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YTO MO)KHO HAMTH B CIIPABOUHUKE

A%

9Ta KHHI'a COCTaBJIsiCT NPoAvHKeHHe CrpaBOYHHKA 110 3Jie-
MCHTapPHOI1 MaTeMaTHIKE TOr0 YK aBTOPA U BKJIIOYAeT BeCb MaTe-
pHaJl, BXOASILIMI B MPOrpaMMy OCHOBHOTO KVPCAa MaTeMaTHKH
BLICLIMX TCXHHYECKUX YueOHbIX 3aBeleHHit (MeXaHHKO-MallH-
HOCTPOUTEJIbHBIX, CTPOUTEJIbHbIX, aBUALMOHHBIX, TPAHCMOPT-
HBIX, 3JEKTPOTEXHHUYCCKUX, IHEPreTHYECKUX M TOpHOMETall-
JIYPrUyecKHX).

KHura umeer Bosikoe Ha3HaueHHe.

Bo-mepBbix, OHAa faeT (GAaKTHYECKYIO CNMPaBKY: YTO TaKoe
BEKTOPHOC NMPOH3BEJACHHE, KaK HAaWTH NMOBEPXHOCTh Tejla Bpa-
UIEHHUST, KaK Pa3jioXKUTh QVHKIMIO B TPUTOHOMETPHUCCKUH Psft
H T. 11. COOTBCTCTBYIONIHE OINpeECcseHHsI, TeOPEMBI, IIpPaBHJIa H
(GOpMYJIBI, COMPOBOXKJACMbIC TIPHMEPAMH M TNPAKTHUECKHMH
YKa3aHHUAMH, HAXOUSITCS OLICTPO; ITOH LeJIH CJIV)KAT JeTajbHast
pvOpukanust 1 nojpoOHbIil anpaBUTHBIH YKa3aTeb.

Bo-BTOpBLIX, KHHI'a npeAHa3HayeHa AJis1 CUCTeMAaTHYECKOI'0
uyrteHust. OHa He mMpeTeHAVET Ha poJb VucOHHKA, H NOTOMY
/l0Ka3aTeJsibCTBa MPOBOJIATCS 3/1eCh MOJHOCTBIO JIHIbL B HCKJIIO-
UHTE IbHBIX CJivyasix. OIHAKO OHA MOXKET CJIVIKHTb 10CoOHeM
JUIST 1ICPBOI'0  O3HAKOMJIEHHs1 ¢ npeametom. C 3Toil Lesbl
3/1eChb 1OAPOGHO Pa3bSCHSIOTCS OCHOBHbIE IIOHSITHSA, KaK-TO:
TOHSITHC CKaJIsipHOro npousseneHus (§ 104), npenena (§§ 203 —
206), audpepenunana (§§ 228 —235), OecKOHEYHOro psina
(8§ 270, 366 —370). C aTol >Ke LeJibio BCC IIpaBHIIa HILTIOCTPH-
PYIOTCs1 GOJILLIMM YHCJIOM TPHUMCPOB, KOTOPbIC COCTaBJSIOT B
9TON KHHI'e OpraHMYecKYIo ee yacth (cMm. §§ 50— 62, 134, 149,
264 — 266, 369, 422, 498 u ap.). OHK VSICHSIOT, KaK Haao IpH-
MCHSITb NpaBHia, KOTAA MPaBHJIO TePsieT CHIIY, KAKHX OLIHO0K
Haao usberatb (§§ 290, 339, 340, 379 u ap.).

Teopembl U MpaBHJIa CONMPOBOXKAAIOTCA TaK)Ke Pa3JIHYHOI'O
pojla MmosicHeHHsiMH. MIHorjaa umeercst B BUAY HarJIsSiIHO Bbl-
SIBHTD codepXcatitle TCOPEMBI, UTOOBI YuauUlHiicss MOT T10-HACTOSA-
IEMY YCBOHTh JIOKAa3aTeibeTBO. MHOIMA 1105ICHEHHE CONpPOBO-
MKIACT YACTHLIH 1IPHMED 1 COACPIKUT TAKOC PaCCYKACHHE,
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KOTOpO€ SIBUTCSI MOJIHBIM I0KA3aTeJIbCTBOM TEOPEMBI, €CJIH ero
NMPUMEHUTb K obwemy cavuaio (cm. §§ 148, 149, 369, 374).
HHorpa nosicHeHHe orpaHMYMBaeTCsl YKa3aHMEM TeX naparpa-
¢$0B, Ha KOTOPbLIX OCHOBBLIBAETCSl A0KA3aTeNbCTBO. MesKHUM
WPHOTOM BbifieIEH TOT MaTepHaJ, KOTOPbIH MOXXHO ONMYCTUTH
npu riepeom umernuu, YTO BOBCE He BCEraa 03HayaeT ero Majo-
Ba>XHOCTb.

Co3HaresibHOE YCBOEHHE MATEMaTHYECKHX HAel Ype3BbiuaiiHo
o0neruaeTcsi npu 03HAKOMJIEHHM C 0OCTOATENLCTBAMH HX 3a-
POXXJACHHUA U pa3BUTHA. BoT nouemy Gosnblioe BHHMaHHe vie-
JICHO 37eCb HMCTOpPHuYcCKHMM cseaeHHsiM. Tak, §§ 270, 366 B
ceasu ¢ §§ 271, 383, 399, 400, HaneioCh, MO3BOJAT YACHUTD
Teopuio psiga Teinopa nyuuie, yem npu o6biyHOM (opmanb-
HOM M3JI0)KeHnH. Hapsay ¢ HCTOPHYECKHMMH CBEACHHSIMH aHbl
ouorpaduyeckue cnpaBky 06 YUEHBIX, UMEHA KOTOPbIX CBS3aHbl
¢ M371araembiM MaTepHaJoM.

JIpyrux MeTORMYECKMX 0COOCHHOCTei#i KHHI'H HET CMbICJia
Kacatbesi: yyamuidcs OyaeT cyauTh 0 HUX MO CTCNEHH ROXOA-
4HBOCTH, IIPCMIONABATEJII0 )K€ A0CTAaTOYHO YKa3aHUs1 Ha psji
XapakrepHbix naparpagos: 28, 60 — 62, 92, 184 — 190, 203 - 206,
223 - 234, 237, 258 — 260, 271, 343 — 347, 430 — 438, 459.

Hacrostliee ;1ecsitoe 3l aHHEe 11e4aTaeTesl 0es CVIECTBeH -
HLIN HBMEHEHIIT 110 CPABHCHIIO € BOCLMLIM 11 ICBSITHIM H3:(a-
wisivg - Menpasiaennt S 3aMedeHHDbIe oleuaTiim,
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AHAJIMTUYECKASI TEOMETPUSA
HA TJIQCKOCTH

§ 1. [ouATHE 0 nNpeameTe aHaIMTHYCCKON reomeTpun

B mkoJibHoil (3.4eMertmapiioll) reomeTpHHM H3VUYaAIOTCS CBOIi-
crBa npsimosinbefinbix GUIyp H OKpY>KHocTH. OCHOBHYIO POsIL
HI'PAIOT ITOCTPOCHHSI, BLIUHCIICHIIS 3Ke, XOTsI IPAKTHYCCKOC 3HA-
yerie X M BCJIIKO, B TCOPHH HI'PAIOT NOJUIHCHHYIO POSIL.
Bpioop 1oro min HMHoro nocrpoenisi 00bIYHO Tpedver n3o-
OPETATESILHOCTI. 3TO H COCTABJISICT IJABHYIO TPYJIHOCTL 1IpH
PCHICHHH 3a/1a4 MCTOJIaMH 3JICMCHTAPHOH ICoMeTp L.

Anaaumuueckast 2eoMempus BO3HHKJIA M3 NOTPCOHOCTI
cozjilath ceJanHooOpaguuie CpeacTBa  JUisl  PCUICHHS
ICOMCTPHYCCKIIX 3ajlay C TeM, UTOOLI NPHMCHUTL HX K H3Vye-
HINO BAOKHBLIX JUISL HPAKTHKWH KPHBBIX JIMHHIT  pasiinuHoii
dopmbl.

Jra uesib OblLla ROCTHIHYTA CO3jIaHUEM  K0OpOUNHAINIOR0
Memoda (em. Hipke §§ 2—4). B Hem Beavmyio posib Hrpaior
BLIYHCIACHIIS, TOCTPOCHHST YKE HMCIOT BCITOMOraTeALIOC 3Have-
nie. Beiejersie 3T10ro peuicHHE 3ajlad METOJ0M aHaJTHyC-
CKOif recoMCTpHH TpeOveT ropasjiio MeHbuicii naobperareiib-
HOCTIL.

Cogjlanie  KooOpUHaTHOrO  MCTo1a  OBUJIO  HOJATI'OTOBIICHO
TPYAAMIT  JIPCBHCIPCUCCKHX  MATCMATHKOB, B 0COOCHHOCTH
AnosuioHust (3—2 B. ;10 #. 9.). CHcTemaTHuCecKoe pasBuTIe
KOOPANHATHBIT MeTOjL HOJIYuli B nepsoit nosxosnue 17 Beka
B padorax Pepmal) n Hexapra?). OHH, 0jHAKO,

Hilbep depusma (160l —1655)~ snamennrnit hpannyacruit mare-
MaTHK, O:IHH H3 npe;nuectreitiMkon HeloTona v Jleithniua B pagpaboTtre
,'lHdi(]\cpClIuHiUthOI‘O HCYHCJIEHHST; BHCC Gonbiolt BKaj B TCOPHIO UHCE.T.
BonbunHCeTBO pabet depma (B TOM uHcne no aHaJIMTHYECKOH reoMeTpHH)
He Ny GJIHKOBAJIOCH Nnpy MKM3HKU apTopa.

2) Pere JlexapT (1596 —1650) — 3nameHHUTh hparuY3CKHit dusio-
cod v matemaTHK, OnyOnuKoBalive ero «l"eomMeTpHi» (0OTHO M3 MPHITOXKE -

HUA K hunocohcromy TpakTaty «Puccy>iiieHue o metoner) B 1637 r. cunrta-
CTCA (YCNOBII0) ATON POMCICHHS AHAJIHTHYECKO 1'COMETPHH,
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paccMaTpUBalH TOJIBKO IUIOCKHeE JIMHMH. K CHCTeMaTHYeCKOMY
13YYEHHIO TPOCTPAHCTBEHHBIX JIMHUIT M HOBEPXHOCTel KOOPAH-
naTHblit MeToA Obui mpumeHeH Brepsye JI. dHnepom?).

§ 2 l{oopnuﬂﬁru

Koop/iHHaTaMH TOUYKH Ha3bIBAIOTCS TaKHUC BEJIMYMUHBI, KOTO-
pbIC ONPEEIISTIOT 10JI0XEeHHE 3TOH TOYKHU (B NPOCTPAHCTBE, HA
IIJIOCKOH 1UJIH HA KPHMBOH MOBCPXHOCTH, HA NPSIMOH MM KPH-

BOi JinHKKM). Tak, ecjid, Hanpumep, ToY-

0 M Ka M noJpKHA jiexarb rje-Hubyab Ha

X *—% upsimoit amHun X'X (uepr. 1), TO ee

110JIOXKEHHE 'MO)KHO ONPE/ICJINTh ONHHM

Yepr. 1. YIICJIOM, Hampumep, cliejviommm obpa-

3om: BbiOpaB Ha X'X Kakyio-jinbo Ha-

HaJIbHYI0 TOYKY O, u3mepim 0Tpe3ok OM, ciaxkeM, B CAaHTHMET-

pax. Mbl ITOJIVUHM UHCI0 X, MOJOXHUTEIBHOC HIIM OTPUIIATEIIb-

HOe, CMOTPSI 10 TOMY, KV/la HanpasJicH oTpe3ok OM (BnpaBo

IJIK BJIEBO, CCJIM NPsiMasi I'OPU30HTAILHA). UNCi0 X eCcThb KO-
OpAMHATa TOUYKH M.

3HaueHHe KOOPJMHATLI X 3aBHCHT OT BbIOOpAa HaualibHOI
TOUYKH O, OT BLIOOPA 10II0YKMTEILHOIO HalpaB/ICHHsT Ha Mpsi-
MOiT M 0T TOro, KaKoil 0TPE30K IPHHSIT 3a ¢jIHHMILY MacuiTada.

§ 3. IlpsimoyronbHasi CHCTeMa KOOpPAMHAT

IToj10)KeHHe TOYKH Ha IUIOCKOCTH OMPeJeNsieTCsT /(BYMSI
KoopauHaTtamit. ITpocreiiumii criocod Takos.

TTpoBo/1sITCSI IBE B3AHMHO HEPUCHAUKYJISIPHBIC IpsiMbie X’ X,
Y'Y (uepr. 2). Oum HasviBaiotcst ocamu xoopounam. OjHa
n3 HuX X’X (00blYHO €¢ HPOBO/ISIT TOPU3OHTAjIbHO) Ha3bl-
Baercst ocvlo abeyuce, apyrast Y'Y — ocero opournam. Touxka O
IIX 1EPCCCYCHMST HA3BIBACTCS nauasom Koopounam, WIH,
Kopoue, rauaaom. st HI3MEPCHIISI OTPE3KOB HAa OCSIX KOOPAM-
HAT BLIOHPACTCS HEKOTOpast CjIHMIA macwTaba, MpOH3BOJIbL-
Hast, HO 0jlHa M Ta »Ke jJ1s1 00CHX oceit.

Ha Ka»k10if ocl BLIOHPACTCST 110JI0)KHTE/ILHOC HAIIPABJICHHC
(odo3Hauaemoe crpeikoii). Ha wepr. 2 svy OX paer 1oJio-
JKHTEJIbHOC HallpaBJjicHHE Ha ocH adcnuce, a gyu OY — Ha
OCH OpJHHAT.

Jleonapu diaep (1707—-1783) ponmncs B LBeAuapHM.
B 1727 r. npubuin B PoccHio; paGoTa)l cHayana B KayecTBE ajIbIOHKTA
(HAY4HOro coTpyjiiiHKa) [TeTepOy preioit akageMud nay K, asatem(c 1733 r.)
B KauecTBe e¢ aKajieMuka. Hanucan csbiiue 800 paGor. Bo Beex (hu3nKo-
MATeMATHYECKHX HAY KaX ¢/1e/1aJ1 BOKHEHLHE OTKPbITHS, MHOI'O COJIEHCTBO-
BAJI PAYBHTHIO PYCCKOH HAYKH,



§ 4. NPSIMOYIOJIbHBIE KOOPJAUHATbI 19

ITpuHsiTo BLIOMPATH 1OJIOKHTCIALHbIE HAIpaBJIeHUs Tak,
utoObl (uepT. 3) noaoxkuTeNbHbIT vy OX mnocje 10BOPOTa
Ha 90° NpPOTHB YACOBOil CTPEJIKH COBMEIAJICST C TMOJIONCHTEIIb-
HBIM Jiyuyom QY.

Yepr. 2. Yepr. 3.

Ocu xoopauHat X'X, Y'Y (c vCTaHOBJICHHLIMH HOJIOXKH-
TEJIbHLIMH HaMpaBieHUSIMH M BbIOpaHHBIM MacimTadom) odpa-
3VIOT NPAMOY20AbHYI0 CUCMeMY K00pOuHam.

§ 4. IpsAmMoyroabHble KOOPAHHATHI

ITono)keHHe TOYKH M Ha MUIOCKOCTH B MPSIMOYIOJILHOI
cucTemMe KoopauHat (§ 3) onpeaeisieTcst CaeAyIOLIHM 06pa3om.
Tpoopum MP||Y'Y no nepeceuenust ¢ ocbio X'X B Touke P
(uept. 4) U MQ||X'X no nepe- y
ceueHHs1 € ocblo Y'Y B Touke Q. Unc- Qb---em
Ja X M y, H3MEPSIOILHE OTPEe3KH
OP n 0Q B u3bpaHHOM Mmaciutale
(a MHOrga M CaMH 3TH OTDE3KH),
Ha3bIBalOTCSA npAMOY201bHbIMU ;
koopouHamamu  (kopoye,  xoop- X 0
ouHamamu) TOYKM M. ITH uyHcaa
6epeM MOJIOOKHUTEJIbHBIMH HJIK . OT-
pHULIaTeJIbHBIMH B 3aBHCHMOCTH OT y'
HampaBiieHHsi otpe3koB OP, 0Q.

Yucio x HasbiBaeTcst abeyuccoll Toy- Uepr. 4.
KM M, uucno y-—ee opduHamoii.

Ha uepT. 4 Touka M Hmeer abcuuccy x=2 H OpPAHHATY
y=3 (npu emuHuue Mmacwrtaba 0,4 cm). ITO 3aNMHCHIBAETCS
Tak: M (2; 3). BooGuie 3anuchk M (a; b) 03Hauaer, uTo Touka M
HmeeT abcuuccy

7Y
x

H opAHHATY
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ITpumepol. OrmeucHHbE Ha YCPT. 5 TOUKH PErHCTPH-
pviotes tak: A, (+2; +4), A, (=2, +4), A;j(+2;, -4),
Ay (=2 —4), B, (+5; 0), B, (0; —6), 0(0; 0).

3ameuannc. KoopauHatsl naHHoH ToukM M 6vavt
HHLIMH B HHOH NMPSAMOVIoJibHOH CHCTEMe KOOPAHHAT.

Y

r!
Yepr. 5. Yepr. 6.

§ 5. KoopauHaTHbie Yribl

Uetwipe vriaa, o0pasoBaHHbIC 0CSIMII KGOPIINAT, HOCAT
HaspaHue Koopounamnuix y2a08. OHW HYMEPVYIOTCSl, Kak
1HorkazaHo Ha depr. 6. Caeaviomast tadsjuia NOKa3blBaeT,
KaKHe 3HAKH HUMCIOT KOOPAHHATBHI TOYKH B PA3JIHUYHLIX KOOP-
JUTHATHBIX VIJax:

i\\\._\l-(oopnmm'mue '
~ YEIbI
- I II I1I v
Koopau mn'm\\\‘
AGcumcca + - - +
OpnanHara + + - -

Ha uepr. 5 Touka A, JICOKHT B NEpBOM KOOPAHHATHOM
VIV, TOYKa A, —BO BTOPOM, TOYKa A;—B TpPeTbeM M TOUuka
A;— B UETBCPTOM.

Ecau Touka Jie)kuT Ha ocH abGecuuce (Hanpumep, Touka B,
Ha ucpT. 5), TO ee opaMHaTta y paBHa Hviiio. Ecau Touka
JIOKHMT Ha OCH OpAMHAT (Hanpumep, Touka B, Ha ueprt. 5), TO
ee afcuucca paBHa HVJIO.
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§ 6. KocoyrosibHasi cHCTeMa KOOPAMHAT

Kpome npsiMmovrosnHoii CHCTCMBI KOOPAMHAT, YNOTpe(si-
10TCS1 M JIpVriie cucTeMbl. KocovroanHast ciicrema (ona HauGoJiee
CXOJ{HA C NPSIMOVI0JIbHOIT) CTPOHTCS TaK: NPoBoAsiTest (4epT. 7)
JiBC HCMEPICHAUKYISIPHBIE NpsiMbie X' X

u Y'Y (ocu xoopounam) u janbiie mno- Y
CTYMAIOT TaK )Ke, KaK MPH NOCTPOEHHUH ”
npsimoyronbHoii cucremsl (§ 3). Koop-

JuHatel X = OP (aocnucca) my = PM Y
(opaitHaTa) onpeaeJIsIoTCs Tak ye, Kak 3

00bsicCHeHO B § 4. x’/o i x

IlpsimovronbHast M KOCOYI'OJLHAST !
CHCTEeMbl 00BCAMHSIOTCSA TMMOJ HasBa-
HUEM OexapmoGoli  cucmeMbvl  K0Op- Hepr. 7.
ounam.

Hapsiny ¢ pexapToBoif MPHMEHSIOTCSA M JApYIHE CHCTCMBbI
KOOpAHHAT (HaudoJsice VNOTPEOMTENLHA nNoAspHas CHCTCMA;
cm. § 73).

§ 7. YpaBHeHHe JIVHHH

PaccMOTpUM YpaBHeHHe X+ ) = 3, cBsi3biBalouice afeiic-
cY' X u opaMHaty y. EMY vaoBnetBopsieT MHOMKECTBO map

3HaueHMH X, y, Hanpumep, x =1l ny =2, x=2Hny =1,
x=3ny=0,x=4uny= —1unr a Kaknoh nape koop-
IHHAT (B OAHHOH CHUCTEME KOODP/AMHAT) COOTBCTCTBYET OfiHA
Y
0 Y T
T
AI
ﬂ]
v ] X
X'l 0 4, X X 0
Y a 4
} [g y'6}
Yepr. 8.

Touka (§ 4). Ha uepr. 8, a uzob6pakeHnl Touku A, (1; 2),
A, (2, 1), A;(3; 0), Ay (4; —1). OHu JexxkaT Ha OAHOM npsi-
moit UV. Ha ToH >xe nmpsiMmoii NIe)KUT BCSIKAst Apyrasi TOYKa,
KOOPAMHATHI KOTOPOH VAOBJIETBOPSIIOT VPaBHEHHIO X+y = 3.
O0paTHo, V- 11000H TOYKH, JNerxalell Ha npsimoit UV, Koop-
JAMHATBL X, ¥ YOBJICTBOPSIIOT VPaBHEHHI0 X+y = 3.
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CooOpa3HO C OTHM TOBOPSIT: Ypagnentte x-+y = 3 ecmb
ypastiente npamoii aunuw UV. ToBOPST Taroke: ypastentte
X+y = 3 npedcmagasem npamylo UV. B aHaJloOrHYHOM

CMBICJIE Hajl0 MOHUMAThL BbI-
4 Pa>KEHHUsI: «YPABHCHHUC Npsi-
TTT] MOHJIMHUU ST (4epT. 8, 6) ecTh
= = [ ¥ = 2x», ypaBHCHHE X2+ y* =
= 49 IpeaCTaBISICT OKPYIK-
y. i 4 HOCTh (4cpT. 9), pauyc KOTo-
7 poit conepriutT 7 MmacurtTabHLIX
. »  CJHHHUIL, @ IICHTDP COBMCIIACTCSI
X X c HauauoM KOOpJiHaT
/ (cm. § 38).

Boobuie ypagrenue, ces-
3viearotgee Koopounamsl X, v,
nasslgaemest ypagiieliem -
y' nuu L, ecau coOJoficHDl jiBa
veJoBust: 1) koopounamet x, y
ecsucoti mouku M aunuu L
y006a€mMeopsom 3momy ypas-
nenuro, 2) xoopounamst X, ¥ 6cskoll mouxi, He Aexcauyeli
Ha aunuu L, 1ie y0061emeopsiiom 3momy vpasHeHILI.

Kocpaunatsl Touki M, B3sITOI HA JIMHUK L NPOM3BOJBLHBIM
00pa3oM, Ha3LIBAIOT MEKYUMU K00 pOUNQMAMI, TAK KAK JIMHHST L
MOKeT ObiTh 00pa3oBaHa 1nepeMenicHIeM («TeuenemM)TouKH M.

Iycro My, My, Ms,... (uepT. 10) -- nocnegoBaTebHbIE T010MKEHHST
TOYKM M Ha nuHuK L. TlocTpoum psifi neprneHgiuky nsipos M, P, M,P,,
MyPs3, ... kK ocH OX. ITonyuum uayuwme npyr
3a Ipyrom oTpe3ku PyM,, PoM,y, P3M,, ... Ha Y MM,
0CH OX OTCEKAIOTCS MPH 3TOM OTpe3ku OPF;, mMM )
OP,, OPg,... Oun OyayT abeumccamu. C 3TUM M2 .
CBSI3aHO NMPOHCXO0XK/IEHHE TEPMUHOB «abcliuccas
H «OpAiMHaTar. JlaTHHCKOE cnoBO <abcurccas
(abscissa) B nepeBojie 03HAUAET «OTCEYEHHAs;
CJIOBO ¢OpAMHATA» €CTh COKpAllleHHe TepMHHA
«opnHHaTHM nvKTa» (ordinatim ducta), yto 03~ or b BPPP X
HAYAET «MOAPAN MPOBEJIEHHASI.

IpeacTaBasA KaXK/Y 10 TOUKY M10CKOCTH ee Yepr. 10.
KOOPpAMHATAMH, @ KAXKAYIO JIMHHMIO —YpaBHe- .
HHEM, CBA3BIBAIOLIMM TEKYILUHE KOOPJIMHATBI, Mbl CBOJIHM TIeoMeTpuuec-
KYI0 3alauy K «aHanMTHUYEeCKOi» (T. €. BBIUMCIHTENbHOM). OTclona nas-
BAHHE «@HAAUMUNECKAS 20 MEMPUSLY

§ 8. B3aumHOe pacroJio)KeHHe JHHMH H TOUKH

Yro0bl OTBETHTH HA BONPOC, JIEKUT JIM TOUKa M Ha HCKo-
TOPOH JIMHWUM L, 10CTATOYHO 3HATH KOOPAMHATHI TOYKH M 1t
vpaBHeHHe JMHUM L. Ecnu KoopanHaThl TOUKH M V/I0BJIETBO-
PSIIOT VPaBHEHHIO JIMHUK L, To M Jie>kuT Ha L; B MTPOTHBHOM
¢JIy4yae He JIeXHT,

Yepr. 9.




§ 10. PACCTOSTHUE MEXIY OBYMSI TOUKAMU 23

ITpumep. Jexur iu Touka M (5; 5) Ha OKPYIKHOCTH
xtgyt =49 § 7)?

Pecwenne. IMoacrasum snauenusix = 5,y = 5B ypasHe-
nie x*+y* = 49. Tak Kak YpaBHCHHC HC V;l0BJICTBOPSIETCSI,
TO TOYKA M He JIOKHT Ha paccMaTpHBaeMOH OKPYI)KHOCTH.

§ 9. B3aumHoe pacnojo)KeHHEe ABYX JHMHHIA

YT0o0bl OTBCTHTBL HA BOHPOC, €CTh JII V ABYX JIMHMIT 0011mMe
TOUKH M CCJIH JIa, TO CKOJIbKO, jIOCTAaTOYHO 3HAThb YPaBHEHHsI
oTHX JiiHHil. Eciim YpaBHCHHMsT COBMCCTHLI, TO OOLIME TOUKH
¢CTh, B IIPOTUBHOM CJIVyae MX HeT. UnHcilo 00IHX TOYEeK paBHO
YHCJIY pelICHHIl CHCTCMBI VPaBHCHHIT.

IMMpumep 1. Ipsmast aonnnst x+y = 3§ 7) H OKPYIK-
HOCTL X*+4y? = 49 HMeIoT jBe o0uIe TOUKH, 1100 CHCTeMA

X4y =3, xT4)* - 49
HMCCT JIBA PCHICHHSL

R N P N bl L
" . .
Xy = :'5—5’29_ ~ =322 y, = :_’;*_.,_)V_S_‘_’ ~ 6,22.

IIpumep 2. Ipsimast JHust X4y = 3 M OKPYIKHOCTH
X*4+y* = 4 He nMCIOT O0IMX TOYCK, TAK Kak CHCTeMa
X+y =3, x* +y*=4
HC HMeeT pedicHuil (JIelicTBHTENILHDLIX).

§ 10. Paccrosinde Me)KAy ABYMSI TOYKaMH

Paccrostnne d MOKAY Toukamit Ay (xy; ¥) H Az (X ))
BoIpaXkacTcst YopmyIIoH

d = V(x:=x)* + (2= )

ITpumep. PaccrosHiie Moy toukamu M (—2,3; 4,0)

1 N (8,5; 0,7) cocras.sier )
d = V(8,5+23) + (0,7-4)! = V10,82+3,3* ~ 11,3

(MacwTabHBIX eUHULL).

3ameuanue 1. Ilopspok touek M u N He wurpaer
poJiM; MO>KHO N cyHTaTh NepBoii, a M — BTOPOIi.

3ameuanne 2 Paccrosinue d CunTaeTcsl NOJOXKHTEb-
HBIM; 109TOMY B (popmyiie (1) Kopenb Oeperest ¢ OAHHM 3Ha-
KoM (1L1K0C). '
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§ 11. [lenenne 0oTpe3Ka B JaHHOM OTHOLUCHHH

Hanur Touk A; (X, ¥,), Az (X5 ¥2) (4ept. 11). Tpebvercs
HailTH KoopauHATLl X, y ToukH K,

Y 4, jensiuicH 0Tpe3ok A; A, B OTHOLICHUH
i AK:KA, = m :m,
|
A "y : Pewenne paercst Gpopmysamu
! '
(- E ! x = M tmx
=7 mm D
0| 4 ‘ __ My, +myy, (
Yepr. 11. y= m+m, °

Ecan oTHomeHue my: m, 0603HaunTh OGVKBOI A, TO dop-
my:pl (1) IPHMYT HCCHMMETPHYHBIA BUR

XX, _ N+

X= "1 = Ti+a (2

ITpumep 1. Hauwl Touka B (6;—4) n Touka O, coBna-
Jalomast ¢ Hauajiom Koopannat. Haiith rouxy K, pesisimyio BO
B OTHouICHIIH 2: 3.

Pewmenue. B popmyiusl (1) Haji0 NOACTaBUTDL:
m=2m=3,5=6%=-4x=0y,=0.

IMosivuaem:

x=—l~8—==3;6; y=— :‘-2’4'

5

—
8

IT0 — KOOpHHAThl HCKOMOIT ToukH K.

3ameuannc 1. Buipaxenue «rouxka K Jejur orpe-
30K A, A, B OTHOLICHHH Ml : My C3HAYaCT, YTO OTHOLICHHC
m, :m, paBHO OTHOUICHHIO OTpPe3koB AK : KA,, B3siThIX
uMeritio 6 smom (a He B o0OpatHoMm) nopsiike. B npumepe 1
Touka K (3,6; —2,4) neaur orpesok BO B orHoumieHuM 2: 3,
a 0Tpe3oKk OB —B oTHOWeEHHH 3 : 2.

3amcuanuce 2. Ilvere Touka K aesut orpesox A, A,
gHewnum 06pa3oM, T. €. JICHKHT HA TNPOJOIJDKCHUH OTpC3Ka
A, A, Toraa popmvant (1) 1 (2) COXpaHSIIOT CHAY, €CJH_ BeJIH-
YHUHe m, : m, = A TPHOHCATb OTPHIATCIbHBIIT 3HAK.

Npumep 2. Jlaust Toukn A, (1; 2) u A, (3; 3). Haiitn
Ha NPOJAOJDKCHUM OTpe3ka A; A, TOYKY, OTCTOSIUYIO OT A,
B/IBOE Jaiblie, YeM OT A,.



§ 13. MNOWAAdbL TPEYIOJIbHUKA 25

PemeHnue. HUmeeM A = my:m, = —2 (TaKk 4TO MO>KHO
MOJIOKUTL My, = —2, nm, =1 nwau my = 2, my, = —1). Ilo
dopmynam (1) Haxonum:

_ l14(=2)-3 _1.24(-2)-3 _
S =% V=T =4

§ 11a. [lenenue oTpeska nomonam

KoopauHaTh cepeiMHbl 0Tpe3ka A, A, paBHBI 110J1YCYMMaM
COOTBETCTBEHHLIX KOODHHAT €10 KOHIOL

X tXe Mty

X=mm o V=T

911 dopmyanl nonvyatoress u3 dopmva (1) u (2) § 11, ecan
MOJIOKHTL My = My, = 1 uan A = 1.

§ 12. Onpenenurens BTOPOro nopsaxa ')

3anucsh 0003HAYacT TO JKC, 4TO ad — be.
MMpumepn.
27 _, 5-3.7 11;
35 "7 T
13_4 3:2-6-(—4) = 30
6 2| ~ 5 0 T
Bblpa)KCHHC Ha3bIBaeTCA onpc()e/mme/leM enmopo2o
nopadra.

§ 13. Tnowans TpeyroibHUKa

. DNvers Touku A, (x5 1), Aq (Xa; ¥a), Ay (X35 y3) — Bep-
WIHHLL TPEYroJbHUKA, TOr/Ia ero IJouaab Boipakaetcst Gop-
MVI0i

- X. -V,
S::l:—;— X1—X3 N )’J; )
Xg—X3 Y2—Ys

B NMPaBoOii YaCTH CTOMT ONpeJeUTeNb BTOPOro nopsinka (§ 12).
IMnowans TpeyronbHUKA MBI CUMTAaeM MOJIOXKUTEeNbHOM. ITo-
3TOMY nepef onpefejauTesieM OepeM 3HAK IUIIOC, €CJIM 3Haye--
HUe OnpeaesIuTeNsT MOJOXKUTENbHO, H MHHVC, €CJIH OHO OTpH-

11aTeJbHO. .

1) MonpoGHee o6 onpenenutensix cm. §§ 182 — 185,
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IT p 1 m e p. Haiitn niomajnh Tpeyvroabiuka ¢ Bepuinamu
A(1;3), B(2; =5) u C(-8; 4).

Pewenue. Ilpunumas A 3a nepsvio Bepuinny, B 3a
BTOpYIO, C 3a TPETbIO, HAXO/IMM:

X=Xy Wi—Vs| |1+8 3-4
Xe—=Xy Ya=Va| [2+8 "5_4|=
19 -1
=lm _9!= 81410 = —=T71.
B ¢opmyie (1) Hajo B3sITH 3HAK MHHYC; 1T0JIVHACM:
S = —4(=T1) = 355.

Ecan sie cunrrarh neppoii pepmimnoit A, sropoit C u
Tperheit B, To

Xy =Xy J'l‘)’:x]_ 1-2 3+ -1 38

5
T =8-2 445 —10 9

B ¢opmyiie (1) Tenepn HYIKHO B3SITH 3HAK ILOC; HOJYYIIM
cHoBa S = .35,5.

3ameuyannc EcinBepuinHa A, coBnajiaer ¢ Hayajiom
KOOP/IMHAT, TO 1LJI0MA/b TPEYIOJBLHIKA Npe/icTaBsierest Gop-
MyJI0it

X=Xy Vo)

x ’
il_l 1 N

2% ¥
(uacthnii cavuait popmyunt (1) npu x; = y, = 0).

S = (2)

§ 14. IIpsaimasa NuHHs; ypaBHEHHe, pa3peLUeHHOe
OTHOCHTENLHO OPAMHATBI («C YIJIOBBIM KO3 dHUHEHTOMN)

Besiyio npsmvio, He napajulesibHYI0 0CH OP/IHHAT, MOXKHO
IPCACTABUTh VPABHCHHEM BMIA

¥y = ax+b, (¢))

3lIeCb a eCTb TaHreHc vrya « (4epr. 12), 06pa3oBaHHOI0
NPSAMOiT ¢ MOJIO>KHUTENbHBIM HamnpaBJieHueM ocu a6enucc )

1) HavanbHbIM nyyom yria o cuutaercst nyy OX. Ha npsamoit SS’
MOYKHO B3ATh 11000 M3 nyueit LS, LS’. Yroa X LS CUHMTAETCA MOJIOIKHTEJL=
HbIM, €CJTH MOBOPOT, coBMellaloluui nyy LX ¢ nyuom LS, coBepluiaercsi B
TOM >K€ HanpaBJIEHHH, 4TO NMoBopoT Ha 90° ocu OX, coBMELIAOWHIA ee C
ocbw OY (T. €. pH OGBIYHOM PACTIOI0XKEHUH — TMPOTHUB YaCcOBOM CTPESIKH).
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(a =tg a = tg « XLS), a uncso b no abCoJIOTHOMY 3HAYCHHIO
paBHO JUiMHe oTpeaka OK, oOTcexaemMoro npsiMoii Ha ocn
OP/HHAT; YHCJ0 b NOJIOXKHUTEIbHO MJIH OTPHULIATEJIbHO B 3aBH-
CHMOCTH OT HanpasJjieHHst oTpe3ka OK. Eciii npsimast npoxo-
JIIT yepe3 Havasio, To b = 0.

BeJIHUMHY « Ha3blBAIOT y2108biM Ko3dduyuernmom, Beiiu-
UIHY b — HauaabHoll opOuHamoii.

ITprmep 1. Hanucath vpaBHenue npsimoit (uepr. 13),

oopagvioieit ¢ ocbio OX vros e = —45° 11 orcexkatwuleif Ha-
YaJIbHYIO OPJMHATY b = —3.
P c 1 ¢ 1 M e. YIuoBoit koadgpuieHr a == tg (—45°) =
Hckomoe vpaBHeHHE ¢CTh ¥y = —Xx—3.
Y
3
2 4 v
!
Ny 2 -t ;12 3
_s] 0 X !
-1
2 o X
N
(%
Yepr. 12. Yepr. 13. YepT. 14.

ITpumep 2. Kakvio JHHNIO 1PEICTABISICT YPABHCHHC
3x = VY3 y?

P ¢ ure Hue. Paspeiuus ypaBHeHHE OTHOCHTCJILHO ), Ha-
xoum y = ¥3x. ITo vrioBomy koadduimenty a = ¥3 Haii-
JEM VIoJl a Tak Kak tg & = V3, To @ = 60° (min o = 240°).
HauannHass opauHara b = (O; 103TOMY jIaHHOC YpaBHEHHC
npejcrasisier npsimvio UV (uept. 14), npoxoaawyio uepes
HavaJo u 00pasviomyio ¢ ockio OX vrosa 60° (nau 240°).

3amcuaHue l. B omiuue oT ApyIUX BHAOB YPaBHCHHUSI
upsimoit (cm. Hixe §§ 30, 33) vpaBHenue (1) HasbiBaeTCs
paspelieHHbIM  0MHOCUMEeAbHO O0pOUHAMbL HJIIL Y pagHeHUem
¢ yeno06bim Ko3puyuermom?®).

1) IMepBoe Ha3BaHWe MNPERNOYTHTENIbHO, TAK KAaK YpaBHEHHEe BHjA
x = a’y+b’ (pa3pelieHHOe OTHOCHTENBLHO A0CLHECHI) TOXKe NpeacTaBliser
11PsIMY 10 (He NapaiesibHY 10 0CH a6CLUHCC); TaK KAK KOOP)IMHATH X, Y P4BHO~
MPaBHbI, TO YHCJIO @’ MOXKHO ObLIO Gbl Ha3BaTb YrIOBbLIM KOIDGHUHEHTOM
€ TEM )K€ NMPABOM, YTO H YHCJIO d.
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3ameuaHnue 2 Ilpamyio, napajuiejibHVIO OCH OpAHHAT,
HCJIb351 TMPEACTaBHTh VPABHEHHCM, PAa3pCIICHHBLIM OTHOCH-
TeJibHO opauHatel. Cp. § 15.
§ 15. Ipamas, napaiuielbHasi OCH

Ilpsimas1, napaJjulesnbHast ocH adcuuce (uepr. 15), npeacta-
BJISIETCS1 YpaBHCHHeM ')

Y y = b, (1)
e [']1C BCJIMYHHA b 110 a0COJIIOTHOMY 3HAUYCHHIO

] paBHa pacCTOSIHMIO OT OCH adcuuce Jio
\ upsimoit. Ecam b > 0, 10 nmpsimast JIe)KUT
—ol X am ocblo adcuucc (cMm. uept. 15); cenn
b < 0, — 10 @ogy Heil. Cama och abcimce

Uepr. 15. NpeE/ICTABIISICTCST VPaBHEHHEM
y = 0. (1a)

Ipsimasi, napasuiesibaass ocu opiuHat (uept. 16), npen-
CTaBJISIETCS1 YPABHCHHEM 2)

x = 1. (2)
AGCoJIIOTHO® 3Hauenue f jlaeT PacCTosIHMC OT OCH OpAMHAT
o npsimoif. Ecan f > 0, mpsiMast JIGKHT «CrpaBa» OT OCH

)
5N

)
xx

Yepr. 16. Yepr. 17. YeprT. 18.

opauHat (cm. uepT. 16); ecau f < 0, — «cneBa» ot Hee. Cama
0Cb OpAHHAT NPEACTABJSICTCS] YPAaBHEHHEM

x = 0. (2a)

ITpumep 1. Hanucath ypaBHeHHe npsimoii, orcekatoueii
HayaJIbHVIO OpAMHATY b = 3 W napajuenbHoil ocu O0X
(uepr. 17).

OrBeT. ¥y = 3.

1) YpaBHeHHe (1) ecTb uacTHBIf BUJ YpaBHeHHs y=ax + b, paspe-
LUEHHOr'0 OTHOCHTENbIIO opauHaTH (§ 14). Yrnosoit koadhduunent a =0.

?) YpaBHeHue (2) ecTb YacCTHBI BMJI YpaBHeHHs Xx =a’y+ b’, paape-
LLEHHOr0 OTHOCHTENbHO abGcuHcchl (cM. § 14, cHocka). Y.rnosoit koaddu-
uMeHT a’ =0.
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IIpumep 2. Kakvio JHHHIO NpeE/CTaBJisieT YpaBHEHHC
3x+5 = 07?
Pewenuc. Paspeuwass JaHHOE VpaBHCHMEC OTHOCH-
5

TCJILHO X, NOJIyMaeM X = — 4. YpaBHeHHE NpeACTaBIIsICT
NpsiMyio, Napajuiciibiyio ocit OY M Jie)callyio «CjaeBa» 0T Hee
5
Ha PacCTOSIHMM (uept. 18). Besmunny f = ——g- MO>KHO
Ha3BaTh «HavalbHoit abcnuccoiiy,
§ 16. O0mee ypaBHenue npsimoit
YpaBHeHHC
Ax+ By+C =0 (1)

(rne A, B, C Moryt nmeth JioObIC 3HaYeHHsI, juiwb OBl KO-
apduenTol A, B He Ovutin Hynsimg o0a cpasy !')) npeacra-
BJIsIeT npsimyio JiHuio (cp. §§ 14, 15). Besikyio npsiMyio MoykHO
NMpeICTaBUTh YpaBHCHHUEM 3Toro BHaa. Iloatomy ero Haswbl-
BalOT 06yuM ypaghierem npsimou.

Ecim A = 0, 1. e. ypaBHenHe (1) HC COAEPIKHT X, TO OHO
NPECTaBsICT APSIMYIO, lapajuicjbhyio 2) ocn 0X (§ 15).

Ecin B = 0, 1. ¢. ypaBHeHiie (1) He COMCPXHT Y, TO OHO
NPEACTABJACT NPsIMYIO, napajieabhuyio 2) oci OY.

Koraa B He pasHo HyJilo, vpasHeHue (1) Mo)xHO paspe-
IIMTh OTHOCHTEJILHO OPJAMHATLI ; TOrja OHO npcobpasvercs
K BHAY

y=ax+b(rne a= —%, b= —%) (2

Tak, vpaBHeHHe 2X—4y+5 =0(A = 2, B = —4,C = 5)
npeo6pasvercsi K BHLY

y = 0,5x+ 1,25

(a = ___?_4 =053 b= {—‘;’- = 1,25), paspelicHHOMY OTHOCH-

TeJbHO OpJAHHATH (HauajbHasi opAuHata b = 1,25, vriopoi
koadpouument a = 0,5, Tak uTo @ =~ 26°34’; cm. § 14).

1) Mpu A =B =0 noayuaercs auGo To)knaectBo 0=0 (ecau C =0),
nn6o 6eccmbicnnua Bpone 5 =0 (npu C »0).

2) K npsiMbiM, napanneibibiM ocH OX, MPHUHCISETCSA U CAMA T4 GCb,
Toqxéoy'rax HC K MPAMbBIM, NAPa/INIENbHLIM 0CH OY, MPHUUHCIAETCH CaMa
0¢h, .
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AnajsiornyHo, npu A = O ypasHeHHc (1) MOXXHO pa3spe-
HIHTb OTHOCHTEJIbHO X.

Eciu C = 0, 1. e. ypaBHeHHe (1) He cojiep)kuT CBOGOIHOIO
WiCHa, TO OHO IIPCACTABJISICT NPAMYI0, MPOXOASIUIYIO uepe3
Hauaao (§ 8).

§ 17. INocTpoeHHe npsiMoii mo ee ypaBHEHHIO

Jlist 1OCTPOCHUST MPsIMOM AOCTATOUYHO OTMETHTh JBC CC
TOYKH. Hanpumep, MO>KHO B3SITb TOYKH IlepeceyeHHst C OCSIMH
(ecyid mpsiMast He napasuiejibHa HH OJIHOI OCH W He MPOXOAUT

yepe3 HAuaJlo; B CJIvyae, KOraa npsi-
Y Masi napaJjuienbHa OJiHOH H3 ocel
HJIM TMPOXOJUT uepe3 Hayaslo, Mbl
HMCCM TOJIbKO OJIHY TOYKY Mnepcce-
yeHus1). Hnst Gonblielt TOYHOCTH
Jiyyuie HaiTH euie OAHY-/iBE KOH-

f: 1 2 3 TPOJbLHBIC TOUKH.
¥ ITp ume p. Ioctpout npsimvio
4x+3y = 1. IlonoxxuB y = 0, Haii-
2 JieM (uept. 19) TOuKY mepeceyeHus!
N 1
" p HpsIMOit ¢ ocklo abeuucc: Al(—4—; 0).
- ! TMonoxuB x = 0, Haligem TOUKY
IIEPECEYEHHST C OCbI0 OpAMHAT:
1
Yepr. 19. A, (O; —3—) OTH TOUKH CJIHUIKOM
Oonm3ku  apyr k apvry. TIloaromy
Jaim  adcuMcce cuie Ba 3HAYeHMs, Hanpumep x = —3

n x = +3. Haiigem Touku Aa(——3; -133) A, (3; __1_1_) ITpo-

3
BOJIUM 1IpsMYIo A, A A A,

§ 18. YcnoBHe napaieIbHOCTH NPSAMBIX

¥ ¢JloBHEeM 11apajuieJIbHOCTH ABYX IPSIMBIX, 3a/laHHBIX VPaB-
HCHHUSIMH

y
y

CJIV)KHT PABEHCTBO YIUIOBBLIX K03(duimenton

axX+ bl! (1)
ayx+ by, (2

a = a, 3)
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T. ¢. npsimbie (1) M (2) napajuienslel, ecan vrioBeie Ko3ddu-
IMEHTBl PaBHbI, H HE NApAaJUICILHLI, €CJIH VIJIOBbe KO3QdHIH-
€HTbl He paBHbIY).

ITpumep 1. Ilpsimbie.y = 3x—5 u y = 3x+4 napas-
JICNIbHBI, TaK KaK ¥V HUX VIJI0OBble KO3(pQHIMEHTH paBHMI
(@, = a, = 3).

ITpumep 2. Ilpsimble y = 3x—5 U y = 6x—8 He ma-
pajyieNbHbl, TaK KaK V HHX ymonmc K03(QUIIHEHTHI HE PaBHbI
(q, = 3, a, = 6).

IIpumep 3. Ipsimbie 2y = 3x—5 u 4y = 6x—8 napas-
ch.nbllbl. TaK KaK V' HUX VIVIOBbIC KO3GGUIMCHTH DaBHBI

6 3

(“1“ 70 &= = Z)

3amevanue 1. Ecan ypaBHeHHC OAHOM M3 ABVX Npsi-
MBIX He COACPIKMT OpAUHATHI (T. €. MPsIMasl napasuiesibHa OCH
0Y), T03T1a npsimasi napa’ulejibHa APYroi nNpsiMmoit Npu vCcioBUH,
YTO YpPaBHCHHUE TNOCJEeAHCH TaK)Xe He cojaep>kut y. Hanpmu-
mep, npsimbie 2x+3 = 0 U x = 5 mapajuieNbHbl, a IPSIMbIC
x—3 =0 u x—y = 0 He napajuiesbHbl.

3ameuvanue 2. Ecnu ipe npsmbic MpeicraBiieHpl vpag-
HCHUAMH

A1x+ Bly+C1 = 0, \

4
Apx+ Byy +Cp = 0, f @

TO YCIOBYE HMX JIapajilesibHOCTH eCTh .
ABy— AB, = ( « (5)

BB B PYron obosyayennu § 12)

Ipuxep 4.11}),511&11:10
2x~Ty+12 =0

x—35y+10 = 0

1) [iBe coBriafatolHe NPsAMbIE 31eCh, KaK H BCIONY B RanbHeHjuem, cun-
TAIOTCA NapasieNnbHbIMH,
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napaayiejbHbl, Tak Kax

A B j2 =7 |

A, B, i1 =35

ITpumep 5. Hpsimbie
2x—-Ty 412 = 0

=2.(=35) —1-(=17) = 0.

H
3x+2y-6=0
He napajuieabibl, TaK Kak
2 -7
=25 = 0.
‘3 2
3amcuanue 3. PaBeHCTBO (5) MOXHO 3anHucaTh B BHAE
A B
&= (6)

T. €. ycaoeueMm napaadeaviiocmu npamoix (4) seasemcst npo-
nopyuonaabtocms  ko3uyuenmos npu  mexywyux Koopou~
namax'). Cp. npumepnt 4 1 5. Ecan cBepx T0oro u cBoGOAHBIC
4JICHB! MPOHOPHHOHAJILHBI, T. €. CCJOH

AT R T @

TO npsimpie (4) He TOJNBLKO MapajiiiesibHbl, HO W COBMNAjaioT.
Tak, ypasucHus

3x+2y-6 =0
]

6x-+4y—-12=0

IIPCACTABJISIIOT O;IHY H TV K€ NPAMVYIO.

§ 19. IMepeceuenue npsMbIX

Hnst PAa3bICKAHIIST TOYKH MEPCCCYEHHUsT NMPSAMBIX

Ax+By+C =0 (1)
H
Ax+ B,y +Co =0 2

1) M0o>KCT OKA3AaThCS, UTO ONTHA M3 BeNHUYHH A,, B, (1o ne oGe BmecTe;
cM. § 16) pabpnany:mo. Toraa nponopuHio (6) HY >KHO NOHHMATH B TOM CMbIC-
Jie, YTO COOTRETCTRY IOLLUHA YHCIIMTEND TOXKE paBeH HY Mo, TOT »Ke CMbICKT
umeet nponopumn (7) npu C, =0.
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Hano pemuTh cucremy vpasHenuit (1) m (2). dra cucrema,
KaK NpaBHJIO0, JaCT €AUHCTBEHHOE DPCIIEHHC, M MBI NIOJIYYHM
HckomyIo TOYKY (§ 9). MICKiIoueHHe BO3MOYKHO JIMLIb IIPU pa-

BEHCTBE OTHOLIEHHMIt %1- H %, T. €, B Cjlyyac Iapaui¢jibHO=

CTH NaHHLIX MPSIMBIX (ém. § 18, sameuanust 2 ¥ 3).

3ameuaHHue. Eciu faHHLIe IPSIMBbIC TTapasijIeIbHEL i He
coBnagaior, To cucrema (1)—(2) He mMmeeT pelweHpi, a ecaH
COBNAAAIOT, TO peueHHit GeCKOHEYHO MHOTO.

IIpumep 1. HalTh TOUKM NepeceycHHsT MNPSIMBIX
Yy =2x~3 ¥ y = —3x+2. Pemast cucremy' YpaBHeHHuii, Ha-
z(lozmml-)x =1, ¥y = —1, Ilpambie NePeceraTcA B -TQUKE

) ) N
II'punep 2, Ipameie

2x-Ty+12 =0, x~3,5+10=0

napajyeJIbHel ¥ He COBIIAAAIOT, TaK KaK OTHOWEHHT 2:1 n
(=7):(-=3,5) paBupl MOXKAY €060if, HO He pPaBHEl QTHOLIE-
Huio 121 10 (cp. mpumep 4 § 18). [auxas cucTeMa ypaBHEHHi
HE JIMCCT PEILCHUA,

IIpumep.3. Ipsimete 3x+2y~6=0, 6x+4y~12=0
COBIAjAIOT, TaK Kak OTHQuICHHS 3:6, 2:4 u (—6):(-12)
paBHHL APV ApYrY. Bropoe vpaBHeHHe IOJivyaeTcst H3 Jiep-
BOr0 YMHO)KEHHCM Ha 2. JlaHHast cuCTeMa MMceT QeCyHClieH-
HO€ MHO)KECTBO peICHHH.

§ 20. VenoBue nepneHUKYISAPHOCTH ABYX NMPSAMBIX

YenoBrem NepreHUKYISAPHOCTH ABYX IPSAMBIX, 3a/JaHHBIX
YpaBHEHHAMH

V= ax+ by, 1

Y = ax+ Dby, @
CAVIHT COQTHQIUENHE

qa, = ~1, ®

T, €. IBE NPSIMEIE NEPNEHAUKYIAPHEI, €CIN NPOU3BEJCHHE HX
VIVIOBBIX KO3(Q(QHIMEHTOB PABHO — 1, M HE NePIeHaUKYIISAPHEL,
€CJH OHO He paBHO —1.-
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INpumep L. Ilpsimbiey =3xuy = —l X MepneHAHuKY-
JISIPHBI, TaK KaK a,a, = 3'(— —) = -1
INpumep 2. TMpsimble y = 3xuy = < 3 X He NMepeHAHKY-

1
JSIPHBI, TaK KaK @,a, = 3+ 5 = 1.

3ameuvanue 1. Ecniu vpaBHeHHE OAHOH M3 ABVX Npsi-
MBIX HC COAEPIKHT OpAMHATLI (T..e. MpsiMasi TapaJjuieibHa
ocu OY), T0 3Ta npsiMasi MeprneHMKYJIsIpHa K ApYroi npsamoi
MPH YCJIOBHHU, YTO YPABHEHHUE MOCJEIHeH He COepXKUT abcuuc-
cbl (TOraa BTOpast mpsimasi napaJuiesibHa ocu abeuucc). B npo-
THUBHOM CJ1Vuae TIpsimble He NepreHAuKyasipHel. Hanpumep, nps-
Mbiec X = 5 M 3y+2 = 0 neprneHAUKVYJISIPHBL, a MpsiMble X = 5
Uy = 2X He NMepneHJUKYJISAPHBIL.

3ameuanue 2. Eciu iBe npsimpie NpeACTaBJeHbl YpaBs-
HEHHAMH

Ax+By+C =0, Ax+By+C, =0, “)
TO YCJOBHE UX MEPNEHAHUKYIISIDHOCTH €CTh
AA,+ BB, = 0. (5)

Ipumep 3. Ipsamee 2x+5y = 8 u 5x—-2y = 3 mnep-
nemmkwmpﬂbl, JeHCTBUTENIBHO, 371eCh A, = 2, =5 B, =5,

= —2, 3Hauut, A A+ BB, = 10-10 =

ITpumep 4. Hpﬂmue%x—%y—o_uzx 3y = 0 He
NEPNEHAUKYSAPHD, TaK Kak 3aech A, A,+ BB, = 2.

