckayisip- 8 0 a A
HOC TIPOM3BC/ICHHE» IICPBOC CJ0BO VKa- Yepr. 150.

3bIBACT HA TO, YTO pe3viabTar AciicTans
CCTb CKaasIp, a He BCKTOP (B NMPOTHBOINOJIOXHOCTb 6eKmop-
Homy npoussedenuio; M. Hiie § 111). Bropoe cnoBo moj-
YEPKHBACT, YTO ISl PACEMATPHBACMOr0 ACIICTBUS UMEIOT CUNY
OCHOBHBIC CcBoOlicTBA 00BIMHOrO YMHOXKeHHs (§ 105).
3amcuanmne 2 CkanspHoOC YMHOYKEHHC HeJb3sl pacnpo-
C¢TpPaHUTb Ha CJIvuail Tpex COMHOMKUTCJICH.
HeiteTBHTCNIBHO, CKANAPHOC TTPOH3BCACHHC JIBYX BCKTOPOB
a1 b eCTh Y1ICJI0; CCIAHITO YHCIJIO MOMHOXKHTD HA BEKTOP €
(§ 8Y), TO B IIPOH3BCJICEIH MOJYYHM BCKTO P

. N
(ab)e = |a|-|b|cos(a, b)e,
KoJumneapulii ¢ BeKTopom e.

§ 104a. du3anyeckuii eMbICA CKANSIPHOrO NPOM3BEREHUA

Ecin Bekrop a=0A (uepT. 151) nzo0parkaeT cmelwicHUE

MarepHanbHoii Touky, a pexktop F=O0F — cuny, jeitctyio-
VIO Ha 3TY TOUKY, TO CKaJsIPHOC NpOH3Be/C-
Hue akF uucaenno pagro pabome cuavt F.

HeftctBHuTeNIbHO, pafoTy COBEPILAET TONBKO KOM-
i
nouenta OF’, 3HauuT, pabota no aGconwTHOMY 3Ha-
20
4EHMIO PaBHA MPOMU3BEREHHIO QNTUH BEKTOPOB @ U OF’.
ITpy 3TOM OHA CUHMTAETCA MOJIOKHUTENbHON, €CNH BeK-
——

Yeprt. 151. T0pbl OF’ 1 @ paBHOHanNpaBNeHbl, ¥ OTPHLATENEHON B

npoTHBHOM cavuae. Ctano 6LiTh, paboTta paBHa Mo-

JIy J1i0 BEKTOPA @, MOMHOYKEHHOMY Ha anreGpavuecKkyo

NpoeKuHio BeKTopa F no nanpaBneHHIO BeEKTopa a, T. €. pafoTa paBlia cKa-
JIAPHOMY Tpou3seaeHunio ak.

I pumep. Bextop cunsl F usmeer MoavJib, paBHHI 5 ke.
JnuHa BekTopa cMeuicHUs @ paBHa 4 M. Ilvets cuna F neid-

cTBYET moa vriaom a=45° K cmcmendio @, Torpa pabora
cuinl F ecth

Fa = |F|-|a]cosa = 5.4.[?: 10 Y2 ~ 14,1 (xI'm).
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§ 105. CpolicTBa CKaNsAPHOTO NpPOU3BENECHUS

1. CkansipHoe npouspeneHue ab ofpamaercst B Kb, CCIH
OIMH U3 COMHO)KHTEJeH €CTh HYJIL-BCKTOP HIIM €CJIH BCKTOPLI
a u b nepreHANKYIISIPHBL

Buirexaer ms (1) § 104,

Npumep, 3i-2j = 0, Tak KaK OCHOBHLIC BEKTOPHl 7, F,
a 3HAuMT, ¥ BEKTOPH 3i, 2j nepneHIHKYIsSIPHLI.

3ameuyaHue B obbiuHoit anrebpe 13 paseHctna ab=0
cnenver, yro au6o a=0, 6o b=0. Ons1 CKajAsIpHOro npo-
K3BeJIeHUsT 9TO CBOMCTBO He MMEET CMJIBL

2. ab=Dba (CBOICTBO NCPEMCCTUTCIILHOCTH).

Britekaer u3 (1) § 104,
3, (¢y+a,) b = qb+a,b  (CBOHCTBO  pacHpeeIHTeNbs
HOCTH),

D70 CBOHCTBO HMEET MeCTO AJs1 JII0GOro YUCIA CIIaraeMbX;
Hanpumep, HPY TPeX CIIaraeMbIX

(o, +a,la;) b = ab+ab-tab,
Brrrexaer 13 (2) § 104 u u3 (3) § 93,

4, (ma) b = m (ab) (cBoOHCTBO COUCTATCIBLHOCTH OTHOCH=
TCJABHO CKaJAsIPHOTO MHOKMTENs) 1).

Dpumeps.

(2a)b = 2ab, (-3a)b = —3ab, p(—6q)= -06pq.

CeolicTBo 4 BriBoauTest M3 (1) § 104 (vaoGHO paccMOTpeTh OTRENBHO
cayyaum > 0um < 0),

4a, (ma) (nb) = (mn) ab,
IIpumepsr,
2 10
(2a) (~3b) = —6ab, (-5p) (-3 q) = 2.
CBOHCTBO 4a BHITEKaeT M3 NMpenbIAYINero CBOXCTBA.

Caolicta 2, 3, 4a MO3BOJISIIOT NPHMCHSATE K CKaJNAPHLEIM
TIPOM3BENIEHUSIM Te 3Ke MpeoGpascBaHMs, KaKHe ELIIONHSIOTCA
B anre6pe Haj IIPOU3BEACHUSMY MHOTOWICHOB,

1) OTHOCHTENBLHO BEKTOPHOI'0 MHOYKHTENST CBOKCTRO COUETATENLHOCTH
He MMEET MecTa: Buipa)kenne (cb) @ ecTb BEKTODP, KONAKHeapHbIH ¢ a (§ 104,
3ameyanue 2), a ¢ (ba) ecTh BEKTOP, KOANUHEAPHEIH C €, TaK 4YTO

(cb)axe (ba).
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TIpumep 1,
2ab + 3ac = a (2b+3c)
(8 cuny cBoifcts 3 u 4),
IIpumep 2,
(2a—3b) (c+5d) = 2ac-10ad —3be - 15bd
(8 cunty cBojicrs 3 1 4a),

MNpumep 3. Beuueanrs suipaxkenune (i+ k) (j—k), rae
i, j, b — OCHOBHBIE BCKTODHI.

Pemenne. Tak KaK BexTOpH £, j, ko B3aUMHO IEpIeH-
OUKYISIPHBL, TO ij =ilk=jk=0; Kpome TOrO,

Kk =k||k|cos (K k) = | k|tcosO = 1
(moavibL 0CHOBHOI'O BCKTOPA paBeH eaunue). IToatomy
({+R)(j—F) = ij—ik+kj~kk = 1.

5, EcJM BEKTOPH @ H b KOJUIMHeapHH!, T0 @b =+ |a || b |;
(sHaK -+, ecAM @, b HUMEOT OAHO M TO )K€ HanpaBJeHue,
8HaK —, CCJIM NIPOTHBOIOJIOIKHOE),

5a. B yactTHoCTH, ae = | a |2

CxansipHoe npoH3BelieHHe aa 0003HaYaeTCA a? (ckarapHblil
Kéadpam BeKTOpa @), TaK UTo
a'=lap (1)
(cxarapuuiil keadpam sexmopa ecms xéadpam e2o MoOYAR).
3ameyanuel CkanapHoro kv6a (1 TeMm 6osee BhICHIHX
creneHeil) B BekTOpHOi anredpe Her (cp. § 104, 3ameuanue 2),
3ameuyaHHe 2, a?eCTh I0JIOKUTEIBHOE YNCTO0 (KBAZpaT
JANHHBL BCKTOPAa); M3 HEr0 MOXKHO M3BJIEYb KOPEHL JioGoi

CTEneHH, B YaCTHOCTH, KBAJPATHLIA KopeHb Ya? (AnHHA Bek-
Topa @), OZHaKo HeNL3sT BMecTo Ya? mucats a,
TaK KaK @ — BEKTOD, @ Ya? ~ uucio, IIpaBunbHbiA pesyaLTaT

Gvaer:
Ve = |al. @

106, Cxansipusie npou3BeACHUA OCHOBHBIX BEKTOPOB

Y3 orpepenenus § 104 priTexaer, uT0

ii=1=1, ji=12=1, Ek=k?=1,
ij=§i=0, jk=£kj=0, ki=ik=0

cp. § 105, mpumep 3).
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OTH COOTHOWIEHHST MOYKHO IPeACTABUTBL B BHAE «TaGJMIbI
CKaJISIPHOI'0 YMHOXKCHHUsIY:

Muoxxumoe
i
Muoyurens i k

i 1 0 0
3 0 1 0
k 0 0 i

§ 107. Boipakenne CKajdsipHOT'O IN1POM3BEJICHUA
yepe3 KOOPAUHATBI COMHOKUTEACH

Ecnmney = {X, V), Z}na, = {X,, Yy, Z:}, 10 1)

aa, = X\ X,+ VY,V 4+ 2,Z,. 9))
B yacrnocry, ecniy m = {X, Y, Z}, 1o
m? = X*} Y2272 (2
0TKV]A
Ym? = |m|=VX2+ Y2+ 22 (2a)

(cp. § 105, sameuanue 2 u § 100).
INMpumep 1. Haiitu anuue BekTopoB @ {3, 2, 1},
a, {2, -3, 0} U cKa/sIpPHOC [IPUM3BEACHHE ITHX BCKTOPOB,
P emeHue, MCKOMbIC UIHHB CYTh

yai = VFTEIT = T4,
Vai = Y224+ (=3)*+0* = V13,

CransipHoe npou3Be/ieHne
aa, = 32+2(~-3)+1:0=0.

3naunr (§ 105, m, 1), BeKTOPH @; U @, NCPIECHAUKYISIPHEL

1) Hmeem @ = X d+Yii+Zik, @, = X,i+Y,j+Z,k Tlepemuo«
Kaem, YUnThIBas cBoltcTBa 3, 4 § 105 1t TaGanuy § 106,
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ITpume p 2. Halith yrom Me>xkay BeKTOpamu
a{-21,2uea{-2, -2, 1}
PewecHue JIHHb BEKTOPOB CYTh
la,| = V(C2PF B2 = 3,
la,| = V(=2 + (=2 + TF = 3.

CkajsipHoe  npoU3BeACHHC @@, = (—~2)(—2)+ 1(~2)+
+2:1 = 4. Tak Kak e, = | @, ||a,|cos (af,\az), TO

N y
COS(al, a,) = Wz—l- 339

(a;, @) ~ 63°37

T. €.

§ 108. YcnoBue nepneHAUKYIAPHOCTH BEKTOPOB
Ecnu Bexropnl a, {Xy, Yy, Z,}, @, {X,, Y., Z,} B3aumho
NCPHEeHANKYJISIPHBL, TO
X X+ Y Yo+ Z,Z, = 0.
O6patHo, eci X, X+ Y,Y,+Z,Z, = 0, 10 BCKTOpH @,

11 @, NePNeHAUKYJISIPHB MM OAHH M3 HMX (Hanpumep, @)
€CTb HYJb-BeKTOp?!) (Torpa X; = Yy =2, =

Bupoputcans m, 1 § 105 u (1) § 107,

§ 109. Yrox mexay BeKTODaMH
Yron ¢ MOXAY BekTopamu @ {X;, Yy, Z,}, a2 {Xy Yo, Z5}
MO)KHO Haittu no gopmvie (cp. npumep 2 § 107
aa; x1x2+y,yz+z,zz 1)
Fodl-lo]l ™ yXeiveezi yX3+vitzg
BuiBopurest u3 (1) u (2a) § 107,
II p nme p 1. Haiitn vron mexay Bekropamu {1, 1, 1} u
2, 0,
Pemenum
1.241.041.3
COSQ = ——— —— = —
? Yrerizrizy2r43 Y3 y13
OTKYJAa @ ~ 36°50",

Cos @ =

~ 0,8006,

1) Hy ab-BEKTOP MOM(HO CUHTATL NEPNEHHKY IAPHLIM K MoGoMYy BeKs
TOpY; €p. § 82,
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IIpumep 2, BepunHL TpevroabHuka ABC CYTb
A(l; 25 =3); B(0; 1; 2); € (2; 1; 1)
Haiitin pomusl cropon AB n AC u yron A.
PeweHue,

AB = {(0-1), (1-2), @+3)} = {1, =1, 5},
AC = {(2-1), (1-2), (1+3)} = {1, =1, 4},
|AB| = V(=T + (= 1F+5 =313,
|4l | = YT (=& =373,

— e—
cos A m —ABAC__ _ (=1 14(=1)(=1y+5:4 _ 20
|AB[-]AC| 9YE 976

3amevanuc Gopuvias (1)—-(3) § 101 aBnsioTes ya-
CTHLIMHK covyasiMi gopmyaet (1) HacTosumero naparpada.

§ 110, Ilpapass ¥ NeBasi CUCTEMBI TpeX BEKTOPOB

Ilvers @, b, e—Tpu (HEHVJCBLIE) BeKTopa, He Iapal-
JenLHbIe OHCiT IIOCKOCTH M B3ATHIC B VKa3aHHOM IOPSIAKE
(r. ¢. a—neppbil BexTOop, b—~BTOPOIt W e—TpeTuil) Ilpu-
BCAS MX K o0memy Hauany O
(uept. 152), mOAVUNM TPU BEK-~

— ey —p
Topa QA, OB, OC, ne Jyexxa-
1He B ORHOIT MJIOCKOCTH.

CucremMa Tpex BEKTOPOB
a, b, ¢ HaspBaeTCs npaecoil
(uept. 152), eciu mnoBOPOT

UepT. 152. Yepr. 153, BekTopa O A, coBmemanomuit
€ro I0 Kparuailmemy nyTH €

—
BEKTOPOM OB, COBepuaeTcss NMPOTHB YacoBOH CTPENKU s
Haliofaress, rjaa3 KOToporo nomemaecrcst B Touke C.

Ec/iM )K€ VIIOMSIHYTHIH IOBOPOT COBEPLIAETCST 1O YacoBOH
crpenke (yepr. 153), TO cucTeMa Tpex BEKTOpOB @, b, ¢ Ha-
3biBaeTCs 4e60ii ?),

IDpumep 1. OcHoBHEIE BekTOPH ¢, §, k& B npaBof CH-
creme koopamuat (§ 94) obpasyior mpasvie cuctemy. Cu-
cTema e j, i, e (BeKTOPHI Te e, HO MOPSIA0K MX Apyroi) —
JeBast.

Ecny umeeM aBe CHCTEMBI TPeX BEKTOPOB M Kaknas M3
HHX NpaBast MM KaXkAasl JieBasi, TO FOBOPSAT, YTO 3TH CHCTCMbI

1) QJ NPOMCXOXKAEHHH HA3BaHHH «IpaBash M «ieBash CM. § 94, same-
YaHue 2,




§ 111, BEKTOPHOE INPOUSBENEHNE OBYX BEKTOPOB [43

MMEIOT 00UHAKOGYI0 OpUEHMAYUr; €CNM JKe OxHAa CHCTeMa
npasasi, a Apvras JieBasi, TO IOBOPAT, YTO CHCTEMEl HMCIOT
npomueonoaA0NHCHYI0 0pUeHMAyUio.

Ilpu oaHOKPATHOH NepecTaHOBKE JIBYX BCKTOPOB CHCTEMA
MensieT opueHTauuio (cp. npumep 1),

CucteMa COXpaH;CT OPUCHTALMIO NMPU KPpy208oil nepecma-
Ho6Ke BEKTOPOB, MOKa3aHHOHM Ha uepTt. 154 (BTOpOit BekTOp
CTAHOBHTCSI IIEPBHIM, TPETUIT — BTOPLIM, @ NePBLI — TPETHUM,
T. €. BMECTO CHCTEMH! ¢, b, ¢ nosnyyaem cucremy b, ¢, a).

IIpumep 2. M3 npaBoif cucrems! i, j, o Kpyropoii mne-
peCcTaHOBKOMH mosnyyacM mpaBvio cucremy j, %, ¢, u3 mocrnes-
Heik —npaByio cucremy k, 4, §.

Hpumep 3. Ecnu Bexroper @, b, ¢
06pasviOT npaBVIO CHCTEMY, TO CJICAYIOUIHE
TP CUCTEMBI ~ paBLie:

e, b,e, bec,a cab,
OCTAJILHEIC YK€ TPU CHCTEMBL
b,ac a,c¢ b cb,aq,

COCTABJIEHHBIC U3 TCX YK€ BEKTOPOB, — JICBHIE,
ITpaByIo CHCTCMY TpPeX BEKTOPOB HENL3A COBMCCTHTR HU
€ Kaxo# neBoif.
ITpu3epransHOM B30 0pa)kCHUU ITPABASI CHCTEMA CTAHOBUTCST
JIEBOH M HaoGopoT,

Yepr. 154,

§ 111, BekropHoe npouspefeHMe JBYX BEKTODOB

OnpeneneHue, Bexmopnsim npoussedertitem BEKTOPA
a (MHO)KMMOC) Ha He KOJUIHHeapHbli ¢ HMM BexTop b (MHO-
JKUTCJb) HasbIBAGTCS TPETHH ReK-
10p ¢ (mpOH3RencHHe), KOTOPHIL
CTPCHTCST CIENVIOMIUM 00pasom:

1) ero mMonvanb YUCNEeHHO PABEH
mromany napauaenorpamma (AQBL
Ha uept. 155), moctpoenHoro Ha
Bekropax @ H b, T. €, OH paBeH

. ~
|a] -1 & |sin (a, b);
Yepr, 155, 2) ero HampamJjicHHe MepreHjx-
KVJISIPHO K IIJTOCKOCTH YIIOMSIHYTOIO

napannenorpamma;

3) PY STOM HATIPABICHHUC BEKTOPA ¢ BLIOHPACTCS (M3 ABYX

BO3MOXHBIX) TaK, 4T0OLl BEKTOPH @, b, ¢ CCCTaBNSINM NP3~
Bvio cuctemy (§ 110).
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O6o3HaueHue: ¢ =axb unu ¢ = [ab].

JlononHeHHEe K ompegeJeHHIo. Eciu BeKToph @
u b KouMHeapHH, TO urvpe AOBL, cuntasi ee (VCil0BHO)
NapajuieJIOrPaMMOM, €CTECTBEHHO NPHNUCATh HVJEBYiO IIO-
mazas. [103TOMY BEKTOPHOE NPOMU3BENeHHe KOJIJIHHEAPHBIX BeK-
TOPOB CYMTAETCS] PABHLIM HYJIb-BEKTODY.

TI0CKQJILKY HYJIB-BEKTOPY MO>KHO NMpPHMHcaTbh n1060e Hanpasienie,
9TO COTJIAIUEHHE HE NMPOTHBOPEYHUT MNYyHKTaM 2 M 3 OIpeaeneHus.

3amcuaHue 1. B TepMHHe «BEKTOPHOE NMPOHU3BEACHHCH
TiepPBOE CJIOBO VKAa3LEIBAET Ha TO, YTO PE3VJbTAT AEHCTBHSA €CTh
BEKTOD (B NPOTHBOIOJIOKHOCTb CKaJIsAp-
HOMY TIpoM3BejeHHIo; cp. § 104, 3ameua-
nue 1).

ITpume p 1. Haiftu BexTOpHOE Mpo-
u3BeneHue t X j, rpe i, j — OCHOBHEHIC
BEKTOPH MPaBOil CHCTEMBI KOOpAUHAT
(uepr. 156).

PeweHuec. 1) Tak Kak AJIHHLI OCHOB-

Yept. 156. HBIX BCKTOPOB PaBHHI eAUHMLE MmaciuTala,

TO IUIOIIAAbL napaJjuiesorpamma (KBaapara)
AOBL uncnenHo paBHa eauHHLUe. 3HAYMT, MOAYNb BEKTOD-
HOI'0 IIPOM3BEJEHHS PaBCH eJHHHLE.

2) Tak Kak HepHneHAMKYIsp K miockocth AOBL ecib
ocb OZ, TO HCKOMOE BEKTODHOEe NpOU3BeJeHHe eCThb BEKTOP,
KOJUIMHeapHBIt ¢ BekTopom Kk; a Tak Kak o0a OHH MMeElOT
MOAVJL 1, TO MCKOMOE BEKTODHOC IPOHM3BCACHHE DPaBHO
aunbo k, nu6o — k.

3) M3 aTHX ABYX BO3MOXCHBIX BEKTOPOB Hamo BLIOparh
TepBhIi, TaK KaK BeKTOPH i, §, k& 06pa3vioT NpaBvio CHCTEMY
(a BekTOpHI £, j, —k — J1EBYIO).

Hrak,

ixXj="h

ITpumep 2. Hailtn BekTOpHOC nmpousseacHue j X i.

PeweHue. Kak B npumepe 1, 3ariiioyaem, 4T0 BEKTOP
J X ¢ pasen snnbo k, im6o —Fk. Ho Tenepb Hano BHOpaTh
—k, u6o Bexrtopn j, i, —k 00pasvioT INpaByI0 CHCTEMY
(a BeKTOpH j, i, k — NIeBYIO).

Hrak,

jxi= -k

IIpumep 3. Bexrops! ¢ U b MMelOT JJIUHEL, COOTBET-
CcTBeHHO paBHHle 80cM u 50cM, M o6pasvior vrox B 30°.
IIpuHAB 3a eaUHULY AJKHB METP, HAHTH MJIMHY BEKTOPHOrO
IIPOH3BCACHUA @ X b.
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PeweHue. Ilnowanp napanneisorpamma, nocTpOEHHOro
Ha Bekrtopax @ ¥ b, paBHa 8050 sin 30° = 2000 (cM?), T. e.
0,2 3. [InrHa NICKOMOT'0 BEKTOPHOI'0 NPOU3BeieHHs1 paBHA 0,2 M.

ITpumep 4. Halitd QIMHY BEKTOPHOT'O NPOH3BEACHHUS
TCX )Ke BEeKTOPOB, NPHHSB 33 eMHULY JUIMHBI CAHTHMETD.

Pewenue Taxk Kak niowanb napanjenorpamma, no-
CTPOCHHOrO Ha BeKTopax @& U b, pasna 2000 cM?, TO aauHa
BEKTOPHOTO npou3BefeHuss paBHa 2000 cu, T. e. 20 M.

W3 cpaBHeHust npumepoB 3 U 4 BUIHO, YTO JJIHHA BEKTOpa
a X b 3aBUCUT He TOJNILKO OT AJIMH COMHOKHUTeJiel @ u b, Ho
makce u om 6vl60pa eOUHUYbL OAUHDL.

OHSHUECKHH cMbICH BEKTOpPHOro npounspsene-
H H A. U3 MHOrouHCIeHHbIX CbHSquCRHX BENHYHH, usoGpa)«aeMblx BEKTOp-

HbIM NTPOMSBEICHHEM, PACCMOTPHM TOJIBKO MOMEHT CHJIBLI,
MycTb A ecTh TouKa NpHUAo)KeHns cuanl F. Momenmonsm cuast F OTHO-

CHTEeNBHO TOYKH O HASHIBAETCH BEKTOPHOE NpousBenenne O A X F. Tawx kaw

MOJY J1b 3TOI'0 BEKTOPHOT'O NPOHIBEIEHH ST UKCIEHHO pa- AL

BEH nuomany napannenorpamma AFLO (uept. 157), Rk

TO MOAYJIb MOMEHTA PABHAETCS NMPOHWSBEEHHIO OCHO- 4 1

Bauna AF uaBuicoty OK, T. €. cune, NOMHOKEeHHON Ha .’ 1

paccTOAHKE OT TOYKKH O J10 NMPsAMOMR, BAONbL KOTOPOH e !

neficTBYeT cHna. 0 F
B MexaHuKe NOKa3blBaeTCH, YTO AN PABHOBECHS X

TBEpAOro Tena Heob6xoaumo, yTo6bl paBHRNAACH HY IO

He TONbKO cyMMa BexktopoB Fy, F,, Fy, ..., npencras- F

NAOWMX CHIbI, NMPHNOHCEHHbIE K TENY, HO TaK)Xe H

CYMMa MOMEHTOB cHJI. B TOM cnyuae, Korna Bce CHAbI

napaJnenbHbl OHON NIOCKOCTH, CI0XKEHHE BEKTOpOB, Yepr. 157.