§ 21. Yron Me)kay ABYMsi npsIMbIMH

ITyete aBe HenepneHAHKVIASPHLIE npsimble L,, L, (B3siThic
B JIaHHOM TIOPSIKE) NPC/ICTABASIIOTCSI Y PABHEHHSIMIT

y = a;x+ by, (1)
Y = ax+0b,. 2
Torga ¢opmyaa?)
as —a,
tg0 = 5 :'all;z 3)

1) O NpUMEHHMOCTH €e B ciiyyae, Koraa npsmbele Ly, L, neprneHaHKy-
NsIpHBLI, CM. HHW)KE 3ameyanue 1,
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JlaeT VroJji, Ha KOTOPbI Han0 MOBEPHYTh MEPBYIO NPSIMYIO,
uto0bl OHA CTaJla napaJuijieJIbHOH BTODOIi.

ITpume p 1. Haiith yroy me>xay npsiMeiMH y = 2x—3 U
y = —3x+ 2 (ueprt. 20).

3nech a, = 2, a, = —3. ITo popmvie (3) HaXOAHUM:

—-3-2

R0 =75 =1
orciona 0 = +45° 3JT0 3HauuT, YTO mNpsiMast ¥y = 2x—3
(AB Ha ucpr. 20), HOBCPHYTAsE Ha VIoj +45° 0KOJNO TOYKH
nepeceueHust M (1; —1) AaHHBIX 1psi-
MbIX (nipumep 1 § 19), coBmecTHTCsI C 11y e
npsimoit y = —3x+ 2 (CD Ha uepr. 20).
MO>)KHO B3sITb TaK)Ke 0 = 180°-+45° =
= 225°, 0= —180°445° = —135°
n T Ao (At vriapl o6o3HaueHnt 0y, 0,
Ha ueprt. 20.)

ITpumep 2. Haiith vroa mex;y
HPSIMBIMH p = —3Xx+4+2 H y = 2x-3.

IIpsimbie  3jieCb —TE  >KEe, 4YTO B
npumepe 1, Ho Tenepb npsimast CD
(cMm. uepr. 20)—mncpBasi, a nupsimas
AB — Bropasi. ®opmvia (3) jnaer
tg 0=—-1, 1. e 0= —45° (wm
0 = 135° miaum 0 = —225° u 1. n.).
Ha 3artoT Vvros Hajlo IOBCPHYTb IIpsi-
mvio CD no cosmewieHuss ¢ AB.

IT p u m e p 3. Halitu nnpsimyio, Npoxo/isiulyio uepes Hayajlo
KOOPAMHAT M HEPECCKAIYID  IPSIMYIO
y = 2x=3 nop vriaom 45°.

P e w ¢ Hue. Uckomast npsimast npeg-
CTaBJISIeTCS1 VpaBHeHHEM Y = ax (§ 14).
YrjaoBoit KOdQGHUUHMEHT a@ MOXKHO HaHTH
U3 (3), B3sIB BMCCTO @, VIJI0BOil K03adpu-
LIMEHT AAHHOK npsiMoM (T. €. MOJIOXKUB
a; = 2); BMCCTO a, BO3bMEM VIJIOBOIT K03(-
¢UUHEeHT a HCKOMOI TIPSIMOH, a BMECTO
0—vron +45° nim —45°. Ioitvyaem:
Yepr. 21. a-2

T+2a 1

3anaua umeer gBa peweHus: - y = —3x (npsimas  AB
Ha uept. 21) U y = ; x (npsimasi CD).

3ameuaHuc 1. Eciuu npsmbie (1) 1 (2) ncpncuanxv-
HSAPHLI (0 + 90°), To BuHpaxenue 14-aa, CcrosUiee B

UYeprT. 20.
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3HameHarene (3), oGpauiaercsi B HVJIb (§ 20) ¥ yacTHoe T”i;:'u‘
MepecTaeT CVINecTBOBATh!). OJHOBPEMCHHO MEPECTaeT Cvile-
CTBOBaTh («o0paliaercsi B 0cCKOHEUHOCTb») tg 0. Popmvina (3),
roHuMaemast GYKBaJIbHO, TCPSICT CMBICJI; HO B 9TOM CJyuyae ee
HY)XHO NMOHHUMATb VCJIOBHO. MIMCHHO, BCsKHIT pa3, Kak B 3Ha-
meHareJie (3) MOSABJISICTCA HYJb, YI0Jl O HAaZlo CYUTATh PAaBHBIM
+ 90° (kaxk moBopoT Ha + 90°, TaKk M 1OBOPOT HA —90° coB-
MellacT Jo0Vio U3 MEepICHAMKYJISIPHBIX NPSIMBIX C IpVroii).

ITp ume p 4. Haiith yros MOXAY NpsiMbIMH Y = 2x—3 U
y = —%:«'4-7(al =2, a, = —;) Ecin npeaBapuTesibHO
MOCTaBUTh BOIIPOC: ICPICHAUKYIISIPDHBI JIH 3TH 1IPSIMBIC, TO MO
npusHaky (3) § 20 NoJY4YUM YTBEPAHTCIILHBII OTBCT, TAK UTO
u 6e3 dopmvunl (3) nosivyaem 0 = + 90°. To >ke naet U pop-
myaa (3). Mel nonvyaem: .

—_——2 -2

2
i =

1+(-5)-2
B cooTBeTCTBMM C 3aMeuyaHMeM 1 3TO PABCHCTBO HY)KHO MO-
EMMaTh B TOM CMbICJIC, uT0 0 = £ 90°.

3ameuanuc 2. Ecau xotst Obl 0AHA U3 NpsIMbIX Ly, L,
(v 06¢) mapannesbHa oc OY, 1o ¢Qopmyia (3) Bosce
HempumeHiima, n6o Torjga ojny H3 npsimpix (Ham o0e¢) Heyb3st
npeacraButbh (§ 15) vpaBHenuem Buzaa (1). B atom cayuae
yroj 6 onpeaeJisicTCst CJCAYIOIUM 00pa3onm:

a) xorpa npsamast L, napamjenabHa ocu OY, a L, He napan-
JiesibHa, MPHUMEHsIEM Gopmyay

1
tg9=—a;

tg0 =

6) xorpa npsimast L, mapannenbHa ocu OY, a L, He napan-
JiebHa, NpUMeHsieM ¢opmyay

tg0 = !

—71_;’

B) KOraa o6e mpsimpie napasuiesibHbl ocd OY, OHU mapadi-
JIeJIbHBL M MEXKAY 000, Tak yTo tg 0 = 0.
3ameuyaHue 3. Yrosm MeXAY NPSMBIMH, 3aAaHHbLIMU

YpaBHCHHAMH
Ax+By+C =0 4
Apx+ By +Cy = 0, (5)

1) Uncnutenb a; —a; He paBeH HYJIO, TAK KaK TOJIbKO Yy napanienb-
HBIX NPAMbIX YI10BLIE K09PHHLHEHTLI ay, ag paBHbI (§ 18).

H
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MOXKHO Haiith no ¢opmvyie

A,B; — AB

tg0 = 2 A TEB (6)

INpu A A+ BB, = 0 gopmv.ia (6), noHUMaeMast VCJIOB-

Ho (cm. 3ameuanne 1), maer 0 = + 90°. Cp. § 20, ¢op-
mvia (5).

§ 22. YcnoBue, npu KOTOPOM TPU TOUYKH
JIe)KaT Ha OfHOM npsaAmoi

Tpu Toukn A, (x5 V1), A (Xs; ¥s), Aj (X5 y,3) JesKkaT Ha
O/IHO# MPsSIMOH B TOM H TOJILKO B TOM clivyae, Korja'l)
| x5~ J'z"yll
X3 — X yn“yl!
dta Qopmyia peipaykaet Taioke (§ 13), uto miuomwaab «rpe-
VroJbHHKa» A, Az A, paBHa nv.uo.
ITpumep 1. Touku A, (-2; 5), A,(4; 3), 4;(16; —1)
JieXkar Ha ofloil nNpsiMoi, Tak Kak

= 0. (1)

Xo—=Xp Ya—h 4+2 3-5 _
Xa=X, Va=W 16+2 —-1-5|
6 -2

18 .-s} =6:(~0) - (-2)-18=0.

IMpumep 2. Toukn A, (=2; 6), A,(2;5), A;(5; 3) He
Jle)kaT Ha OXHON npsiMoil, TaKk Kak

X=X, yz—yll |2+2 5-6 l4 -1
Xg=% YVa=3i|  |5+2 3-6| 17 -3

= -5

§ 23. YpaBHeHHe npsimoif, npoxoasuieit
yepe3 ABE TOUKH

Ilpsimasi, mpoxopsiwiast ucpe3 jaBe TOUYKU A, (X, ¥y) H
A, (x5 ¥,), IpeiCTaBASICTCST YpaBHeHHeM )
Xo=Xy Y2—h
X=X Y-

=0. (1)

1) JleBasi uacTb paBeHCTBa (1) 3anMcaHa B BHAE OMNpPEAENUTENA
(cm. § 12).
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OHO BHIpa’kaeT, YTO ‘AaHHble TOYKH A;, A, H «Texvwas»
Touka A (x; y) Jexat Ha oaHoit npsimoit (§ 22).
VYpaBHeHHe (1) MO)KHO NpPEACTaBUTL (CM. HIDKE 3ameyaHHe)
B BHAC
X=X1 _ Y= 2
Xz =Xy Yo=y ° ( )
9T0 VpaBHCHHC BbIPa)KaeT IIPOIOp-
LIMOHAJIbHOCTh KaTeTOB B MPSIMOYI'0JIb-
HBIX TpevrojgbHukax A RA u ASA,,
H300pa)keHHbIX Ha uepT. 22, rae

)y X x, = OPy, x, = OP,, x = OP,
x—% = AR, x,—x, = A,S;
Uepr. 22. n=PA, v, =P, A, y = PA,
Yy=n=RA, y, -y =SA,
IIpumepl. Cocrasurb vpaBueHHe UPAMOI, IPOXOASEH
yepes ToukH (1; 5) K (3; 9).
Pewenuec. Popmyiua (1) paer:

)
O
'

P

3-1 9-5 -0 T o 2 4 0
x-1 y-5 T T x-1 y=5 ’
T...2(y—-5)—-4(x—-1) = Ounn2x—y+3 = 0.
dopmyna (2) naer x;l = :V-—Zi. OTclona cHoBa Haxo-

M 2x—y+3 = 0.

3ameuanuc. B civuae, korna x, = x;, (WM ¥, = ¥,),
OOMH M3 3HameHaTteJieli paBeHCTBA (2) paBeH HVIIO; TOI'AA
ypaBHeHHe (2) HajO0 NOHHMATb B TOM CMBICJIC, YTO COOTBCT-
CTBVIOILMi YHCHTC/Ib paBeH HYJII0. CM. HIDKe npuMmep 2 (a Tak-
JKe CHOCKY Ha ctp. 32).

ITpumep 2. CocraBuTbh VpaBHeHHe NPsMOit, ipoxoasiuiei
yepes ToOukH A, (4; —2) u A, (4; 5). YpasHenue (1) paer:

0 7
Col= 3
x—4 yi2 0, ®)

T.e.0(y+2)-7T(x-4)=0,1.e. x—4 = 0.
YpasHeHue (2) 3anuuietcst B Buje

x—-4 — v+2 (4)

0 7

3/1cCb 3HaMCHATEJb JicBOii yacTH pascH HyJuo. [ToHnmast vpas-
‘HeHHe (4) B BBILICYKA3aHHOM CMbICJIC, 1l0jlaraeM “HCIIITCIIb
JIeBOH uacTH paBHBIM HYJi0. llosiyyaem npe)ikHmii pesyibraT
X—4=0.
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§ 24. IIy4ok npsiMbIX

Uepes 0gHY TOUKY A, (X;; ¥,) (4epT. 23) NpoXOAUT MHOIKe-
CTBO NPSIMBIX, UMEHYEMOE YeHMPAaabHuIM NnyuKom (WJIH TpO-
cT0 nyukom). Touka A, Ha3biBaeTCsl
yenmpom nyuka. Kakavio u3 nps- Y
MBIX .NVYKa (Kpome TOi, KoTOpas
napa’suesiibHa OCH ODJIMHAT; CM. 3a- ~
MeyaHue 1) MOSKHO TIPC/ICTaBUTD
VpaBHCHIICM

Y=y = k(x—x) (1)

3necs  k--vrioBoit  koappuuHent T
paccmarpuBaemoit npsimoii (k=tg o). /
YpasHceHue (1) Ha3biBaloT ) pasHe-
nuem nyuka. Beanuusa k (na- Hepr. 23
paMemp TyYuYKa) XapaKTepusver
HalpaBJICHHE NpPsIMOii; OHa MEHSIETCSl ‘OT OJHOIl  MpsiMoii
1IY4Ka K ApVyroi.

3HaueHHe napameTpa k MOXKHO HailTH, CCJIM JaHO elle
KaKkoe-1100 ycioBHe, KOTOPOC (BMECTE C VCIIOBUCM IIPHHAJIEIK-
HOCTH IIPSAMOIl JAHHOMY IIYYKY) ONPCJCINT MOJIOXKEHHE Mpsi-
MOii; cMm. 11pumep 2.

ITpumep 1. CocTaButh VpaBHEHIIC NVYKA € ICHTPOM
B Touke A, (~4;

Pemenmne. COl‘JlaCHO (1) nmeem:

y+8 = k(x+4).

ITpumep 2. Halith vpaBHeHHe mnpsimoii, mnpoxoasuieit
yepe3 Touky A, (1; 4) U nepneHAUKVYISIPHOIT K mpsimoit
3x—2y = 12

P ¢ m1 e H 1 e. MckoMast npsimast MPHHALJICKHUT ITYYKY C 11eH-
Tpom (1; 4). YpaBHeHue 3toro nvyka y-—4 = k(x-1).
Ytolbl naiiTh 3HaueHne napamerpa k, vutem, 4TO HCKOMast
1psiMast NeprneHAnKYJIsipHa K npﬂmou 3x— 2y = 12 VYIJ10BOi{

NESIAN \
I

KOd(QHIMEHT Moc/ef el ecTb —. KMmeem ¢ 20) 5 Sk = -1,
T.€. Kk = —%— Hckomas npsimasi npeAcTaBiIsIeTCs YpaBHEHHEM
y—4 = ———(x——l) HIK Yy = %—'x+4%.

3ameuaHnue l. IIpsamas, npuHaaIe)xamas nyuKy ¢ 1eH-
TPOM B A, (x;; ¥,) ¥ napasmienbHast ocu OY, npeacraBisieTcst
ypaBHCHMEM X—X; = 0; 9TO0 VYpaBHEHHE HC M0JIyYyacTCs
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u3 (1) nunpyr KakomM3HaveHnn k. Bce 6e3 HCKNNYEeHU X
NPAMBIE MYYKA MO)KHO NPENCTaBUTh VPaBHEHHEM

Ly=y) = m (x—x), 2
rae [ U m—npou3BoJIbHEIE YHCJIA (He paBHBIE HVIIIO OAHO-
BpemeHHo). Korga ! = 0, Mbl MO)KEM Pasaie/uTh Y paBHeHHE (2)

Ha !, Torpa, Q003HAYHB —’—;‘— yepe3 k, mosxyuum (1), Ecau e 1o-
ANOXHUTE [ = 0, To ypaBHeHHe (2) MPUHHMaET BUE X—X, = 0.

3aMeuanue 2, YpasueHne nyyka, B COCTaB KOTOPOI'Q BXOAAT ABE
nepecexaiouidecs npamole Ly, Ly, 3aiaHHbIC Y PAaBHEHHAMH

AX+ By +Cy =0, Ayx+B;y+Cy=0,

my(Ayx+ Byy +Cy) +my(Azx + Byy +Ca) =0, )
B Hem m,;, m, ~npou3sonbHbIe YKCNa (HEe paBHbIE HYJIO ONHOBPEMEHHO).
B yacTHOCTH, NIpH my =0 nosyyaem npsmyo Ly, NpU my =0 =npsmyio Ly,
BmecTo (3) MO)KHO HanKcaTbh YpaBHEHHE
Ayx+ By +Cy + A (Agx + B2y +C3) =0, )
B KOTOPOM BCEBO3MO)KHbIE 3HAYEHHST IAIOTCA TOJILKO Of{HOH GYKBE A, HO M3
(4) Henb3s NOAYYHTH VPpaBHEHHE NPsIMONA Lo, .

‘VpaBuenue (1) ecTb yacTHbIT BUA Y paBHeHUs (4), Koraa npusimbie Ly u
L, naubl YpPaBHEHHAMH y=Yy;,- X=X; (TOrAa OHH NapamienbHbl 0CAM
KOOpJHHAT).

IMpumep 3. CoctaBHTb YpabHeuHe npsimol, Ipoxonsuieit uepes
TOYKY InepeceyeHHUst npambix 2x —3y —1=0, 3x -y =2 =0 H nepneHaH-
KYJIAPHOR K NPpAMOR y =x.

P e e H u e. Mckomast npsimas (oHA 3aBEAlOMQ He COBMAAAET C Nps=
MOHA 3x —y —2 =0) NPHHAIUIEHKHUT NYYKY

2x =3y —~1+A1(Bx-y—2)=0. (5)
Yrnosoit koadpduumeHT npsmoit (5) ecth k = 3l+32 « Tak KaK HcKOMas
npAMast MepneHauKyasapHa K npsimolt y =x, 10 (§ 20) k= —1. Caegona=
TENLHO, - 3= —1, T. . A = ——, [loacTaBnsAsa A= -7 B (5), HaXoAHUM

4
Toc/ie ynpoueHuin:
P Tx+7y~6 = 0.

3ameuaunune 3. Eciu npamuie L,, L, napannencHt! (HO He CO-
BI1afaioT), TO Y paBHeHHe (3) NPpH BCEBO3MOYKHLIX SHAYEHHAX My, My Npea-
CTaBJIfeT BCe NpsiMble, NapasiesibHble ABYM AaHHbIM. MHOXKECTBO npsi-
MbIX, NapasjenbHbIX MeXJy C060i, UMEHYETCA NaApanfenbHLIM NYUKOM.
Taxum o6pasom, ypaBHenHe (3) NPEACTABNACT ANQO LEHTPanbHLIA, 1HQ0
1apannenbHuii Ny4ox,.

HMEET BHJ

§ 25. YpaBHenHe npsmoif, npoxomsuieil uepes AAHHY
TOYKY NnapanienbHO AaHHOK nmpaAMoH

1. INpsmast, npoxoasuias yepes Touxy M, (x,; ¥,) 1 napasi-
nejibHag NpsAMOit y = ax-+ b, NPEACTABIACTCA YPaBHEHMEM

—y = a (X=X 1
Cp.§ 24, y=n=ax-x) (1)



§ 26. YPAB. MPAMOM, NEPNEH AUKYJISIPHON K JAHHON 4]

M pumep 1. CoctaBute ypaBHEeHHE NPAMOH, MPpoXoaseH
yepes TOUKY (—2; 5) U mapasnesnbHoit npsmoi

5x—-7y—4 = 0.
P ¢ uie HHe. JJaHHVIO IPSIMYIO MO)KHO 11peICTaBUTh VpaB-
HEeHHEM Y = —2— x—:— (311er a= 7). YpaBHeHHE . HICKOMOM

npsmoii ectb y—5 = -57—[x—(—2)]. T. e. T(y=5) =5(x+2)
win 5x—Ty+45 = 0.

2. I'lpsimast, npoxoasiuias yepe3 Touky M, (xy; y,) 4 napasn-
JiesibHast npsimoit Ax+ By +C = 0, npejcraBjisieTcsti ypas-

HEHHEM
A(x=x)+B(y-y) =0. )

ITpumep 2. PewuB npumep 1 (A=5 B= —T7) no
dopmyie (2), Haitnem 5(x+2)—-7(y-5) = 0.

ITp ume p 3. CoctaButh YpaBHCHHE NPsIMOiL, npoxoasiie
uepe3 Touky (—2; 5) M mapasuiesibHOi npsamoii 7x+ 10 = 0.

Pecuenue. 3pece A =17, B=0. ®opmyna (2) aaer
7(x+2)=0, 1. e. x+2 = 0. Popmyna (I) HenpuMeHHMa,
TAaK KaK JaHHOe YPaBHEHHe HeJlb3sl Pa3pCIiHTh OTHOCHTENILHO Y
(nanHast npsimast napaJujiesibia ocu opaMHar, cp. § 15).

§ 26. VYpaBHenHe npamol, npoxoasweil uyepes NaHHYIO
TOYKY NEPNeHAMKYISIPHO K AAHHOK npsaMoii

1. Ilpsimast, npoxojsinas uepesd To4ky M, (x;; y;) ¥ neplicH-
AUKVYJISIDHAst K NpsAMoit ¥y = ax+ b, upejcTanisieTcsi vpasHe-
HHEM .

y=n= -7 x=-x). (0))
Cp. § 24, npumep 2.

Il puaep 1. CoctaButb YpaBHEHHE NPsIMOiL, npoxoasiueit

uepes TOukY (2; —1) 1 nepueHIHKYISPHOI K npsimoit

4x -9y = 3.
Peure nie. JIaHuY10 IPSIMYIO MOXKHO NIPECTaBUTh VpaB-
4 i _ 4 , .
HCHUEM Y = xg—-3—(a = 9). YpaBHeHHE HUCKOMOM NpsIMOH
ecth y+1 = —4(x~2), 7. ¢. 9x+4y—14 = 0.

2. Ilpsimast, npoxojsiuiast yepes Touky M, (x,; y,) 4 nep-
NeHAUKVJIsIpHast K npsimoit Ax+ By +C = 0, npeACTaBJsETCS
ypaBHEHHCM

A(y-y)~B(x—x) =0, (?)
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IMpume i 2. Pewast npumep 1 (A = 4 B = —-9) 1o ¢op-
MVJI: (2), Hailgem 4(y+1)4+9(x-2) = T. €. 9x+4y—
-1

IIp u Me p 3 Cocmnmh YpaBHCHHC 1IPSIMOIi, npoxonﬂmci’l
yepes TOUKY (—3; —2) nepncmmxvnﬂpuo K IpsSIMOH

: 2y+1 =

Pemenue. 3uaeck A =0, B=2 dopmyna (2) naer
—-2(x+3)=0, T.e.x +3 = 0. Popmvia (1) HenpUMEHHMa,
u6o a = O (cp. § 20, sameyanue 1).

§ 27. B3auMmHOe pacnoJio)keHHe NPsAMOM M maphl ToueK

BsanmHoe pacrniosnoXkenne touexk M,(x;; ), Ma(xy; y2) M npsimoit
Ax+By+C =0 (O}

MO>KHO OTNPEJICIUTL 110 CJIEYIOILHM NPH3HAKAM:

a) TOYKH M; ¥ M, nexaTt rno ofHY CTOPOHY OT npsimoit (1), Korja
uucna Ax; + By, +Cy, Ax, + By, + Ca HMEIOT OAHHAKOBbIE 3HAKH;

)} H M, ne>xat no pasHble CTOPOHbI OT npsAMoi (1), Koraa 9TH

YHCJIa HMEIOT NMPOTHBOIIOJIOXKHbIE 3HAKH;

B) OflHa M3 ToueK M,;, M, (Mnun o6e) ne>kut Ha npsamo#t (1), ecau oo
M3 3THX yHcen (MM 06a) paBHO HYJIIO,

INMMpumep 1. Touxkn (2; —6), (—4; —2) ne)xaT no ojiHY CTOPOHY OT
npamon

3x+5y—-1 =0,

TaKk Kak udcaa 3:2454(—6)—1=—=25 u 3+(—4)+5:(—-2)~ 1=
= —23 06a oTpHLLATENbHbI.

ITpumep 2. Hauano koopyiuuar (0; 0) 1 Toura (5; b) nexcar 1o pas-
Hble CTOPOHBI OT mnpsiMoH x+y—8 =0, Tak KakK uucna 04+0—-8= -8
H 5 +5~—8 = +2 uMeloT pa3Hble 3HAKH.

§ 28. PaccTosinMe OT TOYKM R0 npsmoi

v Paccrosiune d or Touxn M, (xy, ¥,) 10 Hpsimoit
Ax+4 By+-C =0 (1)
paBHO a0COJIIOTHOMY 3HAUCHHIO BCJIIYIHDI

-Ax; 4- By, +C .
= o mnme 2
\ ) e 2
T, C.
=8| = AXx_H’VtS‘ 3)
e

I pumep. Haiith paccrosiuue or touku (—1; +1) a0
npsmoit
3x—-4y-+5 - 0.

1) ®opmyna (3) 00bIUNO BLIBOUMTCS € HOMOIUbIO HCKY CCTBEHHOTO Ho-
CTPOEHHS; HH)KE (CM. 3aMeuaHHe 2) YKa3dH YHCTY dHAJIMTHYECKHHA BbIBOY,



§ 29. IIONIAPHbIE NMAPAMETPbI MNMTPSIMON 43
Pemenie,
§ o ST Av+D
y3e i

3ameuanue 1. IMycTk npamasn (1) He MPOXOAMT yepes Hayano O M,
anauut, C 0 (§ 16). Ecnu npu 310oM 3HaKkK 8 1 C OQHHAKOBLI, TO TOYKH
M, 1 O neXkaT no 0/iy CTopouy 0T npsAMo (1); ecnu NnpoTHBOMONOXKHbI, —
TO MO pasibie cTopolbl (cp. § 27); ecnr e 8§ =0 (4TO BO3IMOKHO JHLIb
npu_Ax, -+ By, +C =0), To M, ne>kut Ha naHio# npsimo# (§ 8).

Benuuuna 8 HaSLIBAETCA  0pUEHMUPOGAHHBIM  paccmosaluem OT
TOUYKM M, jlo npsimoit (1). B paccMoTpenHOM NMpHMepe OpHEHTHPOBAHHOE
paccrosiume 8 paBio —2/5;, a C =5. 3HaKkH § U C NPOTHBOMOJIOKHbBI; 3HA-
uMT, TOoukn M, (—1; + 1) 1 O ne>kat o pasHble
cToponnl or npsimont 3x —4y +5=0.

3ameuanune 2. dopmysa(3) BLIBOAUTCA
npouie BCero cJeayiowMm o6pasom.

IMNMycth My(xs; ¥») (4uepT. 24) — OoCHOBaHHE
1eprieHiMKy 1sipa, ONMYUIEHHOr0 M3 TOYKH M,
(xy; ) na npsamyio (1). Torna -

d =V —x)2 + (2~ 32 (©)
Koopaunatsl Xy, Yy, HaleM KaK peLIeHHC CH-
CTEMDLI
Ax + By +C =0, 1) Yepr. 24.
A(y-»)—-B(x—x)=0, (5)

I'Jlé BTOpOE Yy papHenHe NpefcTaBasiet npsamyio MM, (§ 26). Ons oGnerue-
HHUS1 BLIKJIQJIOK Npeobpa3yem nepBoe Yy paBHeHHE CHCTEMbl K BHAY

A (x—x)+ B (V=) + Ax; + By, +C =O0. (6)
Pewast (5) ¥ (6) oTHocHTENbHO (X —X;), (¥ —¥1), HAXOAHUM:
A .
X—x = —m(l‘\xﬁ*B)’l +C), (W]
YN = " m (Ax; + By, +O). (8)

Monicrasus (7) 11 (8) B (4), Haknem:
4 = |AatBn+C
YAz + B:

§ 29. Monsipubie napameTpul npsimoii ')

1oJio>keHile npsiMoif Ha TJIOCKOCTH MO)KHO 3ajaTh ABYMS
YHCIAMH; TaKHe YMCJ1a HasbiBAalOTCSl napamempamu TIPSIMOH.
Tak, uucna b (HayanbHasi OpAMHATa) U a (VrjoBoi KO3QH-
IIMeHT) siBnsioTest (cp. § 14) napamerpamu npsimoit. Ho nmapa-
MeTpbl b M a NPUroAHLI He MJIS BCEX NPSIMBbIX; NpsiMyio, ma-
panneabhvio OY, Henb3st umu 3aaath (§ 15). B nporusomno-
JIOYKHOCTb 3TOMY II0JISIPHBIMU ITapaMeTpamil (CM. HIDKE) MOYCHO
3a/1aTh I10JIO)KEHHE B C 51 KO H NpPSIMOH,

1) 37T naparpagd sBnsieTcss BBOAHbIM AnA §§ 30 u 31, -
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Hoaspruotm  paccmostives anpsmoit UV (uept. 25) Ha-
3piBaeTCsl JiMHa p nepnenauxviasipa OK, NpoBeAeHHOro
K npsimoii u3 Havasa O. IlonsipHoe pac-
CTOSTHHE MOJIOXKUTEJILHO HJIK PaBHO HY-
Jio (p = 0).

Ionapnwum yeaom npsimoit UV Ha-
3piBaeTCst Vrol a = £ XOK Mmexay

1 siyvuamn OX u OK (B3siTHIMM B JlaH-

. HOM nopsiake; cp. § 21). Ecau npsmast

1 UV He npoxoauT ueped Hauasno (Kax

o] L }x Ha uepT. 25), TO HanpaBJICHUE BTO-

. ’

poro Jnyua BlioJiHe omnpesaescHo (or O

K K); ecan ke UV npoxoaur ucepe3s

O (torna O m K coBna;aior), T0 avy,

nepreHANKYIIsIpHbIE K UV, npoBojauTcst B Jo00M H3 JIBYX
BO3MO)XHBIX HalPaBJICHHIA.

ITosnsipHOE paccTosiHye W MOJISIPHBI YI'OJ1 HAa3bLIBAIOTCS NO-
AAPHBIMU napamempamit NPsiMoii.

Ecnu npsimast UV npencrasisieTcst YpaBHEHHEM

Ax+ By+C = 0,
TO €e MOJIAPHOE pacCTosiile onpeaessiercss mo gopmyie

UYepT. 25.

1C1
) = ——, 1
P = Vaim 1
a nojasApHuii vron a—10 Gopmyaam
A . B
COSa = F —-———— s = F -———= 2
YAty Bt ' YAryBr ' &

rpe BepxHue 3HakH 6epyrest, korjga C > 0, a HIDKHHE — KOTAa
C < 0; ecnu ke C =0, To no npousBoay Oepyrcss aunGo
TOJIbKO BePXHHE, JIHG0 TOJbKO HHYCHHE 3HAKH ).

1) ®opmyna (1) nonyuaercsa u3 (3) § 28 (npu x; =y; =0). Popmynbl
(2) nonyuawTca Tak: u3 uepT. 25

COoS a = ‘% = x sina = —lﬁ - A 3)
~OK " p’ OK p
CornacHo (7), (8) § 28 (npu x, =y, =0) umeem:
- __AC__ ,_ . _BC @
=" Agm YT TATB
Has (1), (3) u (4) cnenver:
CcoS a = —_— ._é__. sin « C B - (5)
¢l yaryBe’ ICl yaz+ Bt
Dopmy sl (5) coBnaaator ¢ (2), n6o T—C-I- e +1npu C>0n T =1

npu C «0.



§ 30. HOPMAJILHOE YPABHEHUWE NPSIMON 45
TIpume p 1. Haiitu nossipHele napameTpbl Npsimoit
3x—4y+10 = 0.

PeuweHue. dopmvia (1) naer p = 10

Ve =2. ®op-
MVJH (2), TAe HY)KHO B35ITh BEPXHHE 3HakH (MO0 C = +10),
Aaior

3

3 _ (=9 _
Yarar

cosa = - T =
Y324

= —%; sing =
CnepoBaTenbHo, o =~ 127° (Mnn « ~ 487° u 1. n.).

IT pume p 2. Haiity nonsipHeie napameTpsl Npsimoit
3x—-4y = 0.

dopmyaa (1) paer p=0; B popmynax (2) MOXKHO B3ATH JIMGO
TONLKO BCPXHHMe 3HAKM, JIHOO TONLKO HIDKHHMe. B mepBoM

3 . 4 °
cavyae cosa = — 4, Sifl ¢ = M, 3HauuT, « ~ 127° BO BTO-
3 . 4 o
pom cavyae cosa = =, Sina = —-—= M, 3HAUHT, a ~ —-53°.

§ 30. HopmanbHoe ypaBHenHe npsimoi

Ilpsimasi ¢ nonsipHbIM pacctosiinem p (§ 29) u nonsipHEIM
VIJIOM & NIPEACTaBJISIETCS] YpaBHEHHCM

xcosa+ysina—p = 0. (n

OHO Ha3bLIBAGTCS HOPMAALHHIM YPAGHeHU-
eM npamoll.

ITpumep. Ilvers npsimasg UV ortcTo-
HT OT HayaJia Ha pacCcTOsIHHC

OK =V2

(uepr. 26) u nycrh avy OK cocraBiser
¢ avyom OX vron a=225°. Torja HOpmajbHOE VpaBHeHHe
npsamoit UV ecth

x c0s 225°+y sin 225°— 2 = 0,

Yepr. 26.

T. €.
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MomHokuB Ha — V2, monyunm vpapuchie upsmoii UV B
BHIC X+y+2 = 0, HO 9T0O VpaBHEHHC Y)KC He SsiBJISIETCA
HOPMaJIbHBIM.

BuBoa vypaBsueHus (1). OGo3HauHWM KOOPIHMHATHEI TOYKH K
(uepT. 27) uepe3 x;, y». Torma x,=OL=p cos «, y, =LK =p sin a.
INMpsamas OK, npoxonsiuas yepes ToukH O (0; 0) u K (x»2; yp), Npeacra-
X2 Vo

BasieTcsa (§ 23) ypaBHeHHeM I x =0, T.e. (sina) x — (cos «) y=0.

TIpsimas UV npoxojuT ueped K (xz; V) H NeprieHAMKYISpHA K NpsiMoH
OK. 3uaunt (§ 26, 1. 2), ona NMPEACTABJISETCA YPaBHEHHEM sin a (Y —Ys) —
—(—cos a) (x —x;) =0. IMoncraBnasa cioga
X, = pCOSa H Y, = psina, Nnoayyaem
x cos a+y sin a—p=0.

§ 31. IlpuBenenue
YPaBHEHHA npamol
K HOpManbHOMY BHAY

0|z L »X UYrodel HaiiTH HOpMaJbHOE ypa-

Uepr. 27 BHEHHE TPsIMOIl, 3alaHHOH YpaBHe-

s e HieM - Ax+By+C =0, pocra-

TOYHO PAa3/IeJIMTL JJAHHOC YpaBHe-

Hue na ¥V A*Y B, upuuem BePXHUI 3HAK Oepercst, Korja

C > 0, 1 HIbKHHIT — Korja € < O; ecan ke C=0, T0O MOXKHO
B3SITH 100011 3HaK. ITosvunM ypaBHeHne

A .. B Icl

—_ ,

X¥F o = 0.
YAz + B2 YA:+B: © YA} B

Ono 6yeT HOPMaNbLHLIM ),

INTpumep 1. Ilpusecrit ypasueHie 3x—4y+10 =0
K HOPMAJIbHOMY BHJLY. )

3necb A=3, B=—-4 n C=10 > 0. Ilooromy jesium Ha
—¥3:44® = —5, [Monvuacm

-—,} x'l-% y—2=0.

9t0 — vpaBHenHe BHAA X COS o4y sina--p = (). HmenHo
p =2 coso = -5 sina = + = (3HaumT, a ~ 127°).

ITpumep 2. Ilpusectnt vpanHeHHe 3x-4y = 0 K HOp-
MaJbHOMY BHJY.

1) 60 KoahdHLMeHTH MPH X, ¥ COOTBETCTBEHHO paBHbI COS x, sin a
B cHny (2) § 29, a cBoGOAHLII uneH paseH ( — p) B cuny (1) § 29.
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Tak Kak 3acch C=0, TO MOXHO pasiesiith Jinbo Ha 5,
au0o Ha —5. B nepom civuae noayyaem
3

Fx-5y=0

(p=0, a ~ 307°), BO BTOPOM CJIVyac HMECM
~gxtgy=0

(p=0, « ~ 127°). JIBYM 3HAuYCHHSIM o COOTBETCTBYIOT ;lBa
crocofa BIGOPA MOJIOXKHUTCIILHOIO HallPaBJICHIST Ha ayue OK
(cm. § 29).

§ 32. OTpe3kn Ha ocsax

Jlist passickanist otpedka OL==a (uept. 28), orcexkaemMoro
upsimoit UV Ha ocH abcumcce, l0CTaTO4HO B VPABHECHUH NIpsi-
MO# 110JIOOKHTh y=0 M pPCHIHTb VPABHCHHC OTHOCHTEJIbHO X.
AHaJIOTHYHO HIICTCS OTPE30K
ON=b na ocH opauuar. 3Hauc- . 4
HUS1 @ U b MOIYT OLITh KaK MONOKH- ()

TCJILHBIMM, TaK MW OTPHIATCJILHBI-

mu, Ecau npsimast napaJjuienbHa

OMHOM M3 ocCCi, TO COOTBCTCTBYIO- b

uMi  OTPE30K  HC  CYUICCTBYCT
([<:«06paulae1‘c;1 B QCCIQO}ICH}IOCTb))). 7 l = TSCX
SCJIM NIPsiMast HIPOXOJIMT uepe3 Ha- Sv
4yajio, TO Ka)bli OTPe30K BbI- Uepr. 28.
poxpaercst B TOUKY (a= b = 0).

IIpumep 1. Haitth orpesku a, b, orcekaembie Hpsimoi

—2y--12 = 0 Ha ocsx.

Peurenue. IMonaraem y =0 11 13 ypasuenist 3x+4 12 == 0
Haxojqum  x= —4, Ilonaras x=0, M3 vypasHCHHU
—2y+4-12 = 0 Haxojum y = 6. Urak, a= —-4 b=0.

11 pumep 2. Hafit orpesku «, b, 0TCEKACMLIC HA 0CAX
npsimoii

4 Sy+15 = 0.

P ¢ ur e in e, dra npsimast napasuicsnbia ocn adergiee (§ 15).
OTpe3oKk a He cvuecrsyer (nojoxns y =0, noJavuum upo-
THBOpeunBoe cootnomeHiie 15=0). Orpe3oxk b pasen —3.

IMpumep 3. Hailtn orpesku a, b, orcexaembie Ha 0CsAX
npsimo

Jy-2x = 0.

Peurcenme. o mnorkennomy cnocoby naiiiem a=0,
b=:0. Koneny Ka)goro n3 «oTpeskoBy COBHAACT ¢ ¢ro Ha-
HAJIOM, T. €. OTPC30K BBIPOXKAACTC B TOUKY. IIpsiamas npoxo-
fuT Yepes Hauauo (cp. § 14).
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§ 33. YpaBHenne npsMoit B oTpe3kax

Ecau npsmast oTcexkaetr Ha 0CAX OTPe3kH a, b (He paBHble
HVJII0), TO €€ MOXXHO NMPeACTaBUTb YPaBHEHHEM

X,y
2ty = 1. (1)

O6paTHo, VpaBHeHHe (1) npeacTaBisieT NPsiMYIo, 0TCEKaIlo-
wyio Ha ocsAx (cuMTtasi oT Havasa Q) OTPe3KH a, b.

YpaBHenue (1) HasbiBaeTCs1 ypaeHeHuem npaMmol 6 om-
pesKax.

IT p 1 m e p. HaiiTh ypaBHeHHe npsamoi

3x-2y+12=0 2)
B OTpeE3KaX.
PeweHie. Haxoqum (§ 32, npumep 1) a= -4, b=6.
YpaBHeHHC B 0Tpe3Kax ecTb

x |y

OHO PaBHOCHJILHO VPaBHCHHIO (2).

3ameuvanune 1. [Ipamyio, oTceKaloumyio Ha 0CAX 0Tpe3-
KM, pasHblc HYj1I0 (T. €. MPOXO/SIILYIO Yepe3 Hauajio; CM. NMpH-
mep 3 § 32), HeJib3s1 NPe/ICTaBHTL YPABHCHHUCEM B OTPE3KaXx.

3ameuyanue?2 INpsimyio, napannenbHyio oc OX (§ 32, npumep 2),

v
MO>XHO NpeACTABHTh ypaancnnem;b— =1, rpe b—otpesoik Ha ocH OY.

AHaoruuHo, npsimyio, napanie/IbHY OCH OY, moxHO npeacTaBHTb
X
YpaBHEHHEM .(T =1, CyuTaTh IHITH Y PaBHEHHS1 «Y DABHEHHSIMH B OTpE3Kax»

WJIK HET —1e710 cornawenms (0GenpUHATOro COrfalueHun B nHTepaType
HeT) 1).

§ 34. IpeoGpa3oBanue KOOpAHHAT (MOCTaHOBKAa BONpoOca)

Oana 1 Ta e JMHHsST NPCJICTABIISICTCS Pa3JIMuHbIMH VDPaB-
HCHHSIMH B pPa3HbIX CHCTEMax KoopjuHaT. Yacto tpedvercs,
3Hasl VpaBHCHHC HCKOTOPOIT JHIHIH B OAHOH CHCTEMC KOGP-
AMHAT («emapoiy), HaiiTn ypaBHeHlie TOH e JHHHH B J1pV-
roif cucteme («wiosoiy). droii e CAVKAT iopMyavt npeod-
pasoganust rkoopounam. OHII YCTaHaBJIMBAIOT CBY3L MCKAY
CTapbIMM M HOBBIMM KOODAHHATaMH Kakoii-nGo Touku M.

x y
1) CYUICCTBEHIIO TO, uTO ypaBHenue — = 1 unun b= 1 Mo)kHO no-
X y f
AYYUTL M3 YPADHEHHS —- + 3 = 1, HO He KaK YaCTHbIIt ero cayvuai, a ¢

TIOMOLULIO TPENenLHOTO Mnepexo aa (npyu GeckoHeuHo Gonbwom b wam a).
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JT106Y10 HOBYIO CHCTEMY IIPSIMOYIOJIBHEIX KOOpaAuHat X0’ Y/
MOYKHO IOJIVYMTE U3 J1i000ii crapoli cucreMsr XOY (uepT, 29)
€ IMOMOIIBI0 ABVX ABH)KeHUi: 1) CHayana coBMeliaeM Havamno O
CTOUKOH O’, COXpaHsisT HEU3MEHHBLIMHU HaNPaBJIEHHsT 0Cel; Mo~
JyyaeM BCHUMOrareNbpHVI0 cucremy XO'Y (0G03HAYEHHYIO
NYHKTHPOM); 2) 3areM I0BOpaukBaeM BCIOMOraTeJbHYIO
CHCTEMY OKOJI0 TOYKM O’ /0 COBMCHICHHST € HOBOH# Ch=
cTemoit X 0Q'Y,

FTAYY {?

t{ep'lj. 29, UepT. 30,

O1H sKe ABA ABMYKEHMST MOYKHO BHIMOJHMTL H B 0FpaTHOM
nopsaKe (CHayaja 1OBOPOT OKONO O, ALK BCIOMOraTe)ihe
Hvio cucremy XO0Y, sarem xepeHoc

’
Hayana B TOYKY 0’, NAIOMUH HOBYI CH~ L O

creMy X‘0'Y/; uepr, 30). i

B c00TBETCTBHK € STHM JNOCTATOUHO H
8HaTb GOpMy.IEl pe0OGpasOBaHUST KOOP- ——
JMHAT npH nepeHoce Havana (§ 35) M o P X

TpK OBOPOTE Oceit (§ 36) :
] P
R X

§ 35. Mepenoc Hauana Ko0opANHAT i

Yepr, 31,

O6osHauenust (uepr. 31):
CTapeie KOOPAHHATH TOUKH M: x=OP, y=PM;
HOBBIE KOODHHATE! TOUKH M: X’=0'P’, y'=P'M;
KOOPAUHATHL HOBOrO Hayasa O’ B crapoii cucreme X0Y:

%=0R, Yo=RO"
GOpMYIEL nepenoca:

X=X+%y Y=Y+Yo (1)
X < ey Y= P=o @

nig
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CjioBaMu: cmapasi xoopdunama pasna 11060il, caoxcennoli ¢
KoopOuHamoil 1106020 Havaaa (B cTapoit cucreme) b).

Ilpumep 1. Havaso KoOpJHHAT IiCPEHECCHO B TOYKY
(2; —5). Haiit nosbie KoopauHaThH TOUKH M(—3; 4).

P c e uue. Umeem:

X=2, Yo=-5 x=-3, y=4.
Mo gopmyiiam (2) HaxoanMm:
x = —-3-2= -5y =445=0.
IMpumep 2. YpaBHCHHC HCKOTOPOH JIMHHH €CTh
x4 y*—4x+4- 6y = 36.

KakoBo Ovjier ypaBHeHHe TOH >KC JIMHMH 110CJ¢ TNepeHoca
HavaJjia KOOpAuHaT B TouKky 0’ (2; —3)?

P cw e nue. CornacHo popmynam (1) umeem:

x=x+2 n y=y-3.
IlojicraBum 9TH BLIPaXKCHHs B JlaiHoe ypasnenne. Ilosvunm:
(" +2)*+(y =3)* -4 (x'+2)+6 (y'—3) = 36,
11 10CJIe YIIDOUICHHUIT
x4y = 49,

910 — HOBOC ypaHeHHe Haweil Jumnnn. M3 Hero sigino,
uTO 9Ta JIHHHA ecTh (§ 38) OKPYIKHOCTL pajuyea R=7 ¢ nenr-
pom B Touke O,

§ 36. IMosopor oceii

OGosnauennst (uepr. 32):
cTapbl¢ KOOPAMHATBI Toukl M:x=0P, y=PM;
HOBbIC KOOPAMHATHI TOUKI M:x'=0P", y' =P'M,;
yroJsi 1oBopora oceif ?) « = £ XOX'.— < YOY’
Dopmyuibl 110BOpoTA 3):

X

X' cosa—y’ sina, \
y = x'sin‘a4 ) cosa, J

(8))

1) 1ns 3arOMHHAHHA NPaBHIIa He YHTANTE 0B B CKOOKaAX; OHM cylIle-
CTBEHHbI, HO JIEFKO BOCCTAHaBJIMBAIOTCST MO CMbICAY.

2) O 3HaKe yria a« cM. § 14, NoAcTpouHoe NMpuMeyatue.

3) Insa 3anoMHHaHUA ¢opmy (1) 3ameTbTe, UTO B BLIPAXKEHHH JUISE X
HMEEM «10JIHbIA OecropsYIoK» (KOCHHY ¢ CTOMT PAHDbILE CHHY Ca, MeXKAY dJit-
HAMH NpaBoit YaCTH —3HaK MHUHYC). HanpoTHB, B BHIPAXKCHHH JUISL ¥ Mbl
HMEEM «JIONMHKIH nopsi;loK» (clmmum CHIYC, MOTOM KOCHHYC, &4 MCXXJ'Y 4YJic-
HAMH —3HAK 1U110C).

Dopmy bl (2) nonyualotest U3 (1), ecinit 3aMeHNTh = Ha — x N LOMEHITD
QG03HAUEHHA X, ¥ Ha X’ ,y’, H HA06OpOT,
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Hin
X

X cos o+ ysina, } @
Y’ = —xsina+ycosa.

IIpumep 1. YpaBHeHHe 2xy =49 npejcraBiisieT JHHUIO,
cocTosinyio u3 nByx BetBeil LAN u L’ A’N’ (uepr. 33) (oHa

(!
:\

1
1]
)
[}
L]
)\ o
3

Yepr.

Yepr. 33.

HasbiBaeTcst paBHOGOYHOM runepGosioit). HaltH ypaBHeHne
9TOH JIMHHH 110CJIe TIOBOPOTA 0CEH Ha VI o1 45°,

Pemenne. ®opmvan (1) npu «a=45° npHHUMAIOT BHJ

Y s Y

Wiy,

lml

y

IIO]ICTaBHM 9TH BbIPDAXXCHUSA B ITAHHOC YPaBHEHHC. ITonyunm:
V_ V 2 (vt
=5 (=) +y) =

HJ ﬁOCJIC Yl‘lpOllleHH‘l

x2—y? = 49,

ITpumep 2. Ho noBopora oceii Ha yroys —20° Toyka M

umena abecuuccy x=6 u opauHarty y=0. Haiith koopau-
HaTLl TOUKKH M 1nocse nmoBopoTa oceii.

P e w e H u e. HoBble KOOPAWHATHI X', ¥’ TOYKH M Haiipyrest

no popmyyam (2), rie Ha/l0 MONOXKUTh X=6, ¥ = 0, & = —20°,
IMonyuum:
X' = 6 cos (—20°) ~ 5,64,
y' = —6sin (—-20°) = 2,05,
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§ 37. AnreGpauyeckue NMHMM M MX NOPAAOK

VpasHeHHC BUAA
Ax+By+C =0, 8))

rje no Kpaiincit mepe onHa U3 BesMuuH A, B He paBHa HVIIIO,
€CThb aJzebpauueckoe ypasHeHue nepgoll cmenenu (C. ABYMsI
HEeHM3BECTHBIMH X, ¥). OHO BCeraa npeicTaBisieT MNPSIMYIO
JIMHHUIO.

Anzebpauueccum ypasHeruem 6mopoil creneHy Ha3blBAETCS
BCSIKOE YpaBHEeHHE BHAA

Ax?4 Bxy+Cy*+Dx+Ey+F = 0, 2

rae no xpalHed mepe oaHa u3 BeauunH A, B, C He paBHa
HYJIIO.

YpaBHeHHE, PABHOCHJbLHOE VpaBHeHHIO (2), TaK)Ke Ha3bl-
BawT anreGpanyecKum.

ITpumep 1. YpaBHeHue y=>5x2, paBHOCHJILHOE VpaBHe-
HHUIo 5x?—y = 0, — anrcOpanuecKoe ypaBHCHHC BTOPOIi cTe-
neuu (A=5, B=0, C=0, D=0, E= -1, F=0).

IIpumep 2. YpaBuenue xy=1, paBHOCHIbHOC VDaBHe-
HHUIO xy—1 = 0, ectb anreGpanuyecikoe. VpaBHCHHC BTOPOH
creneiu (A=0, B=1,C=0, D=0, E=0, F = —1)..

ITpumep 3. ¥YpasHenne (x+y+2)*—(x+y+1)2=0
€CTb YPaBHCHME NepBOH CTeNeHH, TaK KaK OHO PaBHOCHJIbHO
ypaBHeHHIo 2x+2y+3 = 0.

AHaNOrMyHO OMnpeacssiioTcst anredpaiucCKHe VpaBHEHHS
TpeTbeii, yeTBepToil, NATOR M T. A. creneHeil. BennunHer A,
B, C, D u T. 1. (B TOM uucje cBOGOAHBII YJICH) HA3bLIBAIOTCS
Koyppuyuenmamu anrcGpauuecKoro YpaBHCHHSI.

Ecan Hekoropast nuuust L npeacTaBisieTCst B KaKoiH-1160
OZIHOI1 IeKapTOBOH CHCTEMEC KOOPAHHAT aJirefpanyecKuM ypas-
HEHHCM n-i CTeneHH, TO M BO BCSIKOiI ApYroi aexapToBOM
cHCTEME OHa IpeACTaBUTCS anre6paHyecKMM VpaBHEHHEM TOH
ke crenenH. Ilpu 3tom, oxHako, KO3(Q(UUMCHTLI YPAaBHCHMS
(BCe MJIM HCKOTOPLIE) M3MCHSIT CBOM 3HAYEHHs; B YAaCTHOCTH,
HEKOTOpbIe MOTYT 00PaTHTLCS B HVJIb.

JIunus L, npeacraBisiemast (B ACKapTOBOil CHCTeMe) VpaB-
HEHHEeM n-i. CTeneHH, Ha3bIBACTCSI aq2ebpaudieckoli AuHuel
n-2o nopaoxa.

INpumep 4. IIpsimast NHHUST PCACTABISIETCS B NPSIMO-
YroJbHOii cHcTeMe KOOPAMHAT aareOpavuyeCcKHM YpaBHEHHEM
nepBoii creneHu Buaa Ax+ By+C = 0 (§ 16). ITosTomy nps-
Mast ecTh anreGpanyeckas TMHHs NEPBOTO NopsiKa. st ogHOH
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M Toi >Ke upsimoit Koadduuuentel A, B, C UMCIOT pasJiHuHbIE
3HAUCHUSI B Pa3JHUYHLIX CHUCTeMax KoopaWHaT. Tak, NvcThb
B «CTapoil» cHCTeMC IpsiMasi NPeJACTaBJISIETCs] YpaBHeHHeM
2x+3y-5=0 (A 2, B=3, C = -5). Eciu noepHyTh
ocH Ha yroi 45° 1o (§ 36) B «HOBOH» CHCTEME Ta >Ke NpsiMas
NpeACTaBUTCS ypamlcuucm

(x'-———y'vz)Jd x'}/2 V’V) 5=0,
T. €.

LN =0(A="’.#, B =Y2, C=—-5).

ITpumep 5. Ecan Hayano KOOPAHHAT COBNAJACT C 1ICHT-
POM OKPY)KHOCTH pajMyca R-—-—-'&, TO OKPY)>XHOCTh MNpe/ICTaB-
Jisiercst vpasHennem (§ 38) x*+yt—9 = 0. 9t0 — anrebpau-
yeckoe vpasnenue Bropoii crenenn (A=1, B=0, C=1, D=0,
E =0, F = -9). 3HauuT, OKPY>KHOCTh CCTb JIMHHSI
BTOPOro nopsiaka. EciiM Hayano KOOPAMHAT NEPEHECTH B TOUKY
(—=5; —2), To B HOBOIf CHCTCMC Ta (€ OKPYXKHOCTb NMpeacTa-
Burcst (§ 35) vpasueHuem (x'—5)*4-(y'—2)2-9=0, T. e.
x24y2—10x'—4y’+,20 = 0. 310 VpaBHCHHE TO)XC BTOPOMH
crenicHH; Koaddpuuuentst A, B u C 0CTAJIUChL NPEHHHMH,
HO D, £ v IF U3MCHHUJIHCD.

ITpumep 6. Jluunsa, npeacraBisiemast VpaBHEHHEM
y = sin x (cunycounga), — He anrcbpaunyeckast.

§ 38. OkpyxHOCTB

OKpY)KHOCTL paauyca R ¢ LeHTPOM B Hauajic KOOPAMHAT
MPeACTaBJIsIeTCs1 VPaBHEHHEM
x*+y* = R%
OHO BbBIPA’KACT, YTO KBajpaT PaccTosi-
Hust O A (cm. yepT. 9 Ha cTp. 22) oT Ha-
yaJia KoOpAMHAT 10 Jio0Goi Touku A,
JieyKaulef Ha OKPY)KHOCTH, paBeH RZ2.
OKpY)KHOCTL pajauyca R ¢ IieH-
Tpom B Touke C (a; b) mpexcrasJiisieTcst
ypaBHEHHEM YepT. 34.
(x=a+ (-0 =R. (1)
Ono Buipaykaet, uTO KBajpaT paccTosiHusi MC (uepr. 34)
Mexay Toukamu M (x; y) u C (a; b) (§ 10) paBeH R2.
YpasHeHHe (1) MO>KHO fiepenucath B BHJE
X242 —2ax—2by + a2+ b*—R? = 0. 2)
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VYpashenue (2) MO>KHO HOMHOKHITL Ha JuoGoe uncno A;
TOT/Ia OHO TMPHMCT BHJ{

Ax2+ Ay*—2Aax—2Aby + A(a®+ b*—R?) = 0. 3)

ITpumep 1. OxkpwkHOCTL paguyca R=T7 ¢ LEHTPOM
C (4; —6) npeacrasJisieTcst VpaBHEHHEM

(x—4)2+(y+6)> = 49 i x*4y2—-8x+12y+3 =0
1JH (1ocne YMHBOYKCHUSI Ha 3)
3x%+4-3y* —24x4-36y+9 = 0.

3 ameyaH He. OKPYIKHOCTD €CTh JIMHHSI BTOPOI'O NOPSiIKA
(§ 37), Tak KaK npe/ICTaBIISIETCs] YPABHEHHEM BTOPO CTeneH!.
OaHaKo ypaBHEHHE BTOPOIi CTENEHH NPCJICTABIISIET OKPYICHOCTh
Jlajieko He Beerja. Juist 3Toro Heo6X0/IMMO:

1) uroObl B HeM He ObUIO YJleHAa C MPON3BEJCHHCM X)';

2) yroObl KO3(QHIMEHTH NMPH Xx* M y* ObulM paBHBE (CP.
vpaBHeHHe (3)).

Ho ath vciioBust He BriosiHe foctaToylbl (cMm. § 39).

IT p ume p 2. YpaBHeHHe BTOpOH cTeneHu x>+ 3xy + 32 = |
He Npe/ICTaBJIsSIeT OKPY)KHOCTb: B HEM €CTh YJieH 3xy.

IIpumep 3. YpaBHeHue BTOPOIi cTeneHu 9x+4y? = 49
He NPEeACTaBJSICT OKPY)KHOCTL: KOOYOHIHEHTLI NIPH X* M NIPH
¥y* HE PaBHbI.

ITpumep4. YpaHeHHe

5x%—10x+5y*4+20y—-20 = 0

vaoBnerBopsieT veaosusim 1) 1 2). B § 39 nokasaho, uto oo
IIPEACTABJISIET OKPY)KHOCTb.

§ 39. Pa3bickaHMe LEHTPa M paguyca OKPY)KHOCTH

VYpaBHeHue
Ax*+ Bx+ Ay*+Cy+D =0 (1)

(oHo vpoBnetBopsier veiosusim 1 m 2 § 38) npeacrasisier
OKPY)XHOCTh NPH VCJOBHH, YT0 KOdQdimpentst A, B, C, D
VIOBJIETBOPSIIOT HEPABEHCTBY

B2+ (C*-4AD > 0. 2

Torna neHtp (a; b) 1 pajuyc R OKPY>KHOCTH MOYKHO HaiiTi
no gopmyaam ')
c

a=-2 p=__C R-

B24+C2—-4AD
24 24 - (3)

4A2

1) Het HY)KABI MX 3anoMHHaTh; cp. npumep 1 (BTopo# crnoco6).
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3 amevyanue. HepaBencero (2) BeIpajkaer, YT0 KBagpar
pazmvca JlQJl)_KCH OBITH IMOJIOYKUTCIILHBIM UHCJIOM; Cp. mocien-
Hiolo dopmyay (3). Ecin HepaBeHcTBO (2) HE BBIIOJIHSIETCS,
TO ypaBHeHHe (1) He NPeACTAaBIIsIeT HUKAKOH JIMHUK (CM. HIKe
npumep 2).

IIpuMmep 1. YpaBHeHue

bx2—-10x+5y*+20y—~20 = 0 “4)
noxxoxur nox sux (1); suech
A=5 B=-10, C=20, D= -2Q.

Hepasenerso (2) Beinosnsiercst. 3Haunt, vpaBHenue (4) npej-
craByisier OKPY)KHOCTE, ITo dopmynam (3) Haxoaum:
a=1,bp= -2, R?=9,

7, ¢, nemrp eerb (1; —2), a pagnye R = 3.
pyroii cioco 6. Paspesms vpapnenne (4) Ha Koag-
(uiueHT TIpH WieHaX BTOPOH CTEleHH, T. €, Ha' 5, MOJVynM:

x2—2x+y2+4y—4 = 0.
Jonounmy cvmmor x2—2x 1 y*+4y g0 xsapparos. Jist
21010 -upudaBIM K nepnoit cvmme 1, a Ko Bropoit 4. Hnst

KOMITICHCAII HPHOABHM T¢ JKe YHCJA K 1IpaBoif YacTd ypaB-
Henust, Tloanyyum:

(2% 1)+ (P +4y+4) -4 = 1+4,
(x=1+(@+27* = 0.

IIpunmep 2, YpasHeuue
x2—2x+4)24+2=0 %)

Ty €o

moxxo;urr oy Bux (1), HO Hepapencto (2) He BLITOJIHSIETCS,
3uaunt, vpasHeHHe (5) 1e pepcTanisieT HIKaKoil suHum.

K 3ToMV BLIBOJIY MOKHO NIPHATI X Tak (cp. npumep 1):

JonoaHuM cymMmy x*— 2x 10 KBaapaTa, npndaBHB K Helt 1.
Tl komneHcauuin npudaBuM 1 Tark)ke M K NIPaBOH 4acTH,
Honvunm  (x—1)24¥*4+2=1, m e (x—1)*+y2= -1
Ho cvmma KBajpaToB (feiicTBUTCILHBIX) YHCEJ HE MOXKET
PaBHSITBCST OTPHNATEIBHOMY yHCHY. 1109TOMY HET HH ORHOI
TOYKH, KOOPAHHATBI KOTOPOH VIOBNETBOPSIM OBl JAHHOMY
YPaBHEHHIQ,
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§ 40. IaaMnc KaK c)KaTag OKPYKHOCTb

UYepes ueHTP O OKPYI)KHOCTH paguyca a (yept. 35) npose-
leM B3aMMHO IiepHeHJUKVYAspHble auametrpul A’A, D’D. Ha
paauvcax OD, OD’ 0oTI0>XKMM OT TOYKM O paBHbIC OTPE3KH
OB, OB’ pnuHoi b (MeHblueit, yueM a).
U3 Kkakpoit TOukH N OKpPYIK-
HOCTH OMYCTUM NeprneHaAuKYssp NP
Ha pMameTp A’A M Ha 3TOM IICpIICH-
JUKVYJSIPE OTJIOXKHM OT €ro OCHO-
Banuss P orpesok PM Tak, uto0bi

PM:PN =b:a. (1)

910 nmocrpoeHuc mnpeobGpasver
KOKAYIO TOYKY N B JApPYIVIO
COOTBCTCTBCHHYI0 eif TOYKY M,
Jie)Kamylo Ha  TOM - )KC  IIep-
Yepr. 35." neHAMKYIsipe NP, npuyem PM
nonvyaetrcst U3 PN VMCHbLICHHEM

b
B OJHOM H TOM >KC OTHOWUCHHUH k = e Takoe npeoGpaso-

BaHHUC Ha3bIBACTCS pasHomepHblM cxcamuem. Ilpsimas A’A
Ha3bIBAETCSl OCbIO cHcamus.

Jiunuss ABA’B’, B KOTOpVIO TIpeoSpasvercst OKPYIKHOCTD
110CJle PABHOMCPHOI'O CyKaTHsl, HAa3bIBACTCST 9A44UNCOMY).

Otpesok A’A = 2a (a yacro u npsimast A’A, T. e. oCb
C)KaTHs1) Ha3bIBaeTCsl 60160l 0CbIO DJLIINIICA.

Otpesok B’B = 2b (a yacto M npsimasi B’B) HasplBac1cst
Maaoll ocblo dnnunca (10 mocTpoeHuio 2a > 2b). Touka O
HasbiBaeTCs1 yenmpom adnnurnca. Toukn A, A’, B, B’ naswl-
BaIOTCsI epuiuiiaMu dJLIMNCA.

OTtHoweHne k = b :a HasbBacTCst Koafifuyuenimom ciuca-
mua anaunuca. Bennumna 1-k = a;b (T. e. OTHOMICHHMEC
BD : OD) nasbiBaetcsi cocamuenm dinnca. OHa odo3navacrcs
0VKBOH a.

QJUIMNC CUMMETPHYCH OTHOCHTCJIBHO G0JbWOH M Majoii
oceii, @ 3HaYUT, H OTHOCHTCJIBHO 1ICHTpA.

OKPY)CHOCTB MOXHO paccMaTpuBaTh KaK 3JUIHIC ¢ KO-
¢uLMCHTOM CKaTust k = 1.

Kanonuueckoe vpaHcHHe 3aaunca. Ecin
OCH 3JUIMIICA INPHHAITH 3a OCH KOOPAMNAT, TO 3JUIMIC

1) Apyroe onpenenenue snnunca ¢m. B § 41,
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TPeACTaBIACTCS YpaBHeHHeM ).
XY, %)

a2 b2
CHO Ha3LIBACTCS KAHOHUNECKUM ®) ypasHeHUeM IJINICA.
IIpumep 1. Okpy)kHOCTL papuvca a = 10 ¢ noasepr-
HYTa PaBHOMCPHOMY C)KaTHIO C Ko3pduuueHToM CxatHs 3 : 5.
ITocne npeoGpasoBalust NOJAYYUTCS IIHIC ¢ GOJLIIOH OChIQ
2a =20 ¢M U MaJOH OCbIO
2b = 12 cu (flonvocu a = 10 cu,
b =6 cm). Ckarue éa'r%ro an-
mnca o= l-k = —5=04.
KaHoHHYeCKOe YpaBHEHHE = ero
eCThb

x2 y? _
W““}—ﬁ- = 1.

ITpumep 2. IIpu npoexTu-
POBaHHUH OKPY)KHOCTH Ha KaKVIo-
HUOYAb IJIOCKOCTHL P anamerp
AjA,; (4epr. 36), napasienbHbIH
"9TOM MJIOCKOCTH, NPOCKTHPYETCSI Yepr. 36,
B HaTVpPaJIbHVIO BeJIMYHHY, a BCe
XOpAbl, IepPNEHAUKYJIsSIPHBIE K AHAMETPY, COKPaUIAlTCS B
OTHOLIEHUH, PAaBHOM COS @, A€ ¢ — VI0Jl MCYKAV MJIOCKOCThIO
OKPVY)KHOCTH P; H NMJIO0CKOCTbIO P. IT03TOMY NPOCKLHST OKPYIK-~
HOCTH €CTh JUIHMIIC € G0JbLIOH OCRIO 20 = A’A H Koaduuu-
CHTOM CXKaTHA K = COS .

1) Met nmeems

OPt +PN2= ONtw g2, %))
B cuny (1) nmeem:
a
PN = & PM. 9
IMoactannaa B (3), HaxoAHM: af
opP? +’b—: PM:= a', m
TI e‘
a?
Xt +F y‘ = at, m

Paspenmun Ha af, onNyuuM paBHOCHNIBHOE YpaBHeHUe (2). Utak, ecny
M(x, y) ne)kuT Ha annunce ABA’B’, To X, y YIOBJIETBOPAIOT ¥ PABHEHHIQ
(2). Ecan xe'M He JIeKMUT 'HA 9TOM 9JIIMICE, TO PaBeHCTBO (4), &
8HAYHT, U YpaBHeHue (6) He YOBIETBOPAIOTCA (%p. § 7).

2) QT rpevyecKkoro caoBa skaHoHs—oGpasen. Takum o6pagoM, HasBae
HHQ IKAHOHHHOCKOS PABHOAHAYHO HAIBAHHIO <THIIOBQOY,
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ITpumep 3. 3ecmHOIt MepuaMaH TouHee NMPHHSTL HC 3a
OKPVY>KHOCTb, @ 3a JJUIMNC. 3eMHast 0Ch CCTh MaJjast 0Cb 3TOr0
ajuunca. JinuHa ee (OKpyriieHHo) 12 712 kM. JuuHa 6onbluoii
ocH paBHa (OKpYrJieHHO) 12754 xm. Haiitn koadouupeHT
C)KaTHs k W C)KaTHe o ITOro JIIMICA.

PewmeHnuec.

a-b _2a-2b _ 12754—-12712

=g T T3 T 12 754 ~ 0,003,

= l-a =~ 0,997.

§ 41. [Ipyroe onpeneneHHe 3/Iunca

Onpepenenne Iaaunc eCTh reOMETPHYECKOE MCECTO
ToYeK (M), cyMMa pacCTOSIHMII KOTOPLIX /10 JIBYX JaHHBLIX
Touek F’, F (uept. 37) HMeeT OJHO H TO >KC 3HAuYeHHC 2a:

F'M+ FM = 2a. (1)

Touku F’ u F Ha3biBaloTcst oxycamu ) asnmmnca, a paccrosi-

nue F'F —dhoxycuvim paccmoanueM; OHO oOo3nauaercst 2c:

F'F = 2. 2)
Tak kak F'F < FPM+ FM, 10 2c < 2a,T. e.
¢ < a. B 3)

OnpepesieHue HacTosiero naparpada paBHo3Haulo C onpe-
nenenuem § 40 [cp. vpasuenue (7) ¢ vpasHcuuem (2) § 40].

Y
M M(zy) ’

c
F 0 Fj X

Yepr. 37. Yepr. 38.

KaHoHHuccKoe vpaBHeHHUe aaaunca. Ipu-
meM npsimyio F’ F (uepT. 38) 3a ocb abenpce u cepeanty O oTpes-
Ka F’F —3a Hauao KoopauHar. COrjlacHO onpe/jiesieHUI0 3JUINI-
cau (1)§ 10 umeem F’ (—¢, 0), F (¢, 0). Corsacno § 10

! Vx+e)+y* +V(x—c)*+y* = 2a. 4)

1) POKYC —JIATHHCKOE CJ10BO; O3Hauyaer «ouar. Eciu B Touke F
(Mnu F’) NOMECTHTb HCTOUHHK cae'ra TO I0CJIe OTPAXKEHHUS OT AJITHIICA BCe
NY4H cobepyTcs B Touke F’ (MnH F) M NOMELLIEHHOE TaM BOCIJIaMeH oL ee-
CS1 BeLIeCTBO 3arOPHTCA. DTO 3peJIHILe MTOPaXKano 3puTesieit; rMoaTomMy cno-
BO «(POKYC» -NOJIVUHIIO TOT CMBICJI, B KOTODOM €ro ynoTpeGisiioT HbiHE
B oGHxope.
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OCcBOGOAMBILMCL OT PAAUKAJIOB!), TOJYYMM DPABHOCHIBHOE

YPaBHeH"e
(02 —_ c2)x2 + azy2 = az(az — cz) (5)
HIHU . .
taea = L ©)

Beaedemaue (3) eeaununa a®—c nosoxcumensd. Tosromy
(6) MO)KHO HamucaTb B BHJE

x2 2 Y

=1 @ i
AN

b = a?— 2. 8 A 4

- F o0 F] X

Ypasuenne (7) copnagaer ¢ (2) § 40. _/
3uavir, JIMHHSI, Ha3BaHHasi B Ha-
CTOsILICM naparpade ajauncom, aei-
CTBHUTCJILHO TO)XAECTBECHHA C JIMHUEH, Yepr. 39.
Ha3BaHHOH 3asuiMncom B § 40. Ilpu
9TOM 0Ka3biBaeTCsl, uTO HEeHTP O ayumnca (uepr. 39) coBnapaer
¢ cepejiuHoii orpeska F'F, 1. e. OF = ¢. Bosibmast ocb 2a = A’ A
9JUIHIICA, COIJIACHO PAaBCHCTBY (1), 0Ka3bIBaCTCs1 PABHOH HEH3-
McHHOI1 cymme paccrossuii F’M+ FM (uepr. 38). Manas
noavocb b = OB (uept. 39) u orpe3ok ¢ = OF sIBASIOTCSH
KaTeTaMH MPSAMOYI0JIbHOrO TpevrojibHuka BOF; runotenvsa BF
3TOr0 TpPeVrojbHHKA paBHa a. 310 BHAHO M3 paBeHcTBa (8),
a TaK)Ke U3 TOI'0, UTO paBHble 0Tpe3ku F’B n F B cocTaBjsiioT
B cymme 2a (10 onpejcsicHuio asaunca). Takum oGpasom,

paccTosiHie OT (QOKYCa /10 KOHL|A MaJioif  O0CH paBHO JJIMHC
00JIbILIOH MOAYOCH.

F'F .
OTHoOuICHHE A ($OKYCHOro paccrostniist K 00J1b1o0ii OCH,

T. €. BEJIHYHHA %, Ha3bIBACTCSI IKCYeIMPUCUMemoM dJIHIICA.
OKCUEHTPHCHUTET 0003HA4aCTCsi Ipeyeckod OVKBOi & («rncH-
JIOHD):

' ’ )

BeaneactBue (3) SKCUEHTPHCHTET 3JUIMICA MCHBLIE ERHHHULBL
OKCUCHTPUCHTET € M KO3QOULHEHT CxaThs Kk iuunca (§ 40)
B CHAY (8) cBsI3aHBI COOTHOLIEHHEM

K= 1-e (10)

€ =

afe

1) OnMH M3 paaHKaNoB NEPeHOCHM B I1PaBYI0 4acTh H BO3BO/(HM y PaB-
HEHHE B KBajpaT; B HOBOM YDaBHEHMH GYJET TONBKO ONHMH pafHKall.
Y eAnHHB ero, CHOBa BOIBEAEM B KBaspaT. [locae ynpowenni noay4um (5).
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IT p ume p. [lverh OKYCHOE PACCTOSIHME IJLIHICA 2¢ = 8 CM,
a cymMMma paccrosthuil HPOM3BOJILHOI €ro TOUYKH 10 (OKYCOB
cocrasJsieT 10 cm. Torna 6oJibluast ocb 2a = 10 M, IKCLEHTPH-

CUTET € = fl = 0,8. Koapduument cxxarust k = Y1—e* = 0,6.

Manass och 2b = 2ak = 2Va*— ¢ = 6 cm. KaHoHuueckoe
VPaBHEHHC JJUIHICA €CTh
XY 1

2579

3ameuaHue. EciM OKPY)KHOCTh paccMaTpHBaTh Kak
yacTHbI BUJ aanunca b = a, 10 ¢ = 0, T. e. pokvenl F’ 11 F
HY)KHO CUMTaThb COBIABILHMH, IKCUCHTPHCHTCT OKPYXKHOCTH
paBeH HVYJIO.

§ 42. MNocrpoeHue 3/IUNCA NO €ro OCAM
INepBniii cn 0 co 6. Ha nepreHuKkyIsSIpPHBIX NPSIMBIX
X*X n Y'Y (uept. 40) otinaapiBacM 0Tpeski OA” = OA = au
OB’ = OB = b [nosoBuHBl Jl@HHBIX oCeH 2a, 2b (a > b)].
Touku A’, A, B’, B OyayT BCPUIHIIAMH JJLIHIICA.

s
=

Y y
N
5 & g _X
u -7 \\ v P;
A - \Ja 2 M\ a
X ru K|LF X X ol oJjrpj) X
8' )l 7
4 7z
YepT. 40. YeprT. 41.

U3 Toukn B paaMycom a onMuchiBacM AYIY Uw; OHAa mepe-
ceueT 0Tpe3oK A’ A B roukax F’, F;3To 6vAyT GOKYCHI 3JIJHIICa
[cornacHo (8) § 41]. Pa3snennm oTpe3aok A’ A = 2a NpOHU3BOJILHO
Ha nBe yacth: A’K =r u KA =r, Tak uto r'+r = 2a.
M3 Touku F onucuiBacM OKPY)KHOCTB pajuvca r, a H3
F’ — OKpY>)KHOCTb pajguyca r’'. TH OKPY)KXHOCTH MEPeCeKyTCst
B ABYX TOUKax M u M’, npuyem no noctpoeruto F"M+ FM =
= 2au F"M’'+ FM’ = 2a. CornacHo onpejeienuio § 41 Touku
M u M’ ne)xat Ha ajuknce. MeHsis r, 6yaem moavyatb HOBbIE
TOYKHU 3JIJIHIICA.

Bropoit cnoco6. IlpoBoaguM aBe KOHLEHTPHUYECKHE
OKPY)KHOCTH paauyca OA = a u OB = b (uept. 41). YUepes
ueHTp O npoBOAHM IIPOU3BONLHBI aYY ON. Uepes Toukd K H
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M,, B KoTopbix ON BCTpeyaeT 1ABe OKPYIKHOCTH, IPOBLLHUM Npsi-
Mble, COOTBCTCTBEHHO IapasuiesibHble ocam X' X, Y’ Y. Otu nips-
Mble nepecekyTest B Touke M. Ee opaunara PM (= KD) kopoue
opauHaTel P M, Touky M, nerxauieii Ha OKpY>KHOCTI paguyca a, -
npuyem PM : PM, = b:a. 3nauut (§ 40), Touka M JCKHT
Ha UCKOMOM 3juiirce. MeHsist HanpaBJieHHe ivya ON, noJyynum
HOBBIC TOYKH 3JIJIMIICA.

§ 43. 'nnepdona

OnpeneneHuc. lunepboara (yept. 42) eCTb reOMETPH-
Yyeckoe MecTo ToueK (M), pa3HOCTL pPacCTOSIHHH KOTOPBIX 10

YepT. 42. YepT. 43. N

ABYX AaHHBIX Tovek F’, F uMeeT OfHO M TO jKe aGCosoTHOE
3HauyeHHe (Cp. ompeacyieHHe ajuiunca § 41):

| FM=FM| = 2a. )

Touku F’ u F HaswnBawTtcsa goxycamu’) runepbossl, pac-
crositie F'F — diokycHolM paccmosHuem, OHO 0603Havaetcs

yepes 2c:
F'F .= 2. 2
Tak xak F'F » | FM-FM]|, 1o [cp. dopmyay (3) § 41]
¢ > a. (3)

Ecau M 6mmxe K dokvey F’, uem K ¢okycy F, T. e. eciiu
F'M < FM (ucpt. 43), To BMecTO (1) MOXKHO HamucaTtb:

FM-F'M = 2a. (1a)
Ecauxe M 6nmxe K F, uemk F’,1.e. F’M > FM (uepr. 42),
TO Mbl HMEEM:

FM—=FM = 2a. (16)

1) EcniH B onHOM M8 (GOKYGOB NOMECTHTh HCTOYHHK CBETa, TO mnocne
OTPa)KEHHs OT runep6onbl Tyun 06pasyIoT pacXoAALMHCA MYYOK C UEHT=
pom B ppyrom poxyce. Cp. CHOCKY Ha cTp. 58.
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Te ToukH, Ansi Kotopelx F'M—FM = 2a, 00pa3vioT OJHY
BETBb runep6osbl (MpH OOBLIYHOM PACIIOJIOXKEHHH YePTeXKa —
«IPaBYIo»); T€ TOYKH, JJis1 KOTOpPbIX FM—F'M = 2a, o0pa-
3VIOT APYIVIO BETBb (WIEBYIO»).

KaHoOHHMYeCKOe VpaBHeHHC runep6oin.
3a ocb OX npuHumaem (ueprt. 44) npsmyio F’F, 3a Hayajlo Ko-
opauHaT — cepeiuHy O orpeska F'F. CorsiacHo (2) nmeem
F(c; 0), F'(—c; 0). IlpaBast BeTBb
corsiacio (16) u § 10 mnpexcras-
JISICTCST YPaBHCHHEM

e Vs ey
—V(x=0)*+y* = 2a. (4a)

Jlist JieBoii »Ke BECTBH COIVIACHO
(1a) u § 10 nmeem vpaBHCHHE

Vix—o+yi~
—V(x+c)*+y% = 2a.  (46)
OCBOGOKAASICH OT DAMKalOB, MOJYYHM B OGOHX CIVYasiX:

Yepr. 44.

(02 —_ Cz)xz + a2y2 - a2 (a2 —_ CZ) (5)
HIIK
2 yZ
b = L (6)

9T0 VvpaBHEeHHC DPABHOCHJILHO mape vpasBHcHHi (4a), (46) u
npejicTaBisieT 00€ BCTBH I'HIEPOOJIbI Cpasy !).

¥YpaBHeHUe (6) MMeeT TOT >Ke BHCLIHHI BHA, YTO VpaBHe-
nue suunca [cp. (6) § 41], HO 910 cX0ACTBO 00MaHYHMBO, TaK
Kak Tenepb BCje/cTBHE (3) BeaAMuUHHA a*—c? OTPHULATCJIBHA,
TaK uT0 Va®—c?--MHNMasi BenMuMHa. [losTomy a6o3Hauum
yepes b peJMuNHY + Vc*— a?, Tak uTo )

b* = ¢t —a?, ¥))]

Toraa u3 (6) nonyuaem karonuueckoe ®) ypagheriue runepGoIibl

A LA ®

a2 b2

1) IBe BETBH IMNepGoibt MOXKHO 6b1s10 Gbl CYMTATDL HE 32 ORHY JIHHHIO,
a 3a nBe. Ho Torjna HU ofiHa M3 3THX JIHHUA B OTAEJIBHOCTH He MpPEACTaB~
Jsulach 6b1 anre6paHyecKHM Y paBHEHHCM BTOpPOH CTENEHH.

2) O reOMeTPHYECKOM CMbICJIE BEJIMUHHBI b CM. § 46,

") Cu, CHQCKY 2) HR 6T, §Ts



§ 44. ®OPMA TMIREPBOJiBbI; BEPIIMHbBE i OCH 63

INIpumep. Ecnu pasHocts paccrosinuit M- FM no

aGCoNOTHOI BeJHYHMHE paBHa 2a = 20 m,la (okycHoe pac-
- 5
crosiiue. 2¢ = 25 cM, 10 b = Jc*—a* = - (cM). KaHouu-

. x2 ¥ o
4YeCcKoe VPaBHEHHe rUnep0oJbl eCThb oo — 5o = I.
2

§ 44. dopma runepOoNbLI; BePLIHHBI H OCH

unepbona cHUMMCTpHYHA OTHOCHUTEJIBHO ToukH O —cepe-
JWHBI 0Tpe3ka F’F (4epT. 45); OHA CHMMETPHYHA OTHOCHTEJILHO
npsimoii F’F M oTHocuTesNbHO npsimoit Y'Y, mpoBeaeHHOi
yepe3 O nepneHAMKYJSIpHO K F'F. Touka O Ha3biBaeTcs
yenmpom runepbosel. Ilpsimas F'F
nepecexaer runepbony B ABVX TOYKax s r |a
A(+a 0) u A’ (—a; 0). 3TH TOUKH
Ha3bIBAIOTCS, 6epWUHAMU TUNEPOOJILI.
OTtpe3ok A’A = 2a (a 4acCTo .M npsimast
A’A) HasbiBaeTcsl  OelicrneumensHoil AN
ocbio runep6oJibl. ) (=

ITpsimas Y'Y He nepecekaer runep- X' F Al 0le A F x
0osy. TeM He MeHCe NPHHATO OTKJA-

JIbIBaTh HA Hell oTpe3ku B'O = OB = b 1A
1 HaspiBaThb OTPe30K B’B = 2b (a Tak-
)Ke U mpsimyvio YY) MHUMoIL ocbio TH- ravar)
11ep06oJIbl.
Tak Kak AB = 0A*+0B? = Yepr. 45.

= a®+b% 10 M3 (7) § 43 cuenver,
4yT0 AB = ¢, T. e. pacCTOsiHHe OT BePUIMHbI T'MNEPOOJILI J10
KOHLIa MHHUMOH OCH PaBHO NMOJAY(HOKYCHOMY PaACCTOSTHHIO.

s ¥ la
s ¥ 10 B
Ba X' FpaP ol ANF X
X' FA4" o] AV X 18’
74 \
R Yy e R Y 1P
Yepr. 46. Uepr. 47.

MHuumast ocb 2b MOKeT ObITh Gosblue (uepT. 45), MeHbLIe
(uepr. 46) unu pasHa (uepr. 47) acicTBUTENBHOIN ocH 2a. Ecnn
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JeiicTBHTeJIbHAsI H MHMMast OCH paBHbl (a = b), To runepbona
Ha3bIBACTCS paenocmopouneu (unu pasnobourioil).

OTHouleHHe AT (pOKVCHoro pacCcTosiius K aeiicTBH-

TeNbHOH OCH uaabmae'rc;l aKcyermpucumemom runcpboasl M
o0osHauaetcst € [cp. (9) § 41]. BenencrBue (3) § 43 skciieH-
TPHCHTET rHNepOOILl Gosblie eAUHULLI. KCLUCHTPHCHTET paB-
HocToponncii runepGons paBeH Y2,

Cunepbosia JIEKHT 1ICJIMKOM BHC TOJIOCH, OTpPaHHYeHHOIl
npsimpimu PQ u RS, napasuienbHpiMH Y'Y 1 oTcTOSIIIMMHM OT
Y'Y na paccrosinne OA = A’O = a (uepr. 45, 46, 47). Bnpaso
M BJICBO OT 3TOH MOJIOCH rHMnep0osia MPOCTHPACTCST Heorpa-
HHYCHHO.

§ 45. INocrpoenne runep6oibl NO ee OCAM

Ha nepuen,iikyasipblX npsambix XX u Y'Y (uept. 48)
oTkJaabiacm oTpeski0A = OA’ = a 1OB = OB’ = b (neii-
CTBHTEJbHBIC H MHHMBIC I10JIVOCH).
" 3atem oTkjaabiBacm oTpeskn OF
5 n OF’, papuvie AB. Touku F’' u
I — poxyewr (cornacho (7) § 43).
Ha npomomkenun orpeska A’A 3a
TOYKY A Gepem IPOM3BOJILHO TOY-
Ky K. U3 touku F paguvcomr = AK
OIUCLIBACM OKPYI)KHOCTB. M3 TOUKH F*
OINUCLIBAEM OKPY)XHOCThL PajHyCcom
r= A'K = 2a+r. 3TH OKPY)XHO-
CTH MEPEeCeKYTCsl B IBYX TOYKax M,
M, npxyem no noctpoeHuio F'M —
—FM=2a u FFM'-FM’ = 2a.
CorsiacHo onpeneJicHuio (§ 43) Touku
M n M’ nexxat Ha runep6osie. Menss
r, MOJIVYUM HOBBIC TOYKH «NPaBOi»
BCTBH. AHAJIOTHYHO CTPOSTCSA TOYKH
«JIeBOH» BCTBH.

X'F A0

§ 46. AcumnToThl runepdob
UepT. 49. Ilpsimast y = kx ((ma NPOXOHT
ucpe3 uUeHTp runepoonnt O) npn
| k| < F nepecekaet runep6ony B ABYX Toukax D’, D
(uept. 49), cummeTpuuHbIX OTHOCHTenbHO O. Ecau oxe
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[k[;fg—, To npsmMast ¥ = kx (E’E Ha yepT. 50) He¢ uMeeT
ofuMx TOYeK ¢ runepQooi., s

Tpsimtie = - x ny=-g% (U'U u V'V na uepr. 51),
RISt KOTOPHX [k | = —, 001aAai0T ClIEAYIOWIMM (TONBKO HM

X F 0 F X X A" 01 \A X
N Bl Ll a’
/2, s

5 Y Y v

Yepr. 50. Yepr. 51,

npucynym) CBOfiCTBOM: IPH  XEOrpPAHHUEHHOM IIPOJIOJIIKe-
gnn KaXAas M3 HUX HEOrpaHMYeHHO COMMKACTCSA C rumep:
0J10i, .

ToyHee: ecatt npamyn Q'Q, napaiteasnyty oc opdunam,
Heoeparnuyerno yoaaame om yenmpa O (BNPaBO UM BIEBO),
mo ompesky QS, Q'S* Mexucly aunep6osoit 1 ¥xawmcdoi U3
npamuix U'U, V'V Heozparudentio y MetolQromes.

Mpsampie ¥y ==x B y = —-% X HaSbIBAIOTCA acumnmo-
mamu 2unep6oastt).

AcumMATOTH PABHOCTOPOHHEH THNCPOOABI B3AUMHQ IIEp-
TEHIIKYJISAPHEL

FeoMeTprnyeCKHH CMBICI MHUMOJ 0CH, He-
pes BepwuHy A rimep6onnt (uept, 51) nposesien npsmyio L’ L,
YIEPNCHANKYSIPHYI0 K JeHCTBUTC/IbHOH ocd. ‘Toraa 0Tpesox
L’ L aToi npsimoii, 3aKJII04CHHBIT MCOKAY aCHMITQTaMM THUep-~
QoJibl, paBeH MHHMOMH oci runepdosrl B’B = 2b.

§ 47. Conpsykennbie runepGonsr

JBe runepGossl HasHBAIOTCA conpaxceHHoimy (dept. 52),
€CJIM OHM uMeloT 00umuit ueHTp O H 00wue OCH, HO AEHCTBH<
TeJIbHAast 0Chb ORHOH U3 HUX SABJSCTCS MHUMOH OCbl0 APYIOH,

1) «AcHMNTOTA» ~IFpeyecKde C/IQBO; Q3IHAYACT <HE IOMNAAANOUIAAr.
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Ha vueptr. 52 A’A—pneictBHTeNIbHAs1 oCcb runep6osibi I n
MHuMasi ocb runepbosnnt 11, B’B-— jiclcTBUTEJIbHAsT  OChb
rutiepbosist I 1 MHHUMasT 0OCb

v Y ¥ runep6osst I.
T Ecin
3 X2y i
T =

¢CTh YPABHCHHE OJIHOM 113 conpsi-
JKCHHBIX runep6oJi, To jipvras
NPEACTABJISICTCSI VPABHCHHCM

Yeprt. 52. T T

Conpspiennbie runep6osbl MeloT 00nue acumnToTsl (U7 U
n V'V Ha uepr. 52).

§ 48. Iapadona

Onpenencuue. lHapaboaa (yepr. 53) ecrb reomerpit-
4eCKOe MECTO TOUCK (M), paBHOYJAJICHHBIX OT JIJaHHOM ToukH I
H JaHHOM npsimoii PQ: al

FM = KM. (1) M/

Touka F HasbiBaetrcst (foxkycom?'), a K D
npsimast  PQ —Oupexmpucoii napaGoJibl.
Paccrosinue FC = p ot pokyca 10 AupeK-

TPHUCHI HA3LIBACTCSI NApamempom 11apadosibt. >
Ilpumem 3a HauyaJlo KoOpjHHaT cepe- C[ON\F X
anny O orpeska FC, Tak uto
€0 =0OF = §. (2)
3a och abeumce npumem npsimvio CI7; p ly’
M0JIOXKHTEJIbHBIM ~ HanpaBsieHMeM  OVjieMm YepT. 53.

cyHTaTh HanpaaJjicnue ot O K I,
Torjpa umeem: I’ (i’, O), KM = KD DM :- -g«l-xn(§ 10)

FM = V(l)i—— x)2+y3. Beusiejicrsue (1) naeem:

i 2 .
f(G-)+ys = fx ®)
OcBoGoauBINKCh OT pajiKaa, HoJIVUHM PaBHOCHJILHOC VpaB-
HeHMe
y* = 2px. “4)

1) [NapannenbHbiit NYUOK Nyueit, NeprneHANKY JIAPHLIX K JIUPEKTpHCe,
rnocne OTpa)kKeHMA oT napabosibl 06pPaTHTCST B IIEHTPaNbLHbLIA NYYOK C
HeHTpoM B hoxyce. Cp. CHOCKY Ha cTp. 58.
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910 — Kanonuuecroe) ypasnenue napaGoJibl.

YpapHeHHe qupeTpHchl PQ (B TOH e cHcTeMe KOOPAHHAT)
eCTb X + g— = 0.

ITapabosa cUMMCTPHYHA OTHOCHTEJIBHO HpsiMoii FC (ocb
abcumcc npu HauieM BoIOpe CHCTEMBbI KOOPAHHAT). ITa npsimast
Ha3LIBaeTCs1 ocbio napatonnl. IMapaGona npoxoaut yepes ce-
peauHy O otpeska FC. Touka O Ha3biBaeTCsl 6epuiuHoll
napabosnbl (ec Mbl NPUHSUIM 33 Hayajo
KOOPJIMHAT). a s

ITapa6ona JIC)KHT LEJHKOM NO OJHY
CTOpOHY OT npsimoii Y'Y (kacaTciibHast B
BEpUIMHE) H MPOCTHPACTCST B OTY CTOPOHY
HEOrpaHHyYCHHO.

§ 49. Iocrpoenne napagouns
Nno JaHHOMY napamerpy p

ITposepem (uepr. 54) npsimvio PQ (- M
pPCKTPHCY 11apadosib) 1 HA TAHHOM PacCTosI- p
HHH p = CF 0T HeC¢ BO3bMEM TOuky I UepT. 54.
(pokyc). Cepeaunia O orpesxa CF ovuer
BepuiHHoil, a npsimast CIF—ocblo napadosn. Ha Jsvee OF
BO3bMCM TIPOM3BOJILHYIO TOYKY R 1 uepe3 Hee NPOBCAEM
npsamvio RS, nepreHanKyIIsApHYIo K ocH. M3 pokyca F, kak u3
LICHTPA, OMHILIEM OKPY)XXHOCTh paauycom, paBHbiM CR. OHa
nepeceuer RS B 1BYX TOukax M, M’. Touku M u M’ npu-
HaIeKAT MCKOMOII mnapa6osjie, TaKk KakK IO TNOCTPOEHHIO
FM = CR = KM (cm. onpencenienue, § 48). MeHsist monio)xeHHe
TOYKH R, OVieM HaX04HTb HOBbIC TOYKH napaboibl.

§ 50. IMapaGona KaK rpaduK ypaBHeHHA Yy =ax*+ bx 4 ¢
YpaBHcHHE
Xt = 2py (1)
HPCJICTABISICT TY ¢ Hapaboyy, uto 11 ypaBHeHHC y? = 2px
(cp. § 48), ToJLKO Tenepb och napafoJibl CoBlAAaeT € OChbI
OpJIMHAT; Ha4aJi0 KOOPJAHHAT IO-TIIPC)KHCMY COBIAajaeT ¢ BEpP-
wHHOH napa6osapl (yepT. 55). POKYC HaAXOAUTCA B TOUKeE

F(O; ’21) Hupexrpuca PQ mnpeacraBiisieTCsl YpaBHEHHEM
y+5 = 0.

1) CM, GHOCKY 2) Ha ¢Tp. 57.
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Ecau 3a noso)kuTesJbHOE HanpasJjieHHe Ha OCH OpAWHAT

\4 Y
v, d
X
F
F
0 X
P a
Yepr. 55. YepT. 56.

NpUHATL He Hanpasiehue OF, a HanpasieHue FO (uept. 56),
TO VpaBHeHHe napaboJibl 6yaer:

—x% = 2py 2

(cm. yept. 56, rae ocsiM KOOpPAHMHAT NpHiaHbl OOLIYHBIE Ha-
y npasneHust). Coob6pasHo ¢

3THM rpadpuKami QYHKLHI

AL

‘\

\ [ y=at (3
ll.w —3 _

\ 2 ',}'/ AR caykar napa6osnel, oGpa-

S/ Ly HIeHHbIE BOI'HYTOCTbIO

\ / BBepX, Korga a >0, H

7 2 BHH3, Korga a < 0. Uem

. 2 McHbwe abcoJsiloTHoE 3Ha-

NG V, )’ ucHHe a (Ha ueprt. 57 Hme-

ema=2 a= 41 a=

-3 -1 1 ¥
/ 4 o =%+ %, a= %), TeM 0Jin-
e (OoKYC OT BCPIUMHDI,
/ -1 2 Tem GoJablue «pPacTBOp»
PABA napadossl.
[ N\ % Bcesikoe ypaBHeHHe
=7 ‘L‘ .
4 \ y =ax*+bx+c (4)
[ rpaduuecky usobpaxcaems-
=3 ca moii e napabonoil,
Yepr. 57. 4mo u ypasHeHue y = ax?

(myist obenx mapaboJ pac-
CTOsIHHE % OT BepLIHHH A0 (oKyca paBHO |—4la|—) . O6e 00-
paWeHHl BOTHYTOCTbI0 B OJAHOM U TOM j«¢ HanpasieHuu. Ho
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pepuiHHa napaGonbl (4) ne>XHT He B Hauasie, a B Toyke A
(uepr. 58) ¢ KoOpAMHATAMH

b 4ac - b2 =
x4=0P=——2—a, y4=PA= 2 (D)
ITpume p. YpaBHeHHe
1 .,,3 1
y=—gx¥+3x-5 (4a)
1 3 1
(a= -4, b =3 ¢= —7) npeacrasasicr (uepr. 59) TV e
14
y
2 4
/0{/1 z\x
0 P X F
YepT. 58. Yepr. 59.
napa6oJy, uTo If YpaBHeHHe y = — % x*, BeplmHa JIEKHT B
TOUKe A ¢ KOOpAHHATaMH
. b _ 3 _ dac—b® _ 1
Xa= g =3 VA= T T Te (5a)

DOKYC HAXOAHUTCSI CHH3Y OT BCPLUMHLI HA PAaCcCTOSAHHH

p__1 _
z2 " Tl =
CiiefloBaTesIbHO, KOOPAUHATHEI GOKYCA CYTh
3 1 15
=3z, r=g-l=-1

3ameuyaHue 1. Her HYKAB 3anOMHHATL GopmyIsl (5).
JUis BBIYMCIIEHHS! X4, ¥4 MOXXHO TNPHUMEHHTb CJIefY oM
upveM. YpasHeHue (4a) nepenuiueM B BHAE

(6)

1 1,
V+5 = -3 (x*-3x).
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Ilono.mmm BbIPa)KEHHE B CIK06KAX /10 TOJIHOTrO KBajipara, upn-
1 9

0aBuB -— . s KoMIlecHCauuu npubaBum -5 7= ——ﬁ K
JieBoii yactu. Ilonvuum:
Y N l l 3 9
v = —3(x-3) @
. ¥YpaBHenue (7) npumeT BHA
1 .
i y o= —gx* (8)
A F an
Vi 7 €CJIH BLIMOJIHUTH NPpeodpa3oBaHueE nepe-
Hoca oceit (§ 35):
’ 1 ’ 3
V=y——1€, x=x—-—2~. (9)

UeprT. 60.
P Bepuitna napa6oast  (T. €. TOuKa
1

= 0, y’ = 0) HMeeT KOOPAMHATH X = %, ¥ = &
3ameuanmne 2 O6wmue hpopmynn (5) MO>XKHO BbiBeCTH M3 (4) Tem

)Ke MpHeMoM, KaKoi Gbla MpHMeHeH B 3ameuanHH 1 K ypaBHeHHIO (4a).
3amecuaHHe 3. YpaBHeHHe

x =ay*+by+c

- b2 b
npencrasasieT napaGoay (uept. 60) ¢ BepluHHOMK B TOuke (4ac b )

da ' 2a
Ocb_ee mapasjesbHa 0CH aGCLMCC; BOTHYTOCTb 0GpallieHa «<BMpaBos, eCH
a>0, u «BneBo», ecnu a <0.’

4
§ 51. {upexrpucel 3qaunca U runepboibl

a) Aupektpuco anaunca. JIlvere paH 3jjaunc
(uept. 61) ¢ GoJiblwoif 0Cbl0 A’A = 2@ U IKCLCHTPUCHTETOM

OF
§41) gz=7 =c Tlyetbe = 0 ,
(T. €. 3JUIHIIC HE SIBJISICTCST OKPYIK- ¢ e

HOCTbI0). OTNOXXHM OT lleHTpa p 1M
0 annunca va cro 60abwWON OCH

otpesaki OD = OD’, paBHbIC K/

Y| g

(r.c. OD:0A = 0A:OF). ”"u_j’””
IIpsimbie PQ, P'Q’, npoxoasiiye .
COOTBETCTBEHHO uepe3 D, D’ u P p
napauieJibHble Masnoi 0CH, Ha3bl~ Yepr. 61.
BaIOTCS1 Oupexmpucamu aaunca.

Ka>x/i0i 13 IUPEeKTPUC MOCTABUM B CGOTBETCTBHE TOT (o=
KYC 3JUIHICA, KOTOPLIIT JI)KUT MO TV Ke CTOPOHY OT LEHTPa,
T. €. aupexTpuce PQ—dokyc I, a aupekrtpice P'Q’ — dokye

K
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F’..Torpa 0as aoboii mouku M saaunca omHouleHlle ee pac-
cmoanus 0o ¢okyca k paccmosnuio 0o coomeemcmeyrouyeli
Oupekmpucel pagHo sKcyenmpucumemy e, T. €.

MF : MK = MF': MK’ = «. (1)

Tak Kak JJis1 9J1JIMnca € < 1, To BCsikast Touka 3JUIHnca OJIHKe
K (OKYCY, YeM K COOTBETCTBYIOLICH AHpEKTpHCE.

Ecau 60Jibiast 0Cb 3JIJIMICA OCTACTCSI HCH3MCHHOIH, a 9KCIICH-
TPUCUTET CTPCMUTCST K HVJIIO (T. €. JUIMIIC BCE MCHLIIC OTJIH-
4YaeTCs1 OT OKPYMXCHOCTH), TO JH-
PEKTPUCH HEOTPAHMYEHHO VjaJisi- a Y Q
I0TCS1 OT LieHTpa. X' K

Y OKPYIKHOCTH AHPCKTPHUC HET. = M

0) AupeKTpHCH rumep- 1
0 0 s bl ITvets A’ A (uepr. 62) ccth FIIDr ol DI\F X

AcHCTBHTENIbHAST OChb I'HIEpPOOoJILI, a
OF _ ¢
€= 5a =4 —CC OKCUCHTPHCHTCT

0
(& 44). OtxiagpiBaem
OD = 0D’ = ‘: Yepr. 62.

(r. ¢. OD:0A = 0OA:OF). Ilpsi-

mple PQ, P’'Q’, 1poXojsiiMe COOTBCTCTBEHHO uepe3 D,
D’ n papajuieibHbIe MHUMOI1 OCH, Ha3bLIBAIOTCS Oupempucamu
eunepboavt. Jlas awboii mouku M 2unepboast omroueHue
ee paccmosinus 00 oxyca k paccmosnuro 00 coomeemcm-
sylowyjell Oupexmpucsl [CM. IVHKT a)] pasHo kcyenmpitcunerny
€, m. e.

S

p’

©

MF : MK = MF’: MK’ =-¢. )

Taxk Kak ajst runep6osivt € > 1, TO BCsIKasi TOUKA runep0oJibt
OJIIDKE K AMPEKTPHUCE, UCM K COOTBETCTBYIONIEMY (OKYCY.

§ 52. O0wee onpeneneHue 3maMnca, runepoonbt
H napa6obi

Bce aanauncel 1), runep6onbl ¥ napa6onbl 06J1aAaI0T ClIEAY HOLIMM CBOMH-
CTBOM: ANS1 KaXXAOMR M3 OTHMX JIMHMI OCTaeTCs1 HEM3MEHHbIM OTHOLUEHHE
(uepT. 63)

FM: MK, (1

rine FM —paccTosiHHe NPOU3BONBLHOM ee TOuKH M 10 naHHo#H Touku IF (do-
Kyca), a MK —paccTosinve ToMKH M 110 1aHHo# NpsAMoi PQ (IMPEKTPUCH).

1) KpoMe OKpY>KHOCTH.
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Jna annunca (4ept. 64) 5T0 OTHOLIEHHE MeHbLUIE EAUHHLBI (OHO paBHO
c
3KCLIEHTPHCHTETY 3JIJTHICaA -;; cp. §§ 41, 51). qnsa runep6onsi (uepT. 65)

c
0HO Gonbile eJHHHLB (OHO DPABHO IKCLEHTPHUCHTETY rHMNepGosabl e

cp. §§ 43, 51); nnsa napaGonwl (uept. 66) oHO paBHO l'(§ 48).
OGpaTHO, BCAAKAA JIMHHA, o6afaollan YKa3aHHbIM CBOACTBOM, €CTh
1160 annunc (ecau FM : MK <1), aunbo runep6ona (ecnu FM : MK >1),

e ‘ et
_ c A\lr JA’
cl F R
P P

YepT, 63. Yepr. 64. .

aun6o napaGona (ecam FM: MK =1). Ioatomy YNOMAHYTOE CBONCTBO
MO>XHO MPHHATL 3a oflLee onpeaenenHe aaunca, runepGonast M napabonsl,
a Heu3sMeHHoe OTHolweHHe FM : MK =¢ HasBaTb 3Kcyenmpucumemom.
DKCLEHTPHUCHTET e napaGonbl paBeH eAHHHLE, AMA 3AaHNca ¢ <1, ANA rH-
nep6onbl € >1.

3anaHHeM 3KCLEHTPUCHTETA ¢ U paccToAnua FC =d ot ¢pokyca no nu-
PEKTPHCHI MOJTHOCTBIO ONPENENAIOTCA BETHYHHA K Gopma anaunca, runep-
Gonel M napaGonsl. Ecav npu faHHOM

€ HBMEHATDb d, TO BCe NMONYYaeMble KpH- a
Bhle OyayT noaoOHLI APYT ApPYTrY.
K
a R
X M
C| A\ |F
[/ 3 p
P
YepT. 65. Yepr. 66.

Xopnaa RR’ anaunca, runep6ossl Hau napa6onst (uept. 64, 65, 66), npo-
xonsas yepes ¢poxyc F v nepneHaHKy AsipHas K ocH FC, HasbiBaeTca go-
KaabHOU xopooli u o6o3HauaeTcs 2p:

RR’ = 2p. 2)
Benunuuna p = FR = FR’ (T. e. niHHa GOKanbHOM 1oy Xopabl) HasLIBaeTCs
napamempom annunca, runepGoas Hau napaGonul. OHa cBA3aHa € d COOTHO-

EeHHEM
p =ds, )

TaK uTO AN napabonwl (e =1)
p=d. (3a)
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Beplunub! annunca, runepGonst ¥ napaGonsl (A Ha ueprt. 64, 65, 66)
nennat orpesok FC B oTHouweHHn FA : AC =e. Bropas BepiunHa annunca
H runep6onnbt (A’ Ha uepT. 64, 65) nennt FC B TOM K€ OTHOLIEHHH BHEIIHHUM
o6pa3som (§ 11).

B COOTBETCTBMM C HOBBLIM ONpeaesIeHHEM 3IHNC, runep6ona 1 napa-
6ona NpencTaBAAIOTCA €MHBIM YpaBHeHHeM. Ecnu 3a Hauano NpUHATH
BepuwiMHY A (uepT. 67) M ocb HanpaBUTb No ay4yy AF, TO 3T0 YpaBHeHHe

6yneT:
y2=2px —(1 —e?)x?; “@
3MeCh p —~napamerp, a e—3KCUEHTPUCHTET.

B6sM3sH oT BeplunHbl napaGona M no ¢opme Mano OTIIHYAETCH OT 31-
JIUMNCOoB U runep6oJ1, MMEILIMX IKCLUEHTPHUCHTET, Ganaknit K 1. Ha uepr. 68

r/
xcla\r X A\F
YI

Yepr. 67. Yepr. 68.

n3oGparkeHbl INIIHINC € OKCUEHTPHCHTETOM € =0,9, runep6oa ) ¢ 3KcLeH~
TpucuTeTom e =1,1 K napabona (e =1), umeromne oGwmit pokyc F u 06-
Y0 BEpPLIHHY A.

IMonyocyu a, b ¥ nonydokycHoe pacCTOAHHE ¢ 3JUMNCA U rUnepGonsl
BbIpAaXXalTCs1 Yepel3 ¢ CJAEAYIOLHUM oﬁpaaoM:

I — p _ _ €

Anaunnc 8 =" b= o ¢c=as=py—3
p P €

FunepGona | 4 = "7 b=Ve2.q1 c=a =Py

Pacctosiune 8§ = AF ot ¢pokyca F no Bepuwmnbl A BO BCEX TPeX cny-

yaax Bbipa)kaetrcsa dopmy ot P
=9 _.P_
8, T 14¢ 1+e¢' ®)

1) Bropas BepluHHa annurnca v runep6osib (a BMECTe C TeM M BCABTOpast
BETBb rMNep6osibl) TeM AanbIYE OT MEpBoit BEPLUIMHBI, yeMm € Gamxe K 1.
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§ 53. KoHnueckue ceveHun
uunnc, runepbony H napabony HasbIBalOT KOHUYECKUMU CeUEHUAMU,
TAK KaK HX MOYKHO IT0aY4YHTb Ha NTOBEPXHOCTH KPYTJoro l) KOHYCa B nepe-

CeUYEHHH C NMIO0CKOCThIO P, He mpoxoas-
meHt uyepes BEPIIMHY KoHyca. Ilpun

9TOM TOBEPXHOCTh KOHYCA MBICIIMTCH
HeOorpaHH4YEeHHO NMPOROMHKEHHON! B o6e
CTOPOHBI OT BEPLIHHBI.

I

Yepr. 69.

i

UepT. 70. YepT. 71.

Ecam 1rockoctb PP He napajuiciabia HH 0OAHOK 06pasyioneit Konyca
(uepT. 69), TO KOHHUECKOE ceyeHHe CCTh JJIIMIC 2).

Ecan 1uiockoctb P napasuienbHa TOALKO OJIHOK M3 00pa3yioMx Ko-
nyca (KK’ Ha uept. 70), To KOHHUeCKoOe ceyeHHe ecTh napabona.

Ecau naockocth P napannesblia ABYM 00pa3yiomum konyca (KK’ u
LL’ na yept. 71), T0 KOHHUECKOE ceyeHHe eCTb runepbona.

Ecnn nnockocts P NpoxoauT yepe3 BEPLUHHY KOHYCa, TO BMECTO 3J1-
JIMIICA Mbl MOJIYYHUM TOYKY, BMECTO runep6osibl —napy nepecekaroluxcst
NpsAMbIX (4epT. 72), a BMecTo napaGoJibl —NPAMYI0 KaCaHHA MJIOCKOCTH P
C KOHYCOM (uepT. 73). ITY NPAMYIO MOXKIIO PACCMATPHUBATL KaK NBE CJIMB-
UIMECA B OJIHY.

1) A TaiKe Ha NMOBEPXHOCTH HEKPYTIJIOr0 KPYIroBOI'0 KOHYCa.

2) B UACTHOCTH, 3NUJTHIIC MOXKET ObITh OKPYXHOCThI0. Ha Kpyraom ko-
HYCe KpYroBble ce4eHHs1 06pa3yIoTcsl TONbKO MIOCKOCTAMH, Napaneb-
HBLIMM OCHOBAHHIO; HEKPY I'IbIK YK€ KOHY C UMEET elle 0710 ceMeACTBO Kpy-
TOBBIX CEYEHHH,
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Yepr. 72. YepT. 73.