MpPEencTaBAAIOIINX MOMEHTLI, MOXKHO 3aMEHHTDb CI0)Ke-

HHEM H BblUMTaHMWEM HX MoayJsieit. Ho nNpy NpoMsBoJIbHBIX HANpPaBleHUAX

CHJI TaKas 3aMeHa HEBO3MO)XKHa. B COOTBETCTBHHK C 3THM BEKTOPHOE MPO-

HSBE/IEHHE OMNpENesIAeTC HMEHHO KaK BEKTOpP, & He KaK YHCIo.

§ 112, CpolicTBa BEKTOPHOI0 NpPOH3BEACHHA

1. BektopHoe npousBeneHHe @ X b ofpamaeTcs B HVJb
JIMWb TOTAQ, KOrja BEKTOPH @ U b KOJJIMHEAPHH (B 4aCTHO-
CTH, €CJIH OfHH M3 HUX MJIH 003 — HYJIb-BEKTOPHI).

BriTeKaeT M3 nepBOro NyHKTa onpenenenus § 111,

la.a X @ =0.
PaBeHcTBO @ X @ = 0 HCKJloyaeT HeOOXOAUMOCTb BBOJHTH
[IOHAITHE «BCKTOPHOT0 KBaaparta» (cp. § 105, n. 5a).

2. I'lpu nepecTaHOBKE COMHOKHTeNEH BeKTOpHOe Npou3Be-
AeHHC YMHO)KaeTcs1 Ha —1 («MeHsieT 3HAaK Ha 0OpaTHbID):
bxa= —(a xXb)

(cp. npumepn 1 u 2§ 111).
Taxkum 06pa3oM, eexmopHoe npouséedeHue He obaadaem
ceoticmeom nepemecmumeadbrocmu (cp. § 105, n. 2).
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3. (¢+b) XTI =a xXI+b X1 (cpoiictBO pacmperenu-
TCNBLHOCTH).
ITO CBOMCTBO HMEET MCCTO IJIS1 J1106Oro YyMcaa CJIaraeMbiX;
Hanpumep, NPH TpexX CJaraeMblX UMCCM:

(@+bte) Xl=a xX1l+b XIl+e X1

4, (ma) X b = m(a x b) (cCBOHCTBO CoYeTATENLHOCTH OT-
HOCHUTEJIbHO CKaJsipHOrO MHO-
IKHTEIA),
4a. (ma) x (nb) = mn(a X b).
INMpumepw: 1) ~3a x b = -3 (a x b).
2) 0,3a X 40 = 1,2(a X b).
3) (2a—3b) X (c+5d) =
=2(a Xe)+10(a x d)-3(b x e)~15(b X d) =
=2(a Xc)+10(@a X d)+3(c X b)+15(d X b) =
=2(a X c)-10(d X a)+3(c X b)+15(d X b).
4) (a+b)x(a-b)=axa—a xb+b xa-b Xb.
ITepBoe M ucTBCpTOE Ciaracmble papuel HyJo (. 1). Kpome

UepT, 158,

TOT0, b X @ = —a X b (n. 2). 3xHauur,
(@a+b) X (@=b) = —~2(a X b) = 2(b x a).

Crano 6nite, nuomane OCKD (sepr. 158) mapoe Gonniue
nnoutanu O ACB,

§ 113, BexTopHble NpOM3BeNEHMS OCHOBHBIX BEKTOPOB
W3 onpepencuns § 111 perreract, uto

i Xi=0, i Xj=Ek, i X k= ~—j,
jXi=~—FE jxj=0, jixEk=i
kxi:j, kxj:-—i, Exk=0(



§ 114, BEKTOPHOE NPOM3BEAEHHME B KOOPAUHATAX 147
UroGel He omnbaThCst B 3HAKAX, TOJIE3HO JEPKaTh B yMe
cacaviomyio cxemy (uept. 159). TTonp3eBaThCA €10 HAZ0 TaK:
Ecau uanpapneHue kparuaiwero nyTd OT NCPBOTO BeK-
TOpa (MHOMMMOUIC) KO BTOPOMY (MHOXKHTENIO) COBIAajaeT
¢ HanpasJieHHEM CTPCJIKM, TO NPOMU3BCACHHE PABHO TPETbEMY
BEKTOPY; €CJN He CcoBManaer, 1o ’rpemii BCK~
TOp 6epeTcs cO 3HAKOM MHHVC. TN
INpumep 1. Hailtu k x 4. Ha cxeme J
HanpasJieHHe Kpartuyafiwero nytd ot k K @
coBrnagaer ¢ HanpapieHWeM CTpeiku. I103To-
My bk Xi=j.
IIpumep 2, Halitu k x j. Tenepp Ha- K
rpaBJieHHe Kpatyaifwero nyTH IpOTHBOMO-
JIOKHO HampabneHMio CTpenkd, Iloaromy — AePT 159
It xj= —1.
ITpumep 3. VYnpocrurs BHpa)KeHHe (2i—3j46k) X
X (4i—6j+ 12k), PackpbiBast co06KH U MOAL3YsICE Tabauuei
WY CXCMOH, HaXO0AUM;

(20 ~3j+6F) X (4i—6j+12k) = 8 (i X i) —
—12( X f+24( x B)=12(G x )+18( X )~
—36(F X K)+24(k X #)=36(k x j)+72(k X k) =
= = 120 — 2454 12k = 368 4-24j4-36i = 0.

Tak KaK BCKTODHOE Ipou3BejeHHe 006pamiaeTcst B HYJb
TONBKO B CJVYae KOJUIMHCADHOCTH COMHOXHTeneit (§ 112,
m 1), To BeKkToput 2i—3j+6k u 4i—6j+ 12k KonauHeaps
Hbl, ITO NOKasLIBAeT M npusHak § 102,

§ 114, BoipajkeHHe BEKTOPHOI'0 NMPOM3BENCHHS
yepe3 KOOPAHHATHI COMHOKUTENCH
Ecm = (X, Yy, Zj} nay = {X,, Yy, Z;}, 107)
Iyl Zl‘ Z.l Xl Xl Yl } (1)
1Y Z, | |Z, X, X, Y,

Bripakennst, oKalfMICHHBIC BCDTHKAABHBIMH uepTamy, —
OIpeAeaMTeaN BTOPOro nopsiaxa (§ 12).

’

01><02={

1) Haxonum BexTopHoe mnpousmenenne (X #+ Y i+ 2Z k) X( X8+
+Y23+2Zyk), nonbaysach Tabnuuei § 113 # cooficteamu 2, 3, 4 § 112 (cp.
apumep 3 § 113),
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INpakTHuecKoe mpasBugo. Yrobsl moayvuuth Ko-
OpAMHATHI BEKTOPa @, X @,, COCTaBUM Ta0Juuy

X, Yy Zy @
X, Y. Z,
3akpeiB B Hell nepsbiif cTosn0en, HAXOJUM NCPBYIC KOOD-
AMHATY
Y, Z,
Y, Z,'
3akpuiB BTOpOil CcTONIGEl; M 6376 ocmaswiuiics onpedeau-
. X1 Z,

meab ¢ oGpamHulM 3HAKOM (— HJIH, YTO TO MXKC,

Zy Xy

Z, X,

3akpeie TpetHit cTonben (ocraBuimiicst ompeacauTeab Oe-
PCTCs1 CHOBA CO CBOMM 3HAKOM), HAXO/AUM TPCTbI0 KOOPAUHATY.

ITpumep 1. Haiith BcKTOpHOE NpPOU3BCACHHC BCKTOPOB
@ {3, -4, -8} na,{~5,2, ~1}.

P c ure 11 ue. CocraBasem tadauny

3 -4 -8
-5 2 _1

XZ Z2
) , HAX0UM BTOPVIO KOOpPAHHATY.

3axkpni nepBLii cTosiGell, NONYUACM NEPBYI0 KOOP/UINATY
-4 -8

g 1| = (=9 (-1-2:(-8) = 2.

3axpuIB BTOPOIT CTOJIGCI, HAXO/UM OIIPCACIANTEND
3 -8
-5 -1

Mepecrapnsia B HeM CTONGUE! (OPH ITOM 3NAK MCHSICTCST HA

. - 3
o0paTHEIit), MoJyyacM BTOPYIO KOODAUHATY l 1 —5l= 43.
3akpuIB TpeTHiHl cTONOCL, MOAYYACM TPETHIO KOOPAHHATY

= —14,
-5 2 !
Hrak, a; x a, = {20, 43, - 14}.
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3amevanue Yrods He omHnOUTHCS B 3HaKe NMPH Bbl-
YHCJEHUM BTOPOIl KOOPAMHATHI, MO)KHO BMeCTO Tabnuubl (2)
nosb30BaThCs1 Tabnuuer

X!. yl ZI. X.l Yl
Xz Yz Zz X2 yz ’
noJsivuaemoii u3 (2) mpunuchiBaHUEM HEPBHIX ABYX CTOJIOLOB.
3akpuiB B (3) mepBbiii crosiben, GepemM moapsia Cieaviouue
apa. 3artem, 3aKpbiB €lUC M BTOPOii crosifel, Gepem mnoapsn
cacavioure asa. HaxoHel, 3akpuiB ¥ TpeTHit cTonbeu, Gepem
nocjcaHyde aAsa. HU B 0AHOM U3 TPeX MOJIVYEHHBIX Ompefe-
JIMTENIeit He Hano nepecTaByisiTh CTONOLBL
INpumep 2. Haitth nnowans S TpevrosibHUKa, 3aaaH-
HOro BepwHHamu A,y (3; 4, —1), A, (2; 0; 4), A;(-3; 5; 4).
Pewenuec. Mckomass nnomaabr pasHa N0NIOBHHE TJ10-

Waay napaniesiorpamMmma, MOCTPOCHHOTO HAa BCKTOpax A; A, U
A A, Haxomum (§ 99) A, A, = {(2-3), (0—4), (4+1)} =

={-1, -4, 5} n AA; = {-6, 1, 5}. Ilnowaaer napan-
Jesorpammas  pasHa  MOAVJI0  BCKTOPHOTO  IIPUM3BC/ICHISI

AlA, X AA, a nocnegHee paBHo {—25, —25, —25}. Cie-
A0BATCAbLHO,

S= L1 A4, x A 4| =  V(CBFF(=By + (= By =
= L V1875 ~ 21,7,

®

§ 115. KomMniaHapHble BCKTOPbI

Tpn Bewropa (iau (oJbluce yHCIIO) HA3LIBAIOTCS KOMNAG-
napuoimu, ecian oHM, OVAYUYH NPHBCACHH K 00lUECMY Hayany,
JICKAT B OAHOH TMJIOCKOCTH.

Ecan xors Ob 0AMH M3 TPEX BCKTOPOB — HYJICBOH, TO TPH
BEKTOPA TOKE CUMTAIOTCST KOMITJIaHaPHBLIMH.

IMpusuak komnaanapuoctu cm. B §§ 116, 120,

§ 116. CmemaHHoe npou3BereHHe

CMetwanHblM (MU GeIcmoprio-cKAAapHLIM) TIPOH3BCACHHEM
TPeX BEeKTOPUB @, b, ¢ (B35TLIX B YKA3aHHOM MOPSIIKE) Ha3bl-
BaeTCsl CKaJsIpHOC NPOM3BCACHHE BCKTOpA @ Ha BEKTOPHOC
npousscaeHue b X ¢, T. €. uucyo a (b X ¢), uIM, 4To TO e,
(b xc)a.

O6osHaueHne: abe.



150 AHANUTHUECKAS FTEOMETPHA B fIPOCTPAHCTBE

IIpusnHak KoMnnaHapHOCTH. Eciu cucrema a
b, e-npasasi, T0 abe > 0; ecnu Jesas, T0 abec < O.
Ecnu »xe Bektopul @, b, ¢ xommuadapust (§ 115), To abe=0.
D Hnbimu cnoBamu, obpaujerile ¢ Hyab
cMewantioe0  npouseedenus  abe
ecme  npusHaK  KOMnAamaphocmi
gexmopos a, b, c.

FcomerpHueckoe U c-
TONKOBAHHC CMCIIAHHOTO
npouzpeacHusa CmewanHoe
npousBeficHHe abe TpPex HeKoOMMa-
Uept. 160. HapHbIX BEKTOPOB @, b, ¢ paBHO 00D~

eMY napajnejienunefa, NOCTPOEH-

HOT0 Ha BeKTOpax &, b, ¢,B3stTOMY CO
3HAKOM TUIIOC, €CJIM cucTemMa a, b,
c—-npaBasg, ¥ CO 3HAKOM MHHVC,
€CJIM 3Ta CHCTEMA JIeBasl.

TMMoscueH ne, INToctrpoum (uepr, 160,
161) BexTOp

—_—
OD = aXb. (1)
Torna maomans ocHoBauist O A B paBna
—
S=]0D]|. 2)

—
Beicota H (nnvHa BekTOopa O M), B3ATASA CO
3HAKOM TUTIOC HJIK MMHYC, ecTb (§ 92, 1. 2)

D anrebpavuecKas NPOEKLHs BEKTOpa € 1o
Yepr. 161, uanpasnemﬂo OD, 1. e.
= & np-e 3)

3uak naloc Gepercs, Koraa OM M OD paBHOHampanneHs! (yepT. 160),
a 1o 6yner B ciayyae npaBoit cuctemnul @, b, €. 3HaK MHHYC OTBEYaeT
nesoii cucteme (uept, 161). M3 (2) n (3) noayvaem:

V =8H = i]ODInp—»c,
HoO ]OD| Np——--¢ €CTh CKANAPHOE NpOV3IBEReHHe OD «c(§ 104), T. e,

(a %b) ¢. 3naumnr,
= + (aXbd)e.

§ 117. Cpoiicrea cMeLIAHHOIG NPOM3BEJCHNSA

1. Ilpu xpvroeoii nepecranoske (§ 110) comHOKuTenei
CMeIlaHHOE IIPOM3BCACHHME He MEHseTCsI, IPH NePecTaHOBKE
JBYX COMHO)KUTeJNeH — MEHSICT 3HAK Ha 00paTHRIL:

abe = bea = cab = —(bac) = —(cba) = —(acb).
BBITeKaeT H3 reoMeTpHuecKoro MctonkoBaHusa (§ 116) u ms § 110.
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2. (a+b)ecd = acd+bed (cBoMcTBO  pacnpeiesnuTeNb-
HOCTH).
PacnipocTpaHsieTcsi Ha J11000€ YMCAO CJlaraeMbix.

BoiTekaeT N3 onpefesieHHsT CMEILaHHOr'o nponssenenns 1 § 112, i, 3,

3. (ma) be = m (abe) (CBOMCTBO COYCTATEJILHOCTH OTHO-
CUTEJIbHO CKaIsIPHOF0 MHOYKHTENIST).

BLITeKaeT U3 ONMpeReneHNA cMEIIaHHOTO NMpoHsBeneHHA B § 112, n, 4,

3TH cBoOiicTBa IO3BOJISIIOT NPUMEHATH K CMELIAHHBIM ITPO-
M3BefieHUsIM npeo0pa3oBaHust, OTJAUYAMMECs] OT OOBIYHBIX
alire6panyecKHX JIHIIb TCM, YTO MEHAMb NOPAOOK COMHOMCU-
ineaell MONCHO MOALKO € yuemoM 3Haxa npousgedenus (m. 1).

4. CmewraHHOC NMPOM3BCACHHE, UMeloLiee X0Ts Obl ABa pas-
HBEIX COMHO)KMTENs, PaBHO HVJIIO:

aab = 0.
IIpumep 1.
ab (3a+2b~5¢) = 3aba+2abb —~5abe = —5abe,
IIpumep 2.

(@+b) (b+e) (c+a) =
=(exbtaxet+b xbi+bxc)(cta) =
=(@ X b+a xc+b xe)lc+ a) =
abe 4 acc4aca+aba+ bee+ bea.
Bcee wieHsl, Kpome ABYX KpaitHHX, paBHsI HyJ0. Kpome Toro,
bea = abe (cBoiictBo 1). ITooTomy

(a+b) (b+c)(c+a) = 2abe.

§ 118. Onpenenntens TpeThero nopsmka ')

B0 MHOrMX ClVYasix, B YaCTHOCTH NPH BLIYUCIIEHHH CMe-
WAHHOT0 NpPOM3BeAeHHs, VIOGHO I0Jb30BATHCS SANHCHIO BHAA

a b ¢
a, by ¢, (¢))
a; by ¢,
OHna npeacrapisieT COKpalleHHoe 0603HaueHHe BhIPAMKEHUS
o b, ¢, b, a, €, +e, a, b, . @
b; €3 ag ¢ a, b,

1y Moppo6uee of onpenennTensnx cM. §§ 182 —185,
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BuipakeHue (1) HasbiBaeTcs1 onpedeaumeneM mpemnbezo
nopsoxa.

Onpenenureny BTOPOrO MOPSAAKA, BXOAsiide B (2), co-
CTaBJIeHbl CieAyiowMM 06pa3oM. BuiuepkHeM u3 Tabauusl (1)
TY CTPOKY H TOT CToJi0eCll, TAe CTOHT @, KAaK IOKa3aHO Ha
cxeme:

@r--br---€i
1

ia,'} b,_) c;’
By by G

Ocraiowmuiicst onpefenuTtens BXOAHT B (2) MHOKUTEJIEM 1pH
BBIMCPKHYTOH OVKBe @;. AHAJOrHYHO MOJIYYAIOTCS ABA APYIHX
onpeacauTesis Gopmyis (2):

a--Hr--¢ Gr-bi--
]

@ b " @ b &
)

UA b_;' Cy a; b_., (_'3

Hano nomuutb: cpednuii uien 6 fopmyse (2) crabyicen
3naicom munycl
TTpume p 1. BHYUCIUTL ODPEACAHUTED

-2 -1 -3
-1 4 6
1 5 9
Hacem:
-2 -1 -3
3 406 | -16 —-14
—ho4 0= =2 gL 15|
1 5 9 :
= —-26+1(-15)-3:(=9) = 0.
. ) a, ¢, Cs Uy
JamcuaHue 1. Tak Kak = - , TO OII-
a, ¢, ¢y ay
pefiesinTeNb TPEThero NOpsiAKa MOX(HO NPEeACTaBUTh CLUC TAK:
a b ¢
by € €, Qa a b
a by | =ayf ~ ° W E e P (3)
1bs ¢ €3 a; b,

as b; ¢
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3AcCH BCE OMPEACNIMTC/IM BTOPOr0 NOPSAKA CHA0XKCHBI 3HaA-
KOM mioC.

3ameuaHue 2 Bouncnenne no gopmyne (3) MoxHO MeXaHH3HPO-
BaTh chaeaviommm oGpasom. Flpunumem K tabauue (1) nna nepshix ee
cronbua; nonyuymm tabauuy

d1 b ¢ a b
as by ¢z ay b (4)

ag by ¢3 a; by

Bepem u3 mepBoit cTpOKK GYKBY a; M CNYCKAaeMCsi OT Hee Mo AHaro-
HanMu HanpaBo, KaK NoKasaHo cTpeaxo# na tabnuue (5):

a b ¢ a b

as | by ¢2 | az b» (5)
az | by ¢3 l as by
OnpenenuTens BTOPOro MOPSAKA, 11d KOTOPLIA YKA3LIBAET CTPENKA, MHO-
by ¢
YKHMTCA Ha a;. [Monyuaem a;
bg Cg

3aTem 3aKphiBacM nepuoift ctonbey, 6epem H3 nepBoit CTPOKK OYKBY by
(nNepBy10 M3 OCTABIUMXCA) H NOCTYIAeM aHaNOTHYHO, KAK MOKasaHO Ha
Tabnnye (6):

by ¢ a
l> € ap | by (G)
by | ey ay | by
Monyuaem: b, € @2
¢ dg
HawroHell, SakpbiBaeM BTOPOH cTonGey M ronyuaem: ¢, | - :’
TIpHMe p 2, BLIUHCIHTD ONPENENHTEND f o
1 2 3
D=| -1 3 4
2 5 2
CocraBnsnem Tabnuny (4)
1 2 3 1 2
-1 3 4 -1 3
2 5 2 2 5
¥ HAXOJ{HM:
R HA AT
5 2 2 2 2 5

—-14420-33 = =27.

1
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§ 119. Bripakenue CMELIAHHOTO MPOM3BeNCHHA
qYepe3 KOOPAMHATHI COMHO)KMTedeH

Ecnu BEKTODH @&, @5, @3 NAHBH UX KOOpAHHATAMH
a; = {Xlr Yly Zl}) @, = {Xz, yz: Zz}r a; = {Xav yay Z:l}r

TO CMellaHHOC NPOMIBCICHUE @,@,@, BLIUMCIsSETCS 1O (op-
Mviie

X Yy 4
eaa, = |X, Y, Z,]|. (1)
Xy Yy Z,

Boitexaer u3 dopmyn (1) § 107 u (1) § 114.

INMpumep 1. CmewaHHOe NpPOH3BEJEHHE @,@,@; BEKTO-
poB @ { -2, —1, -3}, a;{ -1, 4, 6}, a;{1, 5, 9} pasHo

-2 -1 -3
-1 4 6| =0
1 5 9

(cp. § 118, npumep 1). Buaunr (§ 116), Bex'ropbi a, b, ¢ KOM-
nJaHapHbl.

INMpumep 2. Bexropu {1, 2,3}, {-1,3,4}, {2,5, 2}
06pasvioT JieBYI0 CHCTEMY, HOO HMX CMeLAaHHOe NPOH3BefeHHE
(§ 118, npumep 2)

1 23
-1 3 4

2 5 2
oTpHUATeNLHO (cM. § 116).

= =27

§ 120. IIpU3HAK KOMNIAHAPHOCTH
B KoopausaTHo# ¢dopme

VYceaosue (HeoGxonnMMoe M JOCTATOYHOE) KOMIUIAHAPHOCTH
BeKTOPOB @ {X,, Yy, Z)}, @3 {X,, Vo, Z,}, @y {X,, Yy, Z4}
ecth (cM. § 119, npumep 1)

X, Y Z
X, Y, Z,|=0.
Xs Yy Z,

BuiTekaer H8 § 116,
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§ 12i. OGbem napannenenunena

O6bem mapasiienenurena, IOCTPOEHHOr0 Ha BEKTOPax
a, {Xy, Yy, 43}, @ {X,, Yy, Z,}, @ {X;, V3 Z3},

paBeH

Xy Yy, Z,
V==zx|X, Yy Z|,
Xs Yy Zy

rae sHak mioc GeperTcsi, KOraa OINpeleNuTesb TPCTbero Ino-
PSIKA MOJIOXKHTEJICH,  MUHYC — €CJIH ONpeACaHTeNL OTpHLa-
TeneH (cp. § 13).

BuTexkaer 13 §§ 116, 119,

IMTpumep 1. Halitu 00bem napasiesicnumnena, NocTpoeH-
Horo Ha Bextopax {1,2,3}, {-1,3,4}, {2,5,2}.

PeueHHe. Fimeem; -

1 2 3

-1 3 4

2 5 2

V=4% = :t(—27).

Taxk Kak onpejenHtesib OTpHIATENeH, fepeM nepex HUM 3HAK
munyce. Haxopum V=27,

IIpumep 2. Halith o6bem V TpevrossHolt nupamuanl
ABCD c sepuinHamu A(2; —1; 1), B(5; 5; 4), C(3; 2; -1),
D (4; 1; 3).

P e e nue Haxogum (§ 99):

AB = {(5-2), 6+1), 4= 1)} = {3, 6, 3}.

TaxuM xe o6pasom AC = {1,3, -2}, AD = {2, 2, 2}. M-
KOMBiif 0G'beM paBeH % o0beMa mapanseaennne)a, NocTpeeH-

1oro Ha pebpax XE, Za AD. Ioaotomy

36 3
V=2¢[1 3 -2
2 2 2

Orciopa nonyyaem V = 3,
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§ 122. [IBoiiHOe BeKTOPHOE NPOH3BE/CHHE

JHeolinom 6exkmopHbIM npouseederitteM Ha3bIBACTCS BHIpa-
JKeHUe BHAA
ax(bxe).

JBoitHOE BEKTOPHOE NPOH3BEJICHHE €CTh BEKTOP, KOMILIa-
HapHEIi ¢ BEKTOPaMH b H ¢; OHO BbIPAXKAETCSI YEePE3 BCKTOPHI
b ¥ ¢ caepyiowum o6pasom:

ax(bxe) = b (ac)-c (ab). 1)

§ 123. VpaBHeHHMEe IUIOCKOCTH

A. Ilnockocts (uepr. 162), mpoxopsimasi uepes TOUKY
My(x; ¥o; 2,) ¥ mepneHAUKYsipHast K BekTopy N {A, B, C},
NMPeACTaBJIAETCSI VPAaBHCHHUCM HepBOi
cTeneHu )

A(x—x)+By—-,
(=t (y+}é)(j-z(,)=o, (1)

Ax+ By+Cz+D = 0, 2)
rac yepes D oGo3HaucHa BCJIHYHHA
- (Axy+ By, +Cz,).

Bekrop N {A, B, C} HasbBacTCst Hop-
MAAbHbIM 6eKMOPOM TLIOCKOCTH P,
3amcuaHuc 1. BolpaxkeHHe «IOCKOCTH P npeacraB-
Jisiercst ypaBHeHueM (1)» o3Hauaer, yto: 1) KOOpAUHATHI X, J, 2
BCSIKOI TOUKM M nnockoctu P vioBReTBOPsIIOT VpaBHeHuIo (1);
2) KOOpAMHATH X, ¥, Z BCAKOH TOYKM, He Jekaued Ha mio-
CKOCTH P, He YJIOBJIETBOPSIIOT 9TOMY YpaBHeHHIo (cp. § 8).

B. Bcsikoe ypaBHenue nepBoit creneHu Ax+ By+Cz+
+D = 0 (A, B u C He paBHbI HVJIIO BCC Cpa3y) NpeAcCTaBsicT
TIJIOCKOCTb.

VYpasuenus (1) u (2) B BeKTOpHOH dopme UMEIOT BHJ

HIu

YepT. 162.

N(@r-r)=0, (1a)
Nr+D =0 (28.)
(r, U * — PajAUVCH-BEKTOPH ToueK My u M; D = —Nr,).

1) YpaBHenue (1) ecTb VyCHOBHE NEPICHRAHKYAAPHOCTH BEKTOpPOB
N={A B, C} n MM ={x=xp y-yo 2%} Cm. §§ 108 u 99,
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ITpumep. IIN0CKOCTD, NPOXOASIIIAS UePe3 TOUKY (2; 1; — 1)
M NeprNeHAMKYAsipHast K BekTopy { —2, 4, 3}, mpexcras-
JIsieTCs1 VPaBHCHHCM
-2(x-2)+4(y-1)+3(+1) =

—2x+4y+32+3 = 0.

3ameuanue2 OqHY M TY }Ke MIOCKOCTb MOYKHO NPERCTABUTE MHO-
>KECTBOM Y DABHEHHH, ¥ KOTOPLIX Bce KO3hGHUNEHTH H CBOGOMHLIA uneH
COOTBETCTBEHHO NPONOPLHOHANBHL (CM. HIHKE § 125, 3amevyanue).

HIn

§ 124. OcoGrie cny9aH NONOKEHHSI MIOCKOCTH
OTHOCHTEJNbHO CHCTEMBI KOOPJAMHAT

1. YpasHenue Ax+ By+Cz = O (cBoGopumii uneH D=0)
NpeACTaBJisieT IUIOCKOCTb, NPOXOAs-
LLYI0 Yyepe3 Hayao.

2. YpaBHeHHe Ax+By+D =0
(koapdunuent C=0) npeacrasisieT
IIJIOCKOCTb, HNapajulejibHVI0 ocH OZ,
vpaBHenne Ax+Cz+D =0 - nno-
CKOCTb, napaninennHyio ocu OY, vpas-
HeHue By+Cz+D = 0 — mJI0CKOCTh,
napaJuiesibuyio och 0X.

IloJIe3HO 3aMOMHHTL: ecAu 6 ypas-
HeHuu Hem G6yK@bl 2, MO NAOCKOCMb
napaaneavna oct OZ u 1. 1.

IT p u M e p. YpasHenue Yepr. 163,

x+y-1=0
npeacTaBlIsieT IOCKOCTh P (uepr. 163), napansensuyvio ocu 0Z.

3aMeyaHHe BaHanuTHUECKON reOMeTPHH Ha MIOCKOCTH YpaBHe-
Hye x+y—1=0 usobparkaer npamyro (KL Ha uepT. 163). Pazbsicunm,
noyeMy B MNPOCTPaHCTBE TO >KE€ YPABHEHHE NPEACTABJIIACT NA0CKOCMb.
Bo3bmem Ha nipsamoit K L Kaky10-11u60 Touky M. Tak Kak M nexuT Ha
nnocKocTH XOY, To ans Hee 2 =0, [NycTb B cucteMe XOY Touka M mmeer

KOOPAHHATLI x=—;—, y =—;— (OHM YAOBNIETBOPAIOT ¥ PABHEHHIO X +y —1 =0).
'rorxlxa B npocTpaHcTBeHHOH cicTeme OXY Z KOOPRHHATH TOYKH M 6yayT
=5, V=3 2=0. 3T KOOPAMHATEI Y NOBNCTBOP A0 T YpaBHe~

HH(!)O x+ly —0; =0 (anA Gonblue#t sicHOCTH 3anmiuem ero B BHAae 1x+ 1y +
+0.z—1=
PaccmoTpitm -renepb Toqxu, RAST KOTOPHIX x=%, y=—;-. Ho 2#0,

Hanpumep, Toukn M (5 —. 2) M,(2 i —;-).M. (-;—; %: l)

=
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M T. 1. (cM, uepT. 163). KoopauHaTh! HX TOXKE YI0BJETBOPSAIOT Y PAPHEHHIO
X+y+0-2—~1=0. DTH TOUKH 3aTTOTHAIOT «BEPTHKANBHYI0» Npsamyir UV,
TPOXOAAILY 0 yepe3 M. TakHe yKe BepTHKaNbHbIE NPSAMbIE MOXHO MTOCTPO=
HTb nng BCEX ToueK npsimol KL, B COBOKYIHOCTH OHH 3aNOJIHAT NA0C=
KocTh P.

O ToM, KaK NMPpeacTaBHTh B POCTPAHCTBEHIION CHCTEME KOOPNHHAT npA=
My10 KL, ckasaHo HyKe (§ 140, npumep 4),

3. Vpasuenne Ax+D =0 (B=0, C=0) npencrasJisier
NJ0CKOCTD, TAPaJIeNbHYI0 Kak 0cH OY, Tak n ocn OZ (cMm. 1. 2),
T. ¢, MapanienbHVI0 KOCpauHaTHOH muockoctu YOZ,

AHanornuHo ypasHeHue By+ D = 0 npeacTaBnsger IJio-
CKOCTb, MapanjenbpHyio niacckoctd XO0Z, a vpasHenune Cz+
+D = 0 — nuockocTs, napaanenshvio X0Y (cp. § 15).

4. VpaBueHHss X=0, Y =0, Z=0 npeacrasBisiioT COOT-
BETCTBEHHO IUIOCKOCTH YOZ, X0Z, X0Y.,

§ 125, Ycinopue mapajinelbHOCTH MIOCKOCTEH
Ecau IIocKocTH
Ax+By+C2z+D; =0 nu Ax+By+C24+D; =0

napajyieNIbHBl, 70 HOPManbHHE BektTopul N, {4, By, G} o
N, {4,, B,, C,} xonnuneapus! (U odpatno). IToaTomy (§ 102)
VCJIOBHE Napaine/IbHOCTH (HE0OXOAMMOC U JIOCTATOYHOE) €CTh
A _ By _ G
ATB G
ITpume p 1. ITnockoctu
2x—-3y—-42+11 =0 u —-4x+6y+82+36=20
napaneNbHb, TaK x<ax<:2i = -% = _14- .
Npumep 2. ITnockocrn 2x—-3z2-12=0 (A,=2,
B,=0, C; = ~3) u 4x+4y-62+7=0 (A,=4, B,=4,
C, = —0) He mapaJjyeibHbl, TaK KaKk By;=0, a By =0 (§ 102,
3ameuaHue).
3ameuvanune. Ecau ne TONLKO KOIPOUIUMEHTH HPH
KOOpAHHATAX, HO H CBEPX TOro M cBOOVAHEIC UiEHB NTPONIOp=
UHOHANBHE, T, €, eCIH

Ar _ By _C_ D

AT B G DY
TO IIOCKOCTH coBmajaioT, TaK, YpaBHeHHA
3x+Ty~-52+4=0 n 0Bx+14y—-102+8 =0
TPENCTABNAIOT OFHY H TV JKe IIOCKOCTE, Cp. § 18, 3ameuanne 3.
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§ 126. Ycnosue nepneHAMKYJIAPHOCTH TUIOCKOCTEM

Ecnd 110CKOCTH

Ax+By+Cz4+-D =0 u Ax4 By+C2+Dy =0
MEePIICHANKYJISIDHBL, TO NCPICHIHKVIISIPHEL U MX HOPMaJjbHbie
pectopel N, {A,, B;, (,}, N,{A,, B, C,} (u o0parHo).
Ioaromy (§ 108) veaoBue neprneHnkysIsipHocTn (Heobxoaumoe
M [I0CTAaTOUHOC) CCTT

A A+ BB, 4-GC, = 0.
IIpumepl. InockoctH
Ix-2y-22+T=0 n 2x4+2y+z+4 =20

TICPIICHUKYISIPHEL, Tak KaK 3-2+(~2)24+(-2)-1 = 0.
ITpumep 2. Ilnockocry

3x-2y =0 (A=3, B = ~2, (=0)
n
z=4 (A;=0, B,=0, C,=1)

NePIeHAHKYIISAPHBL.

§ 127, Yron mexny ABYMA NIOCKOCTAMU
JBe MI0CKOCTH
Ax+By+Cz+D; =0 (1)
Ax+ By +Co24+D; =0 2)

00pasvioT ueTelpe JABVI'PAHHBIX VINIA, PABHLIX MONapHO.
OAHH H3 HHX paBE€H VIVIV MEXAY HOPMaJIbHBIMH BEKTOpaMH
Ny {Ay, By, G} u N,{A,, B,, C;}. OGoanayast Jw0oi us3
ABYTPaHHBIX VIJIOB Yepe3 @, HMeeM:

H

A1A;: + B, B: 4-C,Cy
VAT B O Y AT+ BERG

Cosg = &

®3)

L)
BriGupast BepxHuii sHak, nonyyaem cos (N;, N,), BHIGHPaAsT HIHK-
- N
Hui, — noayuaem cos [180°~ (N, N,)].
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ITpume p. Yroa Me)xay IIOCKOCTSIMH
x-y+¥22+2=0 u x+y+¥22-3=0
OMNpefeJIMTCS U3 PaBeHcTBa
L14+(=1)-14¥2. Y2

cosQ = % = %
Vis1+@/2): Vi+1+(2y

N] -

[Tosvyaem ¢ =60° nin ¢ =120°
Ecau Bextop N, obpasver ¢ ocamu 0X, OY. OZ vrinl o
By 11, @ BeKTOp N — VIUIBI oz, By, Yz, TO

€os @ = * (COS oy COS &ty + €OS By €COS B+ COS 73 COS ¥,)  (4)
Butexaer K3 (3) u dopmyn (1) —(3) § 101

§ 128. IlnockocTh, NPOXOAALIAas 4Yepe3 AAHHYI0 TOYKY
napaaneibHo AaHHOH MAOCKOCTH

I1nockocTh, mpoxofsimasi yeped TOUKY M, (xg, ¥, ) It
napaniuejibHasgs IUIocKoCcTH Ax+ By+Cz+ D = 0, mnpeacra-
BJISICTCS! YPABHCHUCM

AR-x)+B@Y-y)+C@-2)=0

BuTexaer 113 §§ 123 u 125,

ITpumep. ITgockocTb, NPOXOMSILAST  YCPL3  TOUKY
(2; —1; 6) u mapajicibHass MIOCKOCTH X+y—2245 =0,
MpCACTaBisSIeTCsT vpaBHeHHeM (x—2)+(y+1)—2(z—6) = 0.
T. ¢ Xx+y—-22+11=0.

§ 129. IlnockocThb, MPOXOAAIIAs yepe3 TPH TOUKM

Ecnu Touru M, (xy; Yo3 20)y My (Xy; Vi 21), My (Xo; Va3 22)
HC JIe)KaT Ha OFHOM PsIMOlL, TO mpoxoasiuiast yepes HUX MJo-
ckocth  (uepr. 164) mnpepcTaBisieTCs

M, VpaBHeHICM
X=X Y=Yo 22

#, Hr X=X 1~Yo 2i=%| =0 (1)
YepT. 164, Xg—=Xo Va—Yo 22— 2,

OHO BbIpa)KAET KOMITJIAHAPHOCTb BEKTOPOB MM, ATIVZ, MoM; (cm.
§§ 120 u 99).
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ITpume p. Touku My(1; 2; 3), M;(2; 1; 2), M,(3; 3; 1) He
JIeHKAT HA OZHOM npsimMoil, TaK KaK BeKTopet MM, {1, -1, -1}

e adlind
1 MM, {2, 1, —2} He xojumHeapusl. Ilnockoers MMM,
1IPEICTABJISICTCS YPABHEHHEM

x-1 y—-2 2-3
1 -1 -1]=0,

2 1 -2
T. €.
x+z2—4=0.

3ameuaHue, Ecnuroukn M,, M;, M, Je)xar Ha OHOMH
npsimoit, To vpasHeHHe (1) CTAaHOBUTCS TOXK/JCCTBOM.

§ 130. Orpesku Ha oOcsIX

Ecan nnockocte Ax+ By+Cz+D = 0 He mapasuieibHa
oc OX (r. e, ecii A=0; § 124), To OHAa OTCeKaeT Ha TOii

0CH OTPE30K @ = —-4. AHAJIOIMYHO, OTPE3KH Ha ocsx OY,
OZ 6vavr b = —%(ecnu B=0) u ¢ = —-ic)— (eciim C=0)
(cp. § 32).

IIpume p. Ilnockocts 3x+- 5y—4.z—33 = 0 OTCeKaeT Ha

3 3
OCAX OTPE3KH @ =z =1, b=+, ¢ = —.
§ 131, YpaBHeHHE IUIOCKOCTH B OTpe3KaX

Ecny NIOCKOCTb OTCEKAaeT Ha OCAX OTPe3KH a, b, ¢ (He
PaBHBIE HYJII0), TO €€ MOXKHO IIPEACTABUTE YPaBHEHHEM

x , ¥, 2 _
TtEte=1 0y

KOTOpPO€ Ha3bIBACTCH «YPABHEHHEM IIJIOCKOCTH B OTPE3KAX).

Y paBHeHHe (1) MO>(HO IT0IYUHTE KaK ¥ paBHEHHE MIIIOCKOCTH, IIPOXON st~
et uepea Tpu Touxu (a; 0; 0), (0; b; 0) 1 (0; 0; ¢) (cm. § 129).

ITpumep. Hanucath vpaBHeHHE IJIOCKOCTH

3x—-6y+22-12=0
B OTpPE3KaX.
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Haxoaum (§ 130) a=4, b = -2, c=6. YpaBHeHne B 0T-
pe3Kax ecThb

X, ¥,z _
Tttt =1

Bameuanune 1, ITnockocTk, NPOXOAALUYIO Uepe3 HAYAJIO KOODAU~
HAT, HeJIb3A NpPeJCTaBHTh Y paBHEHNEM B oTpe3kax (cp. § 33, gameuaune 1).
3ameuaHHe 2. [TnocKocTh, napannenbHyo ocH 0X, HO He napaJ-

z
JIENBLHYIO IBYM JIPYTHM 0CAM, MOYKHO NTPEJICTABUTL Y PABHEHHEM %+?= 1,
rae b v c—oTpe3kHn Ha ocsx OY u OZ. IInoCcKOCTh, Napanienbuyio ocH
z
aGeLHCc X 0CH OPRHHAT, MOYKHO NIPECTABHTE Y PABHEHHEM == 1. Anano-

T'HYHO NPENCTABJAIOTCA MJIOCKOCTH, NapaaJIebHbIe APYTHM OCAM, OAHOﬁ
HaK ABYM (cp. § 33, 3ameuanue 2).

§ 132. IIn0CKOCTh, NPOXOAAILAA Uepe3 BE TOUKH
NePNeHAUKYAAPHO K AaHHOH IUIOCKOCTH

ITnockocrs P (uepr. 165), mpoxoAsiast yepe3 ABe TOUKH
M, (%03 Vo3 %) B M, (%35 ¥y5 2y) NEPIIEHAUKYISIPHO K IIJIOCKOCTH
Q, sajgaHHoit vpasneHueM Ax+ By-Cz+D = 0, mpexcras-

JISICTCA YpaBHEHHEM

My y
o raliay X=X Y=Y z—zo‘
T =0. (1)

N X=X V1—Yo A—%
: g A B ¢
P
L'———‘ Ono BupaXkaeT (§ 120) KoMnaHapHOCTH
Yepr. 165. BEKTOPOB MyM, MyM; n N{A, B,C} = MK.

ITpumep. IINOCKOCTb, NPOXOAsLIAST yepe3 JBE TOUKH
M,(1; 2; 3) u M, (2; 1; 1) nepneHAUKYIAPHO K IUIOCKOCTH
3x+4y+2-6 = 0, npeacTaBasAcTCA YpaBHEHHEM

x-1 y-2 2-3
2-1 1-2 1-3
{ 3 4 1
T.eX-y+2-2=0.
3ameuaHnue. Bcayuae, korga npamas M,M; nepreH-
IUMKYJISIDHA K IUIOCKOCTH Q, IUIOCKOCTE P HeonpejelieHHA,

B cooTsercTBHH ¢ 9TUM VpaBHeHHe (1) 00pauiaercs B TOXK-
DeCTRO, -

= 0,
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§ 133, ITmockocTh, NMPOXONAIAS Uepe3 NAHHYIO TOUKY
NEPNEHAUKYIAPHO K JBYM ILIOCKOCTAM

ITnockoCTs P, npoxonsiuast yepes Touky M, (Xo; Yoi %) U
NEPNCHAUKYIISIPHAS K ABYM (HCnapaJjelbHbIM) IIIOCKOCTAM
1> Q20
Ax+ By+C2+4+ Dy =0, Ax+ By+Cy24-Dy = 0,
NPCACTaBISCTCS VpaBHEHHEM

X=Xy Y=Vo 22
A.l Bl C1 = O- (1)
Az Bz Cz
OHo BHIpa)kaeT (yepT, 166) KOMMIAHAPHOCTL BEKTOPOB
D
MM, N {A;, By, Gy}, Na{Aq, By, G} 1),
Il p u M e p. TII0CKOCTD, IIpOXOASILAS Yepes Touky (1; 3; 2)
H IepHEHAUKYJIAPHAsE K IUIOCKOCTSIM X-+2y+2—4=0 n
2x+y+324+5 = 0, npexcrabiisieTcs
VpaBHeHHEM
x-1 y-3 z-2
1 2 1 |=0.
2 1 3

T, C.
Bx—y—-3z+4 = 0. Yeprt, 166,

3aMevyaHHe Bcenyvyae napannenbHOCTH IIOCKOCTel Q)
Q. MI0CKOCTh P HCONpeneJicHHA; B COOTBETCTBUH € 9TUM
vpapsenue (1) 00pauaercst B TOKACCTBO,

§ 134, Touka mepeceyeHHA TpPexX MNIOCKOCTeMH

TpH MIOCKOCTH MOIYT HEe MMeTb HM oxHoii ofuieil TOYKH
(ecnu nmo KpaiiHeil Mepe ABE M3 HUX NApaJUJIeNIbHEI, a TaKXKe
CCJIM NpAMBIE UX HepeceyeHUsi NMapajjieNbHbl), MOIVT HMEThb
OeCUHNCIEHHOE MIIOYKECTBO O0LIMX TOYeK (ecau BCe OHU IpPO-

1) BextopHoe npoussenenute Ny X N, (uepT. 166) cny Ut HOpManbHEIM
BEKTOPOM IiocKocTH P, 3xHaunt [§ 123, (1a)], y paBHeHHE TI0CKOCTH P €CTh
(N X N,) (r =) =0, uTo CHOBA AaeT ypasHenHe (1),
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XO/ISIT Yepes OfHY NPSIMYI0) HIIM MMETh TOJBKO OAHY 06IIVIO
TOYKy B MepBOM ciiyuae CHCTeMa VpaBHEHMIt

Ax+By+Cgz+D; =0,

Ax+ Byy+Cypz+ Dy = 0,

Ax+ Bgy+C2+Dy =0
He UMeeT peurcHui, BO BTOPOM UMeeT (eCUHCJICHHOE MHOXKe-
CTBO pelUeHUil, B TPETbeM — TOJBKO OAHO peweHue. st
MCCiieI0BaHUs Vi00Hee BCero NpUMeHHTE onpenenutesu (§ 183,

190), HO M0>KHO 0GOITHCEH U CPEACTBAMH 9JIEMEHTAPHOIT anreGpEL
fTpumep 1. ITnockoctn

Tx-3y+2—-6 =0, (1)
14x-6y+22—-5 =0, )
x+y—-52=0 3)

He UMeloT 00IIMX TOYCK, TaK Kax Imrockocty (1) u (2) mapan-
JenbHel (§ 125). Cucrema vpaBHeHMiI HecoBMeCTHa [vpaBHe-
Hus (1) u (2) npoTHBOpEYAT APYT APYIY].

IMIpumep 2. Mccneposath, €CTh M 00IIHE TOYKH V TPeX
TIJIOCKOCTEH

x+y+z=1, @
x—-2y—-32 =25, ®)
2x—y-22=28, (6)

Numem pewenue cucremor (4)—(6). UcionounB z u3 (4) u
(5), nonvuacm 4x+y = 8; uckiouuB 2 n3 (4) u (6), monvyaem
4x+y = 10. OTi ABa VPaBHEHHsI HECOBMCCTHBI, 3HAuHT, TPU
IJIOCKOCTH HE MMEIOT 00IMX ToyeK. Tak KakK cpeau HHUX HeT
TapaJIeNbHEIX TIOCKOCTel, TO TPH HpsiMble, MO KOTOPHIM
TIJIOCKOCTH TIONapHO NepeceKaloTesl, mapaeNbHEL.

ITpume p 3. Hecnenosats, eCTh M 001K TOUKU V ILIO-
CKOCTel

x+y+2=1, x—-2y-3z =5, 2x-y-2z = 6.

TToctynast, Kax B mpumepe 2, mosivuuMm ofa pasa 4x-+
+y =8, 1. e. paKTHYECKH He 7Ba, a OAHO VpaBHeHHe. OHO
nmeet GeCYHCICHHOEC MHOXKECTBO peleHui. 3HAUUT, TPH II0-
CKOCTH MMEIOT 0eCUMCIEHHOE MHOXKECTBO OO0IMX TOYEK, T. €.
TPOXOAAT YePe3 OAHY NMPSAMVIO,

ITpume p 4. IlnockocTu

x-y+2=0, x+2y-1=0, x+y—-2+2=0

umeloT OfHY obmyvIo Touky (—1; 1; 2), ubo cucrema vpasHe-
nuff UMEET eJUHCTBEHHOC pelmleHHe X = —1, y=1, 2=2,
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§ 135. Baaumuoe PacnoNo)EHHE MIOCKOCTH
H napsl TOYEK

BaaumHoe pactiojoyenue Touek My (%15 yi; 21), My (X2} ¥Vaj 22) M 1510+

CKOCTH
Ax+By+ C2+ D=0 )

MOXKHO ONpPENeSHTE 10 CIEAYIOIUM NMpU3HaKam (cp. § 27):

a) ‘Toukn M; B My nexxat 110 OHY CTOPOHY OT IurocKocTH (1), Korna
uyuena Ax + By, +Cz+D H Axy+ By; +Cz+D HMEOT OfMHaKOBBIE
3HaKH,

6) M; u M, nekar rno pasHnie CTOPOHB! OT IJI0CKOCTH (1), KOIra 5TH
yHCIA MMEIOT TIPOTHBOMOJIOYKHBIE 3HAKH,

B) OnHa M3 ToueK My, M, (MHn 06€e) JeKUT HA MIIOCKOCTH, €CJIH ORHO
M3 9THX uMcen (Mnu o06a) paBHO HYIIIO.