§ 54. InameTphl KOHMYECKOr0 CeYeHUs

Cepenuiibl MapannenbibiX XOPA BCSAKOr0O KOHHYECKOr0 CeUeHMst JIewaT
Ha OflHO# MpsAMOMN; 9Ta MPsIMas Ha3LIBAETCSA ouamempom KOHWUYECKOro
ceuyennsi. KaloMy HanpasjieHHIO NapaanenbHbIX XOPHA COOTBETCTBYET
CBOH pHaMeTp («conpaxcenisili» C AAHHLIM Hanpasnenuem). Ha uepr. 74

Yepr. 74. Yepr. 75.

n3obBpar)<eH oauH M3 nuamerpoB U’'U annunca. Ha HeM ne)KaT cepeanHbl
K,, Ks,... napannenbubix xopji MyMj, M, M3, ... TeomeTpHueckoe MecTo
9THX CepeaHH ecThb oTpe3ok L’L nuamerpa U’U.

Ha uepr. 75 n3o6paxken nnametrp U’U runep60obl, COOTBETCTBY IOLHH
napannenbubIM xopram M;M7, MyMj u T. n. Ha nem nexcart cepeautHb
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K1,Ks,... aTHX X0pR. ['eomerpHyeckoe mecto Touek K,, K,,... €cTb napa
nyue#t L’'U’ n LU.

3ameuaHH e. BanemeHTapHo reoMeTPHH IHAMETPOM OKPY>KHOCTH
Ha3blBaeTCsA 0T p € 3 0 K (HanGonbwiasi xopaa). B aHanuMTHYecKoit reo-
METPHH CJIOBO «AHAMETP» HHOIAA TOXKE ynorpeﬁnnercx ansi 0603HayYeHUn
oTrpesxka LL’ (4epT.74,75). Ho yawe aTMm CJ10BOM Ha3blBalT B C 10
npsamyio LL’.

) § 55. luamerpnl JIMNCa

Bce nuameTpbl 31JHMCA MPOXOAAT YEpe3 ero LEeHTp.

JunameTp, COOTBETCTBY I0ILMI XOplaM, NapaJiiesbibiM Mano# ocH, ecTb
6onbas ocb (uepT. 76). [lHameTp, COOTBETCTBY IOLLMI XOp/laM, Napaenb-
HbIM 60bLLIOH OCH, €CThb Manas oCb.

y

Yepr. 76. Yepr. 77.

Xopaam ¢ yrinoseiM KoahdHuHEHTOM k (k#0) oTBeuaeT pHamMeTp y=~KkXx,
rae k, onpenesiseTcA U3 COOTHOUIEHHSA

kky = €2 —~1, ()
T. €
b2
kky = — ok (1a)
Mpumep 1. Ouamerp U’U annunca
x2 y2
ot

. 8
(uepT. 77), oTBEUalOWHA XOp/laM ¢ YIJIOBbIM KO3DHUIIUEHTOM Kk = — = ,
NpeacTaBiseTCA YpaBHeHHEM y =k, x; 3HaAYeHHe k; onpefiesisieTcst U3 CooT-

8 4
HOLIEHHSA - 9 ky = o TaK uTO0 ypaBHeHHe nuamerpa U’U ecTb
y=5x

Mpumep 2. Ouamerp V'V (uepT. 77) TOro K€ 3JIMNCA, COOTBET-
CTBYIOUIHIA XopAaM ¢ yrinoBuiM KodpdUUHEHTOM k = -, TMpeAcTaBiAeT=-
8
CA YpaBHeHHEM y = -3 X
Ecnn guametp U’U anaunca AEaHT NMorosiaMm Xopasl, napasienbHbe
nuameTpy V'V, To nnametp V'V Bceraa AGaHT MONQJIAM XOPASI, Napanielib-
Hble auametpy U‘’U
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8 x2 y?
Mpumep 3. Ouamerp y = —3:( annunca —Q—+T= 1 (cp. npu-

1
Mepbl 1 H 2) nenuT nonosam Xopabl, NapanjienbHble AHAMETPY Y = 5 X.
1
B cBoio ouepeab HaMETp y = 7 X REJIUT nononam Xopasl, Napanienbusie

Anamerpy y = —-—g— X.

JlnameTpbl, 3 KOTOPbIX Ka)KAbIf NeJIMT MOrnojaM Xop/abl, Napanneb-
Hble APYTOMY, Ha3biBAIOTCA 63aAUMHO CONPANCEHHBIMU.

J1Ba nuameTpa, CONPSA>KEHHBIX APYT C APYT'OM H BMECTE C TEM B3aHMHO
NepreHMKY ISIPHbIX, HA3bIBAIOTCA 24A6HLIMU OJuamempamu. Y OKPYIK-
HOCTH BCAIKMIt AHaMeTp —raaBHbIR. Y 3/1JIMNCA, OTJHYHOIO OT OKPY>KHOC-
TH, €CTh JIHIIb OHA Napa rjaaBHbIX AHaMeTPOB —GoJiblIAsA U Manasi oGH.

¥Yrnosble K03hhHUHEHTbl HErJaBHLIX COMPSYKEHHbIX HanpaBieHHH
HMMEIOT corJsiacHo (la) MPOTHBOMOJIO)KHbIE 3HAKH, T. €. ABa CONp A -
JKEHHBIX AHMaAaMeTpa 3nJMNCAa NMpUHaAANeI)XaT pas-
NMHUYHBIM NMapamM BepTHKanbHbBX Yyrnos, o6pasve-
MBIX O0CAMHU (Ha uepT. 77 nuametrp V'V ne>xut Bo II u IV yerBepTH,
a U’U —B 1 u 11l yerBepTtH). INpu Bpawennn nanamerpa U’'U conpsxen-
ublit AnameTp V'V Bpawaercs B TY ke cTopony, yto 1 U'U.

§ 56. AuameTpbl runepoobl

Bce nuameTpsl runepGosibl NPOXOJAT Yepe3 ee LEeHTP.

JnameTp, COOTBETCTBYIOLIMA XOopnam, napansesibHbIM MHHUMOH ocH
(uepT. 78), ecTb NeACTBHUTEILHAA OCb (FEOMETPHUECKOE MECTO CEPEIMH XOPA
ecTh napa ayueit A’X’ u AX); nHameTp, COOTBETCTBY IOIUMIt Xopaam, na-
panienbHbIM NeHCTBUTENbHON ocH (UepT. 79), €CTb MHHMasR OCb (Cepeaniibl
XOpA 3anonHsAIT ock Y'Y uennkom).

y Y
~ v 4
4 y‘ TN
Yepr. 78. YepT. 79.

Jns runepGosbl, KaK M 1A 31KNCa, YIA0BOH KoahduumneHt k napan-
nenbHblXx xopA (k #0) W yrnoso#t ko3pdHLHEHT k; COOTBETCTBYIOLUETD
AMaMeTpa CBA3aHbl COOTHOLUEHHEM

kky = e2—1. (1)
Ho cootHouenre (1a) § 55 sameHsaeTes cooTHolweHem

b2
kky = +a_=' (16)



78 AHAJIMTUYECKASI TEOMETPUS1 HA TJIOCKOCTH

2 2
Mpumep 1. Auamerp U'U runepGonsl %—% =1 (uepT. 80), coot-

BETCTBY IOLUMI XOPAAM C YI/I0BbIM K03hDULIHEHTOM Kk =-g» PEACTaBAAETCA

Y v ypaBHe y =kyx; 3Ha Ky

OMpENENSIETCI M3 COOTHOLUEHHS

kk, = —g—‘, TaK 4YTO YpaBHEHHEe
nuamerpa U'U ectb y = 5 X

Mpumep 2. Ouamerp V'V

(uept. 80) Tolt >xe runepGoasl,

COOTBETCTBY IOLUMHA XOpAaM C YTJI0-

2
BLIM K0OpdHLHEHTOM Kk =5 npeju-

v ' CTaB/ISIETCS YpaBHEHHEM Y= 1—90 X

Yepr. 80. Ecnu auametp U’U penuTt no-

ToJ1aM XOpAbl, NapasnenbHble AHa-

meTpy V'V, To nnameTp V'V Bceraa 1esiMT nomnonam Xopasl, napannesibHble

nuametpy U’U.Takuve 1Ba AMaMeTpa Ha3biBAIOTCH 63AUMHO CONPANCEHHBIMU.

Y BCaKo# runep6osibi €CTh SIMLIL OJIHA NMapa I' 1 a B H bl X (T. €. COMN-

PSYKEHHbIX M BMECTE C TeM B3dHMIO NMEPNEHAHKY NSIPHBIX) JHAMETPOB —

AeHCTBUTEIbHASA U MHIIMAsi OCH.

Ecnn yrnoBoit koapdHLHEHT napanienbHbiX XOpa No aGconoTHOMY

3HayeHHI0 Gonbule, YeM YrJioBOH 1<09GPHLHEHT aCUMITOTHI, T. €.

b
Ik| >

b 2
(CM. npumep 1, rae = ‘3—) , TO FTEOMETPHUECKOe MECTO CepenrH XOpji
ecTb mapa avueit (L'U’ n LU). Ecnun ce

b
t : -
Ikl < a

(cM. npumep 2), To cepesitiibl XopJL 3anoisioT fnametp (V'V na uept. 80)
1ennuKoM. M3 1BY X conpsipiKeHHLIX JIMAMETPOB OIMIT BCerjla MPHHALJIEHHT
K NMepBOMY THMY, JIPYTro# — K0 BTOPOMY.

3ameuanune 1. Yrnopo#t koahdHumenT napannenbHbix Xopa He

Mo)KeT no abCconmoTHOMY 31auelHI0 PaBHATbCA —, MO0 MNpsiMbie y =
b a
= * -&—x (acuMmnToThH) 1E NepeceKaloT runep6onbl, a NpsiMble, Napanenb-

Hble aCHMMTOTe, NMepeceKaloT runep6ony aHiLb B OJHOM TOYKe.

YraoBble KO3)pHLHMEHTbI HErNaBHbIX CONMPSXKEHHbIX HanpasJielni nMe-
10T corniacHo (16) onHHAKOBbLIE 3HAKH, T.€. 1BA COMP A EHHbI X JI U 8=
MeTpa runep6Goab NMpUHaANEe>X aT OAHON M TOH e
nape BEpTHKaNbHBIXYTFJOB, 06pa3soBaHHBIX 0CSAMH.

HanpoTuB, no OTHOWEHHIO K acCHMIITOTAM JABa COMPSKEHHLIX AHA-
MeTpa MpHHaANe)KaT pa3 N HUYHBIM MapaM BePTHKANbHBLIX YINO0B.

3ameuaHnue 2. INpuBpauenun nnamerpa U’U runepGonbi conps-
>KeHHbI nuamerp V'’V BpalnaeTcs B NMPOTHBONOJIOXKHYIO cTopony. IpH
3TOM, Korna U’U HeorpaHMuyeHHO NMpHOJMIKAETCS K OOHOH M3 acHMMTOT,
V'’V HeorpaHuueHHO NpHGAMIKAETCA K Mol xce acumnTtoTe. [MoaTomy 06
ACHMIITOTE FOBOPAT, UTO OHA AIBJIAETCS IHAMETPOM, CONPANCEHHBIM CAMOMY
cebe. ITO BbIpa)KeHHEe YCJIOBHO, H60 ACHMIMITOTA He SABASETCA NHAMETPOM
(cp. 3ameyanHde 1). Kpome acuMnToT, BCSIKast Apyrasi Npsimas, Npoxons-
mas yepes LeHTp runep6onbl, ABNSETCA ONHUM H3 €e NHaMETpOB.
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§ 57. [iuameTpnl napaGonnl

Bce nnamerpbl napa6oJibl napaniesibHbl €€ OCH; CM. uepT. 81 u 82(reo-
METPHYECKOE MECTO CEPE/IMH NapanfenbHbiX Xopa napabonsl ectb vy LU).

JunameTp, COOTBETCTBY IOILHIA XOpAaM, NEPMEHAHKY JISPHBIM K OCH Napa-
Gonbl, ecTb camMa ocb (uepT. 83).

Yepr. 81. UepT. 82.

JHnavetp napabonnl y2 =2px, COOTBETCTBY IOUIHH XOpAaM C YIjoBbiM
Kod(hduuneHToM k (K 50), NpejacTaBasieTCs1 Y paBHEHHEM

p

Yy = —
N k
(uem Gosiblle HAKJIOH XOPAbI K OCH, TeM NHAaMeTp Aajblueé OT OCH 1)).
I p'u m e p. Anamerp napabonsbl y2 =2px, COOTBETCTBY IOIUMKHA XOpAaM,
HaKJIOHEHHbIM K OCH noa vriom +45° (k=1), npeacraBaserca ypas-
HEHHEM y =p, T. €. €ro pacCTosiHHe 0T ocH A X (uepT. 84) paBHO doKab-

Yepr. 83. Yepr. 84.

Holt nonyxopae FR (§ 52). 3HaunTt, nuameTp nepecexaet napaGohy B Tou-
Ke R, nexxawmel Han ¢poxycom F.

Bce npsimble, napasnesnbiibie KaKoMy-JHGo nHameTpy napabonsi, nepe-
ceKaloT napabony ToabKo B ofiHOM TouKe. [103TOMY B3AHMHO COMpPSYKEH-
HbIX IHAMETPOB Y MmapaboJibl HeT.

1) Yrnoso# koahpduuieHT BcsAkora afuameTpa napafonsl paBeH HY IO,
T. €. Y/10BJIeTBOPAET YpaBHEHMIO kl; = e2—1, KOTOpOE HMEET MeCTOo
(§§ 55, 56) nns anannca K runep6onbl (AN napaGoabt € =1).
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§ 58. Jinnum BTOpOro Mopsmka

duaune (B 4aCTHOCTH, OKPY)KHOCTB), runep6osa M napa-
60J1a ABASIOTCSA JIMHHUSIMM BTOPOrO TOPSiAKA, T. €. BO BCAKOM
CHCTEME [EKapTOBBLIX KOOPAMHAT MPEACTABJSIOTCS VpaBHe-
HUsIMM BTOpOH cTeneHu. Ho He BCsikoe ypaBHeHHe BTOpOH
CTEIIEHH MPEACTaBJISIET OAHY H3 VIIOMSIHVTHIX JIMHMiL. Moyker,
Hanpumep, CAVUYHTLCS, YTO VPABHEHHe BTOPOIi CTeMmeHH npen-
CTaBJISIET Napy MPSIMbIX.

ITpumep 1. YpaBHeHHe

-9 =0, (1)
pacnanalolueecst Ha 1Ba VpaBHeHusi 2x—3y = 0 u 2x+3y = 0,

NpPeACTaBJISIET NNapy NPsMbIX, IEPECCKAIOLIMXCSA B Hayaje Koop-
‘AUHAT.

ITpumep 2. YpasHenue
—2y+y*-9 =0, )
pacnapaiouieecst Ha vpaBHeHHss X—y+3 =0 un x—y-3 = 0,

NpeJCTaBsIeT Napy napajejbHbIX NPSIMBbIX.
ITpumep 3. YpaBHeHHe
—-2xy+y* =0, 3)
T. e. (x—y)? = 0, npeacrasjisieT OAHY Ipsimvio x—y = O;
HO BBHAY TOrO, 4YTO B JICBVIO 4acTb (3) ABYuJIEH X—) BXO-
JIUT MHOXKHTEJIEM [BaX(Abl, MPUHATO CYHUTaATh, 4TO (3) npea-
CTaBJIsSIeT AB€ CJAHMBUIHECS MPsSAMBIE,
MojxeT CAYYHTBCS, UTO YpaBHEHHE BTOPOM CTeNeHH npen-
CTaBJISIET TOJILKO ONHY TOUKY.
ITpumep 4. YpaBHeHHe

Xy =0 4)
HMEET TOJTbKO OIHO nelicTBUTENIbHOE pellleHHe, UMeHHO x = O,
y = 0. OHo npexacraBasier Touky (0; 0). Bnpouewm, (4) pacna-
JaeTCS1 Ha JIBA VYPABHEHHUs x+5iy =0, x—iiy = 0 ¢ MHH-
MbIMH  KO3(QdHuuenTamn. IToatomy rosopsit, uto (4) npen-

CTaBJIsieT «apy MHHMBIX NPSIMBIX, NEPeCeKaioUMXcs B Jcii-

CTBHTEJIbHOH TOYKe». ‘ )
HakoHell, MO)KeT OKa3aThCsl, YTO YpaBHeHHE BTOPOIi cre-

MeHH He NpeJCTaBJIsieT HIKAKOro reoOMEeTPHYECKOro MecCTa.
IIpumep 5. YpaBHeHHe

—otTg =1 ©
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He NpeACTaBisieT HM JMHMM, HH Ja)Ke TOUKH, TaK KaK BeJH-
. X2 2 )
YHHa -f—g+_i16- He MOXKCT HMETb IT0JI0XKHTEJIbHOr0 3HaYeHHs],

OpHaKko BBHAY BHEIUHEro CX0ACTBAa YpaBHeHHs (5) ¢ vpaBHe-
HHEM 3JUIMIICA TOBOPST, 4TO VpaBHeHHe (5) mpencTaBjsieT
«MHHUMBIH 3JUIHIICY.

ITpumep 6. YpaBHeHue

x:-2xy+y*+9 =0 (6)
TO)KE He MPeACTaBJISICT HU JIMHMM, HH Aa)ke TOukH. Ho Tak
KaK OHO pacnajaercsl Ha ypaBHeHHs X—y+3i=0u x—y—
—3i = 0, To roBopsiT (cp. npumep 2), uto (6) mpeacraBasieT
«[apy MHHUMBIX NapasuiejbHbIX MPSIMBIX).

KOHHYECKMMH CeYEHHSIMHM M NapamHu NPsSIMbIX HCYepIbIBa-
10TCS1 BCE JIMHUH, KOTOPbIE MOT'YT NPEACTaBJSATLCS YPaBHEHHEM
BTOPOIi CTeNeHH B AKaPTOBOH cHCTeMe KCOpAnHAT. MHbIMU CJ10-
BaMM, HMEET MeCTO Cjiefvioliasi Teopema.

Teopema. Beakaa AuHUA 6mopo2o nopadxa ecmov AUGO
saaunc, aubo eunepboaa, aubo napaboaa, aubo napa nps-
Mbix (nepecexarolyuxca, NApaineAbHbIX UAU COSNASUILX).

INNnau pokasarenbcTBa. C nomowbio npeobpaso-
BaHHs1 KOOPAMHAT AAHHOE VpaBHEHHUE BTOPOif CTeneHH NMPHBO-
AUTCs K Oosiee MPOCTOMY BHAY, M TOraa Ml JH0O noJsyvyaem
0JHO M3 KaHOHWYECKHUX YPaBHeHHH

2 2 o vy
_2’_ % = 4 1 (anaunc, AefCTBUTENILHBIIT MAM MHUMBI),
x2  y o
—+— 3 = * 1 (runepona), y* = 2px (napaGona),

nnbo o0Hapy)kMBaeM, YTO YpaBHEHHe BTOPOIi CTemeHM pasna-
raetcsi Ha ABa VpaBHEHHs NepBoii creneHH. Bmecte ¢ TeM Mbl
HaXxoQuM pasMmepsl JIMHHKM BTOPOro MOPsSiKAa M pacrnojio)keHue
ec OTHOCHMTEJIbHO NepBOHAYasbHOI CHCTEMbl KOOpAMHAT (Ha-
npumep, AJIs1 3JUIMICA — AJIMHBL 0Ceil, UX VPaBHEHHsI, T10JI0)Ke-
HHe UCHTpa U T. I.).

B §§ 61 —-62 vnomsHyTbie 1pcoGpa3oBaHHUsi NPOBEACHBI
NOJIHOCTBIO.

§ 59. 3anuck o0wero ypaBHeHMs BTOpPOH cTeneHH

O0mee ypaBHeHHe BTOPOii cTerieHH 00bIYHO NMUWIVT B BUAE
Ax2+2Bxy +Cy?+2Dx+2Ey+ F = 0. (1)
OGosnauenust 2B, 2D, 2E (a He ‘B, D, E) BBeieHb MOTOMY,
YTO BO MHOrue (Gopmvibl BXOAAT MOJIOBHHBI KO3Q(PHLHEHTOB
npu xy, npu x ¥ npu y. INonb3ysich 06¢3HaueHusimu 2B, 2D,
2E, mbl vcTpaHsiem ApoOHble BbIpa>kKeHHs,
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ITpumepl. Idnst ypaBHeHHs

x34xy—2y2+2x+4y+4 =0
nmeem:

A=1, B=4, C=-2 D=1, E=2 F=4

INNpumep 2. Hus vypaBHeHusi 2xy+x+5 = 0 Hmeem:
A=0, B=1, ¢C=0, D=, =0, F=5

3amcuyaHduec. Beanunnnt A, B, C, D, E, F MOI'VyT HMCTh
JioObic 3HaUYCHHS, JiMulb Obl BeJIMUMHBL A, B, C He OblJIM paBHLL
nyjio Bce BMmecte, HOO Torpa (1) ecThb VpasHCHMC IICpBOH
CTCIICHH.

§ 60. Ynpowenne ypaBHeHHS BTOPOH CTeNcHH;
obuue 3ameyaHun

INpeoGpasoBanue YpaBHEHHSI BTOPOi CTCIICHU
Ax2+4+2Bxy+Cy*+2Dx+2Ey+ F =0 (1)

K OZHOMY M3 npocTtediinx BuaoB (M. § 58) Mbl BHLITOJIHUM 110
clieviouieMy njaHy ).

a) INpeaBapurciubHoOe npeobpaszoBaHHe.
C ero mnomoupio Mbl 0CBOOOAMMCSI OT 4YJleHa, COAepiKallero
Npou3BefieHHe KOOPAMHAT (3TO AOCTHracTCst MOBOPOTOM OCeH;
cm. § 61).

0) 3aBepuwalmwee npeob6pazosaHue. Ccro
MOMOLIbI0 MbI 3aTeM OCBOOOAMMCSI OT YJICHOB, COJCPYKALIMX
nepBbie CTeNeHH KOOPJUHAT (3TO JOCTHUIrACTCsi MEPEHOCOM Ha-
yana; cMm. § 62).

§ 61. IpensaputenpHoe npeodpa3oBaHue
YPaBHEHHMA1 BTOPOH CTeneHH

(Ecim B = 0, T0 9T0 npeoGpa3oBaHue CTAHOBUTCST He-
HY)KHBIM.)
IToBopaunBaeM OCH KOOD/IMHAT HA VI'0JI &, YAIOBJIETBOPSIIO-
WK YCJIOBHIO )
2B
tg 20 = 2 — ok (2)

1) M3naraemnlit 3necb crnocob —1e camblit 6LICTPBIR, HO OH He TpebyeTr
HHKaKMX BCMOMOratenbHhIX Teopem. JIpyro#t crnocof, Benyumui K 11enu
GricTpee, 06bsicHeH B §§ 69, 70.

2) Ecan A = C ( BennunHa A-c¢ «o0palaercs B GeCKouequocrb»),
T0 (§ 21, 3ameuanue) 2« = + 90°, T. e, « = F 45°,
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Gopmyibl npeobpasoBanus 6vavr (§ 36):
X = X' cosa—)’sine, ¥y = X’sino+y’ COSc. 3)

UjleHbl ¢ X'y’ B3aMMHO VHHYTO)KAaTCsi!), U HOBOe VpaBHeHHe
OyaeT UMeTb BMJ,

Ax?4Cy?42Dx 4+ 2E'y + F = 0. )
ITpumep 1. [aHo ypaBHCHHE
—4xy+5y’—x+ 5y-4 = 0. (1a)
3nech A=2B=-2C=5D=-5,E=3, ['= -4
U3 vesoBust (2) Haxoaum:
tg 2 = o= (2a)

Ecau vyron 2« B3siTb B nepBoii yerBepTH (20 ~ 53°8,
o« =~ 26°34’), To nonyyHM:

1
Cos2a = ———— = —g,
Y1 +tg? 2« 9

. T—cos 2« _ _1_

sina = ‘/———-»— =75
2

cos & — ‘/l t‘cos2a - =

dopmyant (3) NPHHHMAIOT BHJL

___2__ 4 1 ’
x_y.s_. — Y ]

) (3a)
Y= Xy |
IMoacrasnss B (1a), HAX0AHMM HOBOE YpaBHeHHe
X2+ 6y’2 l—;,: x'+'7_: y—-4=0, (4a)
rae
\ 3 11
A =1 B=0C=6 D=—=, EE=—=, F = -4
2Y5 2Y¥5

1) KoadppruHeHT npu x’y’ nMeer BHA
2B’ = (C—-A)2sin acos a+2B (cos? a —~sin? a) =
= (C —A)sin 2« +2B cos 2a.
B cuay (2) sToT K03dpPHUHEHT paBeH HYITIO.



84 AHAJTUTUUECKASlI TEOMETPUSA HA TUUIOCKOCTH

Ecnu  B3aTh vroa 2« B TpeThbeii ueTBepTH (200 =~ 233°8,
a ~ 116°34’), TO aHAJIOTMYHO TNOJIVYUM YPaBHEHHe

6x'”+'y’“+i X’—’,%-)”—‘1 =0,

5
rae
11 3
Al= B’ = /=1D'= (R A "= —4,
6, o,C , Tk E Tk F 4
IIpumep 2. JJano vpaBHeHHE
x2+2xy+y*+2x+y = 0. (10)
3nech

A=1, B=1, C=1, D=1,E= 4, F=0.

Tak kaKk A = C, To (cM. CHOCKY %) Ha cTp. 82) MO)KHO B3sITh
o = 45°, INoactaBuB B (10) BuiparkeHIist

x = x’ cos 45° —y’ sin 45° = '71—5- (x =y, ]

, (36)
y = x’sin 45°+)” cos 45° = 7 x4y,
HaXoAUM: 5
12y Y ;__l___ ,/=0 46
2x'2 4 3 x V?} X (46)
3necn
A=2B=0C=0D-=— E=-—_ F=o
2Y2 2V2
Ecau B3aTh & = —45°, TO NOAYYHM:
22 Loy 2y (467)
V2 V2
3nech
A [ L L 1 [ __3__ [a—
A =0, B=0, C 2, D 2V§’E 2',7,1" 0.

[Mpumep 3. HaHo vpanHeHHe

2x2—4xy+2y*+8x—-8y—17 = 0. (1B)
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Tak xaKk A= C, To MOXHO B3siThb =45° IloxcTasus B (18)
BHipaKenus (30), Haiiaem:

4y2-8y2y -17 = 0. (48)
BasaB o = —45°, nonvuum:
4x2+8)2x ~17 =0, (4s)

§ 62. 3aBepuiaromiee npeoGpazoBaHue
yYpaBHEHHMs1 BTOPOHi cTeneHH

3nece HY)KHO pa3nHuaTh /iBa CJAvyasi:
1) nn oauH u3 Koapduunentos A’, C’ B ypaBHCHHY

A'x'24C'y®42D'x' +2E'y'+F' = 0Q 4)
He paBeH HvJlo (Tak 6buto B mpumepe 1);
2) onuH u3 KoodpduuuenToB A’, C’ paBen HyQ (TaK GbuT0

B npumepax 2 u 3) ).
Cavuaii 1. YpaBHcHHE

AX?4Cy42D°x + 2Ey' + F/ = 0 )

npeoGpasveM TaKk. Cymmy A'x'242D'x’ = A’ (x"+2%x')

D . D’\2
ROTOJIHSIEM YJIEHOM —-; IOJVYaeM A’ (x'-t- 7\7) . Cymmy
2

s ’
C'y'24+ 2E’y’ ponoansicM 4JIeHOM —]é— ; mojyyaem C’ (y'+§) .

- . D2 E’®
K npasoii vacri (4) Anst KOMOeHcauuu npHoaBisieM —7+-or,

Tlonyyaem ypaBHeHHe BUAA

KB re O BN a R O
TAC D'2 E’?
K =20 p,

’ ’
TTepeHocum Hayajuo B TOUKY (-—%; —%), T, e, npeoGpa-
-8veM KoopauHatel (§ 35) no gopmyiiam
= D’ - E
X=F-7 YV=T-G ©)

1) Koabduuments A’ u C’ He MoryT o6a BMECT® DABHATHCA HYNIO
(uuaue ypasHeHne (4) OyaeT NepBofi cTeneHH),
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ITonvyaem ypaBHEHHE

AR CP = K (A #0, C #0). )
Ecnn K’ %0, T0 paspgenum 310 vpaBHeHue Ha K, Tlonvuum:
2
X
A -l—-— = 1. (8)
A oo
K’ K’
a) Ecau 00c BenuuL 7, o MOJONKITCABLHL, TO HMEeM
aJunc. ,
6) Ecnn o6e BCJIMYMHLI f:,, I(f‘,‘ OTPHIATCIIBHL, TO HMCCM

MHHMEL asuthne (cp. npumep 5 § 58).
B) Ecin ofna n3 atux BesimynH (Bce PaBHO KaKasi) MOJIO-
JKHTEJIbHA, a JpYyrast OTPHLATCJIbHA, TO HMMecM rumepoiy.
Ecnu ke K’=0, T0 ypaBHcHHe (T7) HMEET BH/{

AR C72 = 0. (7)

Bo3Mo)cHBI aBa Cayuas:

r) Eciim A’ 1 C* MMCIOT pasyIMyHbIC 3HAKH, 10 A’xX?-|- C'§?
pasnaracTCsi Ha MHOXKHTEJIH 11epBOH CTCMCHH, KaK PasHOCTD
KBaApaTroB. B 000uMx MHOXHTCISIX KO3QOUIMCHTHI JICiICTBI-
TeJbHBI, H MBI HMEEM TNapy NCpeceKalouUxcst npsiMbix (Cp.
npumep 1 § 58).

n) Ecni A’ 1 C’ HMCIOT O/IMHAKOBLIC 3HAKH, TO A’X2--C'y?
TO)Ke pasniaraetcst Ha MHOXKHTeNH TNCPBOii CTenmeHH, HO 00a
MHOMCHTEJIST COJIEP>KAT WICHBL ¢ MHHMBIMH K03QQHIHEHTAMIT,
U MbL MMCEM NApy MHHUMBIX IMCPCCCKAIOUHXCS TPSAMLIX, T. C.
OAHY ACHCTBHTENBLHYIO TOUKY (cp. § 58, npumep 4).

ITpume p 1. YpasHenue (1a) npumepa 1§ 61 nocae noso-
porTa oceii npeoGpa3oBajioch K BUAY

X2+ 6y'°+',_ X’ +y y'—4=0. (4a)
910 vp‘aBHeHue 3afluIIeM B BUNE
(®+575) 00+ )
(z Vs) (m’s) 52)
ORI G

T €.
2 131

T
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rlepexoua K HOBOH CHCTeM€ C HauyaJloM KOOPAMHAT B TOYKE
P ) no ¢opmviiam

T2 V 5’ 12V5,
B 3 — 11 ~
X = X=—0x: ' = - —’ ba
2vs’ Y T T 2rs (6a)
noJivydcm:
B4 62 = REL (7a)
: VE =g
HJIH
x* ¥
b= ®2)
247 144

Hccieayemoe vpapHCliMe IPEACTABISICT HIJIHIC C T0JYOCSMH
a= ‘/-'3'— ~ 23, b= %—' ~ 1,0. Ha uepr. 85 (rae OE —
¢nMHuua macuwtaba) a = 0’A, b = O’B.

LleHTp aimunca Haxoautcst B TOYKe O’ ¢ KOOpAUHATAMH
X=0, y=0. C nomoumbio
dopmya (6a) Haltnem KoopaHM-
HaTbl LIEHTPA B NPOMCIKYTOY-
HO#t cucreme X'OY’:

e -0,7
2y5 ~ L)
v 1
Y= T2ys < -0,4
Ha yepr. 85

X' = 0P, y' = PO

Ilo popmysiam (3a) § 61 naijicm KoopaHIATH LiCHTPA B NEPBO-
navaJjLloii cucreme XOY':

1 11 2
Vo= = —-——=)= —5- =~ -0,7.
“u VJ( 2}’5) V‘)( 12V5 3 ’
Ha uepr. 85 x, = OP, y, = PO".
Haiinem ypasHeHusi oceii aumnca B nepsoHayanbHOH cH-
creme. B cucreme XO'Y Gonibiuasi 0ch NMPeCTaBisieTcs Vpas-
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HeHuem y=0, B cucteme X'OY’ Ta ke O0Cb B CHJIY BTOPOro
vpaBHeHHs1 (6a) NpeacTaBisIeTCS] VPaBHEHHEM )’ = — a7
5

PewnB cuctemy (3a) OTHOCHTENIBHO X', ', Haligem:

HaM HY)KHO TOJIbKO BTOPOC U3 3TUX VPAaBHEHHH; I0JIOXKHB B
HeM Y’ = BT MOJIVYUM VpaBHeHHe 00JibLIOl OCH B CH-
creme XOY; umeHHO

11
12Y5

2 .- -
YT

HiIn
12x-24y — 11 = 0.

TeM >Ke crioco0OM HaitieM ypaBHeHHE MaJioii OCH
¢ 4x+2y+3 = 0.

Canvuyaii 2. Oaun u3 koapdpuunentoB A’, C’ paBeH HYJI0.
VpasHenue (4) umeeT BHJ

Ax?+2D'x’+2E'y'+ F’ = 0 ©
Hm
C'y?2 2D'x' +2E'y' + F = 0. )

Paccmorpum ypaBHenue Buaa (9) [ans ypaBHenust Buaa (9’)
BBIYMCJICHHUST Te >Ke, TOJIbKO X’ U Y’ MEHSIIOTCS POJISIMH].
a) Ecoim E’#0, 10 vpaBHeHHe (9) MOXXHO pa3peuuThb
OTHOCHTEJIBHO )’; TIOJIVYUM:
A, D F’
V= =g XX -5 (10)
Himeem napaGony. KoopanHaTel BepuIMHbI onpeensorcs ¢gop-
mvaamu (5) § 50 npu
_ AI b _ DI _ FI
a=—2g» 9= "F» €= "2
6) Ecim E’=0, To ypaBHeHue (9) npuMeT BUA

Ax*+2D'x’+F" = Q. (11)
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Pa3noxuB JeBYio YacTb (11) Ha MHO>KHTENH NePBOHi CTeneHH,
nosivyum ')

A'(x' VD'z-AF' D’)(, VD'*—AF'+D) 0. (12)

VpasHenue (12) {a 3nauur, u (11)] npu D'2— A’F’ > 0 npea-
CTaBJISIET NAapy napaJsuiesibHblX NPsMbIX, Npit D'2— A'F’ < 0—
napy MHHMBIX NapaJijiesibHbIX NPsiMBIX, Ipy D'2— A’F’ = 0 —
AaBe cauBuivecst npsimeie (§ 58, npumepst 2, 6 u 3).

INMMpumep 2. ypaBHeHue (10) npumepa 2§ 61 mocuse mo-
BOPOTA oceii Ha yroJ 45° npeo6pa3oBaioch K BUAY

2 _3_ ’ _l_ L
2x2 + 7z x 7 y' = 0. (46)
Paspewws OTHOCHTEJILHO ¥’, MOJIVUHM; -
y = 2)2x243x. (106)

Vpasuenne (100) [a 3anaunr, u (16)] npeacrasaser napa6ony
(uepT. 86); KoOpAHHATHI X', Y’

ee BepUIMHLI A HAXOAHM MO \*\ y
¢popmyanam (5) § 50: N "2
3 \ /t
Xg= ——— =~ —05 o\ s
4 472 " \ \ Vd
\ \ 0/ 1 2
= -2 w08 . ;
Ya 8z ,8. \\Q \'\
Koopaunatel  BepuUIHHBI s ™
MOX@CHO HaiTH K 6e3 nomouid Yepr. 86,
dopmya (5) § 50 (cm. § 50, epr. B

3ameuanue 1).

ITo ¢popmyaam (36) § 61 HaxoAMM KOOPAMHATHI BePLIMHBI
B NlepBOHAuaJbHOM cHCTEMe:

Y2 .., ., 9 \_3 .
"4:'2—("_}')_ ( 4V2 8Y2 ~ﬁ~0’2’

V2 ,., . ., 12 3 9 15
yA-.T(x +y) T(_4___8__ -1 _0,9.

YD*= A'F'~-D’ —YD'®— A'F' -D’

1) BesiuHHbI - " A CYTb  KOPHH

ypasHenus (11).
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Haiinem vpaBHenue ocu AU napa6osibl. B HOBOI cucTeme 3ra
0Cb MPE/ICTABJISICTCST YPaBHCIHCM

vl 3
’ 4¥Y2"

Paspeummn vpaBHeHusi (30) OTHOCHTCJILHO X', ', Haiijlem:
W P
X = (),
,_¥2 .
Vyo= s (v =-x).

IMoncraBus B nepBoe 13 3THX VpasHenuii (BTOPOC HaM He

HY)KHO) X’ == --——y—__, HOJIVYUM:
"W 3 Vz
N
w6 Y)
+ arz
v ’ HJIH
., A 4x-+4y+3 = 0.
3 7
-7 910 — ypaBHeHHE ocH napa6oJibl B
7\3 N, Y TNepBOHA4aJIbHOM cucteme.
i v INNpumep 3. YpaBHenue  (1B)
yad npumepa 3 § 61 nocae nosopora
+° oceifi Ha vroa --45° npeo0Gpa3soBa-
3 J0Ch K BUAY
UYepr. 87.

4?1 8Y2x —17 = 0. (4p")

Pasno)ns JICBYI0 NacTh ypaBleHHsi (48’) Ha MHOMKHTCIIH, I0-

JAVUHM:
4= 272 (v 22VE) g, (128)

T. €. MMecM napy napaluicabibix npsimpix. (UV u U’V’ Ha
uept. 87):

2
R | LR L LN (13)

Haiinem ypaBHeHHst aTHX nmpsiMbix B cHcTeme XOY. Tak kak
cuctema XOY noavuaercst u3 X’OY’ noBopotom Ha -I-45°,
TO

v =2y, y = Z ety (14)
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IToscTaBiisisl B NepBoc H3 9TUX YpaBHCHHUIH CHayasa ojHo, a
110TOM ApYyroe 3HaueHue (13), Haxonum:

.?.Tﬁz}/_z,._ - 122_ (x—-y),
32202 V2 (x—y)

HJIH - -
V2x—V2y-5+2V2 =0,

V2x-V2y+5+2¥2 = 0.

910 — ypaBHeHHs npambix UV, U’V’ B nepBoHavasibHOH CH-
cTeme.

§ 63. O npuemax, oGaeryarliUX ynpouieHue
YPaBHEHHMs1 BTOPO cTeneHH

Cnoco6 VIIPOLICHHST YPABHCHHUST BTOPOIi CTCIIEHH, H3JI0MKCH-
nplii B §§ 61 — 62, umeer nepex Apvrumis cnocobamu 1sa mpe-
umyulecTBa: 1) OH AaeT IOJIHVIO KJacCH(UKAIMIO JIMHUIT BTO-
poro nopsiaka (teopema § 58); 2) oH enMH00O6paseH M npoct
no uaee. OnHaKO 3TOT cnocob TpeGveT AOBOJIBHO VTOMHTEJIb-
HBIX BBIKJIAJIOK.

B0 MHOrHX cjivyasix BLIKJIAAKH MOXCHO 00JIErYHTh.

1. Jnst imHHit BTOPOro nopsiaKa, pacnafaloumxcsi Ha napy
npsimpix (§ 58, npumepnt 2, 3, 4, 6), MOXKHO JIerko HaiTH
ypaBHeHHUs1 0GeHX NpAMbIX, He npulderass K npeobpas3oBaHHI0
KoopauHat. JToT crnocob ulnaraercst B § 65; npeaBapuTenbHO
(§ 64) naercs nmpU3HaK pacnajeHHs.

2. Hepacnapaiowasicst JIMHHST BTOPOro MNOPsiAKa MOXKeT
ObITb HJIH 3JIJIUNCOM, Uit runep0oJ10it, UK napabosoii. danunc
U runepbona MMET UCHTP, a napa6osa He umeer. Ilostomy
VIIPOUICHHC YPaBHCHHUIT 3aMnca U runep6osabl vaio6HO HavaTh
¢ nepeHoca HavaJjla B HeHTP. MO)KHO 3apaHee V3HaTh, K Ka-
KOMY M3 3THUX TPCX THIOB IIPHHAMJICIKHUT JIMHUSI BTOPOI'O MO-
psiaka. CooTBeTCTBYIONMI NpU3HAK aH B § 67, B § 68 vTou-
HSIETCS TIOHsITHE IleHTpa W B § 69 00bsICHCHO, KAaK HaHTH
KOOpAHHATHI LieHTpa. B § 70 00bsicHeH cnoco® vrnpouieHust
VpaBHEHH djuIMnca U runepooJinl.

3. Uro kacaetcst mapa0oJibl, TO AJsi Hee cnoco6 vmpo-
LIeHHs1, U3JI0)KeHHblH B § 61, ocTaercst HannyvywnM. Bripouem,
pasmepbl napa6osibl (T. €. BEJIMYMHY TNapameTpa p) MOXKHO
JIErKO HAATH MpPH TMOMQUM TaK Ha3LIBAEMBIX HHBApPHAHTOB.
O HUX cKka3aHo B § 66.
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§ 64. Ilpusnak pacnajeHMsl JHHHH BTOpOro nopsaka

EcJii JIMHHST BTOPOrO Nnopsiika
Ax*+2Bxy+Cy*+2Dx+2Ey+F =0 (1)
pacnajfaetcst Ha ABe (pas/iMuHblC MJII COBMAajaloline) NMpsiMbie
(oud MOryTt ObiTb II MHHMMBIMH), TO ONpeAeJIUTE]lb TPeThero
nopsigka (§ 118). -
A B D

B C E )
D E F
(«Gonbwoii auckpumnHan™ ')) obpaiaercs B HvJab. O6paTHo,
ecan A=0, To auHus (1) pacnagaercst Ha JBe NpPsSIMbIC.

Jloka3saTesibCTBO CM. B § 65 (3amevanuc 2).

IMpumep 1. B § 61 (npumep 3) Obina paccMOTpeHa Ju-
HHs1 BTOPOro nopsiaka

. 2x2—4xy+2y2+8x—8y—l7=0
(A=2,B= -2,C=2,D=4,E= -4 F = —17).

B § 62 (npumep 3) 6blJIO YCTAHOBJIEHO, YTO 3Ta JIMHHUSA pac-
najaeTcsi Ha [Be napaJijiesibHble NpsiMble:

sz—}’2;}_—5+2}’2 =0 3)

A=

H

V2x—¥V2y+5+2¥2 = 0. @)

B cooTBeTCTBHH C 3THM 00JbLIOH AUCKPUMHHAHT A paBeH
HyJ1o. HdelicTBUTENBHO,

2 -2 4
A=| -2 2 -4
4 -4 17

I

2 - 4 -2 - 4 -2 2
=2| _§ Ty |v2| "R ] +e] T
= 2-(-50)+2 50+0 = 0.
Il pume p 2. JIuaus BTOpOro nopsiaka
—4xy+5y*—x+5y-4=0
He pacliafiaeTcsi, Tak Kak 00Jbluoif JUCKPHUMHHAHT

1
A= “21 : z|= -
L5

1) IMCKPHMHHAHT — IATHHCKMIA TEPMHMH, [OCJIOBHO <Pa3jIHUHTENbs.
Ilucgc%lémuuam 4 Ha3bLIBAETCA 60ALWUM B OTAHUHE OT MA/1020, 0 KOTOPOM
cM
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He paseH Hvilo. B §§ 61, 62 (mpumep 1) 6bLI0 MOKa3aHo, yTo
3Ta JIMHUSI — JJUIMIC.

IlpaBuno pAas1i 3anoOMHHAHHUSA BHPpaXe-
H ¥ 51 (2). B nepBoii cTpoke BLINUCHIBAIOTCSA NOAPS] Te GVKBBHI, 32
KOTOPLIMH CJIe/lyeT X B ypaBHenuu (1), Bo Bropoi — Te, 3a
KOTOPLIMH -(HENCCPEACTBEHHO HJIM TOCJIE X) CJICAVET Y, B
TpeTbeil — TpH nocjealne OYKBBI.

-
¢

a § 65. PasbickaHMe NpPSMBIX, COCTaBNSIOLIHX
pacnajalllyioCs JIMHHIO BTOPOro NOpsiaKa
4

Yto6bl HaiiTi VYPpaBHEHHsI IBYX IIPSIMBIX, BMCCTC COCTABJISIIO-
1IHX pacliafgalouyiocst JIMHINO BTOPOIo nopsiaika

Ax?+2Bxy+Cy*+2Dx+2Ey+F =0 (1)

(venoBue pacnagenusi cMm. § 64), 1ocTaTOuHO Pa3NoXKHTL Jie-

BVIO yacTb (1) Ha MHO)KuTeNH 1iepBoit crenenn. Korma Xxots

6b1 onnH M3 Ko3(OHUMEeHTOB A, C He paBeH HVJI0, Jvylile

BCEro NpPsimo peuinTb ypaBHeHHe (1) OTHOCHTEJILHO TOi U3 OVYKB

X, ¥, KOTOpasi BXOAUT TYJa BO BTOPOH creneHH. JBa peuleHHs

(oHN MOI'VT If COBNajaTh) NMPeACTABAT JBC HCKOMbIE IIPsSIMbleE.
ITpume p 1. JIunust Broporo nopsiaka

2x2—4xy+2y°+8x—-8y—-17 =0 (2

ABJISIETCS1 pacnafalowieiicst, Tak KaK 060JbuloH AHCKPHMHHAHT
2 -2 4
A= -2 2 -4
4 -4 -17

paBeH HVJI0. YpaBHeHHe (2) MOXXHO peumiaTh OTHOCHTEJBHO
000 M3 OVKB X, y (00e BX0AsT BO Bropoii crenenu). Ilpen-
craBuB (2) B Buae

o 17
yi-2(x+2)y+(x+4x-7) = 0,

peiluaeM €ro OTHOCHTEJIbHO y; MoJivuaem:

y=x+2% V(x-}- 2)2—(x2+4x—%),
T.e.
5

V= x+2iﬁ.
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OfHa M3 NPSIMBIX 1IPEACTABIISICTCSI VPABHCHHEM Y = X+ 24
+V5—7’ Apvrast — VpaBHCHHCM Y = x+2——57)—_. i ups-

Mble napaJuiciibhbl (cp. upumep 3 §§ 61 —62).
ITpumep 2. JIunust Broporo nopsiaka
2x*+T7xy — 15y —10x 4-54y —48 = 0 )
pacnasnaercst, Tak Kak

2 4 -5
A= I _15 27|=0
-5 27 -48

IlpeacrasuB (3) B Bijie
15y% = (7Tx+ 54) y — (2x* - 10x - 48) = 0,
HaxoHuM:
7x +54 V(7% +54)2 + 4+ 15 (2x2 = 10x —48) _
30

Jlopopennoe  Buipakenne  pasno  169x2+ 156x - 36 ==
7x+54 + (13x+6)

y=

== (13x+6)*. CiiejioBaTelibHO, ) = =g OpHa u3
HPSIMBIX 11PCJICTABJISICTCSI YPaBHEHHEM Y = 2—"3“2, apvrast —
VpaBHEHHEM ) == "v-’f,_)ﬂ. 9TH NpsIMbIE NMEPECEKAIOTCS B TOYKE
(_i 22
13’ 13
ITpumep 3. Jlnuns
10xy - 14x + 15y -21 = 0 4)
pacrnanaercsi, Tak Kak
0 5 =T
A 500 o
-7 -2t

B vpaBHeHHue (4) Kak X, TaK MU y BXOJSIT TOJIbKO B HEpBOH
creneHd. Iloaromy pasnaraem JieBvio 4acTb (4) Ha MHO)KH-
TeJIM, FPYNNUPYS uieHbl, ITonyvyaem:
10xy — 14x+ 15y - 21 = 2x By -7)+3 5y -17) =

= (2x+3)(5y - 17).

JInnus (4) pacnapaercsa Ha npsimeie: 2x+3 = 0 u 5y -7 = O.
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3ameuaHnue l. B ciiviae A = C = 0 MOXKHO TO)Ke pe-
uiath /JaHHOE YPaBHCHHME OTHOCHTCJBHO X HJIH y; TaK, B IpH-
mepe 3 noavuum (10x+ 15) y = 14x+ 21, HO nasiblue feJIUTh
06¢ yactd Ha 10x+ 15 MOXKHO JiMUIb B TOM CJlyyae, Korja

10x+ 15 He paBHO Hvmo. Torga noayyaem y = %:% =
= Z)—g—;:—g = %—, W YpaBHEHHeE 0JIHOH U3 NPSIMBIX €CTh J =

T. e. 5y-7=0. B cavuae, korpga 10x+15 =0, T
X = ~§, ypasueHHe (10x+-15) y = 14x+21 vypoBieTBo-
psieTcst npu J1060M 3HAYCHHH ); TaKMUM 00pa3oM, moJivyaem
JIPYIVIO NPSMVIO % = ——g—, T. ¢. 2x+3 = 0.

3ameuaHue 2. BbluHciicHUsI, NMpoJeJiaHHbIE B IpUMe-
pax 1 H 2, MO>KHO BBITIOJIHHTB JUIs1 J11000r0 YpaBHeHHst Buja (1),
ceai 1oibko C =0, Tlpoaenas aTH BLIKNAAKH B o01LeM BuaeC,
HOJIYYHM T0J PAJIHKAJIOM KBaJIpaTHBI TPEXWJICH

(Bt— AC) x2++2 (BE—CD) x+ K- CF. (5)

On OyjieT MOJIHBIM KBajpaToM B TOM H TOJIbKO B TOM ClIvyae,
ecJin

’

,-_,’-"I"

(BE—-CD)*— (B~ AC) (E*—CF) = 0. (6)

IMocse npoctuix npeobpadonaHnii YBUAMM, uYTO JieBasl yacThb
pasencrsBa (6) paBua CA, rae A — 6oabmoii AHCKpUMHHAHT.
Tax kak, no 1rpejnonoXeHmo, C = 0, To NpU3HaK pacnajieHHst
ecth A = 0. B cavuae, korpa € = 0, HO A = 0, Mbl IpUXO0-
JIUM K TOMY >Ke€ BLIBOAY, I MCHAB poJsiMH X M y. Tak aoka-
3piBaeTcst npusHak § 64 s obuiero ciayyasi. B uckiiounTeb-
HOM e ciivuae, korjia A = C = 0 (4, crayo Obith, B = 0),
J1eBast yacTh, YpasHeHust (1) npHiHmMacT BHjL

2Bxy+2Dx+2Ey + I.

IlpencrasiiM aTOT MHOrowieH B BHje 2x (By+ D)+
+(2Ey+ F). 310 BbIpaKCHHC pas;iaraeTcsi Ha MHOXKHTEJIH
NnepBOH CTEIICHH TOJIBKO B TOM CJlvyae, KOI/la V JIBYYJIEHOB
By+D u 2Ey-+ F cOOTBCTCTBCHHBLIC KOI(QGHLHEHTH PaBHLI
WAW NMPONMOPLHOHANbHBL (cM. npumep 3), T. e. Korna 2DE —
— BF = 0. Ho B paccmaTpuBaemoMm civyac 60abLI0i THCKPH-

0BD
MHHAHT A uMmeer BUL| B O E |, a oTciona CJleiyeT, YTO
D EF

A,
2DE—- BF = 5. Tak noxashiBacrcst npushax § 64 B ncitio-
YHTEJILHOM CJlvyae.
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§ 66. MHBapHaHTHI YPaBHeHHA BTOPOil cTeneHH

INpu nepexoje OT OAHOI CHCTEMBI MPSIMOVIOJILHBIX KOOP-
AMHAT K APYroil Mbl 3aMeHsieM VpaBHeHHe

Ax2+2Bxy+Cy?*+2Dx+2Ey+F =0 (1)
JIMHHH BTOPOr0 MOPSIAKA APYIHM VpaBHEHHEM
A'x24+2B'x'y +C'y2+2D'x'"+2E'y'+ F' = 0, 2)

KOTOpOe moavyaetrcss U3 (1) ¢ nmomoubio popmyvia npeobpaso-
BaHHs KOOpAMHAT (CM. npumepnl §§ 61 u 62). I1pn arom 3Ha-
yeHust A’, B’, C’, D’, E’, F’ (Bce WX HEKOTOPbLIE) OTJIHUYAIOTCS
OT 3HauUeHH OHOMMeHHbIX BeJmuuH A, B, C, D, E, F.

OpHako TPH HH)KeNPHBEACHHBIX BbIPa)KeHHs, COCTABJIEH-
HbBIX M3 BeJuuuH A’, B’, C’, D’, E’, F’, Bcerga OCTalTCs
PASHBLIMIL  00HOUMEHHbIM BbLIDANCEHUSAM, COCMAGAEHHbIM U3
geauuun A, B, C, D, E, F. OTH TpH Bblpa)keHHsl Ha3blBAIOTCS
uneapuanmami ') ypaBHeHHs1 BTOPOii cTemneHin.

a) IMepsuiit nuBapuaur A+C.

6) Bropoii uuBapuaHT 8 =‘ g CB
B) TpeTnii HHBapHaHT
ABD
A=|{B CE
|D EF
ITpumep 1. YpaBHeHue
—4xy+5y*—~x+5y-4=0

(A=2 B=-2 c=5 D=-1 E=3, F= -4

Mbl npeoGpa3oBanu B § 61 (npnmep 1) K BHaY

(manblii AMCKPHMHHAHT).

(GonbuIoit ANCKPHMITHAHT).

x’2+6y’2+-— x'+——~y -4=0

5
A=1B=00C=6D=——) F=— 4)

( s o

COOTBETCTBEHHO MOBOPOTY OCeif Ha yrou arcsin V— ~ 26°34".

a) BoipakeHue A+ C B crapoif cucteme paBHAJOCH
2+5=1"7, B HOBOii cHCTeMe OJHOMMEHHOE BbIpa)KeHHE
A’ 4 C’ paBHsiercst 1+6 = 7, TaK 4TO

A+C = A+C.