I pumep l. Touxu (2; 3; 3) u (1; 2; —1) 5e)KaT 110 OHY CTOPOHY OT
MIOCKOCTH 6x+3y+22—-6=0, HG0 uucna 6¢243:.3+4+2.3-6=21
Hn6:143242(—1)—~6=4 06a MONOIKUTEILHHI,

I1 p 1 M ¢ p 2. Havyano xooppuuar (0; 0; 0) u Touka (2; 1; 1) nexxar no
pa3Hblé CTOPDOHBI OT INIOCKOCTH 5x+3y—2z-5=0, TaK Kaxk yucna
5:0+3:0-2:0~5 = ~5 H 5:24+3:1<-2+1~5 =6 wupmeor npo-
THBOIOJIOXKHBI® 3HAKH,

§ 136. Paccrosnne OT TOYKM J0 IUIOCKOCTH

Paccrosiane d ot TOUYKH M, (X33 ¥y 21) RO TINOCKOCTH
Ax+By4Cz+D =0 (1)
pasHo (cp. § 28) abCoMOTHOMY 3HAYEHUIO BEJTHYHHBL
§ = Axy + By, +Cz,+D

VaripiaG @
T, C.
. _ A% +Byn+Cx 4 D]
4= = aeee @

I1 p u m e p. Haiitnt paccrosiiue or Touku (3; 9; 1) xo mio-
CKOCTH X—2y+22—-3 = 0,
Pemwe Hue.

% =2934+22 =3 _ 1:3-2.942.1-3 _5_1_
Yier(-2yz+2¢ 3 !

d = |8] = 5%.

3ameuauue 1, Ilo 3HaKY BEJTHUMHE! § MO)KHQ CYIMTh O B3auM-
HOM DPACIIOJIOXKERHH TOUKH Mj M Hauana O OTHOCHTENIBHO IIOCKOCTH (1)
(cp. § 28, 3ameuanne 1),

3aMeuaHHe2 DopMyay (3) MOXKHO BEIBECTH aHAJINTHYECKH, pacs
CY>Knasl, KaK B 3aMeuanyy 2 § 28, Y paBHeHHs npsaMolt, npoxonasiie# uepes
TOYKY M, NepreHnHKY NAPHO K IIocKocTH (1), yZ06Ho BIATL B napamerpr-
uecko#t dpopme (cm, §§ 153, 156),
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§ 137. NonapHble napameTpsl MIOCKOCTH 1)

IToaspuem paccmosnuem naockoety UVW (uepr. 167)
Hasbipaercsl JJMHA p mnepneHaukvisipa OK, npoBeaeHHOro
K IJIOCKOCTH U3 Hadyana Q. IlossipHoe pacCTostHME IOJIOXKH-
TeJIbHO HJIH PABHO HVJIIO.

Ecau nnockocrs UVW He npoxoaut yepe3 HavaJo, TO Ha
nepneHaukvispe OK 3a TOJIOXKUTENLHOE HANPABJICHHE MPHHK-

maetcsl HanpaJyicHue Bektopa OK. Ecaun ke UVW npoxoaur
yepe3 Hayaso, TO I0JIOXKUTEJIbHOE HanpaBjieHHe Ha nepneHau-
KVJIsipe BHIONPAETCs 10 IPOM3BOJY.

Iloaapuuimu ye2aamu MI0CKOCTH
UVW HasuiBalOTCS1 VIJIBL

=< XO0K, B= < YOK,

v =« ZOK

MEXXAY MOJIOKUTEJILHLIM HampasJie-
HUeM npsimoii OK M OCSIMH KOODAH-
HaT (3TH VYIJIBL CYUTAIOTCS IOJIO-
YKUTCJILHBIMU H He IIPeBOCXOASLIUMHU
180°). Vraet «, B, v cBasans (§ 101)
COOTHOLIEHHUEM

cos? e+ cos?fB4-cos?y = 1.

YepT, 167,

ITonsipHOE paccTOsTHUME p U MOJIAPHBIE VIVIH ¢, B, Y Ha3H-
BAIOTCST NOAAPHBIMU napamempamu naockoetn UV W.

Ecan muockocte UVW pana vpaBHeHuem Ax+ By+
+C2+D = 0, TO ee NOJsPHBHIE NAPAMETPHI ONPEAECISIOTCS
dopmynamu

1D]
P=yiimic’ (1
A
YAz + Bz 2’
B
— 2
:F}/A2+32+C2’ ()

coso = F

cosp =

c
CsY=F rmac’

I'/le BepxHUe 3HakK Oepyres, xoraa D > 0, B HIYKHHe, Korja
D < 0. Eciii sxe D = 0, T0 110 NMpOu3BONIY 0epYTCSA TOJIBKO
BE€PXHHE HJIH TOJILKO HU)KHHE 3HAKH,

1) Cp. § 29,
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IIpumep 1. Halith nonspHble napameTpel INIOCKOCTH
x-2+2-3=0 (A=1, B=-2 C=2 D=-3)
Pecmennec, dopmvia (1) paer

T Vet (—2¥+22 3

dopmyisl (2), TAe HY)KHO B3ATh HIDKHHE 3HAKH (HGo D =
= =3 < 0), gaor:
1

1
cosS o = ,-——-—m_( SaE =3

2

cos B = yxz+( 2)2+2z 3’
2 . _2
cosy= V12+(—2)=+2z 3"

Ciief0BaTeNbHO,
o~ 70°32, B =~ 131°49, y =~ 48°11",
Npumep 2. Halith nonspHble napameTpbl NJIOCKOCTH
X=2y+22=0,

dopmyna (1) aaer p = 0 (MI0CKOCTH NPOXOAUT yepes Ha-
yano); B dopmyiax (2) MOXCHO B35ITb JU00 TOJBLKO BEPXHHE
3HaKH, 1100 TOJBKO HiKHUe, B mepsom ciyyae

N

cos ¢ = -—:1; cosf = +§~, sy =—3,
CJIC/I0BATEJILHO,
o~ 109°28’, B ~ 48°11’, y =~ 131°49,
BO BTOPOM Ci1yuae
a ~ 70°32, B~ 131°49’, v ~ 48°11,

§ 138, HopmanbHoe ypaBHeHME IIOCKOCTH

TInockocts ¢ nonstpHBIM paccrosinuem p (§ 137) u nossp-
HbIMH vriamH «, 8, y (cos’x+cos?B--cos?y = 1; § 101)
NPEeRCTABIIACTCS YPABHEHHEM

xcosa+ycosB+zcosy—p =0, 1)
OHO Ha3LIBAETCSI HOPMAALHLIM Y PaGHeHUeM TUIOCKOCTH,
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IIpumep 1. CocraBuTs HOPMaJbHOE VpPaBHEHHE IINIO-
CKOCTH, ¥V KOTOPOH IMONsIPHOE PacCTOsIHHE PaBHO -1—5, a Bce
TOJISApHBIE VIJIBL — TYNHIE M PaBHBEI MEXAY CO00if.
Pewenne, Ilpy « = =y ycaoBue cos?x-cos?f4-
+cos?y = 1 aeT Cos o = COSP = COS ¥y = *— a4 TaK KaK

V3’
VIIH ¢, B, y—~TYIbIE, TO HAXO B:lsﬂ'rb 3HaK MUHYC, VICKOMoe
VpaBHEeHHE €CTh ——X=—) ———2—~— = (,
P NN A G

3ameyaHue, Ta e IVIOCKOCTH NPEACTABJISETCS VPaB-
_HeHHEM

x+y+2+1=0

(o6e yacTH NMPeRHAYIET0 VPAaBHEHMS NMOMHO)KEHBl HA — V3),
HO 3T0 VpPaBHEHHE—HE HOpMaJibHOe, HO00 Ko3ddumHeHTH
NPU KOOPAUHATAX He SIBASIOTCS KOCHHYCAMU MOJISIPHEIX VIJIOB
(cyMMa MX KBagpaToB He PaBHA 1) M K TOMY )Ke CBOOOAHBLIH
YNEH NOJI0KUTEIEH,

IIpumep 2, VYpasHeHue %x+%y——§z+5 =0 ~ He

2 2 2
HOPMaJbHOE, TAK KAK XOTS (—;—) +(—§-) + (——g—) =1, Ho
¢BOCOAHEI UJIEH IIOJIOYKHUTEJIEH, . 0
Opumep 3. Vpasuenue -——3—x+§y—-—§—z—5 = 0—Hop-

MaJIbHOE; COS 0 = —-—},—, cosB = %, cosy = —-%-, P=5 (x~
~ 109°28, B ~ 48°11/, v =~ 131°49"),

BuBox vypasueuusn (1), PaccmarpubaeMast nnockocts (UVW
HauepT, 167) npoxonuT yepes Touky K (p cos «, p cosB, p c0s y) nepnesau-

KYJAPHO K BekTopy OK. BMmecTo OK MO)KHO B3ATh BEKTOP @ TOro ke
HanpasjIeHHA ¢ AJIMHOM, paBHOH ennHuue MaciTaba, KoopanHaTs BEKTOpA
@ cyTh cos &, cos B, cos ¥ (§ 101). Ipumennn ypasHenne (1) § 101,
nojyyaeM HopManbHoe YpaBHeHue (1).

§ 139. ITpuseneHue ypasHEHHS TUIOCKOGTH
K HOPMaJbHOMY BHAY

Yro0bt HaliTH HOpMallbHOE VpaBHEHHE IIIOCKOCTH, 3ajlaH-
HOif vpaBHeHMeM Ax--By+Cz+D = 0, HOCTaTOYHO pas-
Jeauth o0e yacTH JAHHOr0 VpaBHeHHs Ha F V.A%+ B3+C3,
TIpHYeM BepXHHi 3HaK Gepercst, xorga D > 0, M HIDKHUH,
Korjia D < 0; ecni oke D = 0, TO MO)KHO B3:ATh JH00i 3HAK.
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ITosiyyaeM YpaBHEHHE

A B c
T XF yF
YAr+Bz+Ce YAz +B:tC2 VA2t Be +C2
—_—ol
YAz BzyCt

OHO HOPMANBHO, GO KoaddHLMEHTH! IPH X, ¥, 2 B cuity (2) § 137 coor-
BETCTBEHHO PaBHBI €8 &, COS B, COSY, @ CBOOOAHBIA YsieH B cuay (1) § 137
paBeH —p.

IIpumep 1, TIpuBecTt K HOPMANLHOMY BUAY VPaBHEHHE
xX—2y+22—~6 = 0. (1)

Henum obe yacTH ypaBHEHHS HA -+ }/lz-i-(—2)2+22 =3
(rtepex pamuKanoM—IUNOC, TaK Kak CBOOOJHEIN uleH —6
orpuuareseH). Ionvyaem:

1 2 2
'§'x——3—y+'§2—2 =0,

CiCROBATENBHO, p = 2, COS& = %, cos B = -—%, Cos Y = %

(¢ ~ 70°32’, B ~ 131°4%, vy ~ 48°11).
IIpumep 2, IIpuBecT! K HOPMANLHOMY BUAY VPaBHEHUeE
X—2y+4+2246=0. )
CpoGonHniit wieH monoykureseH., IToaTomMy jpenuM Ha

~Y 134 (~2)2422 = ~3, Ilonyyaem:
—«%x+%y-%—z—2 = 0.
CreoBaTeNbHO, p = 2, COS & = —%, cos B =
(o =~ 109°28", B ~ 48°11/, y ~ 131°49).
ITpumep 3, IIpuBeCTd K HOPMAILHOMY BUARY YpaBHEHHE
xX=~2y+22 =0,

Taxk kaK D = 0 (II0CKOCTh MPOXOAUT uepe3 HAYayo), TO
MOYKHO plasuenmb auGo Ha +3, aubo Ha ~3. Ilonvuaem
6o —3~x-%y+%z =0, nubo —%x-x—%y—%z = 0.
B ofoux cavyasx p = O, Bexnuunst &, B, ¥ B IepEoM CIV-
yae—Te >Ke, YTO B Xpumepe 1, BO BTOPOM—TE )Ke, UT0 B
npumepe 2.

3ameuaHnue, EcnuBypasHennn Ax+- By+4-C2+D = 0
cBOGOAHBIH uieH oTpHuaTeNeH M A4 B:4+CZ= 1, TO 3T0

vpaBHeHHe HopmaneHoe (§ 138, mpumep 3) U npeoGpasoBk-
BaTh €r0 HE HaAO.

2

2
3 COSY = —5
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§ 140. VpaBHeHust npsmoit B mpocTpaHcTBE

Besikast npsimast simaust UV (vept. 168) mpencraBiisiercst
CHCTCMOH ABVX VpaBHCHHUIL:

Ax+By+Cz+D =0, ¢))
Axx+ By +Cy2+Dy = 0, 2)

NPCACTABIISTIONX (€CIM UX PaccMaTPUBATL Mo omdeAsHocmu)
Kaxue-nu6o ase (pasasuursle) MIOCKOCTH Py M P,, npoxons-
e yepes UV. Vpasuenus (1) u (2) (B3siTLie 6 C080KYNHOCMIL)
HAa3BIBAIOTCST Y pagHenuamu npamoti UV,

Yepr. 168, YepT, 169.

3 ameuaHu e, BeipayxeHue psimas UV npeacTapiasiercst
cucremoit (1)—(2)» osnauaer, uto 1) KOOpAMHATHL X, ¥y, 2
BCsIKOH TOUKM M mnpsimoit UV vioBJeTBOpsiioT 060MM VpaB-
ueHusim (1) u (2); 2) KoopaWHATHL BCSIKOH TOYKY, He Jiexatueit
Ha UV, He VIOBNETBOPSIIOT Cpasy 06ouM vpaBHenusm (1), (2),
XOTs1 MOI'VT V/JOBJICTBOPSITL ORHOMY M3 HHX.,

IT p ume p 1. Hanucats vpaBHeHusiipsimoii OK (uepr. 169),
npoxopsiueii yepes Havano O u Touky K (4; 3; 2).

Pemenne. Ilpamast OK ecTb nepeceueHHe IIIOCKOCTelt
KOZ u KOX. Bsss Ha ocu OZ 1axyio-in0o TOUKY, HanpH-
mep L (0; 0; 1), cocrasnsiem vpapHenne rockocty KOZ (Kak
npoxoasie yepea tpi Touku O, K, L; § 129). Ilonvyaem:

Xy 2
4 3 2|=0, e 3x-4y=0. 3
001
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TaruMm >ke 00pa3om HailineM VpaBHeHHe

2y—-3z=0 “)
mnockoctd KOX. Tlpsimasgs OK mpeAcTaBiIsieTCsl CHCTeMOid
vpasHeHuit (3)—(4).

JleficTBHTEIBHO, BCAAKAsT Touka M npsimoit OK JIE)KHT M B TIITOCKOCTH
KOZ n B nnockoct¥ KOX; 3HAUNT, €€ KOOPAHIIATH YA0BJIETBOPSIIOT Cpasy
o6ouM. ypaBHeHHAM (3) ¥ (4). C npyroit cTopoHsl, Touxka N, He Jieyawas
Ha OK, He MOYKET npuHan/exxartb cpagy o6enm naockoctam KOZ n KOX;
3HAYHT, €€ KOOPAHHATHEI HE MOIYT YAOBJETBOPATb Cpa3y 0GOMM Y paBHe-
HUAM (3) —(4).

INIpumep 2. Ipsamyio OK npumepa 1 MOXKHO IpepcTa-
BUTDL TaIOKE CHCTCMOI YpaBHCHHH

3x—-4y =0, 3)

2x—4z = 0. (5)
Ileppoe M3 HHUX npeACTaBisieT IUIOCKOCTL ICOZ, BTOpOC —
miockoctb KOY,

Ty »ke npsimyio OK MOYCHO IIPeACTaBUTL CHCTEMOH

2y-32=0, 2x—42 = 0.

ITpume p 3. Onpenenntsb, Jexar Ju ToYku M, (2; 2; 3),
M, (-4 —3; —3), My (—8; —6; —4) na npamoit OK, pac-
CMOTPEHHOI B mpuMepe 1.

KoopanHatel TOYKM M; He VAOBJICTBOPSIIOT HU VpapHe-
Hu10 (3), HU ypaBHeHUIO (4); Touka M, He Je)kuT Ha npamoit UV,
Koopaunare! touku M, vaoBietsopsiior (3), HO He V/0BJe-
TBOPSIIOT (4); Touka M, JCOKUT B IIOCKOCTH KOZ, HO He Je-
JKHT B mjockoetd KOX; sHauut, M, He Jjexxur Ha OK.
Touxa My nexut Ha OK, 00 YAOBIeTBOPsiloTCA 00a YpaBHe-
Hust (3) u (4).

IIpumep 4. YpasHeHue 2 = 0 MPEACTABISIET MIOCKOCTD
XOY, YpaeHenue x+y—1 = 0 npeacrasiaseT mIoCKocTh P,
nmapanicabhyio ocd OZ (§ 124, npumep). Ilpsimasi, o KOTOpok
nepecexanTcs mwiockoeTH AOY u P (KL Ha uepT, 163), npea-
CTaBJISICTCSL CUCTEMOI

x+y=1=0, z= 0.

§ 141, VYcnoBue, npH KOTOPOM NBa ypaBHEHMA
nepBof CTENCHH NPEACTABAANT NPAMYIO

Cuctema
{ A+ By +C24-Dy = 0, 1)
A2x+ Bzy+C2Z+D2 = O (2)

TPEACTABISIET NPAMYIO JHHHUIO, CCIM Ko3QOULHCHTEL 4;, B, Cy



172 AHAJIUTHUECKAS TEOMETPUS1 B [TPOCTPAHCTBE

He TPOmMOPUHOHANBHE Koddduuuentam A,, B,, C, [B aTom
cavyae nnockoctd (1) u (2) He mapannenbhsl (§ 125)].

Ecnu xoadpdunueHTsl A;, B;, C; NponopuHOHaIbHE K03~
¢uupentam A,, B;, C,, HO CBOOOAHBIE YJIEHBHI He NMOJYHHEHBI
TOH JKe mponopuuy

Az: A1= Bz:Bl':-‘ Cg:C1 # Dz:qu
TO CUCTeMa HECOBMCCTHA M He NPENCTaBJIsieT HUKAKOIO Ieo-
MeTpHyecKkoro obOpasa [miockoctd (1) M (2) napanjesbHbL M
He COBNAajawTl.

Ecnu Bce uerhipe BenuuuHn A,, By, C;, Dy nponopio-
HaNLHEI BeJHYUHAM A,, B,, C,, D,

Az: A1= Bt_r:Bl:'« C2:01= DZ:Dlt
TO OfHO M3 ypasHeHuit (1), (2) ects ciiencTBME ApPYroro M
CHCTCMA IpPEeACTaBIsIeT IIICCKOCTh [rockoctn (1) M (2) coB-

najpaoT].
IIpumep 1. Cucrema

2x—~Ty+122—4 =0, 4x-14y+362-8 =0
HPEACTaBJISIET NMPSAMYIO JHMHHIO (BO BTOPOM VPaBHEHHMH K03¢-
duuuentst A M B BAaBoe 0oJiblue, YeM B NepBoM, a Koaddu-

et C—BTpoe).
IIpumep 2. Cucrema

2x~Ty+122—-4 =0, 4x—-14y+242-8=0

HpeACcTaBisieT IUIOCKOCTE (BCe yeTsipe BeqnyuHu A, B, C, D
TIPONOPLUOHAIBHEL),
IDpumep3. Cucrema

2x-Ty+122-4 =0, 4x-14y+242-12=0

He IIPEACTaBJIsieT HUKAKOI0 reoMeTpHYecKoro obpasa (Besu-
yuHel A, B, C nponopuuoHanbHe, a D He NOJYMHEHa TOH Ke
NIPOMOPLIHY; CHCTECMA HCCOBMECTHA).

§ 142. Mepeceyenue nmpsiMoldl ¢ YUIOCKOCTHIO

Ipamas L
{ Apx+ By+Ciz+ D,y =0, (1)
A+ Boy+Coz+ Dy = 0 (2)

M IUIOCKOCTEL P
Ax+By+Cz+D =0 3)
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MOTYT He MMeTh HK OiHOil o0umeii Touku (ecau L || P), moryr
HMeThb OCCUMCIICHHOE MHO)KECTBO 00mWMX Touek (ecaum L Je-
SKHT Ha P) WIH MMCTh TOJILKO OAHY o0wyio TOYkY. Bompoc
CBORUTCS ') K PasbiCKaHNI0 O0IIMX TOYCK TpPeX IUIOCKOCTeH
(1), (2), 3) (cm. § 134).
ITpumep 1. Ipamas
x+y+2-1=0, x-2y-3R-5=0
HC HMCCT O0HINX TOUCK C IJIOCKOCTDIO
2x-y—-22-8=0

(onu mapastennus) (em. npumep 2 § 134).
ITpumep 2. Ilpamast

X—-2y-32-5=0, 2x—~y~22=06

JIOKUT B IUIOCKOCTH X+y+2 = 1 (cm, npumep 3 § 134),
INpumep 3. Mpsamaa x+y—-24+2=0, x~y+2=0
nepeceKaeTcst ¢ IUIOCKOCTBIO X+2y—1=0 B Touke
(—1; 1; 2) (cm. npumep 4 § 134).
ITpume p 4. OnpegeiuTh KOOPJUHATE KAKOI-JTHG0 TOUKHM
Ha npsMoit L:

2x-3y—-2+3=0,

bx—y+2-8=0.
Jagum KoOpAMHATE X Kakoe-nM00 3HAUCHHE, HANpHMEp
x = 3. IMonvuum cucremy —3y—2+9 =0, —y+2+7=0.
Pewun ee, Halinem: y=4, 2 = ~3. Touxa (3; 4; ~3) JEKUT
Ha TpsiMoii L (B NepeceyeHUN ee C IIOCKOCThI0 X = 3, napaj-
snenpHOl YOZ). Takum jke o6pasom, B3saB x = 0, Haijem

5

TOYKY (0; —-—Z—; 2—47) B nepeceyeHud L ¢ TockocTeio YOZ

M T. X, MO)XHO TaK)Ke DaBaTh PasjHYHbIC 3HAYCHUS KOOPAHu-
HaTe y UM 2.

II'p ume p 5. OnpeienuTh KOOPAMHATE KAKOit-J1160 TOYKH
Ha npsmoi L:

{ 5x—3y+22~-4 =0,
8x—~6y+4z—-3 =0,

B TIPOTHUBOIOJIOIKHOCTL NMPEAHAVILEMY NPHMEPY KOODAU-
HaTe X 3/J¢Ch HCJBb3sI AATh IPOH3BOJILHOI0 3HAYECHHS. Tax, opu

1) BriknanKH 061eryaoTest, KOria Y paBHeHHA NpAMoM B3ATHI B napa-
MeTpHuecKon (opme (§ 152 1 aameuanne B § 153).
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x = 0 noyiyuaeM HeCOBMECTHVIO CHCTeMY —3y+22—4 = 0,

—6y+4z—-3 = 0. Ilpssmast L nmapasuienbHa miuockoctd ZOY,

KoopauHarte y (MJIH 2) MO)KHO JJaBaTh NPOH3BOJIbHEIE 3HAye-
5

HUSI; HAMPUMED, NOJIOXKUB 2=0, HOJIVYUM TOUKY (7; %—; 0) .

Hnst x OviaeT noavuyarbCsi BCErAa OAHO M TO JKe 3HAYEHHUC

X = -, TAK YTO NpsMast L JIeXKUT B II0CKOCTH X = napaJ-

JensHoit ZOY.

2

§ 143. Hanpasasowuit BexTOp

A. Besikuit (Henviesoit) Bextop e {I, m, n}, ne)xaumwmuii Ha
npsimoit UV (uin napasnienbHplil eif), HA3BHIBAeTCS HANpPaeAnio-
wyuMm eexmopom 3ron npsmoil. Koopauuater [, m, n Hanpa-
BJISIIGILECTO BEKTOPa Ha3bIBAIOTCA Hanpasasowumu xoafpuyu-
eHmamu Npsimoit.

3amecuaHHue. [ToMHO)KHB Hampasisiomue Ko3dpULHeH-
THt I, M, n Ha OJHO M TO >Xe 4ucjo k (He paBHOE HVIIIO),
noJyuuM yucaa lk, mk, nk, koropeie To)ke OYAVT Hanpasisi-
IOHUMH  KO3hdULHEHTaMH (3TO KO-

. b OPAMHATHL BEKTOpA @k, KOJNJIHHEap-
N AN, ¥ HOTO C @).
T B. 3a Hnampapistiomuit BekTOp
npamoit UV
(\ J A1x+ Bly+C12+D1 = 0, (1)
Uepr. 170, \ Ax+Byy+C2+Dy =0 (2)

MO)XHO IPHHSITE BEKTOPHOC mpouspeaeHue Ny X N,, rac
N, = {A,, B, C;} u N,={A,, B, C,} — HOpMaJbHLIC
BEKTOPHI II0CKOCTeft Py U P, (depT. 170), npeacraBisieMbix vpa-
BHenusamMH (1) u (2). HeiicTBuTenbHO, npsimast UV neprieHguKy-
JIIpHAa K HOPMaJIbHBIM BeKTOpaM Ny, N..

IT p 1 m e p. Halitn HanpaBistiomye K03 HHULHEHTH psAMOit

2Xx-2y-2+8=0, x+2y—-2241=0.

Pemwenue UmeeM NV, = {2, =2, -1}, N, = {1, 2, -2},
Ilpumem @ = N; X N, 3a HanpasJisilomui{ BeKTOP JAHHOH Npsi-
Moit, Haxozum:

=570 142 [ B0

Hanpasnsiomue koaduuueHtet 6vavr [ = 6, m = 3, n = 6,
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3amevyaHue. ITOMHO)KMB 5TH yKclIa Ha %, HaiiieM Ha-
npapisiomye Koabduumentst I'=2, m'=1, n’=2, 3a Ha-
npasisiiomige K03QPHLUHCHTE MOXKHO TAK)Ke NPHHSTL YHCIA
-2, =1; =2unmn.

§ 144, ¥Yrap meay npsamolt M 0CAMH KOOpAMHAT

Vrau «, B, ¥, o6pasvemble npsimoit L (B OZHOM U3 IBVX ce
HanpasJIeHHH) C 0CSIMU KOOPAHHAT, HAXOAATCS U3 COOTHOILEHUH

l
Vesmeant’
—_—m
S S
Yexmiyn:'
rae I, m, n — Hanpasngomue Ko3GdUIHEHTE! psamoit L,
Bruitekaer us § 101,
Beanuuns €08 &, Cos B, COS y Ha3LIBAIOTCS HANPAaGAAIOUMU

Kocurycamu npsimoit L. .
IT p u m e p. Haittu vranl, o6pasyvemele npsimoit

2x—-2y-24-8 =0, X+2y-2241=0

C OCSIMH KOOp/JHHAT.
PeweHHue, 3a HanpaBisgiolmye KO3GGUUHEHTE JaHHO
npsmoit (§ 143, npumep) MO)KHO NPHHATD 1l=2, m=1,2n=2.
3HayHuT, COSot = ————— =", COSB = —, COSY = =; OT-
! V2ixiz42e 3’ B 3’ r=3
cioga o ~ 48°11’, B ~ 70°32’, v ~ 48°11".

cos o =
cosfB =

cosy =

§ 145. Yron Me)Xay ABYMA NPAMBIMK

Yron ¢ me>xay npsameiMu L u L’ (TouHee, OfMH M3 VIJIOB
MEYKY HUMH) HaXOAUTCSI 10 opmviie

I’ +mm’ +nn’ (l)
YE+rmynt {Ieymeine’
rael, m,n ul’'y m', n’ — Hanpagssiouye Ko3hOUIMCHTE Npsi-
Meix L v L’, unu no gopmyiie
€OS @ = COS & €OS o’} €0S 3 cos '+ €0S ¥ €OS ¥y, ()
Britexaer ns § 109,

Cos @ =
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ITp u Me p. Haditu yron mMesxay npsiMbiMu

{ 2x—-2y—2+8 =0, { 4x+y+32-21 =0,
x+2y-224+1=0, 2x+2y—-324+15 = 0.

P e w1 e H u e. HanpasJistroinue KoadGHLHCHTH TepBOH npsi-
MoOH § 143, npnmep) paBHH =2, m=1, n=2. Eciu 3a
HaNpPaBJISTIOIHIT BEKTOD BTOPOI NpsIMOil NPHUHSITH BEKTOPHOE
npousBeneHue {4, 1, 3} x{2, 2, -3}, 10 HanpaBJsoNIHE
Ko3pduuuenTs ee paBHH —9, 18 6. IlomHO)XHB UX (4TOOBI

MMeTh A€JI0 ¢ MEHbLUIMMH YHCJIaMH) Ha % (§ 143, 3amecuaHmue),
noayuyum [ = ~3, m=6, n=2. lmeem:

cos p = 2.(—3)+1:6+2.2 _ 4

VrrE+22 /(=3 +6 428 21’

orciona ¢ ~ 79°01”,

§ 146. Yroa meay npsamoit M nnockocTbio

Vron ¢ Mexay npsamoit L (c HanpaBasiolumMy Koddu-
uuentamu I, m, n) u ninockoctelo Ax+ By+Cz+D =0 Ha-
XORHUTCS 110 tpopmvne

| Al+ Bm+Cni
VAtx Bz rCEVEtmEitne

sin g =

BriTeraer U3 § 145 (ecu 9 ecTh YIon Mesay ImpsiMoit L H HOpMaNnbHbIM
Bexropom {A, B, C}, To ¢ = 90°£ ¢).

ITp u me p. Haiitu yron mexxay npsimoit
3x—-2y =24, 3x-2= -4

H IUIOCKOCTBI0 6x- 15y —102+31 = 0. Hmeem [=2, m=3,
n==6 (§ 143). Haxognm:

16:2415.3+(=10).6] _ 3

sin P = ]
Y62 + 152 +(—10)2 Y22 + 32 + 62 133

oTKVAa @ ~ 1°18,
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§ 147, VYcioBHA napaluiebHOCTH M NePNeHAUKYIAPHOCTH
npaAMoi M IUIOCKOCTH

YecnoBUue MapadNCcIbHOCTY NpsaMoil ¢ Ha-
UpapasolMMU Ko3bGuuHeHTaMu [, m, 1 M MJIOCKOCTH
Ax+ By+Cz+D = 0 ecthb

Al+4+ Bm+Cn = 0. (1)
OHO BHIpa)KaeT MEPNEHAHUKVYJISPHOCTDH NPIMOH M
HopMaJipHoro Beiropa {4, B, C}.

YenoBue nepuNeHAUKYIAAPHOCTH NP AMO n

MJ0CKOCTH (0003HAYEHHUST TE JKe) eCTh

4 m n

A=EB~C" @)
OHO BHIpa)KAET MapaiedhbHOCTh IPAMOIL M HOPMAliD-
HOT'0 BEKTOpa.

§ 148, ITyyox niockocreiil)

MHO)KECTBO BCeX IIJIOCKOCTeif, NMPOXOMSIUX Yepe3 OAHY
u 1V Ke npamvio UV, HaseBaeTcs1 nyukom naockocmeti, Ilps-
Mast UV HaselBaeTCst 0cbio NVYKa.

Ecyu HM3BeCTHBl VPaBHEHHUS ABYVX Da3NUVYHLIX IUICCKOCTEH

P,uP,
A1x+ Bly+ C12+ Dl = 0, (1)
Ayx+ Byy+4Co2+ D,y = 0, )
NIPHHAMJICOKAUINX NVYKY (T. €. YPaBHEHUST OCH NTVYKa; cM. § 140),
TO KKAVIO IIJIOCKOCTb NYYKA MOXKHO YIPEACTaBHTh YpaBHe-
HHeM BUAA
my (Ax+ By + Cy2+ Dy)+
+my (Ax+ By +Cy24-Dy) = 0. (3)
O6parHo, vpaBHeHHe (3) npH JI0OLIX 3HAYEHUSX MYy, M,
(He paBHBIX HVJIKD OJHOBPEMEHHO) NpeacTaBiisieT IJIGCKOCTh,
TIPUHAMUICHKAIIYI0 NYYKY € ocklo UV 2). B uacraoct, npu
my,=0 noavyaem wmiaockocrb P,, a npu m,=0 — mnjoc-
KocTh P;. VpaBHeHune (3) Ha3HIBAETCSI YpasHeHUeM nyuxa
naockocmeii 3).
Korpa m, = 0, MBI MOXKeM pasfieIuTs VpaBHeHue (3) Ha m,,
0O003HauuB m, : 1y Yepes A, NOJVYUM VpaBHeHHE

Ax+ By +Cz+Dy+A(Ax+ Byy+C2+ D) = 0. (4)

1) Cp. § 24.

2) CM. HH)Ke MosICHenHe K npumepy 1.

8) Ecnu niockoctv (1) ¥ (2) napannenbus! (HO He COBIANAIOT), TO VpaB-
HeHue (3) NpH BCEBO3MOMKHBIX 3HAYEHUSAX My, My IPEACTABIISAET BCE TMJI0-
CKOCTH, Napa’suie/ibHbIe ABY M RaHHBIM (1@ paateat Hul nyuox naockocmeil),
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3necy BCEBO3MOYKHBIE 3HAYCHHS AAIOTCSA TOJLKO ORHOH GVkBe
%; HO 13 (4) Hesb3s MONVYUTH VPABHEHHSI MIIOCKOCTH Py,
Hpumep 1. I[lvcrs naubl vpaBHEHHs
5x—3y = 0, (5)
32—-4x=0 6)
ABVX IUIOCKOCTel NyuKa, T. €., YPaBHEHUsI OCH NVuYKa. YpaB-
HEHHe NVYKA eCTh

my (5x—3y)+m,(32—4x) = 0. (7)
Hanpumep, B3aB my;=2, m, = —3, 6ycM ¥UMeThb:
2(5x—3y)+(-3)(32—4x) = 0. (8)

¥YpaBHenue (8) win
22x-6y-92=10 (8a)

NIPEACTABJISET OXHY U3 IJIOCKOCTEH NMyyKa.

INMoscuenue, Bosbmem Ha npamolt UV Kakyio YrogHO TOYKY
M(x; y; 2). Ee KOOpAHHATHI X, ¥, 2 YAOBJIETBOPAIOT Y paBHeHHsIM (5) H (6),
a CJIe10BaTeNbHO, M YpaBHEHHIO (8). 3HAuMT, IIOCKOCTH (8) MPOXOAMUT
yepe3 BCAKYIO TOUKY M npsamoit UV, T. €. IPHHAANEIKHT MY YKY,

IIpume p 2. Haiith ypaBHCHUE IJIOCKOCTH, IIPOXOASIILCH
yepes npsimyio UV npumepa 1 u yepes Touky (1; 0; 0).

P e m e 1 U e, VIcKOMasi NJI0CKOCTb NIPCACTABJISIETCS] YPaBHe-
nuem Buaa (7). IlocneaHee ROJHKHO V/IOBJIETBOPATLCA TIPH
x=1, y=0, 2=0. IloacraBnss 3TH 3HaucHusa B (7), HAXOAUM
5my—4m, = 0, T. ¢, my:my, = 4:5, Ilo-
JIVyyaeM VpaBHeHue

4(5x-3y)+5(32—4x) = 0,
T. €.
52—4y = 0.

Hpumep 3. Haiith ypaBHenus npo-

eKIUH npsamoii L:

2x+3y+42+5 =0,
x—-0y+32-7=0 }
Ha INIOCKOCTh P
2x+2y42415 = 0. (10)

Pemwenue. Vckomast mpoexkumsi L’ (uepr. 171) ectb
npsmast, mo KoTopoit miuockoctk P Iepecekaercst € IJI0-
cKocThI0 Q (mpoBefeHHOi Yepe3 L mepmeHALKYJsApHO K P).
TnockocTh Q MPHHAMJIEIKHT NMYYKY € OChlo L M mpeacras-
JIfeTCsl ypaBHCHUEM BHJA

(2x+3y+ 42+ 5)+ Mx—6y+32-T7) = 0. (11)

9)

Yepr. 171,



§ 149. NPOEKLUM ITPSIMOM HA ITJIOCKOCTU 179

YroObl HaltTh A, npexcraBum (11) B Buze
C+2)x+3-60)y+(4+30)2+5-Tr =0 (11a)
M 3anMiieM VYCJIO0BHE NEPHeHAUKYISAPHOCTH miockoctel (10)

H (11a):
2240 +2(3-62)+1:(4+3%) = 0.

Orciona A= 2. [Toacraensisg B (11a), nosiyuum vpaBHeHHE IIJ10-
CKOCTH Q. MicKkoMast npoeKuMs NPeACTaBisIeTCs YPABHCHUSIMU
{ 4x-9y+102-9 = 0,

2x+2y+2+15 = 0.

§ 149. Hpoexnun npsimodi Ha KOOPAUHATHBIE IIOCKOCTH

ITycth npsiMast NpeACTaBIsIeTCS YPAaBHEHUSIMU

{ Ax+ Byy+Cz+ Dy, = 0, 1

AeX+ Byy+Ce2+ D, = 0, (2)

rae C; u C, He PaBHBI HVJIO ORHOBpeMeHHO (cavuail C,=
=C,=0 paccmoTpeH HWKe B mnpumepe 3). Utobn HalTu
NPOCKLHUIO NPsSIMOK Ha myockocTh XOY, M0CTaTOYHO HCKJIIO-
YUTb 2 U3 VpaBHeHUil (1) —(2). [TonvueHHoe VpaBHeHHue (BMe-
CTe ¢ ypaBHeHHeM 2=0) GVACT NPCACTaBISITH UCKOMYIO NPO-

eKUMIo ). AHaJIOTHYHO HAXOASITCSt NPOGKUMH HA TJIOCKOCTH
YOZuZ0OX.

ITpume p 1. Haiitu npoekuuio npsmoit L
{ 2x+4y-32—-12 =0, 3)
x~-2y+42-10=0 “)
Ha MJI0CKOCTh X0V,
P e eHye Urodbl MCKIWOUUTE 2, TOMHOXKUM IIEPBOE U3

AaHHBIX VDaBHEHMI! Ha 4, a BTOpoe — Ha 3 H CnOKUM, [Tony-
Yum:

4(2x+4y—-32-12)+3(x—2y+42~10) = 0, ()

T.-e.
11x+10y~-78 = 0. (6)
STO YPaBHEHHE BMECTE C ypaBHeHHeM
z2=0 (7

npejcraBiisieT npoexkuuio L’ npsimoii L Ha miiockoctse XOY.

1) CM, HH)KE NOACHEHHE K NpUMepy 1.
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»IToscuenue. INnockoctk (5) npoxoanT uepes npsmyio L (§ 148).
C npyroit ctoponsl, KaK BUOHO M3 (6) (rne He couep)KHTCA 2), 3Ta Nno-
CKOCTb (§ 124, 1. 2) nepneuauKyasipHa KX ryjockoctd XOY, 3nauut, nps-
Mast, 1o KoTopoii rnaockocTb (6) nepecexaeTcss ¢ MIocKocTbio (7), ecTh
npoekuMa npsimoit L na rnockoctb (7) (cp. § 148, npumep 3).

ITpume p 2 Ilpoexkuus npsimoit L
J 3x—5y+42-12 =0, (8)
1 2x—5y— 4 =0 ©)

Ha IockocTh z=0 npejcrapisieTcst (B MJIOCKOIT cHcTeMme
KoopanHat XOY) vpasHenuem (9). McrJouath KOOPAUHATY 2
He TpeOyeTest, TaK KAaK B YpaBHCHHHU (9) oHa WiKe He coacp-
skuTCst. TInockocTh (9) mepneHgHKy-
JsapHa K IJockoctH XOY; ona
npoexkTHpyer npsmvio L nHa XOY.

ITpuwmep 3. Haiitn npoekni
npsimoit L

{ 2x-3y = 0, (10)
x+y—-4=0 (11)

Ha KOOPAIHATHbIE MJIOCKOCTH.
Pemenne. B oGoux vpasHe-
Uepr. 172, HUAX 2 OTCYTCTBYET, TaK uTo 00¢
niaockoctd Py u P, (uept. 172) nep-
NEHAUKYISAPHBL K mjtockoct XOY. Ilpsimast L 1eprneHAUKY-
JsipHa K XOY u npoekTHpveTcst Ha IockocTh XOY B T 0 u-
KY N ¢ xoopauHatoif 2y=0. U3 cicrempr (10)—(11) Haxo-

2 8
MM Xy =5, Yy =5 -

YpaBHenue npoekupi L’ Ha naockocTh Y OZ MOXKHO HaliTH
no obmemy cnocoby, uckiawouast x us (10 1 (11). ITonyuum
8 o
y=+%, T. € TO )Ke paBEeHCTBO, KOTOPOC Bhlle HaixeHO
ans yy (M3 uepreXka BUJHO, UTO npsimast L’ orcroutr ot OZ
Ha paccrosiHne OB, paBHOC yy= AN). YpaBHeHHC TNpOeK-
nMK L Ha m10ckocTh XOZ ecTh x = 2=

5

§ 150. CuMMeTpHYHBIE YDaBHEHHSI NPAMOMH

Ipamasa L, npoxopsimast yepes Touky M, (X, Vor %) H
HMewasa Hanpasasowuii sexktop a {I, m, n} (§ 143), npex-
CTABJSACTCH YPABHEHUAMH

X = X - 2 =2
o _ Y—=Yo = o’ (1)

{ m n
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BHIPAXKAWIMUMH KOJUIHMHEAPHOCTh BeKTOpOB @ {l, m, n} u

MM {x—x,, ¥Y—¥o 2—2,} (uepr. 173). OHHM Ha3bIBAWTCHA
cummempuuHsimu (WIN KQHOHUYeCKUMIL)
YPaBHEHHUSIMH IIPSAMOIA,
3amevanue 1. Tak Kak 3a
TOUKY M, MO>XHO B35ITh JII0GYI0 U3 TO-
yeK Nnpsmoii L, a HanpaBisilomuii BeK-
TOP @ MO>XHO 3aMEHUTh HATIPABJISIOILIUM,
BeKTOPOM ka (§ 143), TO Ka>KA0# U3 Be-
JIMYHH X, Yo, 2o, I, M, N1 110 OTAEIBLHOCTH
MOYKHO JaTh INPOK3BOJILHOE 3HAYeHHe,
Ipumep 1. HamucaTb CHMMETpHY- Hepr. 173.
nble YpaBHEHHsT IIPsIMOH, mnpoxons-
uieit yepes touku A(5 ~3; 2) w B(3; 1; -2). B xa-
yeCTBe Mo MOXKHO B3ATb TOUKY A, 3a BEKTOp @ MO)XHO IIpH-

Hstth AB = {-2, 4, —4}. CummeTpHyHLEIE YPaBHEHHS OVAVT:
x-5_y+43 2-2 ®)

-2 7 4 -4 °

Ecnu M ke B KauecTse M, B3aTh B, a 32 @ NPUHATb BEKTOD
- L°AB = {1, =2, 2}, TO CHMMETPHYHEIE YPaBHEHHST OVAVT:

x—3 y-—l z+2
i N 3)
3ameuvanue 2. Ma Tpex ypaBHeHHHI
x=5 y+3 x-5 2-2 y43 -2
et T e @

cofiep>KalMnxcsa B (2), moasko 06a (KaKHe YT0OXHO) HE3aBHCHMBI, a TPEThe
ADASIETCA UX CAERCTBHEM; HATTIDHMED, BHIUTA H3 MEPBOr0 Y PaBHEHHS BTO-
poe, Hanem TpeTbe. Ka)knoe U3 ypaBHeHult (4) MpeacTaBAAET NJAOCKOCTD,
MPOXOAAILYIO Uepe3 IPAMYI0 A B nepnesanKy AsPHO K OHON H3 KOOpAMHAT-
HBIX MJIOCKOCTEH; BMECTE C TEM OHO NMPEACTABNAET MPOEKUHI0 NpsiMo AB
HA COOTBETCTBYIOL[Y0 KOOPAMHATHYIO IJIGCKOCTb (§ 149).

II pumep 2. CuMMETpHUHBIE VPAaBHEHUST NPSIMOH, IIPOXO0-
asieit yepes Toyku M, (5; 0; 1), M, (5; 6; 5), Gyavr:

x-5__y-0__z2-1 (5)

Buiparkenue X 0 VCI0BHO; OHO o3Hauaet (§ 102, sameuaHue),

410 x—5 = 0, Tak yro BmecTo (5) HAZO0 HamucaTbh CHCTEMY
y _ z=1

X = 5, =71 ¢ (6)

Ilpsimast MyM, nepnesauKysipHa K ock OX (tak KaK [=0)-
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IIpume p 3. CummerpuyHLle YPaBHEHHST NPSIMOii, POXO-
Asimieii yepe3 Toukn A (2; 4; 3) u B(2; 4; 5), 6vavT:

ST1a 3anuch 03HavaeT, uTo x=2 U y=4.

BesiMyuHa 2 IpUHUMAET pas3juyHble (f11065Ie) 3HaUeHHS 1Sl
pasiv4HBIX TOYCK NpsiMoit AB. Ilpsimast AB napanieibHa oCH
OZ (tak Kak [=m=0).

§ 151, INpuseneHue ypaBHeHHH npaAmoi
K CHMMETpPHYHOMY BUAY

Hnst TOro yTOON NPUBECTH VPaBHEHHST NPAMOH

Ax+ Biy+Ciz+ Dy = 0, (1)
Ayx+ Byy+Co2+D, =0 2)

K cuMmeTpHuHOMY Buay (§ 150), Ha/I0 onpeaenuTh KOOpAHHATLE

Xo» Vo» 2o KaKOH-11100 TOUKHM, Jercalueii Ha npsimoii (Mpumepol

4 1 5§ 142) n Hanpanasiomwue KoaddpuuneHtu I, m, n (§ 143).
Il pume p 1. IlpuBecTn YpaBHCHUS NPSIMOH

2x—-3y—-z+3=0, bx—y+2-8=0

K CUMMETPUYHOMY BUAY.

PemeHue. Kak B § 142 (npumep 4), Halizem Ha laHHOI
npsamoit Touky M, (3; 4; —3), x,=3, yy=4, 2, = —3. Bol-
YUCMB HAMPABISIIOWHE KOIDDHILICHTLI

-3 —1 -12

=11 1 15

=13
5 ~1 !

I= ~4;, m=

i

noJvyyaeM CHMMCTPHUBLIC VPAaBHCHHUS

ITp 1 m e p 2, [IpuBeCTH K CHMMETPUYHOMY BHAY ¥ PaBHEHHSA
X+2y-32-2=0, —-3x+4y—62+21=0.

3aaagum KOOpAMHATE Yy MM 2 Kakoe-1uGo 3HaueHHe (KO-
OpAMHATE X NPOH3BOJbHOE 3HAYEHHC 3aaTh HeJb3s; cp. § 142,
npumep 5); Hanmpumep, mosaokum y=0. ITosyyum TOUKY
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M,(5; 0; 1). Hanpasnsiomue Kosdpduuuenter 6vavr [=0,
m=15, n=10 wuam (nomaoman Ha %) =0, m=3, n=2.
ITonyyaeMm CMMMeTPHYHbBIE YPaBHEHHS

x=5_y _z-1

[} 3 2

(cp. § 150, npumep 2).
IIpumep 3. To e pjs npsmoit

X+y—-6=0, x=y+2=0, 3)
3Haqemm Xo U ¥, BIIOJIHE ONPENESISAIOTCA VpaBHEHUsIMH (3):
X, =2, yo=4. KoopavuHate 2, MOXKHO JAaTh Jilo0oe 3HayeRHHe,

Hanpumep 2,=3. Jlasee HaxoauM Hampasisiiomye KOIQPHIH-
eHTHl [=0, m=0, n=2, [TonyyaeM cUMMETPHYHbIE VDABHEHHST
(cp. § 150, npumep 3):

y-—-4 z-3

x=2_y-4
0~ 0 z

§ 152. ITapamerpHyecKHC YpaBHCHHA npsaMoit

Kaxpoe u3 orHomenuit X550, ¥=% Z=% (¢ 150) papno

yacTHOMY (§ 90) OT mesteHHs1 BeKTOpa
MM {x—x5, ¥=Yp 2—2,}

Ha (konnuHeapHeii) Bekrop a@{l, m, n}. OG03HauuM 3T0
yacTHoe yepes t. Torga

x = x,+1t,
Y = Yot mt, ¢))
2 = Z,+nt.

9TH VpaBHeHHUs] Ha3BIBAKTCS napamempuyecKuMu ypaeie-
HUAMU npamoli; KOTAA BeauuuHa t (napamemp) NMpHUHUMAET
pasauyHble 3HAUCHHS, TOUKA M(X; ¥; 2) ABHUIKETCSI IO NPSMOiA,
ITpu t=0 oHa coBnapaer ¢ M,; ANOJO)XUTENbHBIM H OTpHLA-
TeJbHbLIM 3HAUeHUsIM { OTBEYAIOT TOYKH, PACIOJIOYKeHHbIe Ha
NIPSAMOH 1O pa3HbIe CTOPOHBI OT M.