1) MHBapHaHT — IATMHCKHIA TEPMHUH, B MEPEBOJie — ¢HEM3MEHHBIM,
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6) Maublii AMCKPUMHHAHT B cTapoil cucteme Obl1 paBeH
=] 272 = 25-(-9-n =5
B HOBOH ClCcTeMe HMeeM:
10]_
= lo 6| =0
8§ =¥,

B) Boabwoil aAucKpuMuHAHT B cTapoii cucreme GbUT paBeH

TaK 410

1
)
Sl A {
-z 7 —4
B HOBOii cucTeMe
3
L
‘= —_— = 18t
e I
2rs 2rs A
TaK 4To
A=A
IIpumep 2. YpaBHeHue
x”+6y”+y_ %y'-‘l =0

MBI 3aTeM npeo6paaonanu B § 62 (cMm. npumep 1) x BHAY
131
X2+ 6y~ —7 = 0 COOTBETCTBCHHO MEPCHOCY HAYaNa B TOUKY

X = - 2::,5, y = T y_ BoJib10ii AUCKPUMHHAHT TeNeph
ovpaer:
10 0
A-|06 0 |__131
00 -3 4
24
T. €.
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JIBa Apvrux MHBapHaHTa, 0UeBHIHO,TOXKE COXPAHHIIU MTPECIK-
HHUC 3HAYeHMUsI.

Jlisi nokasaTeJIbCTBAa HEH3MEHHOCTH Ka<[JOH H3 BEJIMUHH
a). 6), B) OCTAaTOYHO COCTABUTHb BLIPAXKeHMsI BeJIMUMH A’, B’,
C’,...uepe3 A, B, C, ... (34 BbIpa)keHHUsI OVAYT coaepIiarh
TaK)Ke VroJl NoBOpOTa & H KOOPAMHATH HOBOI'0 Havana). Iloa-
CTaBMB HX, HaNpHUMep, B BbIpakeHHe A’ + C’, MBI IIOCJIE VIIPO-
meHuit Haligem A+ C M T. A. OAHAKO 3TH BBLIKJIAAKH OYEHDL
I'POMO3ZAKHU 1),

3ameuvanue. Ecaum o6e yactu vpaBHeHHst (1) MOMHo-
JKUTb (MWJIM Pa3aesiuTh) Ha Kakoe-HHUOVAbL uyMCJiO k, TO HOBOE
YpaBHEHHEe NPEACTaBJsIET TY )K€ JMHHUIO BTOPOI'0 NOPSAKA.
OpHaKo Tenepb BeJMYUHBI a), 0), B) U3BMEHSIIOTCSI: nepBasi Mo-
MHO)XHTCSI Ha k, Bropast Ha k2, TpeTbsi Ha k3. BoT nouemy Besau-
YHHBI a), 0), B) Ha3bIBAalOTCS] MHBapHaHTaMH ypaHeHUS BTO-
POt CTeMeHH, a He MHBADHAHTAMM AUHUU BTOPOTO TMOPSI/KA.

§ 67. Tpu THna NUHMI BTOPOro nopsiAKa

Mausbiii JMCKPUMHHAHT & (§ 66) mu1s1 aJIIMIICA N10JI0YKUTCJIEH
(cm. npumep 1 § 66), puis runep6osbl OTpULATENIEH, JJIST Napa-
6onbl paBeH HYJIIO.

HdoxasaTeJsbcCTB 0. JJUIMNC NPEACTABISIETCS Y PaBHe-

%+{—:—1 = 0. Y 3T0r0 YpaBHEHHsI MaJblii AHUCKPUMHU-
HaHT § = 51;—;—2 > 0. Ilpu npeobGpa3oBaHUM KOOpAMHAT &
COXpaHsSICT CBOIO BEJIMYHHY, a NPH VMHO)KeHMM 00eux uacreit
VpaBHEHHsI Ha KaKoe-JIM60 YHCJII0 kK AUCKPHUMHUHAHT YMHOXKaeTCst
Ha k* (§ 66, sameuanue). CienoBareibHO, AMCKPUMHUHAHT 3JI-
JIMICA TMOJIOM<UTESICH B JiI0060H cucreme KoopauHat. B civuae
runepbonsl M B cjavyae napaboJibl JOKa3aTeJIbCTBO aHaJo-
I'HYHO.

Coo0pa3HO ¢ 3TUM pasNUYalOT TPU THNA JIMHUHA BTOPOI'O
nopsiika (M vpaBHeHHIi BTOPOIi cTeneHu):

a) Saaunmuueckuli mun, XapakTepH3VIONUICS VCI0BHEM

8§ = AC-B* > 0.

K HeMmy OTHOCSITCSI, KpOMe AeHCTBUTEJILHOI'O 3JIMIICA, TaK)Ke
MHUMBIH asunc (§ 58, mpumep 5) M mapa MHUMBIX IPSIMBIX,
nepeceKalouxcsi B aeicTBUTeNbHOH Touke (§ 58, npumep 4).

HHEM

1) CyIecTBYIOT MCKYCCTBeHHble TipHeMbl, obneruaioumme noxkasa-
TeNbCTBO.
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0) I'unepooauueckuil mun, XapaKTepuayiowiicsr yeioBuem
3= AC-B%* <,

K Hemy 0THOCHTCSE, KPOME rHIIEPOOIILI, Hapa JeHcTBHTEb-

HBIX Iepecekalouxcst npsimpix (§ 58, npumep 1).
B) Ilapaboauyeckuil mun, XapaKkTepuayIoOWUHCSA YCJIOBHEM

“
8= AC-B*=0.

K Hemy ortHocuTtest, kpome napadoJint, napa napasulelibHbix
(meiicTBUTEJILHBLIX WJIH MHHMBIX) NpPSIMBLIX (OHH MOTYT COB-
naaarhb).

MMpumep . YpasHeHue
X2y 4+ yi4 24y = n
HPHHAJVIOKKT K napaloinucckomy THny, Hoo
8= AC-B*=11-1*=0.

Tak KaK 00JIbloi JHCKPUMHHAHT

1 1 i \
1

A=[1 l'i’"‘?
I 4+ 0

HC paBeH HYJIo, TO YpaBHeHHe (1) npeacrasisier Hepaciiaja-
10mYIocs JIHHHI, T. e. napa6oay (cp. §§ 61 —62, npumep 2).
ITpumep 2. YpasHeHue
8x*+ 24xy + y* — 56x+ 18y ~55 = 0 (2)
HPHHAIOKHT KK I'MNepOoJinYecKomy Tiny, uoo
8= AC-B*=81-122= -136 < 0;

TaK Kak
812 -28
A=| 12 1 9| =0,
-28 9 -55

TO YpaBHeHHe (2) NpeACTaBJIsSIET Napy MepeceKaloiuxecs npsi-
mbix. Ux vpaBHeHHs1 MO)KHO HaliTH 1o crioco6y § 65,
MMpumep 3. YpasHenne

2x - 4xy+ 5yt - X+ 5y—-4 =0
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TPHHANNIEIKUT K JJIHITHYECKOMY THNTY, 16O
§= AC—-B?=52-2'=6>0.

Tak Kag
2 -2 -1
A=|-2 5 3|=0
] 1 5
-z 7 4

TO JIMHMST HE DACMANACTCST M, SHAUMT, SIBNSIETCST SNIHNCOM.
3ameuvyanue, ORHOTHNHDBIE

Y JINHMM,  TCOMCTPUYECKM  CBSI3aHBbI
TaK: Xapa nepeccKkalomnXcsl MHH-

MbiX npsMbix (T. €, OxaHa Jneif-
CTBUTENILHASL TOUKa) eCTh Iipe-

neJbHBIA  Cavyal anaunca; «Crs-

X 'UBAIOILETOCST B TOUKY» (uept. 88);

napa nepecenaromuxc;r JILHCTBH-

TCJBHBIX ©  NPSIMBbIX — NpenesbHbI

cnwdu runepOonnl, npuoanMKaio-

Yepr. 88, meiiest X CBOMM  aCHMMITOTaMm

(uepr. 89); mapa NapasienbHbIX

NMPSIMBIX — MPCACTbHBIT ¢oivyaik napa6onbl, ¥ KOTOpOi oCb M
bjHa napa ToueKk M, M’, CUMMCTPHUHLIX OTHOCHTCJIBHO OCII

i —
X \— 0 X

YepT, 89, Uepr. 90.

L)

(vept. 00), HEMOABIDKHK, 3 BCPIIMHA VAAIseTcss B GeCKOHeY:
-HOCTh,
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§ 68. LlenTpaNbHbIe. H HEUCHT PANLHLIE JHHHH
BTOPOro NOpsaKa

Onpenenenune. Touku A u B (uepr. 91) HasuBAIOTCS
CUMMEMPUUHBIMU OTHOCHTENILHO TOUKHM C, ecian C HEJIUT Mo-
nonam otpe3ok AB. Touka C Ha3bIBACTCS YeHMPOM cUMMem-
puu (kopoue, yenmpom) GUrypbl, eciau v GUrVpsl Hapsiwy
C KaXAOH ee TOoukoit M mHmeercst

Taioke Toyka N, CHMMCeTpHuHasa ¢ 2 4 g
M otHocuTenbHO C.
Touka, Ha3BaHHast Hamu (§ 40) Yepr. 91,

NEHTPOM 3JIIMNCA, & TaIOKE TOYKA,

HasBaHHas (§ 44) LEHTPOM IrunepOOsBI, OYCBHAHO; MOAXOIST
noxa omnpeaesicHHe Hacrosiero maparpada. LIeHTpoM JIMHUK
BTOPOro NMOpsiAKA, pacnajalouiciicst Ha J\BC IiepeceKaloluecs

qep'h 92, qep'r. 3.

npsimeie (§ 58), siBnsieTest, .COIMIACHO OMpENENICHAIO HACTOS-
11ero gza)parpatpa, TQUKA IepeceieHUss dTHX npAmbix (L: na
yepT. 92). :

Kaxjjast ¥3 pacCMOTPeHHHIX Bhllle JIMHHI BTOPOrO. 0«
psiika 006JialaeT e€AMHCTBEHHBIM LeHTpOM. Eciu ke nvHust
BTOPOr0. MOPsSIAKA COCTOMT M3 JBYX NapasulesIbHBIX NPSMBIX
(AB u CD Ha yept. 93), TO nmox ompejesieHHe LEHTPa MOAXO-
nugDn 10 0asa Touka npsimoit MN, pasHOOTCTOAIEH oT AB
u CD.

ITapa6osa BOBCE HC HMCET LCHTPA,

JluHMM BTOPOrQ MOPsIAKA, MMEKWHE eANHCTBEHHLIH LeHTp
(annune, runepGosa, mapa NEPECeKaWUXCS NPSMbIX), Ha3bl-
BaIOTCSA . JeHMPAALHHIMU; JIMHUH BTOPOro NOpPsAKa, MMelolHe
MHO)XECTBO LICHTPOB MJIH BOBCe MX He uMeloumHe (napaGona;
napa napaje/ibHbiX PAMbBIX), Ha3biBAlOTCS HeYeHMPAAbHbIMLL.

3aMeyaHHue, MHUMbIE 3JUTHNCHl M Naphi MHUMBIX Mpsi-
MBIX, MIEPCCCKANNMXCA B NEHCTBHTENRHOM Tauke (cm. § 58),
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HPHYHUCIISIIOTCST K LGHTPAJIbHBIM JiumsiMm. [lo oTHOmeHHIO K
MHHMOMY 3JUIMIICY 3TO NPHUYMCIICHUE VCIIOBHO, (uryvpa xe,
COCTOSILIAST M3 OJHOI IEeHCTBUTEJIbHOI TOUKH, MOAXOAWT IOJ(
onpejejieHHe LEeHTPaJbHOM WIHHUM» (3Ta TOYKA Cama SIBJISICTCSE
ueHTpom). ITapel MHUMBIX MapannesibHbIX Npambix (§ 58) npu-
YUCJISIOTCST K HeLeHTPaJIbHBIM JIMHHSIM.

Takum 00pa3om, JUHHUU BTOPOro NOpsiiKa, NpHHAAJe a-
LiMe K 3JUIMNTUYECKOMY H runcepOoJIMuecKOMY THUaM (st HUX
AC — B? = 0; cM. § 67), — ueHTpaJibHble; JIMHUK Mapadaiiduc-
ckoro tuna (AC — B? = 0) — HeleHTpaJjbHbIC.

§ 69. PaspickaHMe LEHTPAa LEHTPaNbHOH JIHHUHM
BTOPOro nopsaaka

Uro6el HalTH KOOPAMHATHL X,, ), LCHTPA LICHTPaJIbHOR
JINHUHK

Ax*+2Bxy+Cy*+2Dx+2Ey+ F = 0, 1)
HaJ0 PeWHTh CHCTEMY VpaBHeHHUH

Ax,+ By,+D = 0, } ’ @)
Bx,+Cyy+ E = 0.

9ra CHCTEMa COBMECTHA M HMeEeT eJMHCTBEHHOE pelleHHe
§ 187)
leel _ lagl
TA B[ 3
HHRFH

Xy = —

omm
Otoﬁ

TaK Kak ‘g g # (0 (310 —VCil0BME LEHTpajibHOCTH; § 68).

IMMpumep 1. LUenrp gunuu (npumep 2 § 67)
8x2%+ 24xy +y*—56x+ 18y -55 = 0 4)
HaliieM, peliUB CHCTEMY

8x,+12y,—-28 = 0,
12x,+y,+9 = 0.
ITonyuum:
l —28 12 lg —28
%= —rgmr= —hn=-
12 1 112
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Tak Kak (4) eCTb pacrnajanmascst JUHHsI FHnep6oauYecKoro
THNA, TO TOuKa (—1; 3) €CTh TOYKA NEpPeCceveHHs: NPSMBIX,
COCTaBJISIIOIMX JIMHUIO (4).

I pumep 2. Llentp nunuu (npumep 1 § 61)
2x2—4xy+5y2—x+5y—-4 =10 (5)
HaiiieMm, peuiMB CHCTEMY

_2y0_

—

5 = 0,

5
— 2x0+ 5y0 + 7= 0.
ITonyuum: s

Xo= —73, Vo= —

w|

JInnus (5) ectb annunc (Tak Kak 8§ > O A = 0).

BumBoa vpaBHeHHUH (2). Eciu nepeHecTd Hayasio B
uckombiit LeHTp C (X, ¥,), TO VvpaBHeHHe (1) ¢ momoLibiO
¢opmyJs riepeHoca

X =X+X', Y=Yty (6)
npeo6pasyveTcsi K BUAY
Ax'24+2Bx'y’+Cy’2+ 2 (Axy+ By, + D) x' +
+2(on+Cyo+F)y +F =0, )
rie AJISi KPaTKOCTH TNOJIOXKEHO
F’' = Ax}+2Bxy,+ Cyi+ 2Dx,+ 2Ey,+ F.
Ecnu x,; y, 6VAVT VI0BJIeTBOPSTE VpaBHeHusim (2), 1o (7)
MPUMET BUL ’
Ax'?4+2Bx'y’+Cy2+ F’ = 0. 8)
9T0 ypaBHeHHe MO)KHO Nnepenucath B BUJE
A(=x)2+2B (=x) (=y)+C(=y)+F = 0.
IMoaToMy Hapsiny ¢ Kakaoii Touwoit M (x’; y’), npuHaajiexa-
el nuHKKU (8), 3T JIMHUSI COMEPIKUT U TOUKY N (—x’; —y’),

CUMMETPHYHYI0O ¢ M OTHOCHMTEJIbHO HOBOro Hawana C. Crne-
nosarenbHo (§ 68), C ecTb 1eHTp JuHHHU (8).

§ 70. Ynpouienue ypaBHeHHSI LEHTPaNbHOK NMHHU
BTOPOro nopsiaxa

Ilpeo6pa3oBanue VpaBHEHHs! LleHTPasbHOI JIMHUH K MPO-
cTeiilleMy BHUAY MO)KHO BHIMIOJIHUTH GBICTpee, YeM IO 00leMy
cnoco6y § 60, ecnu cHavana COBEpPLIMTb NMEpPEeHOC Hayaja B
HEHTP (BCAEACTBUC YCre MCYE3HVT YJIeHhl MepBCit CTeneHH;
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cm. § 69), a 3aTem.moBOpOT oceif (BCIGHCTBHE YEro MCuesHET
YjleH, coAepxkamuii xy). Yroa « 3TOro mnoBOPOT3 3apaHee
nsBecteH (§ 61); oH onpeaesnseTCst U3 VPaBHEHUS

tg 2 = 22, ~(1)

3aMcyaHue. Iror ¢nocod NPUMEHUM KO BESKOM LEH~
TpanbHOM JIMHKH BTOPOro MopsiAka, HO JuiA pacnapaiouieiics
JIMHUH JIVYIle NPUMCHHUTDL crocob § 65.

Il pumep, faso ypasHenue (npumep 1 §§ 61~62)

2x2—4xy +5yt—x+5y~4 = 0, 2
IMepenocuMm kauajio B LECHTD X, = —%, M= .....23. @ 69,
npumep 2).
C nomouipl) Gopmyn nepenoca
) X =XtX, Y=Yty (3
nonvyaem [cp. (8) § 69]:
T @

U3 (1) Haxonum tg 2« = % , M ECNIM B3SITh YIOJ ¢ B NepBOH

yerBepTH (cp, § 61), monvuaem dopmysrr noBopoTa

2 - 1 -
X = = X———
R
N ®
Y=y tyn
Iopcrabnsasn B (4), HaxXonuM:
= - 131
%4672 = o5 (6)
W
ot byt )
x y
'—'13_1_ +T§T’ = 1, (7)
24 144
JaHHas JIMHHSL €CTb BJUIMIIC C NOJYVOCSAMU a = %‘ ~ 2,3

H b= V%i—l =~ 1,0, B nepBoHayaJIkHOM CHUCTEME CTO IEHTP
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HMeeT KOODAHHATH X, = 1‘2 y Vo= § , Oonbmast och,
(oHa siBnsieTcst OChbIo abcUHCC B cHCTeMe X, 7) rzlpencrannne'rcn
vpaBHeHHEM y—Y, = tga (X—X,) Hm y+3 =5 (x+‘2),
T. €. 12x—24y—11 = 0 (cp. § 62, npumep 1).
3amcuanue. Paamepbl ajuIHMICa MOXHO HaiiTH H' He

BBLINOJINSIS npeoOpa3oBalisl KOOpAHHAT. Mbl 3Haem 3apaHee,
YTO B Pe3VJIbTATe NPeoGpPa3oBanust AOJDKHO NOJYIHTECS VPaB-

Henne Buaa AX2+Cy?+F = 0. Bemmuunnt A, C u F
MO)KHO HaiiTH C riomoulbio HHBapuauToB (§ 66). B mepsoHa-
YabHOM VPAaBHCHMH OHIl DaBHBI

A+C=2+45=17, 8= AC—B*=25-(-2) =6,

ABD
A=|Bc E|=-5L
DEF

Te ke 3HAUCHHSI OHM JOJDKHBI MMCThb B VNPOUICHHOM ypaB-
HeHuM, CJIe0BaTCIILHO,

A+C=1, AC=§,

A00
0Co0|=ACF= -1,
00F

QTKYJIa

-~ - 131
A=1, C=6, F= -

Y MBI CHOBA mosivuaem vpaslcHue (6).

§ 71. PaBHocTOpOHHAA runmepOona Kak rpadux
YPABHECHUA Y = %

¥YpaBHeHHC

e

)

(k = 0) npencraBnsier paBHOCTOPOHHIO THMEp6Ony (§ 44);
€e acUMNTOTHl COBMAajaloT C OcsAMH KoopauHaT. Ilonvocu ee

a=0b=1Vy2|k]|. 2

yr.—..
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Eciau k > 0, To BeTBU runepioibl pacrnojioyKeHbl OjlHA B
nepBoif, Apyrasi B TpeTbeil ueTBepTH; ecyin e k < 0, — To
BO BTOPOii U veTBepToii (uepT. 94). B mepBom civuae pcii-
CTBHTEJIbHAsI OCh TUMepOoJIbI CO-
CTaBJIsIeT C OCblo abcuucc vrosi
45°, B0 BTOpOM — yroJi —45°.

Bec 3TO BBEIBOEMTCSI IO CII0O-
co6y § 61, eciu vpasHeHHe (1)
3anucath B BH/IC

xy = k. 3)

3ameuaHnue. B cavyae, korna
k=9, ypaBHeuue (3) mnpencrasaszeT
napy npsmbeix y=0 (ecb abciiucc)
x =0 (ocb opaunat). Korna | k | neor-
PAHHUYEHHO YMEHbLIACTCA, runepbonn
(3) BCce TecHee NPHUMBLIKAIOT K 3THM Ipsi-
MBIM (TaK 4TO Mapy NepreH/IMKY IAp-
UepT. 94. HBIX NPSAMBIX MOXXHO pacCMaTpHBATh
KaK BBIDOXKEHHY) DaBHOCTOPOHHIOIO

runepGoay).
¥Ypasueune (1) npu k =0 npeacraBnsieT TuJIbKO OAHY MNpPsAMYIo y =0
(ocb abcumcc) M MPHTOM HE BCIO LIEJTMKOM, a Ge3 Havana KOoOp/MHAT, nGo

k
npH k=0 n x=0 BbIpa)KeHHe y = -; CTaAHOBHTCA HEOMNMpeAeJIEHHbIM.

Ecau ke ato#t HeomnpeaeneHHOH BeJIHYHHE NaBaTh BCEBO3MO)KHbIE 3Haue-
HHA, TO MBI M TTOJTYYHM «NTPONAaBLUYI0» OCb OP/IHHAT.

§ 72. PaBHOCTOpPOHHAA rHUnepiolNa Kak I padux

mx+n
YPaBHEHHRA ¥y = prra
PaccmoTpum vpaBHCHHC
mx-t-n
= Txte M

m n
upu p = 0 (npu p = 0 umeem npsimvio y = 7/4:(-[--;]-)
Ecsin onpepesnurelin:

mn
D = = mg—np
P q
He paBeH HVJl0, TO VpaBHeHue (1) mpeacraBisieT TY >Ke
PaBHOCTOPOHHIO Tumepbosy, uto W ypaBHeHue (1) § 71:
k
y=%x"

rae k = ——f,—, C TOH JIMIWb PASHHILCIT, YTO UEHTP CMELLACTCs!
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M3 Hayana KOOPAMHAT B TOUKY C (—l ; -"—') (uept. 95, 96).

3Haumr (§ 71), nonvocH paBHbl @ = b = |/2|D|

B cuvuae, korna D < O (roraa k > 0), neﬂcmmenbnaa
0oCb COCTaBJIsieT C OCblo abcuucce vron +45° (uepr. 95),
ecnn e D > 0, — To vros1 — 45° (uepr. 96).

INTpumep 1. YpaBHeHHe

_ 4x-9
~ 2x-6

4 -9
(311er_m=4, n= -9, p=2,¢g= -6, D= o _6 = -6
Npe/ICTaBJIsIET PAsHOCTOPOHHIO runep6ony (uept. 95) ¢

4 1 4

It

I
I
\

1 4 A C
I 0C =

0 x

\
\
] ]

Uepr. 95. YepT. 96.

neHtpom C (3;2) u ¢ nonvocamMu a=b= V_z_; =V¥3 ~ 1,73.

Ocb A’ A o6pasver ¢ OX vroa 45°, Tak kak D < 0. Koopau-
HaThl BePWIMHBLL A GYAVT:

X4 = Xg+acos 45° = 3+ ys—g ~ 4,2,
Y4 = Ye+asin 4h° = 24 ﬂg ~ 3,2,
Tak rxe Haligem:

xe=3-V32~18 ye=2-13Z %08
IMpumep 2 YpanHenue




108 AHAJIMTUUECKASI TEOMETPHUSA HA IUIOCKOCTH

(3nece m=1, n= -1, p=1, ¢=1, D=2) npencrasisier
PaBHOCTOPOHHIOIO rUnepGony (uept. 96) ¢ neHtpom C (—1;1)
2 2

M C NOJIVOCSIMU a = b = = 2. Ocp A’A cocrasnsieT

¢ OX vron —45°, TaK KaK D > 0.

mn
3ameuvanwue 1. Eciuonpenenurens D = l paBeH HyJio, TO
m P q
n
BEHUNII M, NN P, ¢ NPOMOPLMOHANLHLI (-5 = ?), TaK 4To mx + n ne-

m
JIUTCS1 Ha pX + g, YacTHOE PaBHO ra ¥Ypasuenue (1) npencraniisieT B 3TOM

- m .
cnyuae npsimyio y =7;' NMIEHHYIO TOUKH X = —L (npu %= -2
BhipaikenHe (1) HeonpeneneHHo; cM. § 71, same-

v YyaHwue).

3x+6
Hanpumep, vpaBHeHHE Yy = —— (m =3,

6 l )
= npen-
2 p

CTaBASAET MPSIMYI0 y =3, JIMIIEHHYIO TOYKH
1 U x = —2. Ecan ueonpenencHHoH penuunne y
1aBaTh BCEBO3MO>KHbIE 3HAYEHHS, TO, KPOME
npamoft y =3, noayuyMm ewue npamyio x = —2.
3ameuanune 2. «BoinaneHuer TOUKH

v 0 X X = —2 u3 npsamolt y=3 MOMHO HarnaaHo
npeacrasuTh ce6e caenviommnm obpasom. Pac-

Yepr. 97. 3x +6p
CMOTPMM Y paBHeHHE =573 snech

n=6, p=1, ¢=2,D=

3 63
D = |2 = 6(1—-p), Tak yro nMpu B=1 MuLl HMMeeM runepGony c¢
acHMNTOTaMH X = —2 ¥ y=3. Ho korna BenuumHa P 6ausxa x 1, ara
runep6ona (uepr. 97, rne B =1,1) oueHL TECHO NMPUMLIKAET K CBOUM ACHMIT=-
Totam U’U n V'V, nepecekatromummcsi B Touxe K ( —2; 3). Mo»<cHo 661110 6b1
0)KMAaTh, 4TO Npu B=1 Mbl noavuum napy npsmuix U'U (y=3) u
V'’V (x = —2). Onkaxo npsimast V'V BbInajaeT, Tak KaK OHa napasienb=-
Ha ocK OY u, 3Hauut (§ 14, 3ameuanne 2), ee HeNb3A NPeACTaBUTbL Y paBHe-
HHEM, Pa3peLleHHbIM OTHOCHTENLHO OpAWHaTL. Bmecte ¢ npsimoR V'V
BLIMANAET H JICKALASA Ha Hel Touka I,

§ 73. INonsipHbie KOOPAMHATLI

Bosbmem Ha niockocTH (uept. 98) MpoU3BOJILHYIO TOUKY O
(nomoc) n nposegem navy OX (noaspnas ocs). Ilprmem
Kakoi-n1100 otpesok OA 3a ¢AUHULY JUIMHBI U KaKoii-1H060
vroJi (00bIYHO OepeTcst pajiMaH) 3a CIMHUILY M3MECPEHUs1 VIJIOB.
Toraa noJio>keHHe Jio00H TOUKH M Ha MJIOCKOCTH MOXHO 3a-
faTh ABYMs YUCJaMH: 1) NONOIKHTEsSIbHBIM YUCJIOM p, BbIpa-
JKAWUM IJIMHY oTpe3ka OM (noasipuutli paduyc), 2) uuc-
JIOM @, BbIPA)KAIOLIKWM BEJHUHHY vryia XOM (noasprsiid yeon).
Yucia p ¥ ¢ HA3LIBAIOTCA NOAAPHBIMU I00pOLIIaMamU TOUKH M.
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Mpumep 1. Yonspusie xoOpuuHATH p=3, ¢ = —7
onpezneasior ToYky N (uept. 98), monsipHble KOOPAUHATHL
p=3, 9o = 32—" — TV e Touky N, nojsipHble KOOPAHHATLI

p=1, =0 (a Tawke p=1, @=2r MK p=1, o= ~27
HT. A) — TOYKY A,

pLTee g

Yepr, 98, Yept, 99,

“Kaxpoit nape snauenmif p, ¢ 0TBCUACT TOJBKO O(HA TOYRE,
HO OTHUI 1 TO# HKC TOUKE M 0TBCUACT QCCYHCTICHHOE MHUYKECTBO
8HaUCHHI NOJSPHUTO VIV, OTIHYAIWMXCS APYI OT Apyra
Ha uMcho, KpatHue 27 (cp. npumep ). Ecin e touka M
COBMAAACT C MOJIIVCOM, TO 3HAUYCHHUL HVJIAPHULY VYIJIA QCTALTCSA
COBUPUICHHO NPUH3BUJILHBIM.

MO)KHU YCJIUBUTBCSE BBIICISATE TOJBKO OHO 113 3HAYEHMH
TIOJIAAPHOrQ YIjla, Hanpumep OpaTh @ B npeaeaax

-7 <=, (1)

TaiKoe 3HAUCHHE TOJNSIPHOTD VIJIa HA3LIBARTCST 21a8HbIM,
IIpumep 2. Touke N (4epT. Y8) COUTBETCTBY )T MOAAP-

T

Hbie KOODAMHATH p = 3, ¢ = —7+2km, IJIaBHOE 3IHAYCHHC
TIOJISIPHOT'O VIja eCTh -—%

Touxe L 0TBe4aloT MOJIIPHBIE KOOpAMHATH p=2, Q=%
= 74 2k7; rjaBHue 3HauCHHe @ corJlacHo yeaosuio (1) ecth
(a He —m).

Ipu BBeaeHHM ryaBHBIX 3HaueHHUil kaxaoil Touke (Kpome
II0J1I0Ca) OTBLYACT OAHA NApa NUASIPHBIX KULPAUHAT. Ana no-
Jiocaxe p=0, a ¢ OCTACTCS NPUHIBOJIbHBIM,

3ameuanuwne 1, Korna toyka M, onucsiBast OKPYIKHOCTh € LEHT«
pom B nostoce O (uepT. 99), nepecekaer B Touke K NponorKeHHe noanp=
HOM oCH, rnaBHOE 3HAYEHHE MONAPHOr0 Y12 UBMEHSETCA CKAYKOM (B TOYKE
M, oHO 6211310 K T, BTOUKE Mp—K —mx)..[103TOMY BO MHOIHX CAYUYafAX
HeLe¢C000pa3HO OrpaHHYHBATACA TONILKQ LAABHBIMH SHAYEHHAMH @o
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3amevyanue2. KornaTtouka M, onuceiBas npsimyio PQ (uept. 100),
NPOXOAWT yepe3 moJsioc O, 3HaYEHHEe ¢ H3MEHSETCA CKaukom. Hanpwu-

Mep,ecnu £ XOP=£‘- , TO 1A TOUuKH M, (na nyue OP) 'p=-:— +2kw, a nqns

TOYKH M, (Ha nyue 0Q) ¢ = — %E +2nx (k 1 n—uenvie uncna). Bo u3-
6er)KaHHe 3TOr0 MOMKHO NPHUINHCATDL 8CeM IiviKam NPSIMOit PQ 0JIHO U TO e
0
P M
M
MA0 4 T x
o A4 X
Q 4
Yeprt. 100. Yepr. 10i.

3HaYeHHe @, Hanpumep o= < XOP, a nossipibie pajiMycbl CYUTATh MO0~
[KHUTENBbHLIMH Ha avuye OP u oTpuuaTenbhbiMu Ha nyue OQ. Hanpumep,
NONAPHbIE KOOPAHHATH

™ 1
v=7. 0=
onpenennT Touky M,, i NONAPHbIE KOOPAHWHATHI
T 1
v=ge 0T =5

— TOYKY M,.
Te »Ke TOUKH MOXKHO 3a/IATh KOOPAHHATAMH
3
PTG 2Ty
(Touxka M,) u
a
(Touxka M,). INpu 3TOM Mbl MPHNIKUCBIBAEM BCEM TOUKAM NpaAMoit PQ 3iaye-
ne p= 2 XO0Q, TaK 4To ¢ NONOIKUTENbHO Ha syye OQ i OTPULIATENbHO
ua OP.
Mpumep 3. NMocTpouTh TOUKY M ¢ MOAAPHBLIMU KOOPAMHATAMH
T

e=-3 o=-3

kid
TMonapuomy yray e== otBeuaer ayu OC (uept. 101). Ha ero npo-
nomrennd OD otknanwvisaeM OM =3 OA. IMonyuaem HCKOMY 10 TOUKY M.
T
To# >ke Touke COOTBETCTBYIOT NOJIAPHbIE KOOPAHHATH ¢ =3, ¢ = 5

§ 74. CBA3b MeKRYy NMONSAPHBIMH KOOPAHHATAMH
H NPAMOYroNbHbIMH

Iyerb nosoc O (uepr. 102) noJisipHON CHCTEMb! COBHAJACT
¢ Ha4ajloM [PSAMOVIOJIbHOM CUCTeMbl M nosisipHass otk OX
COBMAMACT C MOJOKHTCIILHO HANPaBJCHHON 0Chblo abCHHUCC.
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ITyctb M — npou3BOJibHAsA TOYKA MJIOCKOCTH, X Uy — e¢ Npsi-
MOYIOJIbHbIC KOOPAHHATHL, a 9, ¢ — MNOJsApHbIC. Toraa

X =pCoSp, y=psing. (1)
O6parHo '),
p = VIx+yr, (2
cos ¢ = Vx?iy” sing = sz—y-F? 3
H
tgo = ;‘: . 4)

Ho oimoii gopmyaint (4) |a Taioke T0J1bKO 0HO# U3 Gopmya (3)]
HeJ0CTATOUHO JUIsl OlIpeAeJiCHUA VIJia @ (CM.

npumep 1). Y
INpumep 1. Iipamovroibubie KOOPAH- M
HaTbl TOYKM paBHbl Xx=2, y = —2. Haiitn
ec MOJIsIPHbIE KOOPAHMHATH (MPH YKa3aHHOM 2/ ly
Bblille B3aMMHOM PacnoJIOXKeHUH O00eHXx CH-
cTem). of = p x
Peuwenunec. ITo popmyae (2)
o= Vm =2 '/z Yeprt. 102.
no gopmyie (4) tg <p=_72= — 1. 3Haumr, Jin6o o= —%+2kﬂ’,

JIn6o @ = %'-r 2km. TaK KaK TOYKA JIO)KHUT B YeTBEPTOH uer-
BEpPTH, TO JiMIIbL NEPBOC 3HAYEHHE NpaBHJbLHO. I'JlaBHOE 3HaA-

T
UYCHHE @ €CTb - e

Eciiit Bocnonin3oBatbest  Gpopmysioit cos @ = X, 10
_ Y=t +yt
2 V2
HOAVUHM COSQ = o =T CnejosaresibHo, JHGO ¢ =
= %+ 2, aK6o @ = ——-:—+2kn:. ToIbKO BTOpPOC 3HaueHHe

MpaBUJBLHO.

1) B dopmynax (2) ¥ (3) npepnonaraercs, YTo NONAPHLIR paauyc e
BCeraa rnonoyxkureneH. Ecam paccmaTpusaTh M 0TPHLATEIbHBIE 3HAYEHHA ¢

(§ 73, 3ameuanue 2), To BMecTo (2) M (3) HY)KHO HanHcaTb ¢ = +Vx®+)y2,

Cos ¢ = —x__-_—_.. sing = —Y (swaku nMGo BCE BEpXHHE,
+Vxt+y2 +¥xi iyt

KGO Bce HHKHKE), DopmMynbt (1) H (4) OCTAIOTCA HEHIMECHHBIMH,
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Ipumep 2. B npssmovronbHoit cucteme XOY 0oKpYyxK-
HOCTb, M3ubparkeHHas Ha uvepT. 103, npeacrabisieTcss Vpas-
HeHHem (§ 38) (x—R)*+y* = R:. Qopmyin (1) u (2)
NO3BOJISIIOT HANTH ec VpaBHCHME B MNOJASAPHOH CHUCTeMe
(0 — noynoc, O X — noasipHast ocb). Ilonvuaem p*—2Rp cos p=0.
IT0 ypaBHeHHe pacnaaaeTcsi Ha iBa: 1) p=0, 2) p— 2R cos ¢ =0.
INepBoe npeacraBasiet (npu JioOoM 3HaucHUM @) noaioc 0.

Bropoe pmaer Bce TOuKHM

14 OKPY)KHOCTH, B TOM 4HCJIE

nosoc (npu =75 H

T
Q= —-5). IMosTomy mep-
BOC VPaBHCHHC MO>KHO
0TOPOCHTDL; MOJIYYaeM:

Yeprt. 103. YepT. 104. f = 2R cos . (5)

9710 ypaBHCHHE NOJIVYACTCST HCMOCPCACTBCHHO M3 TPCYTOJib-
HHKa OMK c npsmpim vijiom npn Bepuimie M (OK=2R,
OM=p, £ KOM=¢).

3ameuyanmne. Ecnu He BBONHTL OTpHUATENIbHBIX 3HaYeHHUH ¢, TO B
ypaBHEHHH (5) yron ¢ MOXXHO GpaTh B ueTBepToit H nepBoit ucTBepTAX,
a Bo BTopo#t ¥ TperbeHt —Henb3sn. Tak, nNpH ¢ = 3 TYpaBHeuue (5) naer
e = — RV2. OectButenbiio, nyy ON (uept. 103), Kpome mnoslca, He
MMeeT ToYeK, 06MX C OKPYI>KHOCTbIO. Ec/in Ke BBecTH oTpuuaTenbHbie

3HauyeHHn ¢ (§ 73, 3ameuaHHe 2), TO KOOPAHHATHI ¢ =— RYZ, 9 -=—34— r

AatoT Touky L Ha npoaosnkenuu npsimoit ON.

ITpumep 3. Onpenennuthb, KaKYIo JIMHHIO NMPEACTaBJACT
ypaBHeHHE
p = 2asin . (6)
Pecuwecxue. INepexoass K npssMoyronbHoH cucteme, Ha-
XOAHM:
y

/2 1 v2
xt+y? = 2a ==
Vxi+) s,

T. €. .
x24+y*—2ay =0
HIH
x24+(y—a)? = ad.

Vpas#eHHe (6) mMpeacTaBAsieT OKPY)XHOCTH paauvca a
(uepr. 104), npoxoasimyio uepe3 MmoJioe O M Kacawowyiocs
nossipHoit ocu 0X. :
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§ 75. ApxumenoBa cnupain')

1. Onpeneneuue. Ilvers npsamass UV (uepr. 105),
JCXOAs1 U3 HAuaJIbHOro nojoXkeHuss X’X, paBHOMEPHO Bpala-
€TCsT OKOJIO HEMOABIIKHOM. TOuykH O, a TOuka M, MCXonsi U3
HavyaJbHOro nmoJyio)keHus O, paBHOMEPHO ABHXKETCs BRoab UV,
JInHMA, onucbiBdeMasl TOYKOii M, HasbiBaeTCsi apxumedosold
tnupaabi — B YeCTh BEJIMKOIO JPEBHErpeYecKOro Y4eHoro
Apxumepa(3B. 0 H. 3.), BIEPBblC H3YYHBILErO 3TY JIMHUIO.

3ameuaHue. Bxonsiuue B onpeaesieHHe KHHeMaTHue-
CKHe IOHSTHSI MOYKHO YCTPAHHUTD, 3aMEHHB X VCJIOBHEM, YTOOEI
paccrosnue p=0M OplJI0 NPONOPIHOHANILHO VIVIY NIOBOPOTA @
npsimoit UV.

IMosopoty npsimoit UV u3 nio60ro e¢ 1noJIoyeHHsT Ha AaH-
MBI VIO COOTBCTCTBVCT QJHO M TO JKe NpHpAILEHUE

4

Yepr. 105, Yepr. 106.

paccTosiHust p. B wactHOCTA, NMONNOMY 060POTY COOTBOTCTBYET
OfIHO M TO )Xe cMmemeHHe MM,;=a. OTpe3oK a HasbBaeTCs
ulazoM apXMMCEROBOI cnupanu.

JlaHHOMY Wwary a COOTBETCTBYIOT 1ze aPXHMENOBHI CIIUpaJH,
pasjunualomiyecst APYr OT Ipvia HanpabJicHUEM BpalleHu1st npsi-
Moit UV. Tlpu BpawecHuy NPOTHB YACOBOI CTPEJKH NOJivYacT-
€51 npasaa cnupaib (Yept. 106, )kupuast JIMHML); NPH Bpaule-
HHH MO 4acoBoii crpesaxe -~ Jaegaa (ueprt. 106, nyHKrupHas
JIMHMST).

IIpaBvio ¥ neBYIO CnHPAnHM € OXHUM M ‘TCM )JKe Iarom
MO)KHO COBMECTHUTB, HO JUJIs1 3TOr0 HAA0 ¥V OAHOM U3 HUX JIHLEe-~
BYI0 CTOPOHY cAejiaTh 060pOTHOM.

Kak BuaHo u3 uept. 106, npaByio 4 JIeBVI0O CIUPAJIH OAHOTO
M TOrO0 >Ke 11ara MO>XHO paccMaTpHBaTh KakK /iBe BeTBU JIHHHH,

1)7_1157qngc noppobHLe CBEACHMA QO ApXMMENOBQH GRupanH cM. Ha
¢Tp. .
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onucbiBaeMoit Toukoit M, korga mocieaHsii npoGeraer BCIO
npamyio UV, npoxoas Touky O NonyTHO.
2IMonspHoc yparHeHHe (O — nooc; Hampa.Jie-
HUe nonsipHoit ocu OX coBnajaer C HanmpaBJIeHUEM JBHIKEHUS
TOYKM M, KOrga oHa npoOXoAMT yepe3 TOUKY O; a — war
CIUpain):
e 2
a " 2=z’ M
IMono)xuTeibHBIM 3HAYEHHSIM @ COOTBETCTBYCT MpaBast
BCTBb; OTPHLATEIbHLIM 3HAYCHUSIM — JIeBast.
YpasHenue (1) MOXKHO 3anucaTb B BUJIe
e= ko,
rue k (napamemp apXumejl0BOH CIIMPAJIM) CCTb CMCILEHHE %
TOYKHM M no upsimoit UV upu nosopore nocjeaHeit Ha vroJ
B OJMH pajauaH.

§ 76. TlonsipHoe ypaBHCHHE NPAMOA

Ilpsimass AB (uept. 107), He npoxojsiiiasi yepe3 Io0JiOC,
NPeACTaBJsSIeTCA B MNOJSIPHBIX KOOPAWHATAX VpPaBHEHHEM

_ p
® = "os (p—a)’ M

rae p=0K M a= <« XOK — nHOJisipHbi¢ 11apaMeTpbl NpsaMoii
AB (§ 29).

YpaBHenue (1) nosvuaercst u3 rpevroibHuka OKM (rje
OM=pn £ KOM = ¢—a),

c
Yepr. 107. Yepr. 108.

IMpsimvio CD (uepr. 108), npoxoasiwyio uepe3 MoJIOC,
Hesab3s1 MpeACTaBUTh YpaBHeHWeM BHaa (1) [ann Takoii nps-

MO p=0 M -« = £, TaK uto ces(p—a) = 0]. Ee



§ 77. NNOJIIPHOE YPABHEHUE KOHHMUECKOI'0 CEUEHUA 115

vy OD npejcTaBlisieTcst VPaBHEHHEM ¢ = @, (Te o= £ XOD),
a avy OC — YPaBHEHHCM @ =, (rie @, = £ XOC). Kaxnoe
H3 3THX VpaBHEHHMIl MOXCT NMPeACTaBMTh BCIO NPSMYIO, CCNH
BBCCTH OTpHNATEJILHBIC 3HAucHust g (§ 73, 3ameuaHne 2).

§ 77. NonsipHoe ypaBHeHHe KOHMYECKOI'0 CEeYeHHs

ITomectum nosioc B dokvee F (ueprt. 109) KOHMYECKOr'o
ceyeHHst (duuiurnca, runepOosinl MM napabosiel), a rnoJsipHYIo
0ChL COBMCCTHM € 0Cblo FX KOHHYCCKOrO CeuCHIsI, Hampa-
BUB ¢e B CTOPOHY, NPOTHBOMNOJIOXKHYIO TOH, .
I'/Ie JIeXKUT COOTBETCTBYIOLIAS JIHPEKTPHCA
PQ. Torpa KOHHYECKOE CCUeHHE MpejcTa-
RUTCS1 YPABHCHUEM

o= =2, (1)

¥ I —ccos ¢

rjae p — 'napamerp, a € — IKCIIEHTPUCHTET
KOHHYeCKOro ceuchus (§ 52).

3ameuvanue. Ecin paccmatpuBath
TOJIbKO MOJIOXKUTEJIbHLIE 3HAYCHHUS P, TO B
cjivyae runep6oanl (e > 1) ypaBHenue (1)
NPEJICTAaBISIET NHIUb OJ(HY BETBb — TV,
BHYTPH KOTOPOit jiexkut ¢pokyc. TIpi 3TOM 15 ¢ KOJHKHO Bhl-
HOJIHSITLCST HePaBeHCTBO 1 —<ecos ¢ > 0. Ecaun ke paccmar-
pUBaTh M OTpHIATEJIbHbIE 3HAUEHUS1 P, TO @ MOXKET HMETb
Jioboe 3HaucHue, H npn 1 —ccose < O nonvyaem BTOPYIO
BCTBL.

Yepr. 109.
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§ 78. IlonnTHEe 0 BeKTOpax M CKangpax

BexmopHroti eauuuroll, Uiy eerimopom (B 1IHPOKOM CMBICTIE),
Ha3bIBaeTCs1 BCsikasi BeJHYMHA, 00J1agaiollass HanpasJieHHEM.
Craaapnol eeauuurol, UN CKAAPOM, HA3LIBACTCA BEJHUMHA,
He ob6nanaiowas HanpaBJleHMeM

ITpumep L. Cuna, aeiicTBYionlasi Ha MaTepPHaJIbLHYIO TOY-
KV, CCTb BEKTOP, Tak Kak oHa o0sianaer HanpaeuenneM. Cio-
POCTL Ma'repuammoﬁ TOUKH — TOXXC BCKTOP.

ITpumep 2. Temnepatypa Teja ecrb CKadsip, TaK Kak
€ 3TOii BeAHUMHON He CBSI3aHO HMKaKoOC Hanpasjichue. Macca
T€Jda H NJOTHOCTb €I'0 — TOXKEe CKaasipbl.

Ecan orBnedbcst or HanpaBficHHUS BCKTOPHOMH BEJIHUMHBI,
TO e¢, KaK W CKaJISIPHYIO BEJIMYUHY, MOIKHO H3MCPHTD, BuiOpan
COOTBCTCTBYIONIVIO €AMHHUILY H3MEPEHHsI. Ho YHCJI0, MONYYEH-

4 HOE NOC/C M3MePEHHs1, XapaKTePH3VeT CKaJisip-
HYIO BeJHYMHY NOJIHOCTbIO, @ BCKTOPHYIO —

YaCTHYHO.
3 BCKTOPHVIO BeJIMUMHY MOXKHO INMOJIHOCTBLIO
0XapaKkTepu30BaTbHaNpaBJIEeHHBIM OT-
NN P €3 K 0 M, NpeABapHTCJLHO 3aAaB JIMKEHHBbII
maciurao.
Yepr. 110. IT p u m e p 3. HanpassicHHbIIT 0OTpe3ok AB

Ha yept. 110 npu macwirtabe MN, usobpa-
ycaioulem  eadHuny cuant (1 xI'), xapaxkrepuavetr CHIY B
3,5 kI', nanpassienue KOTOPOH COBMAjacT C HanpaBJieHHEM
oTpesxa AB (yka3aiHbiM CTPeJKOii).

§ 79. BexTop B reometpuu

B reomerpun eexmopom (B V3KOM CMbiCNE) HasbiBaeTCH
BCSIKMH HanpaBJleHHbIH 0TPE30K.
BekTop, Hauanom Ko 'TOPOr0 CIIVIKHUT TOYKA A, 3 KOHIUOM —

TOYKa B, 0603Hauaercs AB (uepT. 110).
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BekTop 0603HauaeTcs Takke 0IHOH OVKBOH, Kak nMokasaHo
Ha uept. 111. 3Ty OVKBY Ne€uYaTaioT >XMPHLIM wWpUPTOM (@),
a B nucbMe cTaBsIT Hajg OVKBoit uepty (a).
JlnMHa BeKTOpa Ha3LIBACTCSl TAKsKe ero Mody-
AemM. Moaviib ccTbCKaNsipHasi BEJHYUHA.

a
Moayab Bekropa 0003HauaeTCs1 ABYMS BepTH-
—_—
KaJibHbIMH YCPTaMIl — CJicBa I cnpaBa: | AB |, HaH
|a|, nmn |al. Yepr. 111.

MNMpu pByOvKBeHHOM 0003HAYCHHM BEKTOpa
ero MOAVJIbL HMHOraa o003HauyaeTcsi TeMH e
6ykeamii, Ho 6c3 crpenikn (AB — moavab Bektopa AB), npu
0/1HOOYKBEHHOM 0003HauYe¢HUY — TOH ke OVKBOM, HancyaTaH-
HOM cBeTJbM nipudTom (b — MOAYJL BekTOpa b).

§ 80. BexropHas aiaredpa
Haj Bexropamu npou3BOAAT AeHCTBHsI, Ha3bIBaeMble CJI0-
JKCHHEM, BLIUHTAHHEM H YMHOYKCHHUEM BEKTOPUB (CM. HHIKE).
ITH AciicTBHS MMCIOT MHOro o0mMx CBOHCTB C aJireGpaunye-
CKHUMH JICHCTBHSIMH  CJIOXKCHHS, BbLIMHTAHHSA H YMHO)KCHHA.
Tloaromy vuchpe 0 feiicTBHAX HaJ BCKTOPAMH Ha3bIBAETCS
eexmopHoll aszebpoil.

§ 81. Komnnneapunie BEKTOPbI

Beicropul, nekanpe 1a napaulesibHLIX NPsSIMBIX (WM Ha
OMHOH M TOH )>Ke npsiMoii), Ha3EIBAIOTCS KOAAUHEAPHBIMU.
Bekropsl @, b, ¢ mna ucpt. 112 KoumMHeapHul. BekTopnl
e Ty

AC, BD 1 CB na ucpt. 113 koanuieapHsl.
/ A
L/ B
[ 71 ¢

Yepr. 112. Yepr. 113,

KonnuHeapHeic BEKTOPLI MOTYT HMeTb ORHO M TO JKe
HanpasJjicHHC (pasHOHANpaeaelHble 6eKMOPbl) UK MPOTHBOIO-
JoXKubie, Tak, BeKTOpol @ U ¢ (uept. 112) paBHOHanNpasJieHH,
BEKTOpL: @ U b (a TaKKe | b U ¢) npoTHBONOJIOXXHO Hanpas-
Jennl. Bexropst AC - BD Ha uepr. 113 paBHOHanpaBJieHBbl,

AN il :

BeKkTOpul AC 1 C B IpOTHBONON0XHO HaNpaBJleHH,
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§ 82. Hyiab-BekTop

Ecint Havasio A u koticly B orpeska AB coBlIALAOT, TO
0oTpe3oK, AB o0pamaercss B TOYKY H TePSIET HanpaBicHHUE.
Ho nns o6mHocTH npaBuia BeKTOPHOH ajre6pel apy coBna-
JAaWMX TOYEK HAJ0 TOXKC NPHYHUCIMTD K BeKTOpam. 3TOT
0COObIii BEKTOD Ha3bIBAeTCS1 HYAb-6eKMOPOM W CUYHUTAETCs
KOJUIHHEAPHBIM € JIIOOBIM BEKTODOM.

Hynb-BekTop 0603HauaeTCs1 TaK OHKe, KAK YHCJIO HYJIb
(3nakom 0).

§ 83. PaBeHCTBO BeKTOpUB

OnpepnencHue. IiBa (HCHYJIEBbIX) BekTopaa 1 b pas-
Hbl, €CJIH OHH PAaBHOHAMpPaBJIeHbl H UMEIOT OfHH M TOT )K€ MO-
AViib. Bce HyneBble BEKTOPLI CHMTAlOTCS paBubiMH. Bo Bcex
OCTaJIbHBIX CJIVYAAX BEKTOPLI He PaBHb.

I[Ipume p 1. Bektopnl A_B_M CD (uepr. 114) paBHbli.

ITpumep 2. Bekropst OM 1 ON (uept. 115) He paBHb
(XOTs1 Y HUX JUIMHBI 1 OJIHHAKOBB!), HOO UX HanpapJicHHA pag-

JINUHBL. BeKTOpbI ON " KL TOXKE

N HE PaBHbI, @ BCKTOPHI OM n KI,

8 S PaBHBI.
ITpenocTeperxenue.
A / t Heub3st cMeluMBaTh IOHSATHE «pa-
2 0/ BCHCTBO BCKTOPOBY C MOHSITHEM
P «paBeHCTBO OTPe3KoBy. ['0BOpsi:
«wrpe3kd ON u KL pasHbly, Mbl
VTBCP)K/IACM, YTO OJIMH H3 HHUX
MOKHO COBMECTHTL C JIPYI'MM.
Ho juist 91010 MOXKeT 101HAJI00HTLCST TOBOPOT COBMEILACMOI'0
oTpeska (Kak B PacloJIOMCHIN uepr. 115)_._’8 TAKOM Clvuyae

COTJIACHO oripejiesicHuIo gexmopsl ON u KL nHe pasnel. JIBa
BeKTopa GVAVT paBHBI JiIL B TOM CJIVHae, KOTAA UX MOXCHO
coemecmumo 6e3 nosopoma.

O6o0o3HavyeHHUs. 3anuch @=D>0 BHIPAKAET, YTO BeK-
Topel @ ¥ b paBHbl. 3anuch @s<b Bbipa)KaeT, YTO BEKTOPhI
@ u b ne paBHH. 3anuch |@| = |b| BbIPa)KaeT, YTO MOAYJH
(JU1FiHbl) BEKTOPOB @ W b paBHbLI;, MPHU 3TOM CaMH BEKTODH @
It b MOMYT DABHSITbCS, @ MOTYT M He DABHATBCS APYI' APYIY.

Ilpumcp’i AB= LD(qepl 114),0N¢KL(‘I0[‘)T 115),
]ONI ll(ll(qcpT 115), OM = KI. (uepr. 115).

Yepr. 114, Yepr. 1156,
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§ 84. IIpnBeneHHe BEKTOPOB K oGuiemMy Hauany

Besicne BexTopnl (B :11000M YMCIIC) MOXKHO «HIPHBECTH K
o0uemMy Hadajuy», T. €. OCTPOUTL BEK-
TOPLI, COOTBETCTBEHHO paBHble NaH- / —_—y
HBIM M MMelolMe ofuice Hayaso B He-
KoTOpoii Toyke O. Taxoe npusencHHC

10Ka3aHo Ha yepr. 116. c ¢
a
§ 85. TpoTHBONONOYKHEIC d \‘;'
BEKTOphI d
Onpepenerue. IlBa Bexropa,

MMCIOLIHC PABHBIC MOJYJIH M IIPOTHBO- Hepr. 116
HI0JI0XKHO HaNpPaBJICHHHIC, HA3LIBAIOTCSI
1POMUGONOAOHCILBIMU. "

BeKTop, HPOTHBOHOJOAUILIA BEKTO- N
py @, o6o3HayacTcsi — @. L

ITpumep 1. Bexrops LM n NK
Ha yepT. 117 — NPOTHBONOJIOHHDIC.

INNpume p 2. Eciu Bexrop LM .
(qep’r 117) 0003HauuTHL OYKBOI @, TO NK —-a, ML = -

KN =
Us onpeueneuml caepver: —(—a)=a, | —a|=|a]|.

K
Uepr. 117.

§ 86. Cno)keHue BeKTOPOB

Oupenesienue. Cymmol BeKTOPOB @ 1 b Ha3bIBAETCS!
TPCTHI BEKTOP ¢, TNONYYAEMDLIH CJEeAVIOIUMM [10CTPOEHHEM:
U3 1pPOM3BOJILHOIO Hauvana O

—r
M (uepr. 118) crpoum sexrop OL,
¢ (3 N paBunii @ (§ 83); u3 ToukH L, KaK
el
f 7 ¥ 113 navana, crpoum Bexrop LM,

(-4 . AT
o 7 paBHbiii b, Bexkvop ¢=0M ccth
CyMMa BCKTODOB @ U b («npa-

Yepr. 118. Yepr. 119,

BUJIO TPEVIOJIbHHKAY).
3anuce: a+b = c.
INpenpnocteperxeHue Heabssa cmemmnsath NMOHATHE
«CYMMa OTPE3KOB» C IIOHSATHEM «CYMMa BeKTopoB). Cymma
orpeskos OL 1 LM nonyyaetcsl CJIEAYVIOWHM TOCTPOCHHEM!
NPOJOJKHB TIPSIMYIO OL (uepr. 119), oTknaabIBaeM OTPE30KH
LN, paBHbiii oTpe3ky LM. OTpeaox ON CCTb CYMMa OTpes-

KoB OL u LM. Cymma 6exinopos OL u M CTPOUTCS1 HHAue
(cM. ompenencHue).
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Ilpy CJIO)KEHMH BEKTOPOB MMEIOT MECTO HEPaBEeHCTBA
la+b|=<|a|+]|b], (1)
la+b|=]|]a]|-|b]|] @)

BbIpa)Katolue, yto crepona O M tpevrosibHiika QML (uepr. 118)

MeHblle CYMMbl M 0oJblue pPa3HOCTH [JBVX JIPYI'HX CTO-
poH. B ¢opmyne (1) 3HaK paBCHCTBA HMeeT MeCTO TOJIbKO

)
o/L
_—
(4 SaoM—b-L
YepT. 120. Yepr. 121. UeprT. 122.

ANA paBHOHANPABJICHHBLIX BeKTOpOB (ueprt. 120), B (opmyne
(2) — TOJBKO IS IPOTHBOMOJIOXKHO HANPABJICHIILIX BCKTOPOB
(uepr. 121).

CyMMa NpoTHBOMOJOIXHBX BCKTOpPOB. HU3
ONPCACJICHHUST CJICJIYCT, UTO CYMMQ npoImueonoA0dciiblx 6ei-
mopoe pasiia 1yab-eKmopy:

at(—a)=

CpoiicTBOo nepemecTHTCNbHOCTIL Om nepe-
CMAnoGKU CAa2acMolX CyMMa 6eKMopoG 1ie Melaemca:

a+b = b+a,.

ITpaBuno mapanncnorpamma. Eciu cnarae-
Mbie @ U b 1ie xoaauneapnsl, TO CYMMY @+ b MOXKHO HaiiTH
CJICAVIOUIMM NOCTPOCHHEM: M3 JI moﬁoro Hauyana O (uept. 122)

CTPOMM BCKTOPHI OA-=a u 0B= b; na orpeskax OA, OB
cTpoum napasniaenorpamm O ACB. Bekrop auaronant OC=c¢
€CTh CYMMa BCKTOpOB @ 1 b (raKk KakK AC=0B=>b u

oC = 0A+ AL)

K xonnnneapubim Bextopam (uept. 120 u 121) aro nocrpo-
€lHE HenpuMeHUMO.

3ameuanuc. OnpenesicHUE CJI0XEHHST BEKTOPOB YCTa-
HOBJICHO B COOTBETCTBHH ¢ HM3MYECKUMH 3aKOHAMH CJIOXKCHHA
BEKTOPHbIX BeJIHUHH (HanmpuMep, CHJI, NPHJIOXKEHHBIX K MaTe-
pHanbHOMH TOuKe).
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§ 87. Cymma HeCKOJIBLKHX BeKTOPOB

OnpepeneHuec. Cymmoi BEKTODOB @, @y, @;, . .+, @,
HA43bIBaeTCS1 BEKTOP, MOJYYalUuiica Iocjie psajaa I0cjaefo-
BaTC/IbHBIX CJIO)KEHHIA:
K BEKTOpY @, npubaB-
JISIETCSA BEKTOD @,, K
NOJIVYEHHOMY BEKTOpY
npHOABIACTCA BCKTOD"
@z U T. A

H3  onpeneneHust
BHITEKaeT TaKoe II0-
CTpUCHHE (npasuao ¢ ,
MHO020Y206HUKA ~ UITH Yepr. 123, Yepr, 124,
npasuno yenu).

__Vis npoussosbioro navana O (uept. 123) CTPOMM BEKTOP
OAl = @, U3 TOYKM A;, KaK M3 Hayana, 1, CTPOHM BEKTOP
AlA2 = @,, U3 TOUKH A, CTPOMM BEKTOD A Ay=a;uT A
Bekrop OA (na uepr. 123 n = 4) ecTb CYMMa BEKTOPOB @,
a, ..., a,

Cymma BCKTOPOB @, @, @3 @, o0o3Hayaercs1 @+ a,+
+a;-ta,

CBoiicTn0 coucTarTenhbHOCTH. Cirazaemble ek~

mopsl MoXcHO epynnuposams kak yzo0rno. Tak, eciu Haiiti
CHayajlla CYMMY BCKTODOB @,+@;+@; (0Ha paBHAa BeK-

TOpY A;A,, HC H306pakeHHOMY Ha uepT. 123) M K Hei
NpHOEBHUTE BEKTOD M = (_)7\71), TO. IONIVYUMM TOT JK€ BEKTOp
o +atazt+a, (= 0A):
o+ (a,+ a3+ a,) = a +a,-tagta,
IIpaBuno mapanyenenunepga. Eciu Tpu Bek-
Topa @, b, ¢ nocje npuBeAcHUs K 00memy Hayany (§ 84) He ye-

JKaT B OHOIf IJIOCKOCTH, TO CYMMY @+ b+ c¢ MOXHO HaiTH
TaKHM MOCTPOCHHEM. ¥ Hs .moGoro Hayana O (uepr. 124) crpoum

BEKTOPHI 0A = a, 0B = b, 0C = e. Ha orpeskax OA, OB,
0C, xak Ha peﬁpax CTPOLIM Napajulenenunen. BeK'rop Aua-
royanu OL 0D ectb CYMMa BeKTOpOB @, b u "_(IEK Kak OA: 0A = e,
AK = 0B = b, KD=0C=cuOD= OA+AK+KD)

K ch‘opam, KoTopeie (mMoCJie MNpPHBEACHHA K o6umemy

HauaJjly) Je)xaT B OfHO} IUIOCKOCTH, 3TO NOCTPOEHME Henpu-
MeHUMO.
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§ 88. BruluuTalye BEKTOPOB

Onpeceaenenine. BpuecTh BeKTOp @, (BbluMTaEMOE) U3
BEKTOpPa @, (YMeHbliaeMoe) 3HAYMT HAHTH HOBLIE BeKTOp &
(pasHOCTb), KOTOpBIF B CYMMe ¢ BEKTOPOM @, [aeT BeK-
TOp @,.

Kopoue: BbluMTaHHe BeKTOPOB" eCTb JleiicTBHe, ohpaTHOe
CI0YKEHHIO.

Ob0o3HaueHHUE: a,—a,.

U3 ompepeneHHs1 BeiTeKaeT Takoe MOCTPOCHHE: U3 MPOU3-
BOJILHOI'O Hayasa O (uepr. 125 126) cTpoMM BEKTOPbLI

OA, = a, OA2 = a,. Bektop AIA2 (npoBeaeHHbIT U3 KOHLA
BbLIYHTAEMOr0 BEKTOPA K KOHILY VMCHBILIAEMOro) ecTh pas-
HOCTh @, — @,:
- —_— —
AA, = 0A,—-0A,.
—_— —_—— ———
HeicrBurenbHo, cymma O A+ A, A, paBHa O A,.
—_—
3ameuaHHe Monvnb pasHocTH (AnMHA BeKTOpa A;A;) MOXKET

6bITh MEHbBLLIE MOAY IS <Y MEHbLLAEMOT0?, HO MOXKET GbITh M Gonblue U paBeH
emMy. ITH TPH cnyuas nokasaHbl Ha uepT. 125, 126, 127.

YepT. 125. Uepr. 126. YeprT. 127. Yepr. 128.

HApvroe noctTpoeHHue. Urobsl NOCTPOUTL Pa3HOCTH
@,— @, BEKTOpOB @, U @;, MO)XXHO B35ITb CYMMVY BCKTOPOB
@ N —a, T e

a-a = a,+(-a).

INpumep. Ilvers Tpebyercss HaTH pasHOCTD a,-a,

(uepr. 128). CorsacHo NepBOMY NMOCTPOEHHI0 @, —a,; = A A,.

IToctpoum Teneph BeKTOp A,L = —a@, M CJI0XXHM BeKTOPHI
——— —_—
0A, = =6, 0 AL = —a, Ilonyyum (§ 86, onpencnenuc) ReK-

TOP OL. Via yepTexa BHHO, UT0 oL = A A,.
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§ 89. YmHO)KeHME M jelieHHE BEKTOpa Ha YHCIO

OnpecejpeacHue 1. YMHOKHTD BCKTOP @ (MHOXKHMOE)
HA 4YUCJIO X (MHO)KMTCJIb) 3HAYMUT MOCTPOUTH HOBBIH BEKTOP
(npousBeieHHe), MOAYJIb KOTOPOT'O HOJIVYAETCS YMHOMEHHCM
MOAVJISI BCKTOpa @ Ha a0CoJIIOTHOC 3HAueHWE uHucha X, 4
HamnpaBJieHHe COBMajaeT C HanpaBjIeHHEM BeKTOpPA @ WM
MPOTHBOMOJIO)KHO CMY, CMOTPS MO TOMY, MOJIOXKUTEJILHO
4ucyI0 X wid otpunartesnbno. Eciu ke x = 0, To npou3see-
HHe eCTb HVYJIb-BEKTOP.

0603Haquue ax Wi xa.

Hpumepm 0B = OA 4 uin 0B = 4OA (uepT. 129),
0 3— 0A, 0D = —20A OE = —150A (uepr. 130).

A
0

‘-.‘épT. 129, Yepr. 130.

OupeneneHHuce 2. Pasgesurb BEKTOp @ HAa YUCIIO X
3HAUUT HaHTH TaKoif BeKTOP, KOTOpHI, OVAYYM YMHOXKEH
Ha YHCJI0 X, NaCT B NPOM3BEAECHHUH BEKTOP @.

O6GO03HaYeHHUE a:X UM 1;—

a 1
Bmecto pesieHus ¥ MO)XHO BHITOJIHUTD YMHO)KE€Hne a-; .

YMHOKeHHe BEKTOpAa Ha 4MCJIO NMOAYHHACTCA TEM )>KE 3a-
KOHaMm, 4YTO ¥ YMHO)KE€HHE YHCEIL.

1. (x+y)a = xa+ya (cBOMHCTBO pacnpefeTeIbHOCTH
) M0 OTHOWCHHIO K YHCJIOBOMY
MHOMKHTEJI),
2. x(a+b) = xa+xb  (CBOHCTBO pacnpenesMTeIbHOCTH
10 OTHOLIEHHI0O K BEKTOPHOMY
MHOMKHTEJIIO),
3. x(ya) = (xy)a (cBOICTBO COUCTATEJLHOCTH).

B cuny 3THX CBOMCTB MOXXHO COCTaBJSIT BEKTOPHbIE.
BbIpa)KeHHsl, MMeIollHe TOT >Ke BHEUWHHUH BHA, YTO MU MHOro-
yJieHb! NMepBOiH cTeneHH B aJireGpe; 3TH BbIPa)KEHHSI. MOXKHO
npe6Gpa3oBbIBATh TaK K€, KaK Mpeo6pasvioTcsi COOTBETCTBYIO-
1He anre6panuecKue BEIPaXKEHHST (MPUBOAKTD N10100HbIEC YJIEHB,
PackpuiBaTh CKOOKH, BHIHOCHTh 33 CKOOKH, NCPEHOCHTD Y/ICHD)
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u3 ozm)on' YaCTH PABEHCTBA B APWIVIO ¢ 0GPATHHM 3HAKOM
H T &)

Mpumeph. 2a+3a = 5a (B cuny cpofictsa 1),
2(a+b) = 2a+2b (B cuny cBoiicTa 2);
5:12¢ = 60c (B cuny csoiicTBa 3);

4(20~30) = 4[2a-+(3b)] = 4]2 3)b
(20~3b) = 4] +((_3;]b_.t£a:~+(( 13)o]~ 8a—12b,

2(3a-4b+c) —3(2a+b—3¢) = 6a—8b + 2¢ —6a —3b + 9e=
= —11b+1lc = ll(c—b).

8§ 90. B3aumHast cBA3b KOJJIHHEaPHBIX BEKTOPOB
(Aenenne BexTOpa Ha BCKTOP)

Ecinn BeKTOp @—He HyJneBod, TO BCsKHiT Bextop b,
KOJIJHHEeAapHBH i ¢ HUM, MOXKHO NPEACTABUTL B BUJE X,
I'AC X—4YHCN0, I[OJiIV4aemoe TaK: OHO HMceT alConTHOE

= »
y y
UYepT, 131, ‘YepT, 1324

3Hayenue | b | : | @] (oTHOWEHHE MOAYIIEH); OHO TOJIOIKHUTENBHO,
€CJIH BEKTOP H PaBHOHANpaBJieH C BEKTOPOM @, OTPHUATENILHO,
ecau b U @ MpOTHBOMOJIOXKHO HampaBJieHbl, u PaBHO HVIIIO,
ecnn b— HyJab-BeKTOp.

INpumepol. Jus BekTopoB @ U b Ha uepr. 131 umeem
b = 2a (x = 2), Ha uepT. 132 umeem b = —2a.

3 ameuyaHue. Pa3bickaHHe YUCIIA X HA3LIBAIOT OeteHUeM
gexmopa b na eexmop a. HexonaureapHvie eexmopsl Oeaumo
Opyz na Opyza Heab3s.

§ 91, TIpoeRuHUSA TOUYKH HA OCH

Ocb10 Ha3LIBAETCST BCSKAST TIPSIMAsT, HA KOTOPOH BHILETCHO
OHO M3 ABYX €€ HanpaBJieHHii (BCe paBHO Kkawoe). ITO
HanpasJieHHe Ha3wBAaCTCST NnoaoxcumeabHyuimM (Ha yepTe)xe OHO
0003HauaeTCsA CTPeAKOI); NPOTHUBOMOJIQ)KHOE HaNpasjeHUE
HASKIBACTCA Qmpuyameqorivifs :
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Kaxavio ocb MOXXHO 3a/iaTh NI06LIM BCKTODPOM, JieXKallUM
Ha Heil M MMelolMM TO Jke HanpasyieHue. Tak, och uepTt. 133
— — —

MO)KHO 3aJ1aTb BEKTOPOM AB unan AC (HO He BeKTOpoM B A).

Ilyets pana ocb OX (uept. 134) u HekoTopast Touka M
(BHCe ocu mnn Ha Hei). TlpoBenem uepe3 M miockocTts, nep-
NCHAHKYJISIPHYIO K OCH; OHA MCPCCeYCT OCb B HCKOTOPOFt
Touke M’. Touka M’ uagwiBactcst npoexyueti mouku M Ha

M
; il
C R

A [ M X

Yepr. 133. YepT. 134,

oce OX (cciu Touka M JIEKUT Ha OCH, TO OHa caMa ABJIAETCS]
CBOCii npoekuueit).

3ameuaHue. VHBIMK C10BaMK, NPOCKIHs TOYKH M Ha
ocb OX ecTb OCHOBAaHWE MCPMNCHAMKYJISIPA, NPOBEACHHOTO M3
ToukH M Kk ocn OX. JlaHHoe Bbiule ONPEACJCHHUC TOAYCPKH-
BaCT, YTO NMOCTPUCHHE BLIMOJHAETCS1 B IIPOCTPAHCTBE.

§ 92. IlpoeKkuns BeKTOpa Ha 0OCb
Beipa)keHHe «Mpockuus BekTopa AB Ha ock OX» vno-

TpeGuIsicTCST B JIBYX Pa3HbIX CMBICJAX: TCOMCTPHYECKOM H
anrc6panyeckom (apupmeTHuecKom).

1. Ilpoexyueii (zeoi4impuuecxoﬁ) BEKTOpa AB Ha ocb 0X

HasbiBaeTcss BeKTOp A’B’ (uept. 135),
Hayajao KOTOporo A’ ecTb NpOCKUHUS
Hayaia A Ha ocb OX, a KoHcll B’ —
NPOeKUUsT KOHIA B Ha TY Ke OCh.

O6o3HauvcHHUcC: Ilpox AB mwim,

Kopoue, Ilp AB.
Ecau ocb OX 3alaHa BEKTOPOM ¢, YeprT. 135.
—

TO BeKTOp A’B’ Ha3blBaeTCs TaKKe
npoexyueti sexmopa AB Ha Hanpaesaenue éexmopa ¢ u 060-

3HauvaeTtcs Ilpe AB.
IeomeTpHyeckast NpoeK s scmop‘a Ha ocb O X HasbiBaeTcst
TaK)Ke Komnonenmol eexkmopa no ocu 0X.

2. Ilpoexyueti (a/z?eﬁpauuec/cou) BEKTOPA AB Ha ocb OX
(unu HA HanmpaBneHHe BEKTOPa c) Ha3WBAaCT(sl 0AuHA BEKTOpa
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.
A’B’, B3siTasi €0 -3HAKOM + WJHI —, CMOTPS 110 TOMY, HMCET
—

Jin BeKTOp A’B’ TO YKC HanpasjieHue, 4o ocb 0X (BekTop ¢),
HJIM TPOTHBOMOJIOMKHOC.
O0Oo3HayYCcHHUC:

Pox XE WK upcA_t;.

3ameyanuc [comerpuueckas 1ipoekuusi (KOMIIOHEHTA)
BEKTOpa eCTL Gekmop, a ajirebpanuccKast MPOeKIUsi BEKTOPA
€CTh yucAo.

—
IT pume p 1. I'comerpuycckast npoekiist Bekropa OK = a
——

(uept. 136) na ocb OX ecctb BeKTOp OL. Ero Hampas-
JIeHHEe TPOTHUBOIOJIOYKHO HAINPaBJCHUIO OCH, a AnMHa (MpH
eavHuIEe macuitaba OE) paBHa 2. 3HAUMT,

—
anrebpanueckast mpoexiusi Bektopa OK
Ha ocb OX c¢CTh OTPHLATCIILHOC Y H C-
Ho =2

IIpOK = OL, np OK = -2
Yepr. 136. Ecan Bexropn AB u CD (uepT. 137)
paBHbl, TO MX anre6panyecKue NPOEKUHH
110 O/IHOH M TO# )Ke 0CH TO)KC PaBHBbI (np AB=upCD =
To e JUIs1 FeOMeTPHYECKHX TIPOeKIHiA,

-1
5):

X

"YepT. 137. YepT. 138.

Anre6panyeckue NPOeKUHH OJHOI'O M TOrO YK€ BEKTOpA Ha
ABE PAGHOHANPAGAeHHblE OCH (0,X; u 0,X, Ha uepr. 138)
paBHbl ') (Mpo,x;NM = npo,x,NM = —2). To xe ans reo-
METPHYECKHX NpoeKLHH,

1) EcnM 0CH napannenbHbl, HO IPOTHBOMONO0XKHO ‘HANIPABIEHNK, TO
anre6panyecKHe NPOCKLHUH HE PABHbI; OHH QT/IHYAIOTCS JHAKOM,
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3.CBsA3b MEKNIYV KOMNOHCHTOH (reomerpuue-
CKoit npoekiMei) M ayireOpanHuccKoOH Nnpoexknnei
BeKTOpa. Ilvers e, ecrh pexrop, paBHOHANUPABJICHHBIH C-
0cb1o OX ¥ umewouit Juiny 1. ‘Torjia rcomerpuueckas 1poex-
1151 (KOMIIOHEHTa) KaKoro-y6o BekTopa @ 1o ocu OX' paBHa
MPOMU3BEJICHHIO BEKTOpPA ¢; Ha aJrecOpanyecKyio NPOoeKIH
BCKTOpA @ 1O TOH »Ke OCH:

Ipa =npa-c,.

ITpumep 2. ITpir 0603HAYCHHSIX YCPT, 136 umecm ¢, = OF
FCOMeTpH‘l(,Cl(ail NPOCKIHSL BCKTOPA OK a Ha ocb OX
CCTh BEKTOP 01,, airebpanuccKast NpOCKIMsS TOro e BCK-
TOpa eCcTh uHcyio—2 (cM. upnmep 1). Mmeem 01, . _20F.

§ 93. OcHOBHLIE TeopeMbl 0 NpoeKUHAX BeKTOpa

T eopenmal. Hpoekumst CYMMBI BEKTOPOB HA KAKY10-JIHO0
0Ch PaBHA CYMMC NPOCKIHIT C/IAracMbIX BCKTOPOB HA TY JKE OCh.
Teopema cupasejunisa npu o6oux
CMBICJIAX TEPMHHA (IPOCKIMST BEKTOPA»
It NpH JI0GOM YHCIIC CJIAaraeMbIX; Tak,

8

i
HPH TPEX cJlaraeMmuix :
11p («, l-a.+a3) = G
pal+ﬂpaz| Ipa, (1) £ : :

n lo a4 [

1p (@, @, ay) = Yepr. 139.
= np a,-+np a,4-np a,. (2) epT

dopmyna (1) BLITEKAET H3 ONPENE1eHHA CI0XKEHHSA BEKTOPOB, popmy-
na(2) —H3 NpaBUAA CIIOMEHHS nOnO)KMTeanHX H OTPHLIATESIbHBIX YHCEJI.

I (pumep 1. Bektop AC (uept. 139) ecth cymMma BEKTO-
poB AB B(, I‘eome'rpuutcmﬂ NPOEKIHST BEKTOpA AC na
och OX €cTh BEKTOD A(", a reoMeTpUUIeCKHe NPOeKIHH BeK-
TOPOB AB u BCcvth AB 11 B'C. IIpu aTom

AC = AB4- BC,
TaK UTO

Tp (AB+ BC) = Np AB+Tlp BC.

Mpumep 2. Ilvers OE (4epr. 139) ectsb eIMHHIa Mac-
mraba; trorna anre6panyeckast npoexiust Bekropa AB Ha och
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0X pasna 4 (nnmna AB, B3siTast CO 3HAKOM ILIIOC), T. @
np AB = 4. HOanee np BC = —2 (nnuHa B'C’, B3ATAA CQ
8HaKOM MHHYC) u np AC = 42 (mnuHa AC’; B3ATAR €O 3HA~
KoM moc), Hmeem
— ——
np AB+np BC = 4-2=2;
€ ApYroit CTOPOHKI,

np (7\—154-2}-0') = np?ﬁ =2,
TaK uTo

—_— —— —n
np (AB+ BC) = np AB+np BC.,

Teopema 2. AnrcGpanueckast NPOEKUMST BEKTOPa HY
KaKyio-au6o 0oCh paBHA NPOM3BCACHHIO JJIMHBI BeKTOpA HA
KOCHHYC VIJIa MCKAY OCbI0 M BEKTOPOM:

npgb. = | b | cos (4, b). ®)

IIpumep 3. Bekrop b = MN (uept. 140) oGpasver ¢
ochbio OX (oHa 3ajmana BeKTOpoM @) yroa B 60°. Ecan OE
€CTh eAuHMUA MacwTtala, 10 | b | = 4, TaK uTo

npab = 4-¢05 60° = 4% = 2,

[e—
JHetcraurensno, nnuna sekropa M’N’ (reomerpHueckoit npoexunn
BEKTOpa b) paBHa 2, a HanpabpJeHHE COBNA/lAET C HanpasneHuem ocu 0X
(cp. § 92, m, 2),

N
b 1 ,
) ,
-8 I

OF M N X 0F vV U X
Yept, 140, Yepr, 141,

IIpumep 4, Bekrop b = UV /\na vyepr. 141 obpasver
¢ ocelo OX (c BekTopoM @) vroa (@, b) = 120°. HuuHa | b |
Bekropa b papHa 4. lloatoMy Inpgb = 4-cos 120° = —2,

—
He#tcTurensHo, nnia Bekropa UV’ paBHa 2, a HanpabieHHe NPOTH=
BONONO)KHO HANPABEHHKIO OCH,
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§ 94. IpsimoyronbHasi cMcTeMa KOOPAMHAT
B NPOCTPaHCTBE

OCHOBHBLIE BEKTOpB. TpH B3aHMHO NepPHEeHAHKY-
JISIpHbIE 0CH OX 0Y, OZ (uepr. 142), npoxoasiume yepe3 HEKO-
TOpYI0 TOYKY O, Oﬁpaaym'r npsmMoy20bHylo cucmeMy Koop-
ounam. Touyka O Ha-

z
3bIBAETCSI- HAYAN0M KO-
opounam, npsimbie 0 X,
0Y, OZ-ocamu Ko- C
opounam  (0X —ocL k
abcyucc OY —ocb 7 T8 0
opOuHnam, OZ - ocb
anauxam?)), a r1uo- 1
ckoctd XO0Y, YOZ, U—V %

Z0X — koopouHamiibl-
MU IIJIOCKOCfn}IMlI. Ka- Hepr. 142. Hepr. 143.
Koii-nubo orpesok UV
NPHHHAMACTCA 3a CAMHMUY mMacmraba jnsa BCeX
Tpex oceH.

Owioxue Ha ocsix OX, OY, OZ B MOJIOKHTEJILHOM Ha-
npasicHuM oTpesxu O A, OB OC, paBHbIC CHHHIlE Macm'raﬁa

MOJIYYHM TPH BCKTOPa OA

]\ 0B, OC. Onn nasmBaoTCs
A OCHOBHbLIMU ~ GeKmopamu W
7 0003Ha4aloTCsA COOTBETCTBEH-

HO i, §, k.
y X ITonos)kuTenbHLIE Hanpas-
JICHUS1 HA OCSIX MPUHSTO BbIOH-
Yept. 144. Yepr. 145. paTh Tak, 4ToObl NMOBOPOT Ha
90°, coBmelaOIHUI MOJIOKHU-
TeJibHBIH vy OX ¢ aviom OY (uept. 142), Kasascst IpoHCXOAsi-
IIMM MIPOTHB 4aCOBOH CTPeJiKH, eciu HalnioaaTh ero co CTo-
posbt ivua OZ. Takas cHCTCMa KOOPAHHAT Ha3wiBaeTCs npasolil.
MHorpa monb3vioTcst M Ae8oll cucmemoli xoopdunam. B Heii
VIIOMSIHYTBHIH TMOBOPOT COBEPIIAETCS 10 YaCOBOH CTpeJIKe

(uepT. 143).

3ameuaHnue l. Tpexrpauune yrasl,, o6pasopannnie avuamu 0X,

OY, OZ B npaBoii U NeBOHA CHCTEME, HENb35I COBMECTHTD TaK, YTOGbI COBNIaIH
coomsemcmeeHble OCH.

3ameuanune 2. HasBauua «npaBashb W «1eBasih» NMPOHCXOAST OT
TOro, uto GonbiuoHt, yKasaTenbHbi ¥ CPeNHMIA ManbLbl MPaBOH PYKH, eCNH
HMX pacrnono>KuTh Hanonobue oceft 0.X, OY, OZ (ueprT. 144), oGpasyoTnpas
BVI0 cKcTemy. Ha ncBo# ke pyke (uepT. 145) nosyuaem neByio cucremy.

1) O NPOUCXOXKAEHHH TEPMHHA «aTJIHKATAY CM. § 95.
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§ 95. KoopauHaTe! TOUKH

TTonoxenue no6oit Touku M B IPOCTPAHCTBE MOXCHO OMpe-
JleUTh TpemMsi KOOpjiMHAaTaMH CJiefyiolum o0pas3om. Uepes M
npoBoguM Imockoctd MP, MQ, MR (uepr. 146), coort-
BETCTBEHHO Napajiebhble muockocTsim YOZ, ZOX, XOY.
B nepeceueHMH € OCSIMM TO-
avyaem Touyku P, Q, R.
Uncaa x (abcuucca), y (opau-
HaTta), 2z (anaukara)l), usme-
psiloutne oTpesku OP, 0Q, OR
B u30paHHOM Macilurtalbe, Ha-
3LIBAIOTCS (anlMoyZOJIbelMll)
KoopOuHamamu TOYKH M.
OHu 0epyTCst MHOJIOXKUTEJIb-
HBIMH WJIH OTPHLATEJIbHBIMU,
CMOTPSL 11O TOMY,: HMCIOT JIH

BeKkTOpel OP, 0Q, OR coort-
BETCTBCHHO Te )Ke Hanpase-
Uepr. 146, HUSl, YTO H OCHOBHBIE BEKTO-
pot i, j, k, uau nNpoTUBOMNO-
JIOYCHBIC.
NMpumep. Koopauuarsl TOYKH M Ha uepT. 146 cyTe:
abcnucca

[ 4

x =2
opaMHaTa
y = _3;
amiHKara
z2=2,
3anuce:
M(2; -3; 2).

—

Bekrop OM, uayviiuii or Hauana O K HEKOTOpoii Touke M,
Ha3blBAETCST paduycom-eexmopom TOYKM M u o0603Hauaercs
OykBO# 7; yTOOBl OTAMYATL APVI OT APYra PafuVChbl-BEKTOPBI
Pa3HbIX TOUCK, NP1 OYKBE * CTABSIT 3HAUKH: TAK, PAAUYC-BEKTOD
TOYKH M o603Hauaercst 7y. Paguychl-BeKTOPbl TOYEeK A,
A,, ..., A, 0603HaualoTCsA

Yy Poy ooy Tye

1) JJaTHHCKOe CJ10BO «ariukatas (applicata) B nepesone osHauaer «1pH-
JIOYKEHHas» (TOYKY M MO>KHO NMOCTPOHUTb TaK: CHavasla B3AiThb Ha MJOCKOCTH
XOY Toury L ¢ KoopauMHatamu x=0P, y=PL, a 3aTeM <[PHIOKHTL?
oTpesok LM =2, nepneHgMKy AAPHbIA K MaockoctH XOY).
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§ 96. KoopauHaTter BeKTOpA

Oupepenenue. Ilpamoyzo.toreimMit Koopouramamit
gekmopa m Ha3bIBAIOTCA ajrefpanyeckue. npoexuuut (§ 92)
BEKTOpa 71 Ha ocH KoopjmHar. Koopaunarel BekTopa 0003Ha-
yaloTcst 00NbWMMH OVKBamu XN, Y, Z (KOOpAHHATBI TOUKH
MaJibIMH).

3amuco: _

m{X,Y,Z} mm m={X_Y,Z).

BMmecto TOro 4ro0bl NpoeKTHPOBaTL BEKTOP Mt HA OCH
0X, OY, OZ, MO>HO NIPOEKTUPOBATHL ero na ocu M, A, M,B,
M,C (‘lL]’)’I 147), NpPOBCAEHHbIC YC~
pe3 Hauajlo M, BCKTOpa M H PaBHO-
HaNnPaBJICHHLIE € OCAMH KOOD[IHAT My

@ 92, 1. 2). z /h .
n pumep 1. Halitn roopau- HAS
L —— ' \
HaTul BekTopa MM, (uept. 147) or- - ——{R--Jp
HOCHTCJIbHO  CHCTEMbl  KOOpPAMHAT v LomY
OXYZ. ’ | s \
Uepes Touky M, nposopum ocu . |{ VYV 8
M, A, M,B, M,C, c0OTBETCTBCHHO _
paBHOHallpaBJlCHHble ¢ ocsimu OX / J Y

0Y,0Z.

Yeped TOYKY M, 1POBOAUM
IOCKOCTH M,P, M,Q, M,R, na yepr, 147
pajiiesibHbie  KOOPANHATHBLIM 1110
ckoctaMm. Ilmockoctn M,P, M.,Q,

M,R nepecekyT ocu M, A, M B, M,C COOTBETCTBCHHG B TOY=

Kax P, Q, R. Abcuucca X Bekropa MIM » €CTb [UIMHA BeKTOpa
M, P, B3siTast CO 3HaKOM MUHYC (§ 92, 11. 2); opMHaTa ¥ BeKTOpa
m ecTh JUIHHA BeKTOpa M,Q, B3SITast CO 3HAKOM MUHYC; arlik-

Kata Z - JJIMHA BeKTopa MlR B3siTasi CO 3HAKOM [UTQC.
IIpn macwrade yepr 147 X =—4, Y = =3,Z2=2.
3anuce:
MIMQ{"‘4; -3; 2}
'
—— o
MM, ={~-4 -3; 2}
Eean Apa BexTopa m; B M, PaBUH, TO UX KOOPAUHATH
COOTBETCTBEHHO PABHBI
X|= Xg‘ Y| Yg«, Z,=Z,
(cp. § 92, . 2).
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KoopauEaTtsl BEKTOpA HE MCHSII0TC ST NpU napaJ-
JIeJIbHOM TepeHEeCCHHH CHUCTeMbl Koopauuar. Hampotus, Ko-
OPAMHATHI T O 4 K M MPH NapaljicibHOM NePCHECCHUH CUCTEMbI
KOOPAMHAT MeHs 10 TC s (cM. Hke § 166, m. 1).

Ecau nauaavhians mouka O eéekmopa OM coenadaem ¢ na-

—_——

uaioM rKoopduram, mo koopouxHamer eexmopa OM coomeem-
CMBeHHO pasgHbl KoopouHamam koHeunod ceo mouxu M (§ 95).
—
INNpumep 2. ¥V Bekropa OM Ha uepr. 146 alOcumcca
X=2, opauHara Y = -3, amakkara Z=2. Tc e Koopau-
HaThl UMEEeT TOYKa M.

3anuce: (—)7\2{2; =3; 2} uau 5—1\_/} ={2; -3;.2}

§ 97. Buipa)keHHs1 BEKTOpa 4epe3 KOMIOHCHTBI
H Yepe3 KOOPAMHATHI

1. Kaxapii BeKTOp paBeH CYMMe €ro KOMIOHEHT (rcome-
TPHYCCKUX MPOCKIMI) 110 TPEM OCsIM KOODAHHAT:

m = IIpoxym+IIpoym 4-Ipy,m. (1)
M pumep 1. IIpu obo3naucHuax ucpr. 147 umecm:
MM, = MP+ M1Q+7VKE
2. Kaxaunit BcKTOp m paBcH CYMMe NPOHM3BEACHHH Tpex
OCHOBHBIX BEKTOPOB Ha COOTBCTCTBYIOUIME KOOPAMHATHI BEK-
Topam;
m = Xi+Yj+Zk. 2)
IIpumep 2. Ilpu obo3naucHusix- yepr. 147 umeem:

MM, = —4i—3j+2k,

§ 98. [ielicTBHA Han BekTOpamu, 3aJaHHBIMH
CBOHMH KOOPAHHATAMH

1. ITpu caoxcenuu 6ekmopog ux koopouHamsl cKAGObI-
8amca, T. €. eCNU @ = @;+ @y, T0 X = X;+ X,, Y = Y+ Y,
Z=2,+Z,.

2. AHanOTHYHOE MPABMJIO JUJIA BHIUMTAHUSI BEKTOPOB: €CJIH
a=a,-a, 10 X=X,-X,, Y=VY,-VY,, Z=2,-2,.

3. Ilpu ymnoxceHuu eexmopa 1ia 4ucso0 6ce KOOpOUHA-
Mbl MHONCAMCA HA MO .dice 4UcA0, T. €. CCJIH M, = A\, TO
x' = )sx‘,‘ Yz = ly" Z:_ =.‘AZ‘A
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4. AHajlorH4yHOE NMPaBHJIO JJIs1 JeJICHUSI BEKTOpA HA YHUCJIO:

m X Y, z
comm, =55, 10 X, =31, V=35, Z, = 3.

§ 99. Boipa)KeHne BeKTOpa yepe3 paauyChI-BeKTOPBI
€ro Hayajza M KOHLa

CrieiyeT 3aMCTHTL BaXyCHYIO Gopmyay
—
AAy = ry—-my, (1)
rae r,=0A, (uept. 148) ccte papuyc-Bexrop (§ 95) nauana A,
BekTopa A, A,, a ¥*,=0A, — paauvc-
BCKTOP €ro KOHUA A,.

N3 (1) B cuny § 98, . 2 BuiTeKaloT
hopmyJibl

Z = z,—2. f 2)
3neee X, Y, Z — KOOpAMHATHI BCK-

Topa A;A, X, Vi, 3y — KOOpIHHA-
Tbl TOYKHM A, (OHM COOTBCTCTBCHHO Yepr. 148.
PaBHLI_KOOPAMHATAM Pa/iHYCa-BeKTOpa

r,_OA,) H X, ¥y 25 — KOODAMHATHI TOUKH A, (OHH cooT-

BCTCTBEHHO PaBHLI KOOP/UIHATAM DPaji1yCca-BeKTOpa 7 ,_OAz)
CanoBamu: umobul naitimu adcyuccy eexkmopa, 1ado U3

adcyuccyl Konya evitecmu abcyticcy HANAA 6eKmopa.
AnajornyHuie 11pasiia juist Op/ilaThl U anjdKaTol.

ITpumep. Haiitn koopaunatol Bexropa A;A,, €CIH
A1 =2 ) A, (=25 4, 0). _ .
Pewenue., X=-2-1= -3, Y =4-(=-2)=6,

—_—

=0-5 = -5, raxuro A A, = {-3, 6, —5}.

§ 100. dAnuua BexkTepa.
PaccTosiHMe MeXAY ABYMSA TOYKaMH

Jumna Bextopa e {X, Y, Z} Buipaskacrcst uepes cro Ko-
opauHaTul hopmysoit

le| = VX*+ Yiyze (1)

INpumep 1. Huuna Bexropa a{—4, —3, 2} panua
(cp. uepr. 147) -

o] = V=T (<877 = 12 ~ 54,
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PaccTostHue d MEXAY TOUKaMu A, (X Vi 21), A (X5 Vi 2)
npeacrapaseTcst Gopmyaci

d = VG =x) + G =1+ @ =) @
Oua nonyuyaercs u3 (1) B cuny dopmva (2) § 99 (cp. § 10)
Il puMme p 2. PaccTosiHue MeXkay Toukamu A (8, —3; 8),

A6 —~1; 9) coms d = V(6=8)F+ (=143 +(O=8) = 3.

§ 101, Yron mexay ockl0 KOOpPAHHAT
M BEKTOPOM

Yraw o, B, y (uepr. 149), o6pasvemoie NOJOXKHTEILHBIMI
nanpasaenusamit 0X, 0Y, OZ ¢ Bek-
Topom @ {X, Y, Z}, moykHo HaHTH mO
tdopmyaam )

X=X\
cesa = szm‘ﬁz'(” [al )’ W
) Y
'2 cop = fmmm( TaT, @
" Uepr, 149, sy = }/xz+y2 +z¢( |a l) ©

Ecnu BekTop @ MMEET JUIMHY, PaBHYIO CAMHHIE MacwTala,
T.Coecan |a|=1, 10

ccsa=X, ccsB=VY, cosy=2.
U3 (1), (2), (3) caeaver:
cos?a+ccs:fB+costy =1, 4)
ITpumep. Haiitn vravl, ¢0pa3yvemble 0CSIMH KCOPAHHAT
¢ BeKTOpOM {2, —2, —1}. )

Pecurenue. ccsa:——_2_~.————.-=—2~, cosp = )
Ver(=22+1 3 ~

cos y = —-;—, OTKYA « ~ 48°11’, B ~ 131°49’, y ~ 109°28'.

l') H3 npAMoyronbHoro Tpevronbinra OMR HMeeM:
OR Z ¥4
" Tom| ~ Tel ~ yxaxverzt
AHANQIHYHO DOAYHAKTEA Gopmyast (1) 1 (2),
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§ 102. Ipu3nak KOJIHHEAPHOCTH (napajieNbHOCTH)
BEKTOPOB

Ecau Bextopu @& {X,, Y|, Z,}, a,{X,, Y, Z,} Kon-
JMHeapHbl, TO HX COOTBCTCTBEHHBIC KOOPAHHATLI MPONOPLUO-
HaJbHLI

X, Xy =VY,1 Y, =2,:Z (1)
H o6paTHO.
. X: Yy Z
MEHT IIPONOPHHMOHANLHOCTH A = i=2=22
Ecnu K03QGruHEHT 1IPONOPIHOHAIL =X=v=7

MONOXCHTeNIeH, TO BCKTOPHl @ U @, PABHOHANpPAaBJIeHb,
CCJIM OTPHIIATENIEH — [POTHBOMOJIOKHO HarpasyieHbl. AGco-
JIOTHOE 3Hayenue A BLIPa)KaeT OTHOWICHHME JUIHH |a, |: | a, |.

3ameuanue. Ecan ogna M3 KOOpAMHAT BeKTOpa @,
paBHa HYJIIO, TO PONopuHio (1) HaO MOHUMATHL B TOM CMBICJE,
UTO 'COOTBETCTBYIOHIAsl KOOPAHHATA BCKTOPA @, TOXKe paBHa
HYJ1I0. )

Npumep 1. Bexropwt {—2,1, 3} u {4, -2, —-6)
KOJUUIMHeapHLl W MPOTUBONONOXKHO HamnpasJjens (A = —2
BTopoii BeKTOp B/ABOC JUIHHHCE TIEPBOIO.

ITpumep 2. Bekropnt {4, 0, 10} u {6, 0, 15} Koynu-
HeapHbl M PaBHOHAMpaBJleHbI ()\ = 3) BTopoii BekTop B noJ-

2
TOpa pa3a JjIMHHee NepPBOro.

MNpumep 3. Bexropu {2, 0, 4} u {4, 0, 2} ne Kon-
JIMHEAPHBbI,

§ 103. Nlenenue oTpe3ka B JAHHOM OTHOILNEHUH
Papunyc-BexTop » ToukH A, fensuleit oTpe3ok A, A, B 0THO-
weHuu A A AA, = my @ n,, onpeacssieTcss GOPMYIIOH
myr +mry
my +m, ’ (l)
I'ae ¥, U 7, — paauYCHI-BEKTOPHI TOUeK A, H A,,
KoopanHaThl TOUKM A HaXOAsITCA 110 popmyiam

r» =

_ Xy +myx, _ My +myy, _ My +mzy
x= my+m, y= m+4mg 5T my+m, @
(cp. § 11).

B 4acTHOCTH, KOODAMHATHI cepeHHbl oTpe3ka A, A, CYTb

X + X, N+, 7tz
X = 122’y=122’2=122. 3)
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3ameuvaHue. Touka A mMoxeT ObiTh B3SITa M Ha NpPO-
JOJDKeHUH otpeska A, A, B TV HJH_ JPVIVI0O CTOPOHY, TOraa
ORHO M3 YMCC] My, M, HY)XHO B3SITh CO 3HAKOM MHHYC.

ITp u me p. Haiith KoopjuiHaTol TOukH A, aensimieii orpe-
30K A, A, BOTHOWEHHH A;A: AA, = 2:3,ccnn A (2, 4; - 1),
A, (-3; —1; 6).

ITo popmynam (2) HaxonHUM:

3.-242.(=3) _

x= 322209 _ o,y

3.442.(=1) _
2+3 —3s3 =2

2+3 ’
Z2 = 3'( l) 2-6 P 9
; 2+3 5"

§ 104. CxanspHoe npoM3BeJeHHE JBYX BEKTOPOB

OnpeneyieHuc. CkarspHolM npousgedetilieM GeKmopa
@ Ha BekTOp b HasbIBaeTCsl MPOM3BCACHHME HX MOAVIIeH Ha
KOCHHYC VIJIa MEXJV HHMH.

O6o3HaucHHUE @ b Uil ab.

CorjiacHo onpeseeHMIO

ab=|a|-]b|cos(af\b). 1)
B cuny Teopemer 2 § 93
| b cos (@, b) =np,b,
TaK Y10 BMeCcTO (1) MOYKHO HAmMMUCaTh:

ab = |a | np,b. 2)
AHANOIHYHO
ab = | b | np,a.

CrioBaMu: cransapHoe npoussedeHue 08yX 6eKMOpPo8 pPABHO
M00yA0 00HO20 U3 HUX, NOMHOdCEHHOMY Ha aneebpauyeckyio
npoexyuio 0py2020 6exmopa Ha HanpagaeHue Nepeo2o.

Ecau vron mexxay Bekropamu @ U b octpeiii, 10 ab > 0;
ecjiu Tyno#, To ab < 0; ecnu npsimoii, To ab=0.

Buitekaer u3 ¢opmyast (1).

IT p u M ¢ p. nuHb BeKTOPOB @ H b COOTBETCTBEHHO PaBHB
2M u 1 M, ayroa Mexxay Humu 120°. HaiiTh ckansipHoe npo-
u3BefieHMe ab.

Tlo dopmyne (1) ab = 2-1:cos 120° = —1 (m?).
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BbiuHCIMM TV jKe BeJIHUHHY no ¢opmvie (2). AnreGpau-
UcCKasy MPOCKUHST BEKTOpa b (uepr. 150) Ha HanpasJeHHe

BCKTOPA @ PaBHa | 0B | cos 120° = ——21- (nnuHe BeKTOpa OB',
B3s1TOI CO 3HaKOM MHUHYC). FMeem: 8

ab = |a|mpb =2-(-3) = —1(). N\,

3ameuvaHucl. BTepmuHe «cransap- B 0 a
HoC TNIPOM3BEACHHMCY INIEPBOE CJIOBO  VKa- Yepr. 150.
3bIBa€T Ha TO, 4YTO pPe3VJbTAT AciiCTBHSA
CCTb CKajsip, a He BeKTOP (B NPOTHBONOJIONHOCTL GeKmop-
HOMYy npousgedenuro; c¢cM. Hike § 111). Bropoe cnoso moj-
YepPKHUBACT, YTO AJIs1 PaCeMaTPHUBAEMOro AciiCTBUSI UMCIOT CHIIY
OCHOBHbIC CBO#icTBa 06bIUHOr0 YMHOXKEHUA (§ 105).

3ameuanue 2. CkansipHoe YMHOYKEHHE HeJib3s1 pacnpo-
CTPaHUTL Ha cayuall Tpex COMHOHTeeH.

JeiicTBUTENIbHO, CKAJISIPHOC NMPOU3BE/IEHUC ABYX BCKTOPOB
anbecTh 4 HCJO; CCJU ITO YHCIIO TTOMHOMCHTD HAa BCKTOP €
(§ 89), To B nponsBeCHNH NMOJYYUM BEKTO P

P
(ab)e = |a|-|b|cos(a, b)ec,
KOJIJIMHEapHblil ¢ BEKTOPOM c.

§ 104a. dusnyecKuif CMBICA CKANAPHOI'0 NPOU3BEACHUA
—_—
Eciun sexkrop a=0A (uepr. 151) uzobparkact cmeuicHue
martepHanbHol ToukH, a BekTop F=OF — cuny, nelcTBvio-

HIVIO HA 3TY TOYKY, TO CKaJIIPHOC IPOH3BE/C-
nuc ekl uucaenno pagro pabome cuawt F.

JHe#icTBHTENbHO, paGoTy COBEpPIIAET TONBKO KOM-
noHenwta OF’. 2naunt, pabora no abconTHOMY 3HA-
iy

YEHHIO PaBHA MPOM3BEEHHIO IIMH BEKTOPOB @ U OF’,
1IpH 3TOM OHa CUMTAETCA IOJIOXKHTEJILHON, €CNH BeK-

Yepr. 151, Topbl OF’ ¥ @ paBHOHaNpanJieHbl, ¥ OTpHULATENbHON B

npoTHBHOM cnyuae. Ctano GniTh, pafoTa paBHa MO-

JIY J1I0 BEKTOPa @, MOMHOXEHHOMY Ha anrebpanyeckyio

NpoeKuHio BekTopa F no HanpaBneHuIo BeKTopa @, T. €. pa6oTa paBHa cKa-
JIAPHOMY T1pOH3BeEJIeH IO aF,

IT pume p. Bektop cunsl F UMeeT MOJVJb, PaBHHI 5 ke.
Jnuna Bextopa cmeuleHnsi @ paBHa 4 M. Ilvers cuna F peii-

CTBYCT moa vriom a=45° K cmeweHdio a@. Torpa pabora
cuasl F ecth

Fa = |F|-|a|cosa - :34";_ = 10 V2 ~ 14,1 (xI'm).
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§ 105. CoiicTBa CKANAPHOIO TPOU3BEHACHUA

1. CkaasipHoe nmpousBencHue ab ofpauraeTcst B HYJIb, CClH
OIMH U3 COMHOYKHTEJeH eCTb HYJIh-BCKTOP MM CCJIM BCKTOPH!
a ¥ b nepneHAMKYJISIPHEIL,

Buitekaer u3 (1) § 104,

IIpumep. 3i-2j = 0, TaK KaK OCHOBHbIE BCKTODHI i, j,
4 3HAYMT, U BEKTOPH! 3i, 2] MePreHINKYIISIPHBI.

3ameuaHne B 06buHOI anrebpe U3 paBeHCTBA ab=0
cnenyer, uro nubo a=0, aubo b=0. s cxansapHoro npo-
W3BeleHUs1 3TO CBOHCTBO He MMEET CHUIBL

2. ab = ba (CBOJCTBO NEPEMECTUTELHACTH).

Buitexaer. ks (1) § 104.
3. (¢, +a,) b = ab+a,b  (CBOCTBO  pacnpeacHTeNL-
HOCTH).

970 CBOMCTBO MMEeT MeCTO AJst J1i06Oro YMeiIa cJlaraeMblx;
HanpHMep, MPH TPeX caraeMblx

(¢, +a,+a,)b = ab+a,btazb.
BriTexaer u3 (2) § 104 u u3 (3) § 93.

4. (ma) b = m (ab) (cBoHCTBO COUCTATENLHGCTH OTHOCH-
TCALHO CKAJISIPHOIO MHOXKHTCJIsT) 1),
IIpumepsL

(2a)b = 2ab, (-3a)b = —3ab, p(-06q) = —06pq.

Cpottcteo 4 BrBonwTest M3 (1).§ 104 (YAOGHO paccMOTPETE OTAEBIO
cnyyan m > 0um < 0).

4a. (ma) (nb) = (mn) ab.
I'pumepoL

(2a) (-3b) = —Gab, (—5p) (—~ q) = pq.
CBOHCTBO 4a BHITEKAET U3 Npeabily LIer) CBOMCTBA,

CpoiictBa 2, 3, 4a MO3BOJISTIOT NMPHUMEHATb K. CKaJISIPHBIM
IIPOU3BeIeHUSIM Te e Npeo6pa3oBaHHsl, KAKHE BLINOJHSIOTCS
B anre6pe Hag NPoU3BeleHUSIMU MHOTQUJICHOB.

1) OTHOCHTENBEHO BEKTOPHOI'0 MHOXKHTENA CBOUCTRO COMETATENbHOCTH
He UMeeT MecTa: BbipaXkeHue (cb) @ ecTb BeKTOp, KosnuHeapHsiiic a (§ 104,
aameqalme 2),.8 ¢ (ba) ecTb BEKTOP, KONAUHEAPHLIH C ¢, TAK UTO

(cb) a = o (ba).
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TIpumep 1.
2ab +3ac = a (2b + 3c)
(8 cuay csoiicts 3 1 4).
IIpumep 2
(2a—3b) (¢ +5d) = 2ac + 10ad —3be — 150d
(B cuny cooifcts 3 1 4a).

JIpumep 3. Boluncauts Buipasxenue (i+ k) (j—k), rog
%, J, k& — OCHOBHBIE BCKTOPBI.

Pewcnune Tak kak BCKTOPH ¢, j, K B3aUMHO NEpHEH-
BUKYJSDHB, TO if =ile=jk=0; Kpome TOro,

N
kk = |k||k|cos(k, k)= |k|2cos0 =1
MOAYJIE OCHOBHOI'O BCKTOPA PaBcH canHHIue). [ToaTomy
). I
(+E)—k) = ij—ik+hj—Kk = —1.

5. Eciii BeKTOpH @ U b KOJUIMHeapHbL, T0ab = + |a[+|b |;
(3HaK +, eciM @, b MMET OAHO M 'TO JKe HampaBlieHHe,
3HaK —, €CJIH NPOTHBOINOJIO)KHOE),

5a. B uactHocTH, aa = | a@ |2

CkansipHoe npousBefieHHe aa 0603HauaeTcsi a? (ckaaapHulii
Kéadpam BEKIQpa @), TaK 4TQ

o' =|alt )

(cxannpHuiil keadpam sexmopa ecmb kgadpam e20 ModyAs).
3ameuaHnuel. CkansapHoro ky6a (4 Tem Qojiee BbICIUMX
creneHeil) B BekTOpHO# anare6pe Het (cp. § 104, 3ameuanue 2),
" 3ameuaHue 2 aeCTb N0J0XKUTETbHOE YHCIIO0 (KBaApaT
JUIMHBI BECKTOPA); M3 HEro MOXXHO H3BJIeYb 'KOPeHb J000

CTenekH, B YaCTHOCTH, KBaAPATHbIA KopeHb Ja? (AnMHA Bek-
Topa @). OfHaAaKOQ Henb3s BMeCTO. Ja® mucath @,
TaK KaK @ — BEKTOD, a Ja* — uucio. IIpaBuibHEIH peavibTar

Qvaer:
Yai = |al. @

106, Cxansipupie npoM3BeNEHAS OCHOBHLIX REKTOPOB

i3 orpeneneHus § 104 BbITEKAET, YTO

fi=i=1, ji=j*=1, kk=ki=1,
ij=ji=0, k=kj=0, ki=ik=0

ep. § 105, mpumep 3).
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ITH COOTHOLUCHHUS MOYKHO NMPeACTaBHTL B BH/IC «TaOJMIILI
CKaNSIPHOro YMHOXXEHHUsI»:

quoe
i k
Muoskurens i

i 1 0 0
i 0 1 0
k 0 0 1

§ 107. Boipa)keHHe CKalNsipHOTO NPOU3BENICHHA
yepes KOOPAMHATH! COMHOMMUTENCH

Ecnmey = {X,, Y\, Z} na, = {X,, YV, Z,}, 710 ")

aa, = X,N,+VY,V,+ 2,27, (1)
B uvacrnocti, ccnn m = (X, Y, Z}, 1o
m? = X2 Y2422 (2)
OTKY/1a
Vym? = |m| = VX*+ VY2422 (2a)

(cp. § 105, 3amcuanue 2 u § 100).
Ilpumep 1. Hailth gnuHel BexkTopoB @, {3, 2, 1},
a, {2, —3, 0} M ckassIpHOC [puM3BEJIEHIE ITHX BCKTUPOB.
P e m e H He. UCKOMBIC IHHBE CYTD

Yaf = VFTELT = VT4,
Vi - V2T (-3 0 - V3,
CkansipHoe Mpou3Be/leHHe
aa, = 3:2+2(-3)+1-0=0.