B BekrtopHoii ¢opme TpH vpaBHeHHst (1) 3aMeHsIOTCST
OTHUM:;

r = 1r,+af. (2
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8§ 153. Ilepeceyenue NAOCKOCTH ¢ HpsiMOi,
3ajaHHON napameTpHUECKH

O6was Toyka (ecaM TaKOBasl CYIIECTBVET) IJIOCKOCTH P
Ax+ By+Cz+D =0 n

H npsimoit L
X=X+l y=y,+mt, z=2z,+nt (2)

Haxogutcst mo gopmynam (2), ecian Tvjaa INOACTABHTL 3HAuC-
HHe {, onpe/ieiisieMoc H3 YpaBHCHHUsI 1)

(Al+ Bm+Cn)t+ Axy+ By, +Cz,+D = 0. 3)

IlociiegHee monvyaeTcst, eCiau BelpaXkeHHst (2) noactaButh B (1),
ITpumep 1. HaliTv TOUKY nepeceyeHus nyiocKoCTH

2x43y+32—-8=0
¢ npamoit

P e w1 e H u-c. [Tapamerpuyeckuc vpaBHeHUsT DpsiMoit 6vavT:
x= —-5+3, y=3-t z= -3+2. 4)

IMToacraBus B ypaBHeHue 2x+3y+32—8 =0, noavuum
9¢—-18 = 0, otkyaa t=2. IToacraBiusist 910 3HaucHHUE B (4),
nosvyaeM x=1, y=1, z=1. Mckomas Touka ectb (1; 1; 1).

ITpume p 2. HaiiTid TOUKY mepeccuCHHs TUIOCKOCTH 3x +
+y—42—-T7 = 0 c npsimoit npumepa 1. )

Pemenue. Takum ke o6pasom nonvyaem 0:¢—7 = 0O;
9TO VpaBHEHME He HMeer pelleHHUst. TOUKH MCPeCeUeHUsT Her
(npsimasi mapaJjuiesibHa IJI0CKOCTH).

ITpumep 3. Haiiti TOuKy nepeceycHUst MIOCKOCTH 3x +
+y—4z = 0 ¢ npsimoii npumepa 1.

PemweHnue Taxkum >xe obpazom noayuaem 0:¢4+0 = 0;
9TO VpaBHEHHE HMeCT O0eCUHCJIEHHOC MHO)KCCTBO peIUeHHI
(npsimast JIEXKUT B NJIOCKOCTH).

3amevaHue. Bocnosp30BaBUIHCh NapaMeTPUYECKUMHU
vpaBHeHHAMU (4), Mbl BBEJIM YeTBEPTOE HEU3BECTHOE [ M IO-
JIVYHIIH YeThIpe YPaBHeHHUsT (BMECTO JAHHBIX TPeX). ITO VCI0K-
HeHHEe OKVNAETCsA 00JblIeif JIETKOCThIO PELICHHSE CHCTEMBI.

1) YV paBHeHHe (3) B UICKITIOUHTENIBHBIX CIYYasIX MOYKET He HMeTh pele-
HHS (CM. HH)KE TPUMeED 2) UNHM HMeTh GeCYHCIEHHOE MHOXKECTBO pelieHn
(cM. HuHKe TipHuMep 3).



§ 156. NPSIMASL, NPOXOMSILIASL UEPES TOUKY 185

§ 154. YpaBHeHHA npsaMoi,
NpoXoAsliel Yepe3 ABe AaHHBIE TOYKH

TIpsimas, npoxoisiuast yepe3 TOYKH M, (x;; ¥y 2) H
M, (xp; Vo5 2,), MIpeACTABIISIETCST YPAaBHEHUSAMH

X=Xy _ Y=Y _ Z-%4 m

X=X V2N Z—2 "

Ipumepst cm. B § 150.

§ 155. YpaBHeHHe TUIOCKOCTH,
npoxoasiLe#t yepes NaHHYIO TOYKY
NEPNeHJHKYAAPHO K JaHHOH npsimol

ITnockocere, mpoxopswast yepes TOUKY M, (X Vo) 20) H
NePIEHAVKYIISIPHASA K NpPSAMOK
X=% _Y=¥ _Z2-1
A my n !

HMMEET HOpMajbHEI BekTop {l, m;, n,} H, 3HAuMT, NpeacTa-
BJISICTCSL YPaBHEHHEM

b (x=xo)+1my (Y —Yo)+ 1 (2—2) = 0
HJIM B BEKTOPHOIT dopme

a (r—7) = 0.
ITpumep. IINOCKOCTB, NPOXOAAILAST Yepe3 TOYUKY
(=1; =5; 8) 1 nepneHAUKYIAPHASI K NPAMOi % = % = 25;3 ,
npeacraBiasieTcss vpaphenuem 2(y+5)+5(z—-8) =0, 7. e.

2y+52-30 = 0.

§ 156. VpaBHenus npsmofi,
npoxoasiuedt yepes NaHHYH TOYKY
NEePNEHANKYAAPHO K AAHHOH NIOCKOCTH

Ilpsimasi, npoxoasimas yepes Touky M, (Xq; Yo; 2p) Y epHeH-
JUKYISApDHast K TUIOCKOCTH Ax+ By+Cz+D = 0, umeer:
Hanpasssiiomuii Bexkrop {4, B, C} u, 3HauuT, NpeAcTaBisieTcs
cummeTpuuHeiMi (§ 150) vpaBHeHHsIMH

X=Xy __¥Y=Yo_ 2—2% (‘1)
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IT p u m e p. IIpamast, npoxonsimas yepe3 Hayajao KOOpAH-
HaT M NCPNEHAUKYJISIDHASE K IJIOCKOCTH 3x+5z 5 = O

NPEACTABJISICTCSI CHMMCTPHYHBIMU Y PaBHEHUSIMH 3 = 3 =
MM napamerpHueckumu (§ 152) yvpasnedusmu x = 3, y =
z =5t

Solx

§ 157. VpasHenHe nioCcKOCTH, NPoXoxmumeit
yepe3 AAHHYI TOYKY M JaHHYIO NPAMYIO

IInockocTb, MPOXOAsILAsT Yepe3 TOUKY My (Xy; Yo %) H
yepes npsmyio L

X=X _Y=N_Z=-4 (1)

He DPOXOAsmYIo uepes M,, NpeICTaBJSICTCA VPaBHEHHEM
X—=Xp V=Yoo 2—2
—Xo V1=V #—%|=0 (2

l m n
HAH B BEKTOPHOH dopme
Yepr, 174, (r—1) (r,—1)e = 0. (2a)

VYpabHenue (2) MAH (2a) BLIpAXKAaeT KOMILJIAHAPHOCTb BEKTOPOB
(uepT. 174) MM, M(.M,, na{l,mn}

IIpume p. IlnockocTs, NPOXORAIIAS Yepe3 TOYKY
M, (5; 2; 3) u npamvio
x+1_y+1_2z-5

NPeACTaBISACTCA YPaBHEHHEM
x-5 y-2 2-3
-6 -3 2 =0,
2 1 3

T. €,
x—2y—-1=0.

3ameuyaHHue. Eciu npamas (1) mpoxXoaut yepes TOUKY
M,, 10 ypaBHeHHe (2) CTaHOBHUTCS TOX(IECTBOM H 3ajaua
HmeeT OeCuMCJICHHOE MHO)KECTBO pelieHMH (IoIvYaeM NYYOK
naocKocTeii ¢ ochio L; § 148).
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§ 158. VpaBHeHHE NIOCKOCTH,
npoxofsAel yepes NaHHYI0O TOUKY
M napajuiensHol ABYM AAHHBIM NPAMBIM

ITnockocTs, mpoxopsiuasi yepesd TOUKY M, (Xo; Vo 20) H
napanniesibHasi JaHHBIM (HeNapasIeIbHBIM MEXIY Co00it)
npsimeim Ly U L, (MM BeKTOpPaM &, U @,), NpeJCTaBlIsAeTCa
VpaBHEeHHEM

X=Xo V=Vo 2—2
L my m|=0, (1)
Iy m, n |

rme L, my, ny U l,, m,, n,~—Hanpapnsiowne Ko3GOHUIHEHTH
JaHHBIX NPSIMBIX (MJIM KOOPJUHATH JAHHHIX BEKTOPOB). B Bek-
TOpHOH dopme

(r—r)aa, = 0. (1a)

e >
VYpasnenne (1) nmu (1a) BbIpa)kaeT KOMITAHAPHOCTb BEKTOPOB MM,
@, a; (M —npoH3BONbLHAR TOYKA MCKOMOH NJIOCKOCTH).

3ameuanue. Eciu npsamele L, u L, mapansienshsl, 1. e.
@, ¥ a, KOJulMHeapHsl, TO vpaBHeHHe (1) CTAHOBUTCS TOXKAe-
CTBOM, M 3ajaua MMeeT 0eCUMC/IEHHOC MHOYKECTBO pelleHMi
(monyyaeM NYYoK IUIOCKOCTEH C 0OChio, NPOXOAsiLeH uepes
TOYKY M, napajuieIbHO AAHHBIM IIPSIMBIM),

§ 159. YpaBHeHHe NIOCKOCTH,
npoxoaniied yepes JaHHYI0 NPAMYIO
H napamnenbHoit apyroit panHol npsimol

Ilvers Ly u L,—HenapannenbHble npsimpie. Torma mio-
CKOCTh, IIPOXOAALIAs Yepes Npsimvio L; u napajiesibHas npsi-
Mot L, mpejcTaBJsIeTCsl VpaBHCHHEM

X=X Y=YV 2-%
L my n |=0, (1
I m, n,

TZe Xy, V1, 2 — KOOPAMHATE KaKOH-160 Touku M, npsamoit Ly.
3nech MMeeMyacTHbIH cvyait § 158 (posib Touku M, urpaer M;).
3ameyanne K § 158 To)Ke ocTaeTcs B CHe,
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§ 160. YpaBHeHMe NIOCKOCTH,
npoxoasimel yepes NAHHYI0 NPAMYIO
H NePneHAUKYIsApHON K AaHROM MIIOCKOCTH

ITnockocTs P, NPOXOMSIAst Yepe3 JAHHVIO NPSMYIO L,

X=% _Y=¥_ =%
I = my ny (l)
M NEPIEeHAUKYISIPHAsT K BaHHOM IUIOCKOCTH Q
Ax+ By+Cz+D =0 (2)

(He mepmeHAUKVISIPHOH K L;), NMpeacTaBisieTcst VPaBHEHHEM
X=X V=W 2-%
4L my n |=0. 3)
A B C
B BexropHoil dopme
(r—»)a,N = 0. (3a)

ITostcHeHHe. TlnockocTh P IpOXoauT -xepea npsmyio Ly ¥ napasn
nenpHa Hopmanu N { A, B, C } nnockoctH @ (cp. § 159).

3amevanue Ecam miuockocts (2) neprneHAUKYsApHA
K npsmoit (1), 10 ypaBHeHue (3) CTAHOBUTCSL TOXKIECTBOM H
3afaya uMmeer 0eCuMCIeHHOE MHO)KeCTBO pemeHuit (cm. § 158,
3ameyaHue).

IHpoexnuanpsamMoii HaNWOVIO MI0OCKOCTb.
ITnockocte (3) mpoekTHpPVET NpsAMYIo Ly Ha IIOCKOCTE Q.
Crano OviTh, IpsiMast L', siBJsiolasicss ipoexuueii npsimoit Ly
HAa TUIOCKOCTH @, TIPEACTABJSIETCSI CUCTEMON VpaBHeHMi

(2)—(3) (cp. § 149).

§ 161, YpaBHeHHUA nepneHAUKYIApa,
ONYLIGHHOI'0 M3 AAHHOM TOYKM Ha NAHHYIO TPAMYIO

ITeprenmukyisp, ONVIUEHHBIR U3 TOUKH M, (X, ¥y 2,) Ha
npsamMyio Ly

X=Xy _Y-=W _2-% (1)

11 my ny
He NPoXoxsmyio yeped M), MpencTaBIsICTCST VPABECHUAMU
L(x=x)+m (y=y)+m (-2) =0, )]
X—=Xo ¥Y—Yo 2—2%
l X=X Y1i—=Yo ZA—2%
L my m

i

0. 3)

1l
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MW B BeKTOPHOH (opMe VpaBHeHHsIMH

| a (r—1) = 0, (2a)
L2 (=) @ = 0. (3a)

Basroc 0TA€)LHO, YpaBHeHHe (2) npeACTaBIIsieT MIOCKOCTD
Q (uepr. 175), npoBefeHHVIO uepe3 M, NepNCHAUKYJSIPHO
Kk L, (§ 155), a vpaBHeHHe (3)—MI0CKOCTL R, NpPOBeJEeHHVI0
yepes TOUKY M, u npsimvio L, (§ 157). :

3ameuyaHue. Ecau npamas L, npo-
XOAMT yepe3 TOYKY M,, T0 VpaBHeHHe (3)
obpauwaercss (§ 120) B ToxkzecTBO (uepes
TOYKY, B3SITYIO HA NMPAMOH L,, MOXXHO Npo-
BeCTH 0eCuuCIICHHOE MHO)KECTBO HepIiCH-
JHKYJISIPOB K L,).

IT p 1 m e p. Hailtu vpapHeHHe nepreH-
LUMKYJIsIpa, ONVILEHHOro u3 Touku (1; 0; 1)
Ha NPSIMYIO

x=32+2, y=22 (1a)

Yepr. 175.

Haiiti TaKyice 0CHOBaHUeE IIePIIEHANKYISIPa.
Peuie Hue, YpaBHeHust (1a) MO)KHO 3amucath B CHMMe-
TpuyHom Buge (§ 151) rai:

x=2 y z
T T U (16)
Hckomblil mepneHRUKYISP NPEACTaBNisieTCsl VPaBHEHUSIMU
3~-D+2(@y-0)+1(z-1) =0, (26)
x=1 y 2z2-1
2-1 0 0-1|=0 (36)
3 2 1
MM I0CJIC VRPOICHMH
3x+2y+2-4=0, (28)
x=-2y+2-2=0. (3B)

KoopanHarel ocHOBaHMSI K meprneHOIHKYJISApA HaiiieM, pewus
cHcTeMY TpeX vpaBHeHui (16), (2B). YpaBHeHue (3B) ROJKHO

o 1
YI0BJIETBOPSITBCST camo coboit. Tlonvuaem K (Tl, —-?l—; —-—;—) .
3 aMmevyaHHe, Cucrema Tpex vpaBHenii (16), (38) umeeT Gecuucnex-

110€ MHOYKeCTBO peulenn#t (W00 MIOCKOCTh R NPX0OAUT yepes npsmvio Ly,
a He NMePeCeKaeT €e).
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§ 162. InnHa nepneHAMKYNsipa, ONYLIEHHOIO
U3 JAaHHOK TOYKM Ha AGHHYIO NPsSIMYI0

Hanbl Touka M, (Xo, Vo, 2) M NpsAMast L,, npeacrasieH-
Has vpaBHeHueM (1) § 161, Tpebvercs1 HaliTH PacCTOSTHME OT
TOYKH M, 10 npsimoil Ly, T. €. ANIMHY nepneHAuKyasapa MK
(uepr. 17%), ONYIUEHHOr0 U3 TOUKH M, Ha npsimvio L,.

Mo>KHO CHauana Halith ccHOBaHMe K TepneHAHKVIspa
(§ 161, npumep), 3ateM AauHy otpe3xa M,K. Ilpome mpume-
HUTD q)opmv.ny (npu ob6c3naueHusnx § 161)

‘[ Vo= Zo=a |, |2=n Xo=Xi|* [Xo—X1 Yo—)1|f
d= m m m 4L 4 m )
V Eamit+n

T. €. B BEKTOPHOH Qopme
d = Vi(ro —rp) X @,]2
— =
Ve
Yncnutens Buipakennsn (1a) ects (§ 111) niaowmwans napannenorpamma

M{MyBA (yepTt. 176, rne M; A= a,), a 3HaMeHaTeNb —AJHHA OCHOBAHHSL
M)A, Cnenoaarenbno, npo6b paBHa BbicoTe MK napannenorpamma.

(1a)

ITpume p. Haitty anuny neprneHgukynspa, ONYIIEHHOro
U3 TOUKH M, (1; 0; 1) Ha npsimvio x = 32+ 2,y = 2z,
Pewenwne B npumepe § 161 mul
al- Hawu

1.[’"'*.3 K(L; -2, 2D,

T TT T
7"0 3naunr,
4 d=|MK]|=
RS e e
Yepr. 176, = 2‘[—?

ITpumenum tenepr gopmviy (1). Cornacro (16) § 161 umeem
x1=2, nw=02=004L=3 m=2 n =1, Tak uro

}’1 =% 01 _o |Boma Xo—X
ny 21 ’ n, A

Il - l xo X1 Yo~ y:l l"l of_ -2
3 .
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ITonyuaem:
V(=2)z+ 42 +(—2) 3
= e—— 2 —_—
d Y3rr2e 12 ‘/7

§ 163. YcnoBue, npH KOTOPOM JBE NPAMBIE MEPECEKANTCA
MM JIe)KaT B OAHOM MIOCKOCTH

Ecnu npsimbie

X=Xy _Y=-Wh_ 22—z
L m T ng 1)
X=Xy _Y—Yo _ Z2—-2
L T my T n, &)

Jie)KaT B OJJHOI MI0CKOCTH, TO
Xg=X1 Vo= )1 %2274

A my n {=0 3)
1, m, n,
WM B BEKTOPHOH dopme
(ry—-my) aya@;, = 0, (3a)

OG6paTHO, eCJIH BHIMOJHAETCST YC0BUE (3), TO IPSMBIC JIE)KaT
B OJHOH IIJIOCKOCTH.

IMMosicueHnue, Ecnu npameie (1) 1 (2) ne)xkar B ogHoMt naockocTy,

TO B MocnenHeRt NeXXHT npamas MM, (uept. 177), T. €. BeKTOPBHI My M,,
a@;, a; KommjaHapHel (M 06paTHO). DTO M Bblpa)kaer ypasBHeHHe (3)
(cM. § 120).
m,
3ameuanue. Ecm %‘—=,~n—:= :—: [npu aTom (3) o6s3a-
2

TEJILHO V/IOBJIETBOPSICTCSI], TO NMpsiMble MapajjiesibHel, B npo-
THBHOM CJlyyae IpsIMble, VY/IOBJIETBOPS-~

jolue vcyoBuio (3), mepecexkaTcs. a;
IIpumep. Onpenennts, Iepecexka- (]
I0TCS J1d NpsIMble Ml 2
$-3-%, 0 bl
x+1 _y-1 z+1
B Rl may a @
Yept. 177,

H eCJH A3, TO B KaKOil Touke.
PeweHHue, lpsmsle (1) u (2) ne>xaT B 0AHOM MIIOCKOCTH,
-11 -
TaK KakK onpemenutenb (3), paBHBI 1 2 3|, odpa-
21 4
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1HAeTCsI B HVJIb. DTH NpsiMble He NapaJjuieNbHEl (HalpaBJsiiolHe
K03ddULMeHTH He NPOMOPLHOHANbHK). UTo0b HaHTH TOUKY
1iepeceyeHus, HaJ0 peiuMTh CHCTEMY YeThipex vpaBHeHuit (1),
(2) ¢ Tpemst HeusBecTHBIMU. Kak npasuio, nofro0Hasi cucteMa
He MMeeT pelLleHHil, HO B JAHHOM cjJvuae [BCJICJCTBHE BBINOJI-
HeHUs1 ycaoBusi (3)] pewenue ecTbh. PemnB CHCTEMY KaKWX-
Ju60 Tpex VpaBHeHHii, monyvuum x = 1,y = 2, 2 = 3. UerBep-
'{i)ezv%a;nﬂenne VI0BJIETBOPsieTCst. TOuKka nepeceyeHHs1 eCTh
» & .

§ 164. YpaBHeHus1 oGuiero nepneHAUKYIsApa
K AABYM AQHHBIM NPAMLIM

Ipsimas UV, nepecekaromiast ABe HenapasulcjbHble NpsiMble
(L, u L, Ha uepT. 178)

i my n !
X=X Y=Y __2—2
Iy ms ng

M NEePHEeHAUKYIsApPHAasA K HUM, npef-
cTaBisieTcsi (B BeKTOpHoIT (dopme)
VDPaBHECHUSIMU

w-r)aa=0, (1)
Yepr. 178, (r—ry)aa =0, )

rae @y = {l, m, n}, @& = {l,, my, 1, } U @ =@ Xa,

Bssitoe B oTaenbHOCTH, YpaBHeHue (1) mpejcraBisieT IJ10-
CKOCTb P;, TIPOBEJCHHVIO uepe3 MNpsiMyI L, IapanyeibHO
BEKTODY @ = @; Xa, (§ 159). AHanoruuyHo (2) mpeicraBJiser
MJIOCKOCTh P,, NPOBeREHHYIO uepe3 L, napaiesibHO a.

Touka K,, rae UV mnepecexaer L,, HaiigeTrcss B mepece-
YeHUH L, ¢ niaoCcKoCThbio P,. AHAJOrMYHO Haligercst Touka K,
MOCJI€ Yero MOXXHO HaWTH AJMHY o0mero InepneHauKy-
Jgapa K;K,.

3ameuaHue. B cnyuae napannensHoctu L, u L, (Toraa
«a = 0 u ypaBHeHusi (1), (2) CTAHOBATCS TOXKAECTBAMH) UMEETCS
OecuncneHHoe MHO)KeCTBO HpsiMeix UV. Uro0bl  MOAVYUTH
VpaBHeHHe ORHOH M3 HuX, Gepem Ha L; (uepr. 179) mpowus-
BONBHVIO TOUKY K, M cocTaBjisieM VpaBHeHHe NPSIMOM, mpo-
xoisameil uepes K; mo HanpasjeHHI0 BekTOopa @, Xb, rae
b=a X (r,—m).
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ITp u me p 1, Halitu vpaBHeHUs 0611ero nepreHanKyIsp”
K IPAMBIM

x=2+21, y=1+4, 2= -1-f, (3)
x= —31+3t, y=06+2, 2=3+6t. 4

Pemenne, Uveem @, = {2, 4, ~1}, ¢, ={3, 2,6},
a=a Xa,={26, -15, —8}

VICKOMEIH TIEPIIEHAUKVISAP TPENCTABISACTCA VPaBHEHHIMH

x-2 y-1 2+1 v
2 4 —1|=0, .
26 ~15 -8 =
x+31 y—6 2-3

3 2 6|=0, -
26 -~15 -8 K1

MK T0CJIe VIPOUIeHHi

47x+ 10y+134z+ 30 =0, (5)
{ 74x1+180y— 97241505 =0. (6) o179
Touxy K, nepeceyeHus obirero nepnesauKyisapa ¢ mpsamoii (3)
Haiinem B3 cucremnt (3)—(6). Ilomvyum Ky (—2; —7; 1)

Amnanornuno nonvuum K, (—28; 8; 9). Inuna d o0mero mep-
NEHAUKYJIAPA paBHa

d = Y(=2+28)*+(—~T7-8)*+ (1 - 9) = Y965.

IIpume p 2, Haiiti vpaBHeHus 001Er0 NepIeHANKYIIAPA
K IPAMBIM

x=2+2t; y =342, 2=1{, (¥))
x=5+42', y =4+2, 2 = 141, 8)
IlpsiMble NapajnneNbHE: @ = @, = {2, 2, 1}, Py—2y =

={3, 1, 1}, b = a X (r,—r) = {1, 1, —4}. "Hanpasusio-
UK BeKTOp 00mere meprneHAMKYIispa @ X b = {-9, 9, O}
WM, TIOMHOXKast Ha %—, {-1, 1, 0}. 3a HauaNBEHVIO TOUKY IIPU=~
MEM NPOU3BONLHYIO TOUKY K (2--2f; 3--2f; ) npamoit (7).
ITonyynm vpashehue OGLIETQ JiepHEHJUKYIISAPA

—(242 —(3+2¢
x(_il-f)=y(l+ ),z-—:t, ©)
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rae {—npousBosbHOE uMcno, YUrolur HalitH Touky K, mepe-
ceyeHust obwero neprneHaukviaspa (9) ¢ npsimoit (8), Hano
TIOACTaBHThL BhIpaKEHUA (8) B vpasuenue (9). ITosrvuum:

3420 =) _ 14206-0 _ 1+(¢'-1)
T~ e

Jlio6oe M3 coaep KALIUXCsT 31eCh VPABHCHUIT paet ¢ = f—1;
moxcraBnss B (8), Haxoaum K, (3+42f; 2+2f 1), Tak urT0

d= l Klel =
= V[G+2) - C+2F+[2+2) - G+ 2P +[~1F = V2.