3Haunt (§ 105, n. 1), BeKTOpHI @, U @, TePICH/UKYJISIPHBI.

1) Hmeem @ = X\ #+VY,i+Z,k, ay = X,i+Y,j+2Z,k. Tlepemno-
yKaeM, YUHTbIBana ceoitcrBa 3, 4 § 105 » Tabanuy § 106.
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Npumep?2. Haiitu vron MC)KJY BEKTOPaMH
a{-21,2}ua,{-2, -2, 1}.
Penenue. JUUHB BCKTOPOB CVTh
lay| = V(=2+ 1242 = 3,
|| = V(=2+(-27+1% = 3.

CkaJisipHoe  TNPOH3BC/ICHHC aa, = (- 2)( 2)+1(-2)+
+2-1 = 4. Tak xaKk @q,a, = | a, | | @, | cos (a,, az) TO

a,a; 4 4

Ta|-lagl 3.3 9’

(ay, @,) ~ 63°37 .

cos (a7, a;) =

§ 108. YcnoBue nepneHAUKYISIPHOCTH BEKTOPOB

Ecnu Bekropul @, {X;, Yy, Z,}, @, {X,, Y., Z,} B3aumuo
NCPNCHAUKYJISIPHBL, TO
X X+ Y Y, +2,Z, = 0.
O6parHo, ecan X;X,+ Y, Y,+Z,Z, = 0, T0 Bexropul @,
Il @; NepneHAKKYJAPHL MAM OfMH M3 HUX (Hanpumep, @)
ecTb HyJb-BeKTOp!) (Torma X, = Y; = Z; = 0)
BuBonturcst us m, 1.§ 105 u (1) § 107,

§ 109. Yron Me)XRy BeKTOpaMHn

VYron @ MOKAY BekTopamu @, {X,, Yy, Z,}, @, {X,, Y,, Z,}
MO)KHO Haiith no ¢opmyine (cp. npumep 2 § 107)
a,a, - X1 X3+ Y Ve +2,Z, 1)
|“l|'la:| VX:+Yf+Zf'VX§+Y;+Z§'
BuiBouTcst M3 (1) 1 (2a) § 107.
ITpumep 1. Haiimil yros Me>XXAY BEKTOpPaMH {l 1, 1} u
(2, 0, 3).
Pemeumnec.
1.241.0+1.3 5
cos ¢ = = ——— =~ 0,8006
? YIEFTTi Y23 Y3-y13 06,
OTKYAA ¢ =~ 36°50.

cos ¢ =

1) HYJl§b-BeKTOp MOYKIO CUHMTATh NEPNENAUKYAAPHLIM K M0GOMY BeK-
TOpY; Cp
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IIpumep 2. BepunHb TpevronbhHuka, ABC CVTh
A(1;2; =3); B(0; 1; 2); C(2 1; 1).
Haiiti nnuHb ctopoH AB u AC u vroa A.
PeweHue.

AB = {(0-1), (1-2), (2+3)} = {-1, —1, 5},
TAC = {(2-1), (1-2), (1+3)} = {1, —1, 4},

| AB| = V(=D (= 1+ 5% = 3V3,

| AC | = VTPH (- D+ & =373,

cos A = AB.AC — (=D1+(=1)(~1y+5-4 20
I'AB|.|'AC| 916 9/%

3ameuanuc. Popmvasr (1)~ (3) § 101 asnsiorcs ya-
CTHBRIMH cavuasimu Gopmyasl (1) Hactosiwero naparpada.

§ 110. IipaBasi U JeBasi CHCTEMBI TPeX BEKTOPOB

Iycrs @, b, ¢—Tpu (HeHyieBbie) BeKTOpa, He mapai-
JICJIbHBIC OJHOH IMJIOCKOCTH M B35iThle B YKa3aHHOM TNOpsiike
(t. ¢. e—ncpBeii BexTop, b —BTOPOIi U -¢—Tpetui.) IlpH-
Beast HX K obwemy Hauany O
(uepT. 152), N0JYYHUM TPH BEK-

— i —

Topa OA, OB, OC, He nexa-
1{e B ORHOH NJIOCKOCTH,
CucreMa Tpex BEKTOPOB
a, b, ¢ HasbBaeTcsa npagoil
(uepr. 15_?1,’ €CJIM IOBOPOT

YepT. 152, Uepr. 153. BekTopa O A, coBmMelLaOILMHi
€ro 1o Kparuaiiuemy nyTd ¢

—
BeKTOpOM OB, coBepmaeTCsl NMPOTHB 4acOBOH CTPEJIKU AJIS
HalOslofaTesis1, rjaa3 KOTOporo nomemaecrcsi B Touke C.

Ecnu yke YIOMSIHVTHIA MOBOPOT COBEpILAETCst 10 4aCOBOH
cTpenke (4eptT. 153), To cucTema TpeX BEKTOpPOB @, b, ¢ Ha-
3bIBaeTCS /€601 1),

ITpumep 1. OcHOBHBIC BeKTOpH %, j, K B mpaBoit CH-
creme koopauHat (§ 94) ob6pasvior npaBvio cuctemy. Cu-
crema jxe j, i, k& (BEKTOPHL Te )Ke, HO TMOPSII0K UX APYrOH) —
JieBasl.

Ecan umeeM.fBe CHCTEMBI TPeX BEKTOPOB M KaXkaas HS
HUX NpaBasi MK KaXKAasi JieBasi, TO I'OBOPSIT, YTO 3TH CHCTCMBI

1) Q) NPOHCXOIKAEHUN HaSBAHMH «IpaBas» M «ieBash» CM. § 94, same-
yaHue 2. :
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HMEIOT 00UHAK08Y!) OpUeHMAYUl0; €CIH JKE OJHA CHCTEMA
npasast, a Apvyras JcBasi, TO rOBOPST, YTO. CHCTCMBI MMCIOT
pomueonoAoHCcHyI0 opueRmayur.

ITpu opHOKpaTHOH MepecTaHOBKE JBYX BCKTOPOB CHUCTECMA
McHsieT opveHTauuio (cp. npumep 1).

Cucrema coxpaHsieT OPHUCHTAUMIO NPU Kpy2060ii nepecma-
HoGke BEKTOPOB, IOKAa3aHHOH Ha uepr. 154 (BTOpoii BexTOp
CTAHOBUTCS NePBLIM, TPETUIL — BTOPBLIM, & IEPBbIif — TPETbUM,
T. €. BMECTO CHCTCMHI @, b, ¢ 1osyuaem cucremy b, ¢, a).

IIpumep 2. i3 npa.oii cucremsr ¢, j, k& Kpyrosoi me-
pecTanoBKOH MojvuacMm NpaByio CHCTEMY j, k, i, M3 mocaen-
Hel —npaBvio cuctemy k, i, j.

INIpumep 3. .Ecau Bexkropul @, b; ¢
00pa3vioT NnpaBvio CHCTCMY, TO CJCAYIOUME
TPH CHUCTCMBI — NIpaBble:

a b, ¢ byca calbd,
OCTaJILHBIC YK€ TPH CHCTEMDI
b,ac ac b cb a

COCTaBJICHHDBIC U3 TCX KE BCKTOPOB, — JICBLIE.

IlpaBvio’ cMETCMY TpeX BEKTOPOB HEJb3sl COBMCCTHTL HU
€ 'KaKoil JcBOH.

‘Tlpu sepranbHOM H300paYKCHUHU TIPABAst CHCTEMA CTAHOBUTCSI
JICBOI M HA00OPOT.

Yepr. 154,

§ 111, BekTopHO® NPOM3BENCHHE ABYX REKTOPOB

OnpenescHHue. BexmoproM npoussederues BEKTOPA
a (MHO)KMMOC) Ha HE KOJUIMHEeapHHl ¢ HMM BekTOop b (MHO-
' JKUTEJNIb) Ha3bIBAETCS TPCTHH BCK-
T0p ¢ (mpou3BeneHHe), KOTOPhi
CTPCHTCS CJICAVIOIUM 06pa3om:

1) ero mMoavib YHMCJICHHO pPaBeH,
moumany napasenorpamma (AOBL
Ha uept. 155), MOCTPOEHHOI0 Ha
BeKTOpaxX @ U b, T. €. OH paBeH

. -~

la] b |sin (@ b);

Uepr. 155, 2) ero HampapjeHWe TepreHiH-
KYJISIPHO K IJIOCKOCTH YIIOMSINYTOrQ
1apasuieJIorpamma;

3) nPY 9TOM aNPABICHUC BCKTCPA ¢ BHIGHpACTCsT (M3 IBYX
BO3MOXKHLIX) TaK, 4T0OL, BEKTQPH @, b, ¢ CQGCTARJAIY npa-
BYIo cuctemy (§ 110)
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O603HayeHHe: ¢ = eXb i ¢ = [ab].

JononHeHHe K onpepneneHuio. EcauBexTops @
U b KoJIMHeapHH, To ¢urype AOBL, cuutass ee (VCJIOBHO)
NapasuieyiorpaMMoM, eCTeCTBEHHO NPUNMCATh HVJIEBVIO IJIO-
maneb. I103TOMY BEKTOpPHOE MPOU3BEICHHE KOJIIHHCAPHBIX BeK-
TOPOB CYHTAETCS] PABHBIM HVJIb-BEKTOPY.

TTocKONbKY HYNB-BEKTOPY MOM(HO NMpHMNHcaTb nio6oe HanpasJiieHHE,
3TO COrjallleHHE He NMPOTHBOPEYHT NYHKTaM 2 U 3 OnpeneseHHs.

3amcuaHue 1. B TepMHHC ¢BCKTOPHOE NPOU3BE/IEHHE
TiepBOE CJIOBO YKa3biBaeT Ha TO, YTO pe3vibTat AeHCTBHs €CTL
BEeKTOP (B NMPOTHBOMOJIOXKHOCTh CKalsp-
HOMY npousBeieHHIo; cp. § 104, 3ameuva-
nye 1).

ITpumep 1. Haiftu BeKTOpHOE NPpO-
u3BeneHue ¢ x j, rae 4, j — OCHOBHBIC
BEKTOPbl [IPaBOH CHCTEMBI KOOPAHHAT
(uept. 156).

Pewenue. 1) Tak Kak JIHHB OCHOB-

Yepr. 156. HBIX BEKTOPOB PABHLI eAHHHIIEC MaciuTala,

TO MJOINAAb napasuiesiorpamma (KBagpara)
AOBL uucneHHO paBHa efuHHIe. 3HAYHT, MOAYJb BEKTOP-
HOr'0 MPOM3BEJCHHs] paBeH eAHHHULE.

2) Tak Kak mneplueHaUKVAsip K Iulockocth AOBL ecth
ock OZ, TO MCKOMOE BEKTOPHOC NPOM3BCAEHHC €CTh BCKTOD,
KOJUTMHeapHbiif ¢ BextTopcM k; a Tak KaKk o0a OHM HMEIOT
MOAYJL 1, TO HCKOMOE BCKTOPHOC [MPOHU3BCACHME PaBHO
au6o k, nubo —k.

3) U3 3aTHX ABYX BO3MOMCHBIX BEKTOPOB Hajo BuIOpaTth
nepBblii, TaK KakK BeKTOPH i, §, k 06pas3vioT NpaByIo CUCTEMY
(a BekTopLI %, j, —k — NeBViO).

Hrak,

it Xj=1k

ITpumep 2. Halitu BexropHoe nNpousBejieHue j X .
Pewenune. Kak B npumepe 1, 3aiiiodaeMm, YyTo BCKTOD
j X @ paBeH yu6o k, nu6o —k. Ho rtenepn Hapo BeIOpaThH
—k, ub6o Bekrtopul j, i, —k o0pasyior npaByio CHCTEMY
(a BekTODHI §, 1, k-~ JIeBYIO).
Hrak,
I Xi= -k

IIpumep 3. Bekropsi @ U b UMeIOT ANUHBI, COOTBET-
cTBeHHO paBHble 80c¢m M 50 cM, u o6pasvior vros B 30°.
IIpunaB 3a eguHHLY MJIMHBL METP, HANTH JJMHY BCKTOPHOIO
NPOU3BE/IEHUA @ X b.
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P e mie Hue. INnomans napannesiorpamma, MOCTPOEHHOr0
Ha Bektopax @ M b, paBHa 80-50 sin 30° = 2000 (cm?), T. e.
0,2 M3, J1nHHa HCKOMOT0 BEKTOPHOT'0 NPOM3BeieHUsI paBHa 0,2 M.

ITpumep 4. HaiiTH aNMHY BEKTOPHOrO0 NIPOH3BEAEHHUS
TeX )K€ BEKTOPOB, MPHHSAB 32 €AHHHLY AJIMHBI CAHTHMETP.

Pcuwenue Tak Kak momanb napajJjenorpamma, no-
CTPOEHHOI'0 Ha BekTOopax @ u b, paBHa 2000 cM?, TO ANMHA
BEKTOPHOro npousseneHust paBHa 2000 cum, T. e. 20 M.

M3 cpaBHeHHsi npumepoB 3 U 4 BUOHO, YTO AJMHA BEKTOpa
a X b 3aBUCHT He TOJNBLKO OT JJIHH COMHOXUTejel @ U b, Ho
marxyce u om v160pa eOUHLIYB OAUHDL.

PHSHYECKHH CMBICIT BEKTOPHOro nmpoussene-
H H A, Us MHOrouncieHHbIx GHUSHUYECKHX BEJIMYKH, HS0Gpa)KaeMbIX BEKTOP-

HBIM NPOHSBEIEHHEM, DACCMOTPHM TOJIBKO MOMEHT CHJIBIL.

IMycTb A eCTb TOYKA NPHIAOIKEHHUA cUALl F. Momeumgﬁfuﬁu F oTHO-
CHTENBHO TOYKH O HasSbIBaeTCs BEKTOPHOE npoussenenne O A X F. Tax kak
MOJY J1b 3TOI'0 BEKTOPHOT'0 NPOHSBEAEHNA YHCNEHHO pa- AL
BeH nuomwany napannenorpamma AFLO (ueprt. 157), Rah
TO MOAYJIb MOMEHTA PAaBHAETCH NMPOHIBENEHHIO OCHO- e
panusa AF naBbicoty OK, T. €. cune, NOMHOMKEHHOM Ha . 1
paccTosiHHe OT TOYKH O no NpsiMmoit, BA0Jb KOTOpO#H . '
neficTBy eT cHna. 0 F

B MexaHHKe RNOKa3bIBAETCs, YTO NN PaBHOBECHA K
TBEpAOro tena Heo6xonumo, yToGLl PABHANACL HY IO
He TONbKO cymma BexTopoB Fy, F,, Fg, ..., npencras- F
NSIIOWHX CHIbI, NMPHJIC)KEHHbIE K TENY, HO TaK)Ke H
CYMMa MOMEHTOB CHJI. B ToM cnyuae, Korga Bce CHIbI
napassiesnbHbl OGHOH MNMJIOCKOCTH, CJI0OXKEHHE BEKTOPOB, YepT. 157.
NpPeaCTaBASIIOIUKX MOMEHTbI, MOYKHO 3aMEHHTD CJ10XKe-

HHEM W BbluMTaHKHEM HX moayJell. Ho npu nponssoibHbIX HanNnpaBAeHHAX
CHI1 TaKas 3aMeHa HEBO3MOXKHA. B COOTBETCTBHHM C 3TUM BEKTOPHOE IpO-
U3BENEHHE OMPENeNsieTCs MMEHHO KaK BEKTOP, a HE KaK YHCIo.

§ 112. CoiicTBa BEeKTOPHOr0 NPOU3BERACHUA

1. BekropHoe npoussencHue @ X b o0Gpaulaercsi B HYJb
JIMWB TOra, KOrjla BEKTOPbl @ U b KoJIMHeapHB! (B 4acTHO-
CTH, €CJIH OHH H3 HUX HJIH 00a — HYNb-BEKTOPbI).

BrITeKaeT 12 nepBoro NyHKTa onpepesnenusn § 111,

la. a x @ = 0.
PagpcictBo @ X @ = 0 HCKJoyaeT Heo0X0MMOCTL BBOJHTD
MOHSITHE «BCKTOPHOro kBaapata» (cp. § 105, n. 5a).

2. Tlpu nepecTaHOBKE COMHOXKHTENICH BEKTOPHOE I1pOM3BC-
ACHHUC YMHOXACTCSt Ha —1 (éMEHsieT 3HAK Ha 00paTHbIi):
bxa=—(a xDb)

(cp. npumepsr 1 1 2§ 111).
Taicum o6pa3om, eekmopioe npoussederite He obaadaem
ceoticriteom nepemecmumenvitocmu (cp. § 105, n. 2).
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3. (@+b) xl=a x1+b X1 (cBOiicTBO pacmpeneinu-
TCJILHOCTH).
970 cBOHCTBO MMECT MECTO JUIST JII06Oro YMcia CIaracMbix;
HanpuMep, NPU TPeX CJIaracMbX HMECM:

(@+bte) Xl=a XI+b X I+e X1

4. (ma) X b = m (@ X b) (CBOHCTBO COUCTATCIBLHOCTH OT-
“HOCHUTEJILHO CKaJSIPHOTO MHO-
HUTENSN),
4a, (ma) x (nb) = mn (a X b).
Opumepn: 1) —=3a X b= —3 (& X b).
2) 0,3a X 4b = 1,2(a X b).
3) (2a—3b) X (¢+5d) =
=2(a Xe)+10(@ X d)-3(b X e)-15(b x d) =
=2(a Xe)+10(a X d)+3 (¢ X b)+15(d X b) =
=2(ax¢c)-10(d X @)+3(c X b)+15(d X b).
4) (a+b)xX(e—b)=axa-a X b+bxa-b xb,
IlepBoe u uweTBepToe Ciaracmble pasHbl Hyyo (. 1), Kpome

YepT, 158,

T0ro, b X @ = —a X b (1. 2). 3Hauur,
(@a+b) X (@=b) = —2(a x b) = 2(b x a),

Crano Gerb, mnowans OCKD (uept. 158) Basoe Gonnuwe
mnowat O ACB.

§ 113. BexTOpHLIC NIPOM3BENEHUsT OCHOBHBIX BEKTOROB

U3 ompenencung § 111 BriTexaer, uto
txXi=0, i Xj=Ek, i X k= —j,
Jxi= -k jxj=0, J X k=4,
k X %=} Exj=—t RkRxk=(
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YroObl He omubaThest B 3HAKaX, NOJE3HO Jep)KaTh B YMe
cneaviowyio cxemy (uept. 159). Ilonb3cBaThCst €10 HaO TaK:
EcJyiy - HanpaBJiCHUe KpaTuailero NYTH OT NEpPBOr0 BeK-
TOpa (MHOXKHMOI0) KO BTOPOMY (MHOMCHTEN0) COBIAfaer
C HanpaBjeHHEM CTPEJIKH, TO NPOM3BCACHME PABHO TPETREMY
BCKTOPY; €CJIM HE COBMNAAET, TO TPETUil BeK-
TOp 6CPCTCS CO 3HAKOM MHHYC, TN

IIpumep 1. Haiitu k x i. Ha cxeme J i
HanpasJieHHe KpaTyaiwero nmytH ot k K &

COBIIAJACT C NaNpaB/CHHEM CTPEKH. IToaTo-
My k X i=j.

IIpumep 2. Haiitu k X j. Tenepp Ha- ' K
npaBjieHHe Kpatyadwerd INYTH IPOTHBOIO- Y 150
JIOKHO HANpPaBJIEHUI0 CTPeJaKH. Iloatomy epT. 159
Ik Xj= —1.

ITpumep 3. VYnpocturh BuipaxkeHue (2i—3j+6k) x

X (4i—6j+ 12k). PackpbiBas cK00KM M NOAL3VACE Tabauuel
WM CXEMOM, Haxoaum:

(28 -3j+6k) X (4i—6j+12k) = 8 (¢ x i) —
=12 X )+24(E X E)=12(F X )+18( X f)—
—~30(j X k)+24 (k X 9)-36 (ke X N+T2(k X k) =
= —12Ic-—24_1+12lc—-36¢+24]+361 0.
TaxK KaK BEKTOpHOE ITpou3BeReHHe 00pamaercst B HYJh
TONBKO B Cjlyyae KOJUJIMHEApHOCTH COMHOkuTeneit (§ 112,

1m. 1), 170 BekTopnl 2i—3j+6k M 4i—6j+ 12k KoJauHeaps
HBl, DTO NOKasblBaeT M mpu3Hak § 102.

§ 114. Bripa)keHue BEKTOPHOr0 NMpPOM3IBENCHHA
yepe3 KOOPAMHATLI COMHOMMHUTENCH

Eomey ={X,, V1, Z}ua, ={X,, Y, Z,}, T01)

Y, Z, Z, X, X1Y1}
X @, = , . 1
wxa={, 2l X k) ©

Bripajxennst, oxaliMiieHHBle BePTHKAJLHLIMM YepTaMH, —
onpejeuTe I BTOPOro nopsaxa (§ 12).

1) Haxonum BexTopHOe mnpoussenenne (X;¢4+ Y.j-!-z.k) X(Xat +
+Y23+Z;k), nonnaysich Tabnuuen § 113 u csofictsamu 2, 3, 4 §1 2 (cp.
npumep 3 § 113).
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ITpakTHuuccKoOe MpaBHuI0. Uroln NONVYUTE KO-
OpAMHATLI BCKTOPA @; X @,, COCTABUM TaljHILy

X Y 2, @
X, Y, Z, ’
3akphip B Heil nepesiii crosben, HAXOAUM ICPBYIO KOOP-
MHaTy
Y, Z,
Y. Z,
3akpuiB BTOPOii cTONbCl] M. 6376 ocmaguiuiica onpedeau-
X, Z
meab ¢ obpamlibimM 3HAKOM (— Xl Zl HJIH, YTO TO JKC,
2 2

12 Xy
Zy X,
3akpwiB TpeTHii crosifelr (octaBuiniicst onpenenuTean Ge-
PCTCsT CHOBA €O CBOMM 3HAKOM), HAXO/IHM TPEThI0 KOOPAHHATY.
ITpumep 1. Haiitn BekTOpHOC MPOMU3BC/ICHHC BCKTOPOB
e {3, —4, -8} na,{-5,2, —1}.
P cmc uue. CocraBisieM Tabnnny

) , HAXOHM BTOPVIO KOOpAHHATY.

3 -4 -8
-5 2 -1
-3axpuis nepsuii cTos6el, NONVYACM NEPBYI0 KOOP/UINATY
—4 -8}
, = (=4 (-D=2:(-8) = 20.
2 -1
3akprB BTopoii cTosibel, HAXOAUM ONIPCACAUTEND
3 -8
-5 -1}
ITepecraBnsin B HeM CTONOUB! (MPH STOM 3HAK MCHSICTCST HA
" -8
00patHblii), T0NYyYaeM BTOPYIO KOOPAHHATY -1 -5 = 43.
3aKpbiB TpeTHit cTonGel, MONVYacM TPeThbio KOOPAHHATY
ST = —14
-5 2

Hrak, a; x a, = {20, 43, —14}.
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3ameyanuc. Yrobe ne omHOHMTLCSI B 3HAKE APHU Bbl-
YHUCJICHUH BTOPOIl KOOPAMHATLI, MOXKHIC BMECTO TadJuns (2)
nojan3cBaThes Tabnunei

X, V1 Z, X, Y,
X, Y, Z, X, Y,’
nosivuaemoii M3 (2) npunMcbBaliMeM MepBLIX ABYX CTOJ0LOB.
3akpeiB B (3) mepsblii cronben, OcpeM roapsia ClenvioLLHE
nBa. 3ateMm, 3aKpbiB eulc M BTOpoii crosibeu, Gepem Moapsii
cjaenviome aBa. HakoHel, 3akpuiB ¥ TpeTHii cTonbel, Gepem
nocacaHue fBa. Hu B 0OOHOM M3 TpeX MOJVUYCHHBIX OMnpepe-
JuTened He Haao nepecTaBiisiTh CTONOUBI.
ITpumep 2. Haiith nnowaab, S TpevronbHHKa, 3alaH-
Horo BepuiMHamu A, (3; 4; —1), A, (2; G; 4), A;(-3; 5; 4).
" PecweHnue. HMckomasi nnomanb paBHa TNOoJIOBHHE [MJI0-

1A napajiesiorpaMma, NocTPOEHHOro Ha BeKTOpax A, A; H
A A,. Haxoaum (§ 99) A A, = {(2-3), (0-4), (4+1)} =

={-1, -4, 5} n A, ,,_{ 6, 1, 5}. Ilnomann mapain-
Jlenorpamma- paBHa MOAVJI0 BEKTOPHOr0 NPOM3BC/CHUST
A A, x AA,, a nocnepnee pasHo {—25, —25, —25}. Cac-
[10BaTEJILHO,

= 2| A4, X AjAg| = 5 V(=B (=20 + (- D) =

3

= 5 V1875 ~ 21,7.

§ 115. KomniaHapHble BEKTOPbI

Tpu BekTOpa (MAM GosblIce YICJIO) HA3LIBAIOTCA KOMNAG-
HapHsimMu, CCIM OHW, OYAYUH MPHUBENCHLI K O6LIEMY Hayany,
J1eaT B OAHOH MJOCKOCTH.

Ecan xots1 6b1 0OAMH M3 TPCX BEKTOPOB — HVJIEBOi, TO TPU
BEKTOPA TOXE CYMUTAIOTCST KOMIMJIAHAPHBIMH,

IMpusnaxk xomnnanapHoctH cm. B §§ 116, 120.

§ 116. CmemaHHOEe NpOM3BejieHME

CMeltlaHHOIM (WL GeKKMOPHO-CICAAAPHBIM) TIPOU3BEIEHHEM
TpexX BCKTOPUB @, b, ¢ (B3TLIX B YKa3aHHOM NOPSIAKE) Ha3bl-
BaeTCsl CKaJsipHOe NPOM3BEACHHE BEKTOPA @ HAa BEKTOPHOC
npousseaeHue b x e, T. €. UMCIo @ (b X ¢), uny, uTo TO XKeE,
(b X ¢)a.

O6Go3HaueHHe: abe,
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Npusnaxk xoMmnmaumapuocTu Ecnu cucrema @,
b, c—npasass, To abe-> 0; ecnu JeBasi, TO abe < O.
Ecau ke BekTopnl @, b, ¢ xommnaHaphsl (§ 115), T0 abe=0.

(4
UepT. 161,

ViHpiMM cJ10BaMH, obpaujerte 6 Hyab
cMewanHo20  npoussedenus  abe
ecmb  nNPU3HAK  KoMnaanaprocmy
gexmopos a, b, c,

F'eomecTpHuuyecKkoe uc-
TOJNKOBaHHMC CMCWIAHHOTO
npouszseacHus. CmewanHoe
npousBeicHHe abe TpexX HEeKOMILia-
HapHBIX BCKTOPOB @, b, ¢ paBHO 006~
€My mnapaJuiesenumneja, IocTpoei-
HOro Ha BeKTopax a, b, ¢,B3aTOMY CO
SHaKOM TIIIOC, €CJIM CHCTeMa @, b,
c—1mpaBasg, ¥ CO 3HaKOM MHHYC,
€CJIM 3Ta CHCTEMA JieBast.

IMoscuen ne, INoctpoum (uepr. 160,
161) BexTop

——
OD = aXb. (¢}
Torna nuowmans ocHoBaHus O AK B paBHa
s=|0D| @
—_—

Beicora H (nnuna BekTopa O M), B3sATasi o
3HAaKOM TUTIOC HJIM MHHYC, ecTb (§ 92, . 2)
anrebpanyecKas NpoeKUMs BEKTOpa € Io

Hanpasseuuio OD, T. e.
H = % npo--c. 3)

R —_— —_—

Bnak Jmioc’ Gepercst, xorna OM wm. OD paBHOHanpasyeHb! (uepT. 160),
‘a 370 6yneT B ciyuae NpaBo# cUCTeMB! @, b, €. 3HaK MMHYC OTBeYaeT
neBoit cucreme (uept. 161). M3 (2) u (3) nonyuaem:

V =SH = % | 0D | np—>¢,
— op —
so. | OD | npﬁa-;c €CTb CKansApHoe npousseneHHe OD ¢ (§ 104), 1. e.

‘(@ X b) e 3Haunr,

V = L (axbd)e.

§ 117, -CroiicTBa CMENIAHROr0 NpoN3BENCHHS

1. Ilpi xpyroso#i mepecranoske (§ 110) comuoxHTENEH
CMCIIAHHOE ‘TIPOM3BEJiCHHE -He MeHsieTCsl, TPY NepecTaHOBKe
ABYX COMHOXXKKTEJIEH — MEHSIET 3HAK Ha 00paTHLIIL:

abe = bea = cab = —(bac) = = (cba). = —(acb).
-BbITEKaeT M3 TEOMETPHUECKOro Mcronxosauus (§ 116) m ms § 110,
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2. (@+b)cd = acd+bed (cBOiCTBO  pacmpefenuTesbe
HOCTH).
PacnpoctpaHsieTcst Ha Ji1000€ YHCJIO CJlaraeMblX.:.

BriTeKaeT M3 ONpeesieHHsT CMeIUaHHOr0 npousBeneHus 1 § 112, m, 3,

3. (ma) be = m (abc) (cBOHCTBO COYETATENLHOCTH OTHO-
CUTEJIbHO CKaJIsIPHOI'0 MHOYKHTEJIST).

BolTekaeT M3 onpeneneH!ust CMelaHHoro npousseneHHa K § 112, m. 4,

OTH cBOicTBAa MO3BOJISIIOT NMPHUMEHATh K CMEWAHHBIM NpPO-
H3BefieHusIM npeoOpa3oBaHust, OTJIMYAKOLIMECS OT OOBIYHBIX
ajrebpanuecKuX JIHUWDb TCM, UTO MEHAMb NOPAGOK COMHONCU-
meneli MOXCHO MOAbKO C ydemoM 3Haxa npouseederua (m. 1),

4. CmcwiaHHOe NMPOM3BCACHHE, UMEIonIce X0Ts Okl ABa paB-
HEIX COMHO)KMTEJIA, PaBHO HYJIIO:

aab = 0,
IIpumep 1.
ab (3a+2b—5¢) = 3aba+2abb-5abe = —5abe.
ITpumep 2.

(@+b) (b+c) (c+a) =
=(@aXb+ta xc+b x b+bxc)(cta)=
=(@Xbta xXct+tb Xe)(c+ a)=

abe +acc+aca-+aba+ bee+ bea.

Bce ynennl, kKpoMe ABYX KpaiHux, paBHB HYJ0. Kpome Toro,
bea = abe (cpoictso 1), IToaromy

(a+b) (b+c¢) (c+a) = 2abe,

It

§ 118. Onpenenntens TpeThere nopsaaka ')

Bo MHOrux CyyasiX, B 4YaCTHOCTH NMpH BbIYUCJIEHHH CMe-
IANHOI'0 HPOU3BCACHHS, YA00OHO 110J1b30BATLCS 3ANUCLIO BHAA

@ by g
a, by . 1
ag bs ¢
QHa TIPeNCTaBIseT COKpALIEHIIOe 0003HAUCHHE BHPAXKEHUS
aq I;S N 1 o 02 +¢ @ b . @
3.6, a3 €3 ay by

1) TToppoQuee oG ompeneanrenss oM. §§ 182 —185;
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Bripaxikeune (1) HasbiBaeTcst onpedeaumeneM mpembe2o
nopsoxa.

OnpenesuTend BTOPOro mopsiaka, Bxoasiuue B (2), co-
CTaBJICHBI CiiefAVIOUWHM 06pa3om. BrpiuepxHem u3 Tabiuie! (1)
TY CTPOKY W TOT cTOj0CIl, TAC CTOMT @, KaK MOKa3aHO Ha
cXeMme:

P Y
]

& ba G
fl3 bJ Cj

Ocralomuiicst onpenesinte;ib BXOAHT B (2) MHOXKHTEJICM NPH
BBIYEPKHYTOH OYKBE @,. AHAJIOrHYHO MONYYAIOTCSI ABA APVIHX
onpeacanTens gopmyis (2):

P @b,
1

a ?2 Ce it ar b, fz

a; b3 Cg aJ bJ tJ

Hano nomHutsh: cpednuii usen @ ¢opmyae (2) cnabxucen
3HAKOM MUHYC)
ITpumep 1. BUYHCIUTL ONPEICIIHTCIb

-2 -1 -3
-1 4 6
1 5 9
Hmeem:
-2-1-3 46 16 14
-1 4 6= -2 41 _19‘"3, 15‘=
e}
1 5 9
= —2:6+1-(=15)=3-(=9) = 0.
a, ¢ c a
3amcuyanne 1. Tak kak| © *|=—| * *|, 10 onm-
a; ¢, 3 ay
peAeJIuTeNb TPETHEro MOPSAKA MOMKHO INPEACTABUTH ClE TaK:
@ b o
b, ¢, c, a a, b ,
@ by ¢l =a| " byt lhal f (3)
by ¢ €3 Ay a by,

ag by ¢,
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3}1er BCE OIIPCAEJHTCJIH BTOPOro nopsiika 'CHaﬁ)KOHbI 3Ha-
KOM I1J110C.

3ameuyanune?2. Brouncaenune no hpopmy:ae (3) MOXKHO MEXAHH3HPO~

BaTb cnejywowHm obpasdom. Ilpunuwem i Tabnnue (1) ABa nepmruix ee
ctoabua; nonyuum tabnuuy

a b ¢ a b
a by c; ay b (4

ag by c3 a; by

BepeM M3 nepBo#t CTPOKK OYKBY @y M CNYCKaeMcCsi OT Hee IO naro-
MlanH HanpaBo, KaK MoKasaHo cTpenko#t na tabnuue (5):

a b ¢ a Y

by ¢y
~b; C3

Qs bg (5)
az b;

Onpenenurens BTOPOro nopﬂmm, 11a KOTODLIM VKa3bIBaeT CTpesIKa, MHO-
2 C2

by

3aTeM 3aKphHIBAeM MepBhIA c-ronGeu, Gepem u3 nepBoit cTpoKH GYKBY by

(nepsy10 M3 OCTABUIMXCA) M MOCTYNAEM AHANOIMYHO, KAK MOKasaHo Ha
Tabauye (6):

JKHTCA Ha ay. Tlonyyaem a;

bt\4 6 a b
s | €3 ag | by (6)
by | ey ag | by

Monvuaem: by | a’[

. Cg Qg b
HaxoHel, sakpeiBaeM BTOpO# cTonGey M ronyyaem: ¢ :‘ ) 0! l.
l'lpume'p 2, BoluMCANTh 6npenenu'renb v

‘1T 2 38
D=| -1 3 4
2 5 2
Cocrannsiem Tabanny (4)
1 2 3 1 2
-1 3 4 ~1 3
252 25
H HaxXOoHM:
3 4 4
. 2 =
|y s h2|y Tles] 7 5

= -144+20-33 = --27.
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§ 119. Beipa)keHHe CMELIAHHOTO TIPOH3BeNEHHs
yepe3 KOOPAMHATHI COMHO)KHTeNe

EcJid BeKTOPH @;, @,, @; JAHB X KOOPIHHATAMU
o ={X, Y1, 2}, @ ={Xy, Yy, Zs}, @ ={X; Y, Zy},
TO CMeillaHHOE MNPOH3BCICHHE @,@,@; BLIYHCISCTCST MO ¢op-

MvJje
X v,z
aaa, = |X, Y, Z,|. (1)
Xs Yy Z4

Buirexaet M3 dopmyn (1) § 107 1 (1) § 114,

ITpumep 1. CmewaHHOE NpPOM3BEJCHHC @,@,@; BEKTO-
poB al( —21 _l) —3}1 az{ -1, 4, 6}) a, {11 5, g} paBHoO

-2 -1 -3
=1 4 6

T 5 o9

(cp. § 118, npumep 1). BHaunr (§ 116), Bexropul @, b, ¢ KOM-
NJIaHapHBI.

INNpumep 2. Bektopw {1, 2, 3}, { -1, 3, 4}, {2, 5, 2}
06pasvioT JIeBVIO CHCTEMY, H60 MX CMELUAHHOE, IPOM3BeAeHHe
(§ 118, npumep 2)

=0

1 23
-1 3 4

2 5 2
orpuuaresnbHo (cM. § 116).

= =27

§ 120. TIpU3HAK KOMNIZHAPKOCTH
B KOOpAuHRTHOH ¢opme

Ycnosue (Heo6xoaumoe H JOCTATOYHOE) KOMILIAHAPHOCTH
BeKTOpoB @& {X,, Yy, Z,}, @, {X,, V,, Z,}, a3{Xy Y, Zy}
ectb (cM. § 119, npumep 1)

X, Y, Z,
X, Y, Z,| =0.
Xs Yy Z,

BuTexaer us § 116,
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§ 121, O6bem nmapannenenunena

Of'beM apasiclnenunesa, oCTPOCHHOTO NA BEKTOPAX

o {(Xy, Yy 2.}, as{Xp Yy Z3}, @ {Xy Yoy Zg},y
panen

XI Yl ZI

X, Yy Z,

Xs }’3 Z3

V=

’

e 3HaK fuo¢ Gepercst, KOTAa OHPeRENIHTENIs TPCThErd M0«
PsIAKA MOJIOXKHTCIICH, H MHHYC — €CJIM GIpEeACIUTElL OTPHIA~-
TeneH (cp. § 13).

Burexaer 13 §§ 116, 119,

ITpumep 1. Haiitu 06pem napannencnnnena, novrpoel{-
HOro na Bexropax {1,2,3}, {-1,3,4}, {2,5,2
Pem e Hue, Kmeen:
1 23
-1 3 4
2 5 2

Tak KaK onmpejenurelib OTpHLATeJNicH, GepeM nepex HAM SHAK
muHyvc. Haxonum V=27,
ITpumep 2. Haiith 06bem V TpevronbHOH nUpamuikt
g(B‘;(‘l; c ?epmuﬂamu A(2; -1; 1), B(5; 5; 4), C(3; 25 —1),
P e w e H ue. Haxonum (§ 99):

AL = {(5-2), (5+1), (4=1)} = {3, 6, 3h

TaxuM 5Kke 06pasoM AC {1,3, -2}, AD = {2, 2, 2}, M-
KOMmﬁ 00peM paseu — 06’beMa mapasyieNenune)a, NoCTPOeH-

Horo Ha peépax .AB, AC, AD, Tlooomy

V=12 = & (~27).

36 3
V=--é—13-—2.
22 2

Qrcwona nonvuaem V = 3.
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§ 122, [IBoiiHoe BEeKTOpHOE NPOM3BEJCHHE

Jeotintim 6exmopHbIM npousgederilicht 11a3LIBACTCST BbIpas=
SKeHHE BHAA
ax(bxe).

JlBoiiHOe BCKTOpHOE NMPOM3BEjICHHMCE CCTh BEKTOP, KOMILIA-
HapHbIA C BEKTOPaMH b 1 ¢; OHO BLIPAYKAETCST Yepe3 BCKTOPLI
b H ¢ cnepgyiomum 06pasom:

ax(bxc) = b (ac)—c (ab). (1)

§ 123. YpaBHEHHE NIOCKOCTH

A. TIInockocts (uepr. 162), mpoxopsiuasi uepe3 TOUKY
My(xo; yo; 2,) ¥ nepneHaMkyaspuas k Bexktopy N {A, B, C},
NMPCACTABJISIETCSI VPAaBHCHUCM TCPBOH
CTEICHH 1)

A(X=x)4+B(y- yo)+
C@-2)=0, (1)

Ax+ By+Cz+4+-D = 0, (2)

rac yeped D 0003HayeHa BepMUNLIA
—(Ax,+ Byy+Cz,).

HITH

Yepr. 162.

Bexkrop N {A, B, C} nHaspiBactCst Hop-
MAAbHBIM 6eKMOPOM TLIIOCKOCTIH P.
3amcuaHnuce 1. BopaxeHue «miockocth P npeacras-
Jsiercst vpaBHeHHeM (1)» o3HauaeT, uto: 1) KOOPAMHATH X, ¥, 2
BCSAKOH TOYKH M nockoctH P yioBNeTBOPSIIOT VpaBHeHUIo (1);
2) KoOpAMHATH! X, ¥, 2 BCSAKOH TOYKH, He JieXKalued Ha 1Jjo-
CKOCTH P, He VIOBJICTBOPSIIOT 3TOMY YpaBHeHHIo (cp. § 8).

B. Bcsixoe ypaBHeHue mnepBoit creneHu Ax+ By +Cz+
+D = 0 (A, B 1 C He paBHbl HYJIIO BCC Cpa3y) NpeAcTabsicT
TINCCKOCTD.

VYpasuenitst (1) u (2) B BeKTOpHOIT hopme umeroT Buj -

N(r—w) =0, (1a)
Nr+D =0 (22)
(ry 1 r — papuyCL-BCKTOPHl TOYeK My u M; D = —Nw,),

1) YpaBHenne (1) ecThb- YCNOBHE ICPICHAHKY IAPHOCTH BEKTOpOB
N={A B, C} v MM={x=xp Y=Yp 3%} Cnm. §§ 108 1 99,
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ITpumep. InockocTs, npoxoisiinas yepe3 Touky (2; 1; —1)
H ICPHCHIUKYIsIpDHast 'K Bektopy { —2, 4, 3}, npeacras-
JISIETCST YPaBHCHHEM

-2(x-2)+4(y-1)+3(z+1) =
—2x+4y+32+3 = 0.

HJIH

3amcuanue O0HY UTY )Ke IJIOCKOCTE MOYKHO IPENCTABUTD MHO=
YKCCTBOM Y PABHEHHH, ¥ KOTOPLIX BCe KOODDHLMEHTb! H CBOOOAHBIA uneH
COOTHETCTBEHHO MPOMNOPLUHOHANLHLL (CM, HHXKE § 125, 3ameuanue).

§ 124, Ocobble cnydad NONOYKEHHS MIOCKOCTH
OTHOCHTE/IbHO CHCTEMB! KOOPAHHAT

1. ¥YpaBuenne Ax+ By+Cz = 0 (cBoGoanmiii wien D=0)
MPCACTaBJSICT IJIOCKOCTb, TMPOXOAsi-
1IYi0 4epe3 Havao,

2. YpaBHehue  Ax+ By+D =0
(koapduuuent C=0) npeacrasasieT
IIOCKOCTh, Napajuiesibuvio ocu OZ,
vpaBHcHHe Ax+Cz+D =0 — mno-
CKOCTb, NapaJsuiesfbHyio ocH OY, vpas-
HeHHe By+Cz2+D =0 — IJI0CKOCTH,
napananeibHyio och 0X.

Ilosie3HO 3anOMHUTL: ecAll @ ypas-
Henuu Hem Oykevl 2, IO NAOCKOCMb
napaaaeabta ocu OZ v T. 1.

Il puMe p. YpaBHeHHC Yepr. 163,

x+y—-1=
ApeACTaBIISICT MIOCKOCTD P (4epr. 163), napauieanayio ocu OZ.

3ameuyaHHe. B aHANWTHUECKOH I'€OMETPHH Ha IJIOCKOCTH Y paBHe=
HHe x +y—1=0 mzo6pakaet npsmyro (KL Ha uyept. 163). PazbsacHHuM,
noyeMy B TNPOCTPAHCTBE TO (€ YpPaBHEHHE IMPEACTaBJSET MNA0CKOCMb.
Bosbmem Ha npsimoit K L Kaky10-1460 Touky M. Tak kak M neur Ha
nrocKocTH X0 Y. TO nnﬂ Hee 2 =0. [NycTb B cucTeme XOY Touka M Hmeer

KOOPAUHATLI x—— y ——- (OHH YA0BJIETBOPAIOT Y PaBHEHHIO X +y —1 =0).
Toraa B npoc‘rpchTaeHHon cucreme O XY Z KoopauHaThl TOUKH M GyayT
«c--- ’ y-——, z=0, 9TH KOOPAMHATEI Y AOBNETBOP A 0T YPaBHE=

Hmo x4+y-— l =0 (nns Gonblue# sICHOCTH Sanuiuem ero B BuAe 1x+1y+
+0:2=1=0).

1
PaccmoTpHm Tenephb To-ﬂm, zmil KOTOpPbLIX x——- y_—-, HO z;éO

HanpHMep, TOUKK M, (-— 7i-7 Mz(2 =i 2) M,y (2 H "‘v 1)
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MT. 1. (cM.'uepT. 163). KoopaunaThl HX TOXKE Y A0BJIETBOPSIOT Y PABHEHHID
X+y+0:z~1=0. ITH TOUKH 3aTOJHIOT «BEPTHKANBHYI0» NIpsAmMyia UV
npoxonsiyo yepes M. Takne »Ke BepTHKaJbHbE NPSMbie MOXKHO MOCTPOs
HTb un;; BCEX ToueK Nnpsimoit KX L. B COBOKYITHOCTH OHHM SAMOJIHAT NAoC~
KOCTh P,

O ToM, KdK INPENCTaBHTD B IPOCTPAHCTBEHHOMN CHCTEME KOODAKKAT NpA«:
Mmyro KL, ckazaHo Hmke (§ 140, npumep 4).

3. VpasHeHue Ax+D =0 (B=0, C=0) npeacrasiser
IIOCKOCTD, NapaieIbHYI0 Kak ocn OY, Tak M ocn OZ (cm. 11. 2),
T. €. NapajejbHYIo KOCPAHHATHOH ockocTH. YOZ.

Ananoruyno ypasHcHue By+D = 0 mnpeicraBisér 1id-
CKOCTh, MapasuiensbHyio nnockoct XOZ, a vpaeHenne Cz+
+D = 0 — 1uUl0CKOCTL, napajuienbHyio X0OY (cp.'§ 15)..

4. VYpasHennst X=0, Y=0, Z=0 npeacrapjisior €oot-
BETCTBEHHO IJIOCKOCTH YOZ X0Z, X0Y,

§ 125. VeaoBre napainenbHOCTH. IIGCKOCTEH
Eciu naockoctu
Ax+By+Cz+Dy =0 u Ax+By+C2+ D, =0
mapanienbHbl, 70 HOPMAnbHBIC BekTopel N, {4,, B, C;} u
N, {4A,, B;, C;} KoanuHeapHul (M 00paTHO): I]o:)'romy ¢ 109)
vc.uosue napaJuienbHocTH (HE0OX0AUMOe M 10CTATOYHOE) eCTh
A _ DBy Gy
A B G
IMpumep 1. ITnockoctu

2x-3y—4z2+11 = 0 H ~4x+6y+8+36=0

napannenbHL, TaK KaK —— 2 = —;6—3- = ~i
INIpumep 2. IlnociocTu. 2t 32-12= (A1—2,

B,=0, C;= -3) u 4x+4y-62+7=0 (A2~4 B,=4
g = —6) He mapaJulesibHbl, TaK Kak B;=0, a B,#0 (§ 102
3aMeyaHue).

3ameuanue, Ecin He TONBKO KOIDGUUMEHTH! HPYR
KOOpAMHATAX, HO M CBEPX TOr0 H 'CBOOOJHBIC - WICHB TTporop-
OUOHAJILHY, T. €. €CITH

TO IUIOCKOCTH COBnajamT, Tax, VpaBHeHHs
3x+Ty—-52+4 =0 u 6x+14y-10248=:0
NPEACTABAAIOT OJHY H 1V JKE IIIOCKOCTR, Cp. § 18, sameuanug 3.
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§ 126. YcaoBne nepneHAUMKYIAPHOCTH naockocred
Ecuii 1110CKOCTH
Ax+By+Cz+D, =0 M Ax+By+C24+D, =0
HCPHCHAUKYIISIDHDI, TO NCPINCHAUKVYIISIPHLI U UX HOPMaJibHblE
pexktopsl Ny {A,, B,, C;}, N.{A,, B, C,} (u o06patHo).

IToatomy (§ 108) veaosue nepueljiukyisipHocTH (Heogxoaumoe
H JIOCTATOuHOE) CCTh

A A,+ BB, +C,C, = 0.
IMpume p 1. ITnockoctu
3x—2y-22+7T=0 u 2x+2+2+4=0

NCPHUEHIUKVISIPHB, TaK Kak 3-2+4(—-2)-24(-2)-1 = 0.
ITpume p 2. Ilnockoctu

3x-2y =0 (A=3, B, =-2 (=0)
2=4 (A,=0, B,=0, C,=1)

H
ACPICH/IHKVIISIPHBIL.

§ 127. Yron Meay ABYMA NIOCKOCTSIMMU
JBe mockocTH

Ax+ By+Cz¥+ Dy =0 (1)
Ayx+ Byy+Coz+ Dy = 0 2)

00pa3vioT ueThbipe JABYI'PAHHLIX VIJIa, PaBHLIX TONApHO.
O}llle M3 HHUX pPaBeH VIUIV MCKAY HOPMAJIBHBIMH BE€KTOPaMH
N, {4,, B,, C;} u N,{A,, B,, C,}. OGosHauast JOGOi M3

ABYIpPaHHbIX YIJIOB Y€pe3 ¢, UMCCM:
A;A; + BB, +C,C,

cosg = + .
¢ YA+ Bi+Ct YAZ+ BE+CE

®

BriGupast BepxHHii 3HaK, MOJYYaeM COS (N,Tl\vg), BbIOHpas HHIK-
HHii, — nosvyaem cos [180°— (N;\N,)].
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ITpume p. Yron Mexxay miocKoCTAMH
x-y+V2242=0 u x+y+y22-3=0
ONPENEJIUTCST U3 PaBeHCTBA
L1+(=1)14¥2.V2 1

cose = =+ = % -
Vit1+(02e Vit1+(2y 2

IMonyuaem ¢ =60° uan ¢ =120°.
Ecau Bextop N, o6pasver ¢ ocamn 0X, OY, OZ vinn «,,
B1, 71, @ BeKTOp N, — VIUIBl €y, Bg, Ys, TO
€0s ¢ =  (COS &, COS a,+ COS B, COS By+-€OS v, €COS ¥a).  (4)
Boitexaet u3 (3) u dopmyn (1) —(3) § 101.

§ 128. TlnockecTb, NPOXOJsillias 4Yepe3 NaHHYI0 TOYKY
napanaensHo AaHHoOf naecKocTH

Ilnockocte, mpoxoasimast ueped Touky M; (xy; yy; 2) 1
napajienabHasi MJIOCKOCTH Ax-+ By+Cz+ D = 0, upeacra-
BJISICTCST YPABHCHUCM

A@x=x)+B(y~y)+C(z-7) = 0.

Butexaer 13 §§ 123 1 125,

ITpume p. ITnocKOCTL, NPOXOASIAsST  UCPE3  TOYKY
(2, —1; 6) m napajuiesbHast IUIOCKOCTH X+y—22+5 = 0,
NMPEACTABJSICTCS YpaBHECHHUCM (x—2)+ (y+1)—2(z—-6) = 0,
T. ¢. x+y—2z+11 =0.

§ 129. IlnockocTb, NPOXOAslias Yepe3 TPH TOUKH

Ecnu Toukn M, (Xo; Yoi 20), My (X Y5 21), Mo (xg; Vo 2o)
HC JIC)KAT Ha OJIHOIT 1IPSIMOM, TO MPOXOASINIAsT Yepe3 HUX 1JI0-
- ckocTb (uepT. 164) npepcransisiercs

M, VpaBHEHHCM
X=Xy Y=Y 2—2%

) “, Xp—=Xo Y1—Vo &i—2%| = 0. (1)
Yepr. 164, Xe—=XoV2—Yo 22— %2

—_— — ——
OHO BbIpa)KaeT KOMMNAHAPHOCTL BEKTOPOB MM, MoM;, MM, (cm.
§§ 120 u 99).
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ITpume p. Touku My(1; 2; 3), M, (2; 1_;__2_)_.’M2(3; 3; 1) He
JIC)KAT HA O/IHOM NPsIMOIA, Tak KaK BekTopul MM, {1, —1, -1}

u MM, {2, 1, —2} He kosumHeapHbl. Ilnockocte MyMM,
I1PEe/ICTABJISICTCS1 Y PABHEHHEM

x-1 y—-2 2-3

1 -1 —=11{=0,
2 1 -
T, ¢,
x4z—-4 = 0.

3ameuaHue. EciinTouku M, M;, M, Jie)kat Ha ogHoIi
1PsIMOit, TO ypaBHeHHe (1) CTAHOBUTCS TOXKIECTBOM.

§ 130. OTpe3ku Ha ocAX

Ecsiu mnockocTe Ax+ By+Cz+ D = 0 He napasuleibHa
ocu OX (1. e, ecsin A=0; § 124), To 0HA OTCCKACT Ha ITOMH

0CH OTPE30K « = —-5-. AHAJOIIYHO, OTPE3KH Ha ocsx OV,
OZ oyayt b =: —»Z (ecot B20) 1 ¢ = ? (ecain C #0)
(cp. § 32).

ITpumep. Inockocts 3x+5y--4z--3 = () oTcekaer Ha
0CsIX OTPE3KH a :%: 1, b= %, c= —

Bl

§ 131. YpaBHeHHe IUIOCKOCTH B OTpe3Kax
Ec/i4 MJIOCKOCTh OTCEKAeT HAa OCSAX OTPe3KH a, b, ¢ (He
paBHbIC HYJIIO), TO €¢ MOXXHO MPEC/ICTABUTh VPaBHCHHEM

x v -
e v 4 <=1, (1)

a

ain

KOTOPO€ HAhiBAECTCA «YPABHEHHEM I1JIOCKOCTH B OTPE3KAX).

Y paBHeHHe (1) MOYKHO 01y YHTh KaK Y paBHEHHE MJIOCKOCTH, NIPOXO0AA-
we# uepes Tpu ToukH (a; 0; 0), (0; b; 0) u (0; 0; ¢) (cm. § 129).