§ 165. Kparualinee paccTosiH{He MeKAY ABYMS NPAMBIMH

Kparuaiimee paccrosinue Mexay npsimeivd L, ¥ L, €cth
IUinHa d ux ofIero nepneHadKyIsipa. Ee M0o)HO HalitH, co-
CTaBUB VpaBHeHHst o0wero meprnecHaukviaspa (§ 164, npu-
Mepsl 1 ¥ 2). Ho mpouie Halitu d HemocpeaCTBeHHO,

1) Ecan npsimute Ly u L, He napasenshsl (uept. 180), 1o

d = I —r)ae| _ |(r:=r) aya; | )
oy X @] V(@ xa)
{r,, ¥,—papuvcH-BexTopsl ToueK M;, M.; @, @,—Hamnpa-
BJSIIOILME  BEKTODH
npsimeix Ly, L),
Uncnurenb apodu
(1) ectb (§ 121) o6BeM
napasnesnenumnena, rno-
CTPOEHHOTO Ha BEKTO-
—
pax MyM,, a,, a;. 3Ha-
MeHaTenb -- NaoWagb
ero ocuosauus (§ 111),

CnenoBarentHo, BCsI
Yepr. 180, YepT, 181. Apobb ecTh BHICOTA

1K2 =d,
Jns nepecexaommxcst NMPAMBIX (BeKTOPE K; Ky, 6, @ KOMITTAHAPHbL)
dopmyna (1) paet d =0, s napannensHLIX IPAMBIX (BEKTOPLI @, @ KOJI=

JIHHeaprI) QHa HenpuroxHa (.qae'r -g—).

2) Ecnu npsimeie Ly, L, mapannenshel (uepr. 181), To

- [ (r—1) X @& | = Jira—r) X @]2 0
d KA Yai @

(8MeCTO @; MOXKHO B3ATh @,).
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Unenurens npobu (2) ects Nuowans napannenorpamma My M, DC, sHa-
MeHaTenb —JUIMHA ocuoBanust M;C. Bcea upobb écth BhicoTa K Kg =d.

ITpume p 1. Haiitn xparyaiiiiee paccTosiHEE MEXKAY TIPSl
‘MbIMH nipumepa 1 § 164 [» = {2, 1, —1}, », = {-31, 6, 3},
a = {2: 4, "'1}; a; = {31 2, 6}]'

PemeHue. JlauHue DpsAMBIC He napasuienbHel, HMmeem:

ol

-1 2 24 }_
6 3}’ |32]/f
= {26, --15, -8},
(r;—r)aa, = —33-264-5-(—15)+4(—8) = —965,
dopmyna (1) paer:

e

_ 965 _ 965 yam
d= Y26TF(—i6)+(—8)  J965 Y965.

II p u m e p 2, HaiiTu kpatyalimce paccTosiHue MeXXAY Npsi-

Mbng{ lnll)?lmepa 2§ 164 [ay=a;, ={2, 2, 1}, -1 =

" Pemcnne. Ilpsimble mapanneieHwl; gopmyiaa (2) paet:

T I, (1T 3P |5 1]
V21+12+22 =3
Y2rr2e+1 )

3ameyanne Kparuaifiuemy paccTosiHUIO MeXAy nps-
MBbIMU (€CJIM OHH HC IePHEHFUKYJISIPHLI H He IapalllesIbHBY)
MO)KHO NpuMnHcaTh 3HaK (cM, § 165a).

d=

§ 165a. ITpaBLie M JieBbie Napbl NPSIMBIX

Onpepenenue INapa ckpemirBalOIUXCsI HEICPIEH M-
KVJISIDHBIX NpSIMBIX L., L, (uepr. 180) HaswiBaercs: npasoil,
ecny st HabulopaTelst, 1OMCHIAINEroCs Ha IPOJOJIYKEHHH
Kakoit-nu6o cexvineit K,K, 3a npsimvio L,, Kpatyaimuii 1o«
BOpOT npsimoii L, B monojkehne, napanneanbsoe L, cosep-
I2ETCST NPOTHB 4acopoit crpenxy. B npoTHBHOM ciavyae napa
1,, L, HasuIBaeTcs1 4e6oil.

3ameuvanue 1. Ilpasast napa ocraercst mpanoii, a Jie-
Basi—JIeBO#f BHe 3aBUCHMOCTH lie TOJBLKO OT BEIGOpA TOYEK
K;, K, Ha npsimnx L;, L,, HO TaiO)Ke K OT 0003HaueHUsI STHX
npsAMbIX (EPBYVIO MO)KHO Has3BaTth L,, a BrOpvio L;). Heii-
CTBUTEJIbHO, XOTs IPH 3TOM BpalleHHe OVAET IPOHCXOAUTH
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B 06paTHOM HanpaBJieHHWH, HO HaliojaTesb IOMECTHUTCS Te-
nepb Ha IPOJOIJDKEHUM cekviielf 3a mpsimvio Ly, TaK 4yTo AJs
HEro HampapJleHHe BpAlleHHsT 0CTACTCS NMPEeXKHHM.

3ameuvaHHue 2 {nsgnpsmeix Ly, L,, Te)kamiux B OTHOH
TJIOCKOCTH, @ TAK)Ke AJIST NePIeHAUKYJISIPHBIX NPSIMBIX INOHSI-
THS IPABOH U JIeBOH Maphl TEPSIIOT CMBICT,

Ipumep. Ecin npy BBUHYMBAHUM WJIH BHIBUHYHBAHUH
HITONOPA €ro PyYKa IOBOPavMBaeTcsi Ha vrou 60°, To Hayasb-
HOE M KOHEYHOE IHOJIOXKEHUSI OCH PVUKH 00pasvioT IpaBvio
apy npsiMpix (€cJiM 3a NpsiMyio L, NPUHSITH OCb PYYKH B ee
BEePXHEM ITOJIOXKCHHH, TO HalulofarTesb, 0 KOTOPOM I'OBOPUTCS
B OIpeJlesICHUH, AOJIKEH CMOTPETh CHH3V; B IIPOTHBHOM CaV-
yae — cuepxv). Ilpy noBopoTe pyykd mronopa Ha vroa 120°
HayaJbHOE i KOHEYHOE IT0JI0YKEeHHUs] ee 0CH 00pasyIoTIeBYIoIapy.

IIpM3HAaK NpaBU3HB U NeBU3HE IlvcTh @), @, —
akue-nubo (HeHVJIEBBIE) BEKTOpPHI, KOJUIMHEApPHbIe € Mpsi-
mbiMu Ly, L,. Ecnin cmemanHoe npoussenenue K, K,aa, nmeer
10T KC 3HAK, YTO M CKaJISIPHOC IIPOM3BCAEHHE @@, TO Napa
Ly, L,—mpaBasi; eClIu 3HAKH NPOTHBONOJIOKHEI, TO— JIEBAS.

Korpa K,K,ma, = 0, npsamue L,, L, nexar B OAHOH
TJI0CKOCTH; KOoTAa ey, = O, npsimuie Ly, L, nepneH uKYIIsIpHHL.
B o0oux 9THX cavyasx napa Ly, L, He siBIsieTCS HU NpaBoii,
HH JIeBOH (CM. 3ameuaHue 2).

3Hak KpaTuyalmero paccTosIHHUSA MEXAVY
ABYMS nNpamMuMu. Kparyaliwemy pacCTOSHHIO MEXAY
CKPENINBaIOIMMUCS HeNePIEeHAUKYJISPHEIMU TPSIMBIMA MO)KHO
IIpUIMCaTh 3HAK, CYMTAs 9TO PACCTOSIHHE IIOJIOYKHUTEJILHBIM,
cciM mapa-—npasasi, U OTPHULATENbHBIM, €CJIH OHa —JieBast.

Q0o3Hauast OyKBOM & Kparuaiinlee pacCTOSTHHE MEXIY
NPSAMBLIMH C VYCTOM €ro 3Haka, umeem Bmecto (1) § 165 cue-
iy Gopmyay:

_ _aa  (r-r)ue
8= lae: ] JeXa}” O
OHa npuronHa TaKKe IJIsT NMepeceKaromuxcst (HO He IeprieH-
JUKVIISIDHBIX) NPSIMBIX M JJaeT B 3TOM ciyuae & = 0. Jns
TICPNIEHANKYISAPHBIX NPsAMBIX Gopmyia (1) HenpuroaHa, Tak

KaK MepBelit COMHOMKHTEN —l:;;fl‘ CTAHOBHUTCSL HEONpEeseH~
1

. 0
HbiM, IPUHUMAST BUJ, o (€CAHM TPMbiE He NMePNeHAMKYISPHH,

T0 TepBHIL COMHOXKHTENb paBeH Jubo <1, nuGo - 1),
Jst napanienbHBIX NPSMBIX Gopmyiia (1) Tak)Ke HeIPHUroxHa,
TaK KaK BTOPOH COMHOXXHTEJh CTAHOBHTCS HEONPENENICHHEIM,
CM. sameuanue 2,
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§ 166, IpeoGpa3oBaHHE KOOpPAMHAT

I.MlepeHoc Hauana XoopnuHuaT IIpH 3aMeHe cCHCTEMB
KoopnHHaT O XY Z HoBo# cvcTemoit O’ X’ Y’Z’ ¢ paBHOHaNPaBIEHHBIMH OCSI=

MM cTapble KOOPAHHATHI (X; ¥; 2) MOuKU BEIPAXKAIOTCS yepe3 HoBbie(x';y"; 2’)
dopmynamu

x=a+x’, y=b+y, 2=c+2, (1)

rae a, b, ¢ —KOOPAMHATHI HOBOTO Hayana O’ B crapott cucreme (cp. § 35).
KoopAnHATEL BCAKOI'0 6eKMOpa NPH 9TON 3aMeHe OCTAIOTCS HEH3MeH=
HBIMH,

2. TToBopoT oce it [Ipusamenecucteml O XY Z HoBol cucremott
O’X’'Y’Z’ ¢ TeM »Ke HavyaJIOM cTapble KOODAHHATHI TOYKH BBIPa)KaloTCs
yepe3 HoBuIe GOPMY TaMH

P AN P

x = x’cos (¥,4) +y' cos(¥,8) +z’ cos (K, %),
Pt TN P

y=2x"cos(¥,5) +y’ cos (#,3) +2’ cos (K, 1), @
Py N P

z=x"cos (¥, k) +y’ cos(§’, k) + 2’ cos (k’, k),

A~
rae (¥, 4) ectb yron Mexxny Bextopamu ' M 4, T. €. M&XAY HOBOH M cTa-

pott ockio aGcumce, (#, §) ~yroa Me)xay HoBolf 0CHbI0 OpAMHAT M cTApOK
ocklo abcuuce H 1. 1.) 1).

KoopauuaTs! BCAKOI'0 BEKTOpPA NpPH 3Tolt 3amMeHe IIpeoGpasyioTcst 1o
TeM e dopmyiam.

-~ -~
3ameuauue, Us nesatn senuuun cos (¥,1), cos (#,4) »n 7. 1.
no0ble TPH MOXKHO 3a1aTh NPON3BOJILHO, OCTaJIbHEIE 1IECTh YXOBJNETBO-
PAIOT COOTHOLUEHHSIM
P N S
cos? (8, 4’y +cos2 (1,7') +cos?(§, k) =1,
Py N Py
cos2(§,#) +cos? (4,4) +cost(§, k) =1,

e P N
cos? (k, &) +cos? (k,§') +cost (k, k') =1
M

cos (4, ) cos (7, 7)) +cos (£7) cos (7, 7) +cos (&, #’) cos (7, ) = 0,
N A\ AN\ A\ Py N
cos (3, %) cos (k, ) +cos (4,§’) cos (k,3’) + cos (4, K’) cos (k, k') = 0,

AN P s P P N
cos (4, ¥') cos (k, ') + cos (4, 5°) cos (k, §’) +cos (§, k') cos (k, k) = 0.

l4(5:001'14m.uex-m;; (3) BoiTexatT u3 (4) § 101, cootHowerus (4) —n3 (2)

1) Kaknanlif ¥3 K03dHNLUMEHTOB NPH HOBHIX KOOPAMHATAX €CTh KOCH=
HVC YIJ1a MeXXY COOTBETCTBYIOLIEH HoBo#t 0CEhIO M TOH cTapoif 0Chblo, KOTQ«
POt oTBEuaeT KOOpAWHATA, 3aNMCaHHAA B NEBOR uacTH.
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§ 167. YpaBHeHHe NOBEPXHOCTH

VYpaBHcHHe, CBs3bIBaloOLice KOOPAMHATHI X, ¥, 2, Ha3bl-
BaeICsA ypasiieHileM nogepxHocmu S, eciu CoOJI0eHb! CJre-
JIVIOLIMe JBa VCJOBHs: 1) KOOpAMHATH X, ¥, 2 BCAKOI TOYKH
TNOBEPXHOCTH S VJOBJETBOPAIOT STOMY VDaBHCHMIO, 2) KOOp-
JUUHATHI X, ¥, 2 BCSAKOI TOUKH, HE JiesKallei HA IIOBEPXHOCTH S,
He VIOBJICTBOPSIIOT 9TOMY VpasHeHuto (cp. § 7).

3aMeuyanHe EciM U3MEHUTh CHCTEMY KOOPJAHHAT, M3-
MCHHUTCSI H YpaBHeHHE NOBCPXHOCTH (HOBOE YpaBHeHHE HONy-
YUTCST M3 CTAporo ¢ mnomombio ¢opmys npcobpasoBanHs
KoopauHar, § 166).

ITpumep 1, VpapHense x+y+2—1= 0 ecrb VpaBHe-
HUC IUJIOCKOM MoBepXHOCTH. TV KXe NOBEPXHOCTh NpPU Hajle-
JKaleM BbIGOpe MPSAMOYIOJILHOM CHUCTEMBl KOODIHMHAT MOXCHO
npejcTapyuTh JIOOHM JPYIMM VPaBHEHHEM ICPBOi CTemeHH.

IIpumep 2. ITosepxHocTh wWwapa (cdepa) paguvea R ¢
ICHTPOM B Havanc KOOPAMHAT NPEACTaBJSIETCST VPaBHCHHEM

Xpytpat = R (1)
160 1) ecan rouka M(x, y, 2) | JIOKHT Ha 3TOH NMOBEPXHOCTH,

70 paccrosnve OM == Yx*--y*+z* paBHO panuvey R, crano
ObITh, ypaBHeHHE (1) VIOBJIETBOPSAETCS; 2) eCIH M He JIe)KUT HA
1I0BEPXHOCTH, T0 OM = R, nypaBHeHue (1) He VIOBIETBODSIETCSI.

Ipumep 3. Coepa paguyca R ¢ HEHTPOM B TOYKE
C (a; b; ¢) upexcTaBNsIETCS VPABHEHHEM

(x—a)*+(y—b)*+(z—c)* = R* @

Vpasuenie, cBR3bIBaloOlEee KOOPIHHATH X, ¥, 2, MOXKET NPEACTABIATE
HE ITOBEPXHOCTh, 4 JIPYFHE FreOMEeTpHUECKHE oﬁpaau, HJIK HE NPEACTABAATh
HHKAKUro reomeTrpHueckoro o6pasa (cp. § 58).

IlIpumep 4. Ypasueuue x2+y2-+2241=0 ne NpeacTaBnfeT HH«
Rux(or; reomeTpuuecroro v6pasa, H60 010 He HMeCT (ReficTBHTENIBHBIX) pe-
DIeHHH, .

MIpumep 5. Ypapueune x2+y?+2¢=0, umeiouree egHHCTREHNOE
neltcTBuTeNbHOE pewenne x =0, y =0, 2 =0, npeacraBnsieT OQHY TOYKY,

IMpumep 6. ¥YpasHeHue (x—3)%2+(2—y)2=0 VYI0BNETBOPAETCS
JMWb TOrAa, Korjia onHobpeMeHilo x—y =0 H 2-y=0; oHo npeacra~
DJISIET NPSIMYIO JIHHHIO X =Y =2,

§ 168. LunuujapuyecKHe NnOBePXHOCTH, ¥ KOTOPHIX
ofpa3ylonike napajleNbHbl 04HO0M M3 oceH KoopauHar

IloBepXHOCTh, MOPOXKAAEMAst JBH)KEHHEM NPSMOH JH-
HUH (0Opa3sviolleii), nmapanniefibHON HENMOABH)KHOH mnpsiMoii,
HasHBaeTCs yuauropuyeckoli. Besikass TUHUS, KOTOPYIO 06pa-
3vioilasi nepeceKaet B J00OM CBOEM IOJIO)KEHHH, HA3HIBACTCA
Hanpasaswuyeil,
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Besikoe ypaBHeHHe, He Cofeprraliee KOOPAUHATE 2 U npef-
cTapisioniee Ha mnjockoctd XOY HekoTopvio JuHMIo L,
MpPeACTaBNsIeT B NMPOCTPAHCTBE M-

z JIMHAPHYECKYI0

anden
“d 1 .~‘

v
1

IIOBEPXHOCTh, V

YepT. 182, YepT, 183.

KOTOPOH 00paayiouast napaiienbHa ocit OZ, a Hanpasastiollei

CIIV)KMT JIMHUSA L.
Ipumep 1, Ypasnenue

xt ) .
wrE T 1

)

npeAcTaBsieT Ha niockoctH XOY annune AB A’ B’ (uepr. 182)

¢ noavocsimu a=0A4, b=0B. B npo-
CTPaHCTBE OHO MNPEACTaBASCT UMJIHHAPU-
YeCKYI0 MOBEPXHOCTb S, V KoTOpOil 00pa-
3vioimue napasuieabisl ocH OZ, a yanpas-
Jstomet caykut anaune ABA' B’ (saaun-
muvecruil yuaunop). .

IMpumep 2. YpaBHeHHe Z—Z—% =1
NPeACTABISET 1MIHHAPHYECKYIO TIOBEpX-
HocThb (uept. 183), v kotopoii o06pasviouue
napajnenbHol ocu OZ, a HanpasisioLIeH
cayxur runepbona CDC'D’ (eunepboat-
yeckull yuaurop).

Npumep 3. VpasHerue y2=2px.

NpeacTaBisieT napaboaudeckuli yaaunop
(uepr. 184).

Yepr, 184,

YpaBHeHHe, He COAepyKalliee KOOPAUHATH X (UJH V), npen-
CTaBJsIeT HHMIMHADHYECKYIO TIOBCPXHOCTb, V KOTOpOil o6pa-

3vioujas napanienbna ccH OX (unu OY).
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ITp ume p4. YpasHenue y* = 2pz npeacrasiisier napa6osiu-
YECKHH IHJIMHAD, PACIoN0oXKeHHLIH, KaK TOKa3aHo Ha yepr. 185.

3ameuaHuye. Ecin HanpaBisiiomasi — npsiMasi JIMHUS,
TO LHJIHHAPHYCCKAs! IOBEPXHOCTb — IU0CKasl. B cooTBeTCTBUH
¢ 9TMM YpaBHenue Ax+ By-+D = 0 npexacrassisier B Ipo-
CTPAaHCTBE IUIOCKOCTh, Dapal-
JeaeHvio ocu OZ (cp. § 124,
3ameuaHue).

§ 169. YpaBHeHHs muHHM

JlnuHio MOXKHO paccmarpu-
BaTh KaK lepeceyeHHe ABYX HO-
BEPXHOCTEH M COOTBETCTBEHHO C
9TUM TIPEACTABJATL CHCTEMOH
JABYX VpaBHeHHIA,

Yepr. 185, JBa (B3ATHIX BMeCTe) vpaB-

HCHHSI, CBSI3LIBAIOU{HE KOOPAH-

HaTel X, Y, 2, HasLIBAIOTCSt ypagrenuamu aunuu L, ecan co-

6yofieHbl CJIeYIOUIME /1BA YCAOBHSI: 1) KOOPJAMHATHI BCSIKOM

TOUKH M auHHM L yJAO0BJIETBOPSIIOT O00MM VDPaBHEHUSIM;

2) KOOpAHHATHI BCAKOH TOYKH, He Jjexxaulefi Ha JUHWH L, He

VAOBJIETBOPSIOT O0GOMM  YPaBHCHHSIM

cpa3y (XOTSI MOI'VT VAOBJIETBOPHTH
ORHOMY M3 HHX; cp. § 140).

Ilpumep 1. JBa vypaBHCHUS
y—-2=0, x-2z=0 npeacrasisior
TIPSIMYI0 JIMHHIO KaK NepeceyeHre ABYX
njockocTeit (cp. npumep 1§ 140).

ITpumep 2. Ba ypaBHeHHSsI

X4y2422 = a, y=2
NPeICTaBJAKT B OTACABHOCTH: Hep-
Boe — cthepy pammyca a (uept. 186) ¢ YepT. 186,
LIEHTPOM B Touke O, BTOpOE — ILIO-
cKocth LOX (npsimast OL pmenut mononam vron YOZ). Bas-
Tble BMECTE, 3TH YPABHEHHS NPEACTaBISIOT OKPYIKHOCTL 00JIb-
woro xpyra ALK.

3ameuvanue 1. OgHa 1 Ta >Ke JTHHUS MOXKET NPEACTa-
BJSITHCSL PA3NHUHBIMU (PABHOCHJBHBIMH JAPYI' JPVIY) CHCTe-
MaMU ypaBHeHHH, H00 ee MOYKHO NMOJIYYUTh KaK nepeceyeHne
PasIMUHBIX Nap IOBEPXHOCTEH,

3ameyanue2, CHCTEMA IBYX Y PaBHEHHH MOSKET NPEACTABNATD He
TONBKO JIHHHIO, HO M APYTHE FeOMETPHUECKHE 06PA3bl; OHA MOXKET TaKIKe
He MPEeACTABAATh HBUKAKOr0 reOMETPHYECKOra o0pasa.
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Mpumep 3. Cucrema vpapuenut x2-+432+22 = 25, 2=5 npen-
CTaBAAET -roqxzs% (0; 0; 5), B KoTOpO¥ MAOCKOCTD =5 KacaeTca cdepr
x2 +y2 422 = 25,

IIpumep4. Cucremd vypapHeHu#kt x2+32+22 =0,x¥+y+2 =1
He MPe/ICTaBIAeT HUKAKOr'o reOMETPHYECKOr0 00paga, HGO TIepBoMY YpaB-
MEHMIO YROBJIETBOPSOT TONBLKO 3HaueHHMA X=0, y=0, a OHH ue
Y0BJIETBOPSAIOT BTOPOMY Y PABHEHHIO.

§ 170, ITpoeKuMA JHHHHK Ha KOOPAMHATHYIO NIOCKOCTH

1. Ilverb iuHUsL L nIpejiCTaBJISICTCS ABYMST VpaBHEHHSIMH,
M3 KOTOPHIX OJHO CONEP)KUT 2, a JIPYroe He COREPIKUT 1),
Toraa BTOPOE IIPEACTAaBIISIET «BEPTHKAJILHVIO) IMJIMHAPHYE-
CKVIO IOBEPXHOCTb, & Ha IJIOCKOCTH XO0Y — Hampasisio-
myio Ly 9T0if nmosepxuoctt (§ 168); mpoexuuss JHHUKM L Ha
TUIOCKOCTE XOY JIEKHUT Ha JuHMK Ly (MOKPHIBas ee BCIO MIIH
YaCTHYHO).

IIpumep 1, YpapHenus

2=y+g, Bpi=1

Tipeacrasisier (depr. 187) ymuuo ABA,B; (3M1HMIC), O KO-
TOPOH NEPECceKaloTCst JINOCKOCTh 2 = ¥+ (mnockocTs P Ha

r
%

\ ’
o -V A

Yepr, 187,

yepT. 187) u Kpyrias IIHHAPUYECKASI IOBEPXHOCTh X2+ Y% = 1.
Ha_ miockoetn XOY ypaBHeHue x*+y% = 1 npejcrasisier
OKpY)KHOCTB A’B’ A1 B} ITpoexuust tunxu AB A, B, coBnasaet
¢ nunueit A’B’ A} Bj.

1) Ecau 06a ypasHEeHHS He COnepyKaT 2, To JMHHsA L —BepTHKANbLHAR
NpsiMan (HIH HECKOJIBKO TAKKX NPAMBLX); OHATIPOEKTHPY eTCAHA XOY 704~
xKoft (cp. § 149, npumep 3).
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INIpumep 2, Ypasuenus
X4y =aq% y=mx

npepcrasisuor (uept, 188) 6onbimoii Kpyr («epunuam) AP A'P’
chepel O Kax nepecevyeHye 370i chephl ¢ MIOCKOCTBIO ¥ = MmX
(unockocTs R Ha uepr. 188)., YpaBHeHHE y=mx XpejiCTaB-
Jser Ha IockoctH XOY npsmyio UV. Ilpoexuust mepu-
anaHa APA’P’ Ha IUIOCKOCTh
XO0Y nexur Ha npamoit UV, Ho
IIOKPHIBAET JIMIIb €€ YacTh,
HMEHHO 0TPe30K AA’.

2. Ilverp ob6a vpaBHeHHS,
npencrasisiionue auru0 L, co-
ICPOKAT 2; TOT/A JUIST PA3BICKAHUST
TIPOEKLMH JIUHHH L Ha NJI0CKOCTh
X0Y Haao MHCKIOYUTh 2 U3
JIAHHBIX VpaBHeHHii ). Ypasne-
HHe, ITOJIVUCHHOE B pe3viabTaTte
HCKJIIOYCHMUS, TIPC/CTaBNsIET Ha

YepT, 188, Yepr, 189,

nnockoct XOY Jimupo L7, Ha KOTOPCH JIEXKMT HCKOMAst
npoexiHst (MOKpPHBast ee BCI0 MIH YaCTHYHO). AHAJOTHYHO
HAaXOAATCST NPOEKUHU JIMHUK Ha NiocKocTH X0Z u YOZ,

Burrexaer H3 1. 1.

IIpumep 3. Pacemorpum oxpvixknocts (ALK Ha
yepr., 189), npeacrasnsemvio (cp. § 169, npumep 2) vpasHe-
HHUSIMH

By R = (1)
y=2 2

1) UcKNIOUKTh 2 913 NBYX YpaBHeHni —3HauuT HaliTH TpeThe VpasHe,
HHe, He cofiepKalee 2 ¥ y0BJIETBOPSIOUEECS ITPH BCEX TeX 3HAYEHUSAX X
¥, KOTOpPEIE YAI0BJIETBOPAIOT CHCTEME IBYX JIaHHEIX Y PaBHEHHH,
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Ji1s1 pasbICKAHUS ee TIPOEKIHH Ha II0CKOCTh XO Y MCKItio-
yuMm z u3 (1) u (2). ITonyuum vpaBHeHue

X2yt = 3)

Ono npepcrapisieT Ha InockocTd XQY aynune AL’K’ ¢ no-
ayocsamu 0A = a, OL’ = —52_— TIpoeruust OKpY)KHOCTH ALK

IOKPHIBAET 3JnHNIC AL’ K’ 1eTMKOM,
J1st pasbiCKaHUsA MPOEKUUH OKPY)KHOCTH ALK Ha mio-
cKocth XOZ Hano u3 (1) u (2) uckuwuutk y, Ilonyyum vpas-

HeHue
X2 4-22% = a?, 4)

npejcTapisionlee Ha INOCKOCTH XOZ 3/UIMIC TeX >Ke pas-
mepoB, uT0 AL’K’, ITpoekuHs OKPY)KHOCTH LOKPHIBAET DTOT
3JLJIANC LEeJUKOM.

JJIs1 paseICKaHUS NPOCKIMHU OKPY)KHOCTH ALK Ha mio-
CKOCTb YOZ HeT HVYIKJB BBIIOJHATH HCKJIIOYEHHE X, HGO
OJHO M3 JAHHBIX YpaBHeHHuit (y=2) u Ge3 TOro He cojep-
JKUT X. YpaBHCHHE y=2 IPEACTABJSCT HA IUIOCKOCTH YOZ
BCIO npsimyio UV, HO HCKOMAst NPOeKUHA IOKPHLIBAET JIHIIL
¢e oTpesok (NL).

§ 171, AnreGpanyeckue noBEPXHOCTH M MX NOPANOK

Anzebpauteckum ypasHenuem emopoti cmenenit (€ TpeMmst
HEH3BECTHHIMH X, ¥, 2) HA3LIBAETCH BCSIKOC VpABUCHHC BH/A

Ax2+ By?+C22+ Dxy - Eyz + Fax+ Gx + Hy +
+Kz+L =0,

rre nmo Kpaiineii Mepe ogHa Hu3 wmwecTu BennuuH A, B, C, D,
E, F He paBHa HVJl0. AHaJOTHYHO OHpejessaeTcs anrebpau-
yeCKoe vpaBHeHHe J106oii crencau (cp. § 37).

EcJH HeKOTOpas MOBePXHOCTh S MPEJCTABISAETCSA B KAKOii-
au60 mPSIMOVIOJIBHOH CHCTeMe KOOPAHHAT VDaBHCHHEM N-i
CTeIEeHH, TO H BO BCAKOM APVroit NpsMOVI0JbHOIL CHCTEME OHA
NIPEACTABUTCS. YpaBHEHHEM Tolf yKe cremenH (cp. § 37).

IToBepXHOCTDb, NpEACTABIsIeMAast YpaBHeHHEM 71-H CTEMEHH,
Ha3bIBAETCST a/2efpaudeckoli neeepXHOCMbI0 N-T0 NOPSIAKA.
Bcesikasi MOBepXHOCTh IEPBOIO NOPSAKA €CThb INIOCKOCTD, ITo-
BEPXHOCTH BTOPOI'0 NOPAAKA PACCMOTPEHB B HIDKEC/IEAVIOIIUX
naparpadax., ,
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§ 172, Chepa
YpaBHeHHe BTOPOi CTeneHu
X24y2422 = R? (1)

npejcrasiser (§ 167, npumep 2) chepy paguvca R ¢ LeHT-
pPOM B Hayane KoopaHHaT. Eciu Hayano He COBHajaeT C LieHT-
pom cdepnl, TO IOCJHEJHSIST NIPEACTABUICS TOXKE VPABHEHHEM
BTOPOH CTEMCHH, UMCHHO

(x=a)*+(y-b)*+(z—c)* =R )
TAe 4, b, ¢ — KoopAUHATH! LeHTpa cdepl (cp. § 38).
‘YpaBHeHHe BTOPOM CTeneHH
Ax?4 By?+C22+ Dxy + Eyz+ Fzx+ Gx 4
+Hy+Kz+L=0 (3)
npeacTaBsieT cepy TOJIBKO MPH YCIIOBUSX,

A=B=C, @
D=0, E=0, F=0, (5)
G*+H?+ K:—4AL > 0 (6)

(cp. § 39). IIpu 9TUX VCIHOBUAX HUMEEM:

G ,_ _H ._ K p,_ G+HY4KI—4AL
a=-—37) b==37, ¢= -5, R*= 2A? (M

ITp ume p. YpaBHeHue
X2 tyriaio2x—4y—-4 =0
(A=B=C=1, D=E=F=0, G= -2, H= -4,
K=0: L= '—4)

npeacrasisier cdepy. [omosHMB BHIpA)KEHHST X2—2X H
y%—4y 10 MOJHLIX KBAApaTOB M NMpHOABUB [T KOMIEHCALHHU
yncna 12, 2% K mpaBoit 4acTH, MOAYYUM VPaBHEHHE

(x= 1)+ (y—=2*+2* = 9,
nea=1 b=2 ¢c=0, R=3.
To e Haligem no dopmvyiam (7).
§ 173, Innuncoun
IToBepXHOCTh, NIpeJicTanIsIeMast VpaBHEHHEM 1)
2 2 2
’:—2']'%"'%2— = 11 (1)

1) 3neck ¥ B RanbHeHeémM GYKBaMH a, b, € 0603HaUeHb! ANTUHLL HEKO~
TOPBIX OTPE3KOB, TAK UTO YHCHA d, b, ¢ IOJOIKHTENbHEL,



$ 173. snnuncoun, 205

HasuiBaeTcsl aaauncoudom ) (uepr. 190). JIuHus nepeceyeHust
AB A’ B’ sjumnconpa (1) ¢ niockocTeio XOY npeactaBiusiercs
(§ 169) cucremoit

X2, 32, 22 _
TR —E;—l, z2=0.

OHa PaBHOCHIIBHA CHCTEME

xz g2
-a—z'i-%—z'-': 1, z2=0,

TaK yT0 ABA’B’ eCTh JIMIC ¢ NoNyocsMu O A=a, OB=b.
Ceuenus annuncouga (1) muaockocrsiMu Y0Z, XO0Z cyrh
oyuncsl M’CM B ¢ nosivocsimu 2)
OB=b, OC=c u L'CLA ¢ mno-
avocsamn OA=a, OC=c.
CeueHne SJJMIOCOMAA IO~
cKkoctel0 2=h (LML'M’ Ha
yepr, 190) npepcraBaseTcs CH-
cTeMoi
x2 2 h2
=1~ @

b e
2=Hh. 3

Opnako eciu [A| > ¢, 170
ypaBHeHHe (2) He IIpefCTaBJISET
HUKAKOI'0 IeOMETPUYECKOro MecTa («MHHUMBIH 3JIMNTHYECKHMIL
HHIMHADY; cp. § 58, npumep 5). B sTomM ciavuae II0CKOCTh
He nepecekaer oyumncouaa. Ilpu | fi| =c ypabhenue (2)
npeacraBnsier ock OZ(x=0, y=0; cp. § 58, npumep 4).
3HauUT, MIOCKOCTh Z=C MMEET € HLIMNCOMAOM OfHY O6IVIO
Touky C (0; O; ¢) (TOukKa KacaHHMsi); TakUM >ke 00pa3om Iuio-
CKOCTh 2 = —C KacaeTcst aJmncouaa B 1ouke C’ (0; 0; —¢)
(Ha yepTeXKe He I0Ka3aHa).

YepT. 190,

1) I'peyeckoe CITIOBO <3JIJIMMICOMT» O3HAYAET <3 LIMIICOBHAHEIH. OHO
MaJ10 IONXOMMT JJ15, Ha3bIBAHKHA JIO0 B € P X H O C T H, HO OYEHb YKODELli-
Jiock. JIpeBHerpeyecKue reoMeTpbl MMEHOBANM BJINMIICOUABI BpaIleHlisi
(ApYrHx oHH He paccmaTpHBanH) cepoudamu (T, €. «chepoOBHAHLIMHY). DTO
HaHMeHOBaHHe YNoTpeGiseTCA H HEIHe,

2) IMpexxpae (§ 41) 6yxeoit ¢ 06o3HAYANIACh NOJIOBHHA (HOKYCHOrO Pac-

crosuust [c = Ya® —b%, TaK uTo ¢ < a]. 3Rech ¢ MMeeT MHO# CMblch ¥
MOKET HMETh JII000€ 3uaueHHe,
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Ecn e |h] < ¢, 10 MCKOMO® CeveHHe eCTh SIIMIC C
HOJIYOCAMHU

KL=a)1-E, xM=s)1-E, )

NPONOPUHOHANLHEIMUA a U D.

ITo mepe vzancHust ot miockoet XOY pasmepr ceuennit
VMEHBIIAIOTCA (1IPHYCM BCC OHH T1000HEI).

‘Ta >Ke KapTHHa 7151 CeucHHit, NapauieabHLIX MI0CKOCTAM
YOZ, Z0X.

Touka O ecTh LEHTp cummerpuH 3iummncouna (1). ITnocko-
crn X0Y, YOZ, XOZ — 1uiockocTd cuMmeTpus, ocu 0X, OY,
OZ — ocu cummeTpun v),

TpexXOoCHB I 2uauncoux Ecnusce TpH BEIHYHHE
a, b, ¢ pasnuyHb (7. €. HY OJMH M3 ayuuncoB A'CA, B'CB,
ABA’ He 0GpamacTCst B OKPYIKHOCTH), To aununcoun (1) Ha-
3HIBAETCST mpexocntiM. danuncet A’CA, B’CB, A’BA Hasul-
BAIOTCA 24asHuIMI; MX BepwmHbl [ A(a; 0; 0), A(—a; 0; 0),
B(0; b; 0), B'(0; ~b; 0), C(0; 0; ¢), C'(0; O; —¢)]  Ma-
SLIBAIOTCS  6ePUIUHAMLY  TPCXOCHOTO onnuncouga. OTPesku
AA’, BB’, CC’ (0CH I'IAaBUGIX QIITTHIICUB), @ TAIOKE HX JIIHHEL
Ha3BIBAIOTCSL  OCAMU  3daauncouda.

Ecnn a = b > ¢, 10 2a — Goavuas cl?
OCh, 2b—cpednas M 2¢ — Maaad.

i~
’ o

Yepr, 191,

OQnnuncoua BpaueHHst Ecun kakue-mbo fBe H3
BENTUMYUH @, b, ¢, HanpumMep @ U b, paBH:H-Mexxay coboii, To
COOTBETCTBYIOUINIL rJiaBpHLiil ayunce A’BA ¥ Bce nmapaijielb-
HBIE €MV CEYeHHUST 0GpamaloTcst B OKPYIXKHOCTH. JIo6oe ceueHue
CRS, npoxopauce yepes o¢b 0Z, MOXXHC NOJIVYHTH IIOBOPO-

1) O HeHTpe CHMMETPHH U TNIOCKOCTH CHMMETPHH M, «CIIPABOMHKUK 110
9NIeMEHTapHOMK MaTeMaTHKer, IV, B, § 16,
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oM onaunca CLA oxoino ocu OZ, T. e, DIJIMICOU CCTh II0+
BepxHoCTh Bpauienust (ummncst CLA, CRS, CMB M T. J, —
Mepuduansl, oKpY)KHOCTb A’BA — axsamop). Taxoi annun-
COMJ{ HA3HIBACICA 2AAUNCOU0OM epawetius. Ero ypapHeHHe
HMeeT BUJ

2

2
g =1 ®)

Ecmn a > ¢, 'TO 3JUIHNCONJ BPAINEHHST HASLIBACTCSI CHCQ=
matm (uepr. 191, a), ecn a < ¢, T0 gstmanymois (ept. 191, 6).
Y aqnuncouza BpaileHUs II0JI0)KEHHE JBYX €ro ocCeii Heompe=
JleJIEHHO,

Ecan a=b=c¢, anmuncouy olpamacrcss B chepy, H
MOJIO)KEHHE BCEX TPEX OCCH CTAHOBHTCSI HEONpPEeNCJIEHHBLIM,

3aMeyalye l, DINHUICOHT RPALIEHHS MOXKHO ONIPENeIIHTh KaK I10-
BEPXHOCTD, NMONYYACMYI) DPABHOMEPHLIM C)KaTiieM cdephl K ee sKBaTopy
(cp. § 40). CKaThlit INNHNCOM BpaLIEHH s IONYYaeTCs, Korxa Koaddui-
eHT OKATHA Kk < 1, BLITARYTHI —Korna k =~ 1.

TPeXOCHBLIH 3JNHIICOMT MOXKHO ONPENENNTh KAK NOBEPXHOCTD, TIONY=
YaeMyl0 paBHOMCPHBIM C)KaTHEM SJUTHIICOMIIA BPALLEHHST K €I'0 MEPHAHANY .

3 aMmevuaHH e 2. DUIHICONA NPEACTABJIAETCS Y paBHEHHeM (1), ecnut
0CH KOOPIMHAT COBITAfAIOT C OCSIMH JUIIMIICOUAA, B APYIHX CAYYasiX S/ITHIT~
COMJ MIPENICTABNIACTCSI HHLIMH Y DAaBHEHHSIMH,

IIpumep 1. Onpeaenurb, KaKyio IIOBCPXHOCTL Npex-
CTABJISICT VpaBHEHIIC
16x2+ 3y24-1622-48 = 0.
P ¢ ¢ Hu ¢, ManHoe ypaBHeHUe NPUBOJATCS K BUAY
2 23 22

Eadtd= .

3'16°" 3

Ono npeacraBisicT BLITSIHYTHIA SJUIHIICOMT BPaN(CHUS € 0NV
0CsIMU a=c¢=}3, b=4. Ocblo BpAMIEHHST CAVIKUT Oy.
Mpumep 2. Onpepenuts, KAKYI0 IMOBEPXHOCTh IPEACTABJISET
ypaBHEHHE X2 ~ 6x - 4y2+9224-362~09 = 0.
P ewenue, IIpuBenem naHHoOC YpaBHCHHE K BHAY
(x=3)2+4y2+9 (2-+2)2 = 144,
IMepeueceMm HAUano XOOpHHHAT & TOKY (3; 0; —2); Toraa (§ 166) mony-
UYHM YPABHEHHE X'2-}-4y'24-92'2 = 144 vnx
x'2 R V2 22 ~
Tttt =L
Hannoe ypabHeHne npencTaBIseT TPEXOCHbIH UIICOUA C NONYOCH-

MU g =12, b=6, c=4; HEHTP €ro JEKUT B ToUKe (3; 0; —2), OCH Napa=
BCIBHEL OCAM KOOPAHHAT, ’
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§ 174. Opnononocrueith runepGonony
IToBepXHOCTD, MPeACTaBIsIEMast VPaBHEHHEM
xf h % 22 _
wtE-—==1 M
HA3BIBACTCS 00HON0AOCMHBIM 2unepboroudom (dept. 192).
HaumeHoBaHue «runep6oaouay 1) IPOUCXONUT OT TOr0, YT
cpend CeyeHMit 5TOil MOBEPXHOCTH eCTh rHmep0oJibl, TakoBHI,
B YaCTHOCTH, CeYeHUsT IIIOCKOCTAMH ¥=0 (MNN'M’ Ha

yepr, 192) 4 y=0 (KLL’K’). 3TH CeyeHHUs NPEACTaBISAIOTCA
(B CBOUX IIOCKOCTAX) YPaBHEHHAMH

F-E=1 ©)
- 3)

HasBaHue «0AHONOJIOCTHEIY IOAYEp-
KHUBaeT, yTo moBepxHocTh (1) B NpoTHBO-
I0JIOXKHOCTE TIOBEPXHOCTU 08YN0A0CMH020
eunep6oaouda (cM., § 175) He pasoppaHa
Ha /[BE (II0JIOCTH», a NPe/ICTABJISET CIIJIOI-
HYI0O 0eCKOHEeYHVI0 TPYOKY, BBITSHYIVIO
BROJIb OCH OZ,

IlnockocTs

z=h “

npu JdiwGom axHauenuu h (cp.
§ 173) naer B ceyeHHWH C MOBEPXHOCTHIO (1)
JIMIIC 2)

x2 y2 h2
Yepr, 192, St = 1+ = (5)

€ IOAVOCSIMH a]/1+-'§, b]/-1+-’:—:. Bce amumunck (5) mo-

AOGHLI, BEPLIMHHI MX JIE)KAaT Ha rumepGonax (2) u (3); pas-
MepPBl JUIMIICOB VBEJHYHBAIOTCST 10 MEPe VAANEHUST CeuyeHHUsT
ot mI0ckocTH XO0Y, Ceyenue miocKocTeio XOY ecTh 9iunc

2 ] ?
t+i=1 ()
(20pnosoli snmune ABA’B'),

1) To ecThb ¢runepGonoBunnsbitiy. CM, CHOCKY 1) Ha cTp. 205,
2) 3nech npexnonaraeTcs, YTo a #b. B cnvuae a=8 onnnnckt (5)
0GpaillaloTCA B OKPYIKHOCTH; CM, HHKE YpaBuenue (6).
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I'unepGoant (2) u (3), a Tarke annunc (5°) HasLBAWTCSA
2AABHBIMU CeyeHUAMU, WX BepMHH A (a; 0; 0), A’ (—a; 0; 0),
B (0; b; 0), B’ (0; —b; 0)—6epwuramu OXHONOJIOCTHOIO I'H-
nepbosoupa. Orpesku AA’ = 2a, BB’ = 2b (neiicTBUTEILHbIE
OCH r1aBHBIX runep6os), a yacrto ¥ upsimeie AA’, BB’ Hasbl~
BaKOTCA nonepeunvimu ocamu. Orpesox CC’ = 20C = 2c, or-
KJaabiBaeMbii Ha oc OZ (MHMMAast OChb Ka)KAOI M3 I'JIaBHHIX
runep6oJi), Ha3bIBaeTCST MPOOOALHOL 0CbI0 OJHONOJOCTHOrO
runep0oJsiouaa.

Touka O eCTh LieHTP CHMMETPHH OJHONOJIOCTHOI'O rumep-
6osonpa (1), nnockoctn XO0Y, YOZ, ZOX — nin0CKOCTH CHM-
merpun, ocu 0X, OY, OZ —ocu CUMMETpPUH,

OpHomonocTHHU rumepbOOJNOHT Bpame-
Hus Ecin a = b, To vpaBHeHHe (1) IPUHUMAET BUJ

x2 y2 22 _

mta-s=1 ©)
I'opnoBoii amune ABA’B’ o6pamaercsi B 20pA08Y10 OKpy -
Hocmb panuyca a. Bee ceueHust, mapajuieibHeie X0Y, —To)Ke
oxpv)kHoCTH., Ceuenuss KLL’K’ u MNN’M’ (1 BooGuie Bce
CeueHUsI uepe3 NPOJOJIbHYIO 0Chb) CTAHOBSITCSI PAaBHBIMH THIEp-
0osamH, 1 noBepxHocTh (6) MOXKHO 00pa3oBaTh BpalleHHEM
runep6osiel KLL'K’ 0K0J10 IPOA0IBHOI ocH. IToBepxHOCTS (6)
Ha3bIBaeTCSI 00HONOAOCMHUIM 2unepbosoudom epawyerus. Ilo-
JIO)KeHHEe JIBYX ee (IonepeuHBIX) OceH CTAaHOBUTCS Heonmpejae-
JIEHHBIM, TPeThbsl (IPO/I0JIbHASL) OCh COBNAJAeT C MHHMOIT OCBIO
Bpamatomeiicst runep6ossl. B oranyue oT runepGononja spa-
weHust (a = b) opHONONOCTHHINA runepGesons (1) npu a = b
Ha3BIBACTCS MPEXOCHbIM.

3amMeyauue OxHONOAOCTHLIN runepGosion BpalleHHS MOYKHO Ol
DEREUTD KaK NOBEPXHOCTD, MOPOXKAEHHY |0 BpalleHHEM runep6oser 0Ko10
ee MHUMOH OCH, TPEXOCHBIH O[IHOMOJIOCTHEIA rHNep6oIoN —KaK roBepX-

HOCTh, TIONYYAEMYI0O PAaBHOMEDHBIM CXKaTHEM ORHOITOJIOCTHOrO Iumep6o-
JIOMAA BPALIEHHA K ITIOCKOCTH KaKoro-aH6o MepHaHaHa.

ITpume p. Onpenesuts BUJ NOBEPXHOCTH
x2—-4y?-4224.16 = 0.
PemeHue, JanHoe ypaBHeHHe NPUBOAUTICA K BHAY
x2 2 22
~atmEtE=1L

OHO INpefCTaBJISIET OXHOMOJOCTHLIH TI'HNepOoONOHA BpalleHHs
¢ ueHTpoMm B TOouke (0; O; 0), ochio BpaumteHust CaAVIKHT OX
(TaKk Kak OTpHIATeNbHBI K03GduuueHT crour npu x%). Pa-
JUYC TOPJIOBOrO Kpyra r = 2, NpojoJibHas 1noJavoch pasHa 4,
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§ 175. NsynonocTuuii runepGonony
IToBepXxHOCTD, NpCACTaBIIsIEMAsT YPABHEHHEM

2 2 2
FtE=E= -1 (1)

HA3BIBaeTCst 08YNoA0CIMNsIM 2unepbonottdom (uepr, 103).

Ceuenus mockoctsamu X0Z u Y OZ npeicTaBisiioTcst ypas-
HEHUSIMH

2

E—E=1 @
2

E-%=1 3)

910 —runepbonst (KK'L’L u MM'N'N Ha uepr. 193). s
KaO>K0it U3 HUX och OZ siBisiercs [ e i-
N z CTBUTENBbHOI ockio (cp. § 174),
IlnockocT z = h He BCTpEYaIOTCs
N ¢ runepGosongom (1) mpu | i | < ¢ (cp.
) § 174). Ilpn I = ¢ oHH KacaTcs
runep6oaouna B Toukax C (0; 0; ¢) u
. ¢ (0; 0; —c). IIpn | i | > ¢ B cevenun
YIONVYAIOTCS STJTHIICH T
B x2 2 h2
: EtR=a-l, 4)

nonoGubte  sipyr ppyvry  (KMRK'M?,
LNL’N’ 11 ap.). Pasmeprt MX VBeJTHYH=
BalTCA IO Mepe VAANEHHs OT IUIO-
(274 "=~ ckocru XOY.,
Taxum oGpa3oM, mopepxHocth (1)
Yepr. 193 COCTOUT M3 ABVX Pa300LIEHHBIX I10J10-
P 190 credf, OTKVAA M HasBaHHe J BV IIO-
JOCTHHI rmepG6oONTOHL
T'rnepdonst (2) u (3) HASLIBAIOTCST 2A4GGHBIMIL CedenaML,
ux odwuc BepwHHH C ¥ C’ — 6epuiHamu  JIBYILOJIOCTHOTO
runep6osouaa, HUX JeHcreurTenbHast och CC’—npodoasHo<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>