IT p u me p. Hanucars ypaBHeHHe MIIOCKOCTH
3x—6y+22—-12=10
B OTPE3KAX.
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Haxonum (§ 130) a=4, b = -2, ¢=6. Ypapucuue B 0T-
pe3kax ecTb

x y z
T+t§+’6‘ = 1.

3ameuvyanne 1. [1nockocTb, MPOXOJISILYIO YEPE3 HAYAJIO KOOP/n-
HAT, HEJIL3S1 MPeJICTaBUTh Y paBHeHHeM B oTpe3kax (cp. § 33, 3ameuanue 1).
3ameuanue2. IN10cKOCTb, NapalinenbHyio ocH O X, Ho HE napaJi-
Y.iZ_y
L4l =
pt c '
rne b u ¢ —oTpe3kH Ha ocAx OY u OZ. InockocTh, NapanaesbHyio 0cH

JIENbHY IO ABYM NPYTHM OCAM, MOXXHO NPEICTABHUThH Y pABHEHHEM

z
AGCLIMCC M OCH OPJIMHAT, MOXKHO NPeJICTABHUTb Y PABHEHHEM == 1. Anano-

I'MYHO NPEACTaBJSIOTCA MJIOCKOCTH, NapaenbHbie JIPYTHM OCSIM, OJIHOH
unu nByMm (cp. § 33, 3ameuanue 2).

§ 132. IlnocKocThb, NPOXOAALIasA Yepe3 [BE TOUKH
nepneHUKYJIAPHO K AAHHOH NJIOCKOCTH

Ilnockoctb P (uept. 165), mpoxoisiwast uepes ABe TOUYKH
My (Xo; Yoy 2) 1 M, (X35 Vi3 24) NEPNICHMKYIISIDHO K TUIOCKOCTH
Q, 3ajlaHHOKi ypapHeHHem Ax+ By+Cz--D = 0, upejicras-
JISICTCsT Y paBlcHHCM

Miz.ygK h \ .
N e | X=X V=Y 2%
’ 9. = (),

X=Xy Yi—=Yo 2—%

: Q LA B c
| P

N N

OHo Bblpa)kaet (§ 120) KOMIIaHAPHOCTE
Yepr. 165. BexTOpoB MgM, MoM, n N{A, B,C} = MK.

ITpumep. Inockocts, npoxoasimiasi uepes jiBe TOUKH
My(1; 2; 3) u M, (2; 1; 1) nepHCHAUKYISIPHO K NJIOCKOCTH
3x+4y+2—6 = 0, npejicTaBiIsSICTCsT YPABHCHUCM

x—-1 y-2 z.-3!
2-1 1-2 1-3|- 0,

1

3 4 1|

TexX-y+z—2=0.

3ameuaHnne B cavuae, korja npsivas MM, nepnen-
JMKYJSIPHA K TUIOCKOCTH Q, MJIOCKOCTL P neonpejiesicnna.
B coortBercTBHMHM € 3THM VpaBHeHHe (1) oOpamaercst B TOX-
JIeCTBO,
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§ 133. IlnockocTh, NPOXOAAILAsA Yepe3 NAHHYI TOYKY
HEPNEeAAUKYIAPHO K JBYM IUIOCKOCTAM

I'iockocern, P, 1POXOJSINast Yepes ToukyY M, (Xo; Vo5 20) M
HCPIEHIMKYIISIPHAsT K BYM (HenapaJjuleibHbIM) TJIOCKOCTSIM
(Jl; QZ: .

A+ By+4Cz4-Dy = 0, Al Byy4-Co24-Dy = 0,
HPCJICTABISICTCS] YPABHCHIICM

X—=Xo V=Vo 2—2%
A, B, ¢, |=0. (¢))
A, B C,
Ono Bhipakaer (uepT. 166) KoMnnanapHocTb BEKTOPOB
—_—
MoM, Ny {A, By, Ci}, No{Az, By, Ca} 1),
IT p u M e p. [lnockocTs, npoxoasiwast yepes Touky (1; 3; 2)
M TNEPHCHAMKYJISIPHAST K IUIOCKOCTSIM X+2y+2—4=0 Hu

2x-+y+32+5 = 0, npeacrapisieTcst
ypaBHeHHEM

x—1 yv-3 z-2
1 2 1 | =0,
2 1 3

Yepr. 166.

Sx-y-3z+4 = 0.

3amecuyaHue. Bceiayyae napaniesbHOCTH naocKocTei Qy,
Q. I1Ll0CcKoCTL P 1eonpefcsicHHa; B COOTBCTCTBMH C 3THM
vpasucnie (1) obpauiaercst B TOX/ICCTBO.

§ 134. Touxka nepeceyeHUs Tpex IIOCKOCTeH

TpH TUIOCKOCTII MOI'VT HE 1IMETh HH OJIHOH 00uieil TOUKH
(ecur no Kkpaiteit Mepe jJiBC M3 HMX NapajuiejbHbl, a TaKoKe
CCJI UPSIMBIC HX [ICPECCUYCHHsST MapajuieSibHbl), MOI'VT HMCTh
fecuncrnenHoe MHOMKECTBO O0IMX TOYeK (eCiu BCC OHH Npo-

1) BexkTopHoe npoussenernne Ny X N, (uepT. 166) cay XMT HOpManbHbLIM
BEKTOpoMm niockocTH P. 3naunt[§ 123, (1a)], ypaBHeHHe naockocT P ecTh
(N} X Np) (r —7) =0, uto cnona naet ypasuenue (1),
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XO[AT Yepe3 OAHY NPAMYIO) LI HMECTh TOJBKO OZHY 061yI0
Toyky. B mepBom cavuae cuctema ypaBHEHHUH

Ax+By+Cz+D, =0,

Ax+ Byy+Cy2+ Dy = 0,

Agx+ Byy +-Cq2--Dy = 0
He HMeeT peuieHnii, BO BTOPOM I1imeeT GeCHIICJICHHOE MHOsKe-
CTBO penieHiil, B TPETLEM -~ TOJILKO 0J(HO penicHie. Jlust
HCCJICloBaHUS VJI00HEE BCCI'O HIPHMCHIITE onipeaesnnTeiu (§ 183,

190), HO MO>KHO 0GOHTHCH M CPENICTBAMH JJICMCHTADHOIT anre6pol.
[Mpumep 1. ITnockoctn

Tx-3y42--6 = 0, (1)
14x—-0y--22—-5 = 0, 2)
X+y—-5z=0 3)

He HUMeIOT 00UIMX TOUCK, TaK Kak mjockocti (1) u (2) napain-
snenbHbl (§ 125). Cncrema ypasnenmii HecoBmecTHa [vpaBHe-
nust (1) v (2) npoTuBoOpeyar JIpvr apvry|.

ITpumep 2. McenegoBath, ¢CTL Jit 00UUIC TOYKH V TpeX

IJTOCKOCTEI]
X4y4z =1, (4)
x—2y—3z = 5, (%)
2x—y -2z = 8. (6)
Huwem peutenme cucremot (4) —(6). Merinouus z 13 (4) u

(5), nonyyaem 4x+v = 8; ucKJounB z 13 (4) 11 (6), 1nosivyaem
4x+y = 10. 3111 jBa YPABHCHHSI HECOBMCCTHBLI. 3HAUNT, TPI
MJAOCKOCTH HC MMCIOT OONIX TOYeK. TaKk Kak cpefu HIX HeT
napajuiesibHbIX ILIOCKOCTCH, TO TPH MNPSIMBIC, N0 KOTOPLIM
HJ0CKOCTH MOMapHO MepeceKaloTcst, napa.LicibHul.

IMTpuwmep 3. Mccaesosath, ccth st obuile TOUKI vV NJI0-
CKoCTei

x+y+z=1, x-2y-3z2 =35, 2x—y—-22 = 6.

IToctynasi, KaK B TpiMepe 2, moJivuum oda pasa 4x+
+y = 8, T. e. daKTHUeCKIl He JiBa, a OAHO VpasHeHHe. OHoO
nmeeT GecyHcjeHHOe MHO)KECTBO pellieHHi. 3HAUHT, TPH IJIO-
CKOCTH HMMeIoT 0eCuHCJIEHHOe MHOXECTBO OOIIHX TOYeK, T. €.
NPOXOAAT Yepe3 OAHY NPAMYIO.

ITpume p 4. INnockoctu

X—-y+2=0, x+2y—-1=0, x+y-2+2=0

HMCIOT OAHY 00WYI0 TOYKY (—1; 1; 2), 6o cucrema ypaBHe-
HUt MMeeT CMHCTBENHOC pemicHue x = —1, y=1, 2=2,
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§ 135. B3aaumHoe PacnoOKEHHE NAOCKOCTH
H napbl TOYEK

BaanMHoe pacrionoyKeHue Touexk My (x5; Y1 21), Mo (X5 Vo; 22) M mito-
CKOCTH
Ax+By+ Cz+ D=0 (§))

MOXKHO OMpPelesIuTh 110 CEAY IOUHM NpU3HaKam (cp. § 27):

a) Toukn M; 1 M, nexcaT no oJ(HY CTOPOHY oT naockocTH (1), korpa
unena Axy+ By, 4Cz+D M Axy+ By, +C2 + D HMEWOT 0JIHHAKOBbIE
FHAKH,

6) M; u M, ne>xar no pasHble CTOPOHLI OT rockocth (1), Korga aTu
UKC1a MMEIT NMPOTHBOMOJIOXHbIE 3HAKH.

B) OnHa M3 ToueK M,;, M, (Mnu 06€) Ne)KHT Ha NIOCKOCTH, €CJIH OHO
M3 3THMX uHcen (MaH 06a) paBHO HYJIO.

Mpumep 1. Touxu (2; 3; 3) u (1; 2; — 1) neXKaT 10 OAHY CTOPOHY OT
mirockoct  6x +3y+2z2—-6=0, n6Go wuucna 6.2+3.3+2.3-6=21
H6:143242(—1)—6=4 o6a NMoONOIKHUTESILHDI.

ITp ume p 2. Hayano koopauuar (0; 0; 0) u Touka (2; 1; 1) nexxar no
pasHble CTOPOHLI OT MNocKocTH 5x+3y—2z-5=0, Tak Kak uMcna
5.0+3:.0-2:0-5= -5 #u 5:243:1-2.1-5 =6 wumewoT npo-
THBOTIOJIOXKHbIE 3HAKH,

§ 136. PaccTosiHHe OT TOYKHM /10 NINOCKOCTH

Paccrostnne d ot roukn M, (x;; ¥y; 2;) 10 IITOCKOCTH

Ax+ By+Cz+D =0 (1)

paBHo (cp. § 28) a0COJIIOTHOMY 3HAYEHHIO BEJIMYMHEI
Ax+ By +C2 4D

T Yariprice )]
T. €. | |
= [8] = |AN+BH+CH+D]

¢=18l= YAy Bz yC? : (3)

IT p u m e p. Haiitu paccrosinne or touxu (3; 9; 1) no nio-
CKOCTH X —2y+22—-3 = 0.
PemeHue.

§o  M=2n+2y-3  1.3-2.042.1-3 _ g1
Yizg(=2)2 +22 3 3’

1

d=|8] = 57.

3ameuvanue 1. [To 3HAKY BEJIMYHHBI § MOXKHQ CY[HTb O B3auUM-
HOM DPacCroJIOXKEHHU TOUKH M,; ¥ Hauana O OTHOCHTENBHO MJIOCKOCTH (1)
(cp. § 28, sameuanue 1).

3ameuanue?2 dopmyny (3) MOXKHO BLIBECTH aHAJIHTHYECKH, pac-
CY)KJasl, Kak B 3aMeuaHHH 2-§ 28. Y paBHeHHA NPAMOI, NpoxoasieH yepes
TOYKY M, NepneHaUKY IAPHO K NIOCKOCTH (1), yIo6HO B3ATL B MapaMeTpH-
yecko#t opme (cm. §§ 153, 156).
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§ 137. MonsapHbie napaMeTpbl MIOCKOCTH !)

IToaapueim paccmosnuem niockocty UVW (uepr. 167)
Ha3blBaeTCA AJMHA p nepneHaukyiasipa OK, npoBefeHHOro
K MJI0CKOCTH U3 Hauyana O. [lonsipHoe pacCTOsiHUE MOJI0XKH-
TEJIbHO MJIK PABHO HVJIIO.

Ecan mnockoers UV W He npoxoauT yepe3 HayaJio, TO Ha
neprexauyispe OK sa MOJIOXKH TEJILHOC HATIPABJICHIIE NPHHII-

mactcst nanpasJichue Bektopa OK. Ecan ke UVW npoxoaur
yepe3 Hayaso, To MOJIOXKUTEJIbHOE HanpaBjieHHe Ha neprneHaH-
Kviisipe BblGHpaeTcsi M0 MPOM3BOJY.

TNoasapHeimu yeramu TNIOCKOCTH
UV W Ha3kIBaIOTCS1 VIJibl

a= <« NOK, B= <« YOK,

y = < ZOK

MEXAY I0JI0XKUTEIbHBIM HamnpasJic-
Huem npsimoit OK M 0CSIMH KOOPAH-
HaT (3TH Vriabl CYMTAWTCSA MOJIO-
YKHUTEJbLHBIMU H He MPeBOCXOASAIIUMHU
180°). Yranl a, B, ¥ cBs3aHbl (§ 101)
COOTHOLLEHUEM

cos?a+ cos?f3+cos?y = 1.

Yepr. 167.

IMonsipHoe paccTosiHWE p W MNOJIsIPHBIE VIJIH e, 3, Y Ha3bl-
BAIOTCS1 NOAAPHbIMU napamempamu nnockocth UVW.

Ecnn nnockocte UVW npaHa ypaBHeHuem Ax+ By+
+Cz+D = 0, ToO ee MOJsIPHBLIE MapameTpbl ONpeaensiioTCs
dbopmynamu

P = e M
COS & = :F—}’A—!—+‘;=_—4Ti’
cosB:ZF}ﬁi, (2)
Cosy = q:}’—m'_-p——az_ﬁ’

r'ie BepxHHe 3HakH OepyTest, koraa D > 0, M HIHKHHUe, Kor/a
D < 0. Ecan >xe D = 0, To no npou3Bojy 6epyTcsi TOJbKO
BePXHHE MJIM TOJIbKO HMKHHE 3HAKH,

1) Cp. § 29.
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IMpumep 1. Haiitu nonsipubiec nmapameTpnl IJ0CKOCTH
x—-2y+22-3=0 (A=1, B= -2, C=2, D= -3).
PeweHue Popmyina (1) gaer
__,I,_T?_I_ = _‘?i = 1.

P=ymarcoige T s

Gopmwiint (2), e HYKHO B3SITh HIDKHHE 3HakH (M0o D =-
= —3 < 0), naor:

1 1
R T e e e
e S 2
COSP = Vicoprz T a7

cosy = }—,1—2:_%2)—2—-;; =73
CiienoBarelibHo,
o = 70932, B = 131°40, y =~ 48°11".
ITpumep 2. Haiitn nossiplivic napamerpol IJIOCKOCTH
x—2y+22=0.

dopmyaa (1) pacr p = 0 (INIOCKOCTL HPOXOJUT yYepe3 Ha-
yaJio); B Gopmyiiax (2) MOXKHO B3sITh JIKOO TOJLKO BepPXHHC
3HaKH, JIM00 TOJIBKO HI)KHHMe. B nepBom ciyuae

cos o = —%, cosB=+-§—, cosy:—-%,
CJIe/I0BaTCJILHO,

o ~ 109°28’, B ~ 48°11’, y =~ 131°49,
BO BTOPOM cJivyace

a ~ 70°32, B =~ 131°49, y ~ 48°11",

§ 138. HopmasbHoe ypaBHeHHE MIOCKOCTH

IlnockocTb ¢ nonsipHeiM pacctostHuem p (§ 137) u nonasip-
HbIMM yrnamu a, B, y (cos?e+ cos?B+cosiy = 1; § 101)
MPeACTaBIAETCS VPaBHEHHeM

xcosa+ycosB+zcosy—p =0. (1)

()]l() HA3LIBACTCSH H()[lM(l/lbllblM ypagsnenuem 1;10CKOCTH,



168 AHAJIMTHUUECKAST 'EOMETPHSI B ITPOCITPAHCTBE

IMpumep 1. CocraButh HOPMaJIbHOC VPABHCHHC ILIO-
CKOCTH, Y KOTOPOH TOJIIPHOE PACCTOSIHME PaBHO V—l§’ a Bce
HOJISTPHBIE VINIBI — TYIIBIC M PaBHLI MEGXAY COBOH.

Pewenune, Ilpy a« = =y vciosie cose+ cos?p+
+cos2y = 1 nacT cosa = CoSf3 = COS y = i—yl—a, a Tak Kak
yvrabl o, B, Y—TVIbie, TO Hajl0 B3sATH 3HAK MHHYC. McKoMoe
VpaBHEHHE CCTh ——Vgx—ﬁy-— 73 73

3ameyanue Ta ke miIocKoCcTh npeacTapsicTCst ypas-
HEHHEM

x+y+2+1=0

(06e yacTH MpPEeAbIAYLIEr0 YPaBHEHHSI MOMHOMCHBI Ha — ¥3),
HO 3TO VpaBHeHHe —He HOpManbHOe, HOO0 KO03QHLHEHTLI
NMPH KOOPAMHATAX He SIBJISIIOTCSI KOCMHYCAMH NOJISIPHBIX VIJIOB
(cymMmMa MX KBajapaToB He paBHa 1) M K TOMY > CBOGO/IHBII
YJieH MOJIO)KHTCJICH. )

ITpumep 2. VYpasHcHHUC %x+§y——§—z+5 =0 - ne

1\2 2\2 2
HOPMaJIbHOE, TaK KaK XOTsl (;) 4 (i,) - (—i—) =1, Ho
CBOGOAHBIH YJICH TMOJIOKHUTCJICH.
1 2 .02
ITpumep 3. YpaBHeHuUC —gXtgy-52- 5 = 0- HOp-
1 2

MaJbHOE; COSa = ——, COSB = %, csy=—3, p=5 (a=
~ 109°28’, B ~ 48°11’, v ~ 131°49).

BuiBon ypaBueHus (l1). PaccmarpuBaemas naockocte (UVW
HauepT. 167) npoxoamt uepes rouky K (p cos a, p cosB, p cos y) nepnexu-

KYJAPHO K BekTopy OK. Bmecto OK MOXXHO B3ATbh BEKTOD G TOT0 >Ke
HamnpasBJIeHU s C UIHHOMN, paBHOMN ejinHHUIIe MaciuTaba. KoopaunaTsl BeKTopa
@& cyTh €0s «, cos B, cos v (§ 101). Ilpumenns ypannenune (1) § 101,
HOAYYAeM HOPMaJibHoC YpaBHennce (1).

§ 139. NpuBenesue ypaBHeHHMA MIOCKOCTH
K HOpMaJbHOMY BHAY

UTo0bl HaliTH HOpPMaJIbHOC VPABHCHHE IJIOCKOCTH, 3a/1aH-
HOH vpaBHeHHWeM Ax+ By+Cz+ D = 0, pocraTtouno pas-
AeauTh 00e 4acTH AaHHOr0 VYpaBHCHKSI Ha F VY A2+ B*+C®,
NMpHYeM BepXHHH 3Hak Oepetest, korga D = O, 1 HHXKXHHI,
Korra D < 0; ecam ke D = 0, T0 MOXKHO B33ITL 110001 3HAK,
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[Tonyuaem ypaBHeHUe

A ._ B _ c
: - XF yV+ z—
VA2 + B2 +C? VAz+ B +C? YA2+ B2+ C2
VA1 Bt 1Ct

Ono HOPMANBITO, H60 KOMpDHIIMEHTLE TPH X, Y, 2 B cHay (2) § 137 coor-
BETCTBEHHO PABHLL COS «, COS B, oSy, i cBOGOJIHLIA yiien B cuay (1) § 137
paBes —p.

IIpusmenp |. IIpuBect K HOPMANBHOMY BUAY VpaBHeHHe

x—2y+2z—-6 = 0. . (1)

Jlesnm ode yacTH vpaBHEHMsi Ha + V14 (—=2)2+22 = 3

(nepea pajHKaJIOM —IUIIOC, TAaK Kak CcBOGOAHBI usieH -6
orphiareics). Ilonvuaem:

] x——y ——z 2=

o . 2 2
CiieloBare)ibio, p = 2, cos o = 3, cosB = -5, cos Y=73

(¢ = 70°32, B ~ 131°49", v ~ 48°11").
IIpumep 2 INpuBectH K HOPMAJLHOMY BHAY YpPaBHeHHe

x—2y+2z246 =0. 2
CBOGOAHLIA uwjieH noJiokutesieH. Iloatomy genumM Ha

—Vl +( 2)2 +22 = _3, INonyuaem:

x+3y ——z 2=0.
2 2

e ORATE 1 _ _ 1 _ __2
CiiejloBareyibHo, p = 2, cos o = — 3, COS B= 3, COSY=—3
(x =2 1099287, B == 48°11", vy ~ 131°49).

[Tpumep 3. [puBectH K HOPMANLHOMY BUAY YPaBHeHHE
x=2y+2z = 0.

Taxk kak D = 0 (1MJI0CKOCTh NMPOXOAMUT Yepe3 Hauajo), TO
MOYKHO pasfieautb Ju6o Ha +3, nu6o Ha —3. Ilonyuaem
JIHoo »;Ax—§y+—3—2 =0, aubo —%—x-}-%y—%z = 0.
B oboux citvuasix p = 0. BesinuuHel «, B, Yy B NepBOM CJV-
uae—Te Ke, 4TO B NpHMepe 1, BO BTOPOM—Te )K€, 4YTO B
npumepe 2.

3ameyaHue, Ecau B vpaBHeuun Ax+ By+Cz+D = 0
cB0OORHLIA uwileH oTpuuaTeseH M A%+ B2+ C%? =1, TO 3TO

ypaBrEeHHe HopmasibHoe (§ 138, npumep 3) u npeoﬁpaaonu-
BATH Cro HE HAL0.
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§ 140. YpaBHenHA npsAMoOH B npocTpaHcTBe

Beskas npsvas munns UV (sepr. 168) npeacrabnsercs
cHCTeMOI ABYX VpaBHCHHIL:

Ax+ By +-Cz+Dy = 0, Q)]
Asxt- Byy - Ca2 - Dy = 0, (2)

NPeCTABsIONUX (CCIM HX PACCMaTPUBATL 10 0MAeAbHOCNIL)
KaKkue-noeo jise (pasauurisle) 1miockoctH Py u P,, npoxoasi-
e yepea UV. Vpasueuust (1) u (2) (B3siThiC 6 cosokyntocmir)
Ha3bIBAIOTCSL Y pastieriuamu npamoii UV,

YepT. 168. Yepr. 169.

3aMeuyanue. Boipakeduewaipsimas UV npencrarasiercst
cucremoit (1) —(2)» o3Hauaer, utro 1) KOOpAMHATHI X, Yy, 2
BCAKOM ToukH M npsimoit UV vioBaeTBopsiioT 060HMM ypaB-
HeHusim (1) 1 (2); 2) KOOpAMHATLI BCAKOH TOUKH, He Jjie)kaiueit
na UV, He V;10BJIETBOPSIIOT Cpa3y 060uM vpaBHeHusiM (1), (2),
XOTSI MOT'YT VJIOBJICTBOPSITb OAHOMY M3 HUX.

Il puMme pl. Hanucats vpaBHenusinpsaimoit OK (uepr. 169),
npoxousinieit uepes Hauano O u Touky K (4; 3; 2).

Pemenune. Ipsimast OK ecth nepeceyeHre MiIOCKOCTeH
KOZ w KOX. B3sis Ha ocn OZ Kakvio-nub0o TOYKY, Hanpu-
mep L (0; O; 1), coctaBiisiem ypasHeHHe nnockoctH KOZ (kak
npoxojisinied yepes Tpit Toukn 0, K, L; § 129). INoavuaem:

N

O R
o W=
- DN N

! =0, T.e. 3x—4y =0. (&)



§ 141. IBA YPABHEHUS MEPBOI CTEMEHH 171

Taxkum >xe o0pa3om HaiijieM vpaBHCHHC

2y—32 =0 (4)
miockoctH KOX. Tlpsimast OK nupejacTaB;isieTCs: CHCTEMOIl
vpaBHeHuii (3)—(4).

JleicTBHUTENBHO, BCsiKasi Touka M npsimoit OK Ne>KHT M B IJIOCKOCTH
KOZ u B nnnockoctH KO X; 3HaYMT, ee KOOPAMHATHI YI0BAETBOPAIOT Cpasy
06ouM ypaBHeHUsM (3) M (4). C npyroit cTopoHsbl, Touka N, He aexawast
Ha OK, He MOYKeT NpHHajIe)KaTb cpa3y o6enm naockocTam KOZ u KO X;
3HAYMT, ee KOOPAAMHATHI HE MOrYT Y/0BJIETBOPSATb cpa3y o6OMM ypaBHe-
Huam (3) —(4). )

IIpumep 2. Ilpamvio OK npumepa 1 MO>KHO NpejcTa-
BHTb TaIO)Ke CHCTEMOIT VpaBHeHHI

[ 3x—4y =0, 3)

\ 2x—-4z = 0. (5)
ITepBoe M3 Hux TnpejcTanisier 1s10ckoeTh KOZ, sropoe —
1jocKkoctb KOY.

Ty >xe npsimvio OK MO>XKHO IIPEICTABITDL CHCTEMOI

2y—-32 =0, 2x—4z = 0.

ITp ume p 3. OupejesnTn, Jiekar au Toukn M, (2; 2; 3),
M, (—4; —3; —3), My (-8, —6; —4) na upsimoit OK, pac-
CMOTPCHHOIT B nIpumepe 1.

KoopauHaTil Toukit M; HC V0BJICTBOPSIOT HI VpaBlic-
HHI10 (3), HH ypaBHeHIo (4); Touka M, He JIeKHT Ha upsimoii UV,
KoopuHatnl Toukit M, VI0BJICTBOPSHIOT (3), HO HC V/IOBJIC-
TBOPSIOT (4); Touka M, JieXKHT B miiockoct KOZ, HO He Jie-
MKHUT B IockoctH KOX; 3Hauut, M, He Jiexkut Ha OK.
Touka M, aexnt na OK, noo vjoBacTBOPSIIOTCst o0a vpaBHe-
st (3) 1 (4).

IIpumep 4. Ypasuenne 2 = 0 npejicTaBisicT MJIOCKOCTD
XOY. VYpapHenne x--y—1 = 0 npejacrasiisiet 1Ji0ckocTsh P,
napasuieashvio ocit OZ (§ 124, npumep). Ilpsimast, no koTopoii
1nepeceKaioTcs 10cKoctTH AOY u P (KL na uepr. 163), npea-
CTaBJISICTCSI CHCTEMOIT

X+y—-1=0,2=0, R

§ 141. VcnoBue, npu KOTOPOM NBa ypaBHEHUA
nepBoil CTeNeHH NPeACTABAAT NPAMYIO

Cucrema
{ Alx+ B,y+Clz+ Dl = 0, (1)
\ A:x+ Bgyﬂ‘ sz"' D2 = 0 (2)

TIPEACTABIAET NPAMYIQ JINHHIO, cciiy KoadruueHTu Ay, By, Cy



172  AHAJIMTHYECKAS! 'EOMETPHMSA B INPOCTPAHCTBE

He NMPONOPUHOHANBHBI Ko3pdHLMeHTam A,, B,, C, [B aTom
cavuae maockoctH (1) u (2) He napanjensHsl (§ 125)].

Ecau koapduumentsr A,; B;, C; NpONOPUHOHAJIbHBI K03}-
¢unueHram A,, B,, C,, HO CBOGOJHbIC YJIEHBI He TNOJYHHEHb
TOH >Kke NMponopuuH

At A= B,. B, =C,.Cy = Dy D,
TO CHCTEMa HCCOBMECTHA M HC IPEACTABISIET HUKAKOIO 1'€0-
MeTpHuecKkoro obpasa [rmockoctn (1) 1 (2) napaJuicjbHbLI H
He COBNajaot].
Ecnu Bce yetnipe BesMuMHbl A;, B;, C,, D, nponopiuo-
HaJIbHbI BeJIMYMHAM A,, B,, C,, D,:

Ayt Ay =B,:B, =C,:C, = D,: D,
TO OJHO M3 ypaBHeHHi (1), (2) ecTb CJCACTBHC APYIOIO II
cUCTeMa NMPCACTaBJISIET MIIOCKOCTh [miockoctH (1) 1 (2) cos-

nanawor].
ITpumep 1. Cucrema

2x—-Ty+122—4 = 0, 4x— 14y-1<362—8 =0
NPeJCTaBIsIET NPSIMYIO JIMHUIO (BO BTOPOM VPaBHEHHHM K0d(-
¢unmenTst A 1 B BaBoc (ojblie, ueM B nepBoM, a Koadhi-
1nueHt C —BTpoOC).
ITpumep 2. Cucrema
2x—Ty+122—4 =0, 4x--14y-|- 24z -8 - (
HpCACTaBIsIeT INIOCKOCTh (BCe yernipe Beynynunl A, 13, C, 1)

NPONOPLUHOHANBHBI).
INMpumep 3. Ccrema

2x—Ty+122-4 =0, 4x—14y+242-12=10

He TNPEACTaBJSICT HHKAKOro reomerpruyeckoro obpasa (BeJiH-
yuHbl A, B, C nponopiuoHaibHbl, a D He MOAYMHEHA TOH >Ke
HPONOPIMH; CHCTEMA HECOBMCCTHA).

§ 142. Ilepeceyenue npAMoOd ¢ MIOCKOCTHIO

Ilpsimast L

{ Ax+ Byy+Ciz+ Dy =0, (1)
Aox+ By + Coz-t-Dp = 0. (2)

¥ TUI0CKOCTD P
Ax+By+Cz+D =0 3)
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MOTYT He UMeTb HHM 0AHOii oOwei Touku (ecau L || P), moryt
HMeTb 0eCYMCJICHHOE MHO)KECTBO 00WMX ToveKk (ecau L Je-
JKMT Ha P) unn HUMeTh TOJILKO OfHY 06myio Touky. Bompoc
CBOAMTCS ') K pa3biCKaHMI0 OOHIMX TOYEK TPEX IJIOCKOCTeH
), (2) (3) (cm. § 134).
IMMpumep 1. Ipamas
x+y+2-1=0, x-2y-32-5=0
HC MMeeT 001HX TOYeK € MJIOCKOCTBIO
2x—-y—-22-8=10

(oHH napasieibHbl) (M. npumep 2 § 134).
ITpumep 2. INpsamas

X-2y-32-5=0, 2x—y-22=26

JIOKHT B IUIOCKOCTH X+ Yy +2 = 1 (cm. npumep 3 § 134).
ITpumep 3. Illpsamass x+y—-2+2=0, x-y+2=0
lepeceKaeTest € IUIOCKOCTbIO Xx+2y—1=0 B TOouke
(—1; 1; 2) (cm. npumep 4 § 134).
ITpume p 4. OnpeaesnTb KOOPAMHATLI KAKOH-TMG0 TOYKH
Ha npsiMoit L:

2x-3y—-243 =0,
5x—-y+2-8=0.
Majum koopauHate x Kakoe-JM00 3HayeHHe, HalpHMEp
x = 3. Ilonyuum cucremy —3y—-2+9=0, —y+2+7 = 0.
PeumnB ce, Hakgem: y=4, z = —3. Touka (3; 4; —3) aexur
Ha npsmoii L (B nepeceyeHun e¢ € IIOCKOCTbIO X = 3, napas-
agenbHoii YOZ). Takum e 00pasom, B3siB X = 0, Haiifem
5
TOYKY ((), —5;—; —4—) B nepcceuenun L ¢ miaockoctblo YOZ
I T. . MOXXHO TalOKe JlaBaTh Pa3/IMYHbIC 3HAYCHHS KOOPAK-
HaTe Y WJH 2.
IT p 1 m e p 5. Oupejie:Th KOOPAHHATHL KAKOIi-JIHG0 TO‘II(II
Ha npsamoii L:
[ 5x-3y+22-4 =0,
\ 8x—6y+4z—-3 = 0.
B npoTHBOMON0)XHOCTL NpeJbIAYILEMY NPUMEPY KOODPAU-
HaTe X 3/1eCb HeJb3s1 JaTh NPOHU3BOJBLHOr0 3HauYeHHs. Tak, npu

1) Buiknaaky oGeryaloTcs, KOraa y paBHeHHA NpAMoit B3ATH B napa~
METPHYECKON dopme (§ 152 ¥ gameuanue B § 153),
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x = 0 noJjyyaeM HCCOBMCCTHYIO CHCTeMY —3y+2z2—4 = (),
—6y+42—3 = 0. Ilpsimas L napaJjuiesibHa myockocty ZOY
KoopaunaTte y (MJIM 2) MO>KHO jAaBaTh NPOH3BOJIbHbIE 3Hayc-

5. 17
HHS; HaNIpUMep, MOJIOXKUB 2=0, NMOJIVYUM TOUKY (7; -5 O)
Hns x OyjieT monvyaTtbCst BCerjla OTHO M TO K€ 3HAuCHHC

X = 2 , TAK YTO npsimas L J1e)KHT B IVIOCKOCTH X == > napaii-

=
nenbHoit ZOY.

§ 143. HanpaBasiomuii BekTOD-

A. Besikmii (HeHyaeBoii) BekTop a (I, m, n}, ne>xauii Ha
npsimoit UV (Mnu napanielibHblii eH), Ha3bIBACTCsI HANPagsiio-
wyum gexmopom 3Toi npamoii. Koopaunatul I, m, n Hanpa-
BJISTIOIICTO BEKTOPA HA3LIBAIOTCA Hanpasistioyyumit Koahhuyu-
enmamu npsiMmoit.

3 ameuaHHe. TToMHOKNB Hanpag.istionye KodpdimeH-
Tl [, m, n Ha OIHO M TO >KC UHCJO k (HC paBHOC HVYJIO),
nonyuyum uucia lk, mk, nk, KOTopnie Toxe OVJYT HalpaBJisi-
IOWUMH  KO3QQHIMCHTAaMH (3TO KG-
OP/JIMHATBLI BeKTOpa @k, KOJ!HHCap-
HOT'O C @),

b. 3a Hanpasisiiomuii  BexkTop
npsimoit UV

j Ax+ By Cz+ Dy =0, (1)
Uepr. 170. \ A+ Byy-Caz- Dy = 0 (2)

MOYKHO TIPHHSITL ucx\'mpum nponspejenne Ny ¥ N, e
N, = {4,, B, c,} n N, ={A,, B, C,}— uopua'u.m.u
BEKTOPBI IJ10CKOCTE Py M P, (qcpT 170), npejcrasiisieMblX vpa-
BHeHUsIMH (1) 1 (2). llmc1 BHTCJILHO, TIPsiMast U V 1l prieH/ MKy -
JSIPHA K HOPMaJbHBLIM BEKTOpam Nl, N,.

IT p 1 ™ ¢ p. Haiftn HanpasJiisiiomme Ko3QQHIUHCH TLI IPSIMOIT

2x-2y—2+8 =10, x+2y—-2z41=0.
PemweHue Umeem N, = {2, -2, —1}, N, ={1, 2, —2}.

Ilpumem @ = N, x N,3a HanpasJjstionuii BEKTOP JaHHOH npsi-
Mmoit. Haxogum:

=22 2] 2

Hanpagnsoume xoapduuuents ovavr | = 6, m = 3, n = 6,
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. 1 .
Sameyanuc. HoMHOKHEB 9TH yHCaa na 3, Halijem Ha-

npagsisiione kKoddppunuentol =<2, m—1, 1i'==2. 3a Ha-
Hpamistionute KOAQEUIUICHTI MOKRO TAOKC TPHISATH MHC1A
—-2; -1, =2urT. L

§ 144. Yrabl mMeay npsiMoit M OCAMH KOOpPJHHAT

Vrau a, B, v, oOpagvemble HpsiMoii L (B 01HOM H3 JIBYX ce
HAlPABJICHUIT) C OCSIMM KOOPAMHAT, HAXO0JIATCST 13 CCOTHOLICHUIA

I
COS @ =+ ——= -:ooomm -y
Vg
m
co! L —
s B Yiz + m? +n? !
COS Y = i
Y= V’z m2 +nz

e [, m, n - HanpasJistioniue Ko3GouireHTb npsmoit L.
Butexaer u3 § 101.
Bestunnnl cos e, oS 8, COS y Ha3bIBAIOTCS HANPAGASIONUMU
Kocunycamu npsimoit L.
ITp 1 ve p. Haliti yrusl, o6pasyemele npsimoit
2x -2y -—-2+8 =0, X+20-2241 =
€ OCSIMH KQOP;UIHAT.
Peurenne. 3a HanpasisiiomHe KO3QQHIHEHTb NaHHOM
npsimoit (§ 143, npu\\cp) MO>XHO NPHHATb [=2, m=1, n=2.
2 1 2
3nauur, cos a = s —- = -2, COS —, Cos =; OT-
V2z+12+22 3’ b= 3’ Tey
clojla « == 48°11°, B ~ 70°32’, v = 48°11".

§ 145. Yronx mexay ABYMA TNPAMbIMH

Yros ¢ MOy HpaMoiMH L U L’ (TouHee, OJIMH M3 VINIOB
MEACTY HIMM) HAXOJHTCSE 0 popmyte

SO Ll o S (1
VErm sz VIz+mz+nz’
racl, m,nul’, m, n’ — Hanpasisiioue Ko3GGUIHEHTH! 11PsI-
Meix Lou L7, wan no gopmyaie
COS @ = CUS o CO8 o’ - oS 3 cos B’ + €os y Cos v'. (2)
BoiTecaer w3 § 109.

Cos p =
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IIpumep. Hality yros Me)KRY npsiMeIMi

2x—-2y—-2+8=0, {4‘c+y+32 21 =0,
x+2y—-2+1=0, 2x+2y—-32+15 = 0.

P e w1 e H u e. Hanpasuistiomue Ko3QduieHTs! nepuoii npsi-
moit (§ 143, nmpumep) paBhbl [=2, m=1, n=2. Ecan 3a
HanpaBJIsIOLIMIT BEKTOP BTOPOii NpsiMOil NMPHUHSATL BEKTOPHOE
npousBegenne {4, 1, 3}x{2, 2, —3}, To HanpasuisOWHC
ko3QduuuenTsl ee paBHbl —9, 18, 6. IlomHOXHB MX (4TOGHI

HMeTh [1eJI0 C MEHBIIHMHU YHCJIAaMH) Ha —1— (§ 143, 3ameuaHue),
noavuuM [ = -3, m=6, n=2. Vimeem:
2.(=3)+1:6+2.2 4

¢os @ = =
¢ V2r+1z+22 (=32 62 +22 21’

orciofa ¢ ~ 79°01”,

§ 146. Yron mexay npsamoil H IJIOCKOCTBLIO

Yron ¢ mexay npsimoit L (C HanpasJsioliuMH Ko3ddu-
nueHTamu [, m, n) ¥ mIocKoCTbiI0 Ax+ By+Cz+ D = O Ha-
XOAUTCA 1O popmyne

| Al + Bm+Cnl|

sin ¢ = .
b YAt + Bty C2 V2 +m2 4 n2

BeiTexaeTt u3 § 145 (ecnu @ eCTh Yron Me>kay NpsiMoit L ¥ HOPMATbHBIM
BexTopoM {A, B, C}, To o = 90° % ¢).

IT p u m e p. Haiitu yron mexay npsimoit
3x—-2y = 24, Ix—z2= -4

H MJIOCKOCThI0 6x+ 15y —10z+31 = 0. HUmeem [=2, m=3,
n=6 (§ 143). Haxogum:

sing = 16-2+15.3+(~10).6] _ 3

V6 +152+(—10)2y22 +3: 16 133

OTKVAA ¢ ~ 1°18’,
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§ 147. YcnoBHs napaijelbHOCTH M e pneHJUKYIAPHOCTH
NpAMOA M NIOCKOCTH

NMcaoBHe mMmapaldJeJdbHOCTH NPsiMOii ¢ Ha-
HpaBJAsgOUWUMHA KO3QQHUUHEHTaMH [, m, N M MIOCKOCTH
Ax+ By +Cz4-D = 0 ecth

Al+ Bm+-Cn = 0. (1)
OHO BLIpPaXKAaeT H¢PNEHAHKYJISAPHOCTDH Npsmoii H
HopmasLnoro sexropa { A, B, C}.
YCciuoBHCNEPNEHAUKYIAPHOCTH NP AMOHK U
1110 CKOCTH (0003HAYEHHs1 TE JKe) ecThb
l m n ‘
ATE-C @
OHO BHIpAXKAeT HapaJijielibHOCTb IPAMOH U HOpMaJib-
HOTO0 BEKTOpA.

§ 148. IMyuok miockocreii 1)

MHO)KeCTBO BCEX [JIOCKOCTCH, NMPOXOJSUIMX Yepe3 OfiHY
H TV e upsimvio UV, HaaniBaeTcst nyuxom naockocmeli. Tlpsi-
Mmast UV Ha3LIBaeTCst 0cbio NyyKa.
Ecau u3BeCcTHL VPaBHEHHST IBYX DPa3JIMUHLIX IIOCKOCTEiH
P,uP,
.Alx+ B,‘y-}-ClZ-}-Dl = O, (1)
Apx+ By +Co2+ D, = O, (2)
NMpUHaAJe)KAUIUX NMYYKY (T. €. VpaBHEHHs 0CH NYYKa; cM. § 140),
TO Ka)KAVI0 MJIOCKOCTh NMVYYKA MOXKHO NPEJCTaBHTh YpaBHe-
HHeM BUAA
my (Apx-+ By + Gz 4 Dy) + _
+m, (A, x+ Byy+Coz+D,) = 0. (3)
06paTHo vpaBHeHHe (3) npH J0OLIX 3HAYCHUSX My, m,
(He paBHBIX HVJIIO OJIHOBPCMEHHO) MPE/ICTABJISICT IJIOCKOCTD,
HPUHAMICKALLYIO NYYKY ¢ ocbio UV 2). B yacTHocTH, npu
my=0 nosnyyaem njockocth P,, a upu m,=0 — 1ioc-
KocTh Py, YpasHenue (3) Ha3LIBACTCSI ypagrelilleM nyuka
naockocmetl ).
Korna my # 0, Mbl MO)KeM pasfieiuTh ypaBHeHue (3) Ha m,.
0603HauuB m, : m; Yepe3 A, N0JYYUM YPaBHEHHE

Ax+ By +Ciz+ D+ X (Ayx+ B,y +Cyz4-D,) = 0. (4)

1) Cp. § 24.

2) CM. HH)KE MOsICHEHHe K nmpumepy 1.

3) Ecnu nnockocTH (1) M (2) napannenbusbl (HO HE COBManaloT), TO Y paB-
Henue (3) NpU BCEBO3MOXKHBIX 3HAUYEHHUSIX My, M, NPEACTABASAET BCE MJIO-
CKOCTH, NapasejbHbl¢ ABYM AHHLIM (napaaseabHul nytox naocrocmetr),
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3aech BCEBO3MOYKHbBIC 3HAUCHHST JIAIOTCS TONBKO OJHOI GYKDBe
A; HO K3 (4) HeNb3ST HOJAYUHThL ¥ PABHCHIS HAOCKOCTH P,
ITpusmep 1. IIverb jlaHbl YPABHCHIH

5x -3y = 0, %)
3z—-4x =0 (6)

JIBVX MJIOCKOCTEi nvuka, T. €. VPAaBHCHUSI OCH MyUKa. .VD«'IB-
HCHHUC NYVYKA €CTh

my (5x — 3y)-+ m, (32— 4x) = 0. 7
Hanpumep, B3siB m;=2, m, = — 3, 6yacM UMCTh:
2(5x-3y)+(—3)(32—4x) = 0. (8)

¥YpasHenue (8) HIH
22x -6y —9z = 0 (8a)

HPEeACTABISICT OAHY H3 IJIOCKOCTEH nyyKa.

MosscHexn e, Bo3bmem Ha npsamo#t UV Kakyi YIOOHO TOUKY
M(x; y; 7). Ee KoopnHHaThl X, Y, Z YJI0BJIETBOPSIIOT Y paBHEHUAM (5) U (6),
a cnenoBaTenbHO, M YpaBHeHHIO (8). 3HauuT, naockocTb (8) npoxonur
yepes3 BCAKYI0 TOUky M npsimoit UV, T. €. NPHHAANEI>KHUT NMYYKY.

IMpumep 2. Haiith ypasHeHHE HJIOCKOCTH, l1IpoxojsuLeii
yepes npsimvio UV npumepa 1 u yepe3 Touky (1; 0; 0).

P ¢ w1 e 1 1 e. McKomast JIOCKOCTD 1IPECTABJISIETCS YPAaBHE-
HueM Buaa (7). ITociesHee ROJHKIO VIOBJIETBOPSTLCSA MPH
x=1, y=0, z=0. IToacrasisisi 9T 3HauycHHs1 B (7), HAXOAUM
5my—4m, = 0, . e. my:m, = 4:5. Io-
JIy4aeM ypaBHCHHC

4(5x-3y)+5@Bz—-4x) = 0,
T. €.
5z2-4y = 0.

ITpumep 3. Haiitu ypasHeHUsI 11po-

eKIHU NpsIMOil L:

2x+3y+4z2+5 =0,
el
x—6y+3z—-7 =0 |
Ha NJI0CKOCTh P
2x+2y+2z+15 = 0. (10)

PeweHie. HMcxkomass mpoexnusi L’ (uepr. 171) ecth
npsimast, Mo KoTopoif MJjockocTh P mepecekaercsi € IUIO-
CKOCTBIO Q (MpoBeleHHO# uepe3 L IepHEeHAUKYISAPHO K P).
ITnockocTh Q MPHHAMIEKHUT MYYKY ¢ 0Cblo L M MIpeCTaB-
JIsieTCst ypaBHCHHEM BHA

(2x+3y+4z4+5)+nx--6y+32—-T) = 0. (11)

i

Yepr. 171.
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Uroowl Haiiti A, npeacrasum (11) B Buge
2+2)x+(3-60)y+(4+32)2+5-7T2 =0 (11a)
I 3aMMieM YCJIOBHE MEPNCHIKYJIAPHOCTH nuockocted (10)

U (11a):
2(2+2)+2(3-61)+1-(4+32) =0.

OTtciona A= 2. Iojcrasiisisgs B (11a), 1n0oJivuum ypaBHEHHUE TLJIO-
CKOCTH Q. MicKoMasi mpoeKIHst NMPeACTaBIseTCS VPaBHEHHSIMH
{ 4x-9y+10z2—-9 = O,

2x+2y+2+15 = 0.

§ 149. ITpoekuuu npsmoli Ha KOOPAMHATHBIC NJIOCKOCTH

ITyers upsimast npeJIcTaBisICTCST YPaBHCHUSIMH
{ A+ By Cz4-Dy = 0, (1)
\ AoX |- Boy -} Co24-Ds = 0, 2)

rie C; i C, He paBHBI HVYJII0O OAHOBPCMCHHO (cavyait C,=
=C,=0 pacevorped mpke B npumepe 3). Urolbl Haiti
HPOCKLHIO NIPSAMOH Ha IJIOCKOCTL XOY, 10CTaTOYHO HMCKIIIO-
YHTb 2 13 vpaBHeHHUi (1) —(2). IlosivueHHOC VpaBHeHHC (BMc-
¢Te ¢ ypaBHCHHeM z=0) OyaeT npeAacTaBisiTb HCKOMYIO 11PO-
cKIio '), AHAJOrMYHO HAXOASITCSI NMPOCKUMH HA MJIOCKOCTH
YOZ n ZOX.
J1p ume p 1. Haiith npoekiuio npsimoit L
{ 2x+4y—-32—-12 =0, 3)
\ x—2y442-10=0 4

Ha 110cKocTh NOY,

Pecurenie. Urodnl HCKIIOYHTL 2, TOMHOXKHM 1iePBOE H3
JaHHbIX YPaBHeHUil Ha 4, a BTopoe — Ha 3 H cJIOXXHUM, ITosy-
YHM:

4(2x+4y—-32—12)+3(x—2y+42-10) = 0, %)

T, €.
11x+ 10y -78 = 0. (6)
9T0 VpaBHCHHC BMeCTC C ypaBHEHHeM
z2=0 (7)

NPEJICTaBNsIeT Npoexiuio L’ npamoit L Ha naocko¢Th X0V,

1) CM. HIDKE TOSICHEHHE K NpHMepy |,



180 AHAJIMTHUUYECKASI TEOMETPUSl B IMPOCTPAHCTBE

.MoscHeHnHue. INnockocrb (5) npoxonaut uepes npsamvio L (§ 148).
C npyroit cTOpoHbl, KaK BHMIHO H3 (6) (roe He coaep)KMTCA 2), 9Ta nao-
CKOCThb (§ 124, . 2) nepneHaUKy AsipHa K MUI0CKOCTH XOY . 3HauMT, npa-
Masi, Mo KOoTopo# nuockocTb (6) nepecexaercs ¢ MIOCKOCTbio (7), ecTh
npoexkuua npsAmoi L Ha nuockocTb (7) (cp. § 148, npumep 3).

ITpume p 2 INpoexuus npsimoii L
J 3x—5y+4z-12 = 0, 8)
\ 2x—5y— 4=0 9)

Ha 1ockocth 2=0 r1ipeactaBasicTcst (B IJIOCKOH cHcTeme
Koopaunat XOY) vpapHeHueMm (9). MckilouaTb KOOpAMHATY 2
He TpelyveTrest, TaK Kak B ypaBHeHuH (9) oHa yyke He cojep-
-kurest. Ilnockoctb (9) nepneHaHKY-
JsipHa K nnockocth XOY; oHa
IPOEKTHPYET npsimvio L Ha XOY.

ITpumep 3. Haiith npoexiuin
upsimoii L

{ 2x-3y =0, (10)
x4y—-4=0 (11)
Ha KOOPAHHATHBIC MJOCKOCTH.
Pewmenue B obonux vpasHe-
HHUSIX 2 OTCVTCTBYCT, TaK uTo 00e
rjiockocty Py u P, (uepr. 172) nep-
HEHUIKYIBIPHBL K 1JockoeTit XOY. Tlpsismast L neprnenauKy-
Jsippa K XOY u npoexrupyercst Ha njockocts X0Y B T 0 u-
Ky N ¢ koopmiHatoil zy=0. U3 cicremnr (10)—(11) naxo-
3 X
MMM Xy = 5, Yy = 5

YpasHenne npoexiti L’ Ha niaockocth YOZ Moo HafiTh
no obuemy cnocody, mernovast X w3 (10 u (11). IMoayuum

8 o
)'=3, T. €. TO )>KC PpaBCHCTBO, KOTOpOC BbLIWE HAHACHO

Ais yy (M3 uepreka BIJIHO, uTO npsimast L’ orcTout o1 OZ
Ha paccrosinne OB, paBuoe yy= AN). YpaBHCHHC HPOCK-

IMH L na miockocth NOZ ¢Crh X = o

§ 150. CumMeTpHuYHbIE ypaBHEHHs npsiMoi

Ipsmasi L, npoxoasiwasi yepes TOUYKY M, (Xo; Yo 20) M
‘MMelowast Hanpasasiiomuit Bekrop @ {I, m, n} (§ 143), npen-
CTaBJISIETCST YPABHEHUSAMH

X=X _Y—=Yo _2—2 (])

- = b

{ m f




§ 150. CAMMETPHUYHbBIE YPABHEHUA TMPAMONR 181

BLIPAYKAIOWMMH KOJUIMHEAPHOCTh BeKTOpPOB @ {l, m, n; u
2

MM {x—X,, ¥—Y¥o, 2—2} (uept. 173). OHM Ha3bIBAIOTCS
cummempuuHsiMu (UIH KAGHOHUYeCKLIMU)
VPaBHEHHUSIMH 11PSIMOH.
3ameuanue 1. Tak Kak 3a
TOYKY M, MO)KHO B35Thb J100YI0 M3 TO-
yeK Npsimoii L, a HanpaBJsIOLIMH Bek-
TOP @ MOXXHO 3aMEHHTb HaNPaBJISIOUHUM
BEKTOPOM ka (§ 143), To KaXKAoii U3 Be-
JIMYHH Xg, Vo, 20, I, M, N 10 OTACJIBHOCTH
MO)XHO AaTh NPOHM3BOJIbHOE 3HayeHHe.
IMpumep 1. HanucaTh cMMMeTpHY- Yepr. 173.
libic  VPaBHEHHs TMNPsIMO#, NPOXOAsi-
et yepes touku A(5;, -3; 2) u B(3; 1; —2). B ka-
‘IL’CTBC_MJ, MO>XHO B35ITb TOUKY A, 3a BEKTOP @ MOXXHO INpH-
iwsith AB = {--2, 4, —4}. CuMMeTpHYHbBIC YPABHCHHUSI OYAVT:

x-5 _v+1§ z2-2

= = e

Lum _Ke B KauecTse M, B3siTb B, a 3a @ IIPHUHSITH BEKTOP
AB = {I, —2, 2}, TO CHMMCTPHYHbBIC YPaBHECHHUsI OVAYT:
x-—-3 v—=1_ 42 .

T 3)

Bameuvanne 2, U3 1pex ypaBHeHHH
x=-5_ y+3 x-5_ z2-2 y43 _ 2-2

e e e B S
coteprannxces B (2), moanko dsa (Kakue yroHo) HE3aBHCHMLI, a TpeThe
SIBISETCA MX CNEJICTBHEM; HANIDHMED, BBHIYTS M3 I€PBOI'0 Y PABHEHHA BTO-
poe, naijiem Tperbe. Kaxqgloe U3 ypaBHelinit (4) NpejicTaBaAseT NI0CKOCTL,
HPOXOUSALLY 10 Yepe3 NPsIMYI0 A B nepnenauky 1sipHO K OAHOM U3 KOOP/IHHAT-
HbIX MJIOCKOCTEN; BMECTE C TEM OHO NpPENCTABRAECT NMPOEKLUHIO NpAMoO AR
114 COOTBETCTBY IOLLY IO KOOPAHHATHY 0 NJOCKOCTb (§ 149).

IIpnmep 2. Cn.\m'crpuunmc YpaBHEHHSI HPsIMOIT, 11POXO-
ssttedi uepes roukit M, (5; 05 1), My (5; 6; 5), Oyiyr:

x=h y-0 z-1
o= T = 1 )

BoipaskeHue ’—‘B—’ VCIIOBHO; OHO o3Havaer (§ 102, sameyauue),
uT0 Xx—5 = 0, Tak YTO BMECTO (5) Ha;m HanHUCcaTh CHCTEMY

:V
=5, 4 (6)
Ipsamast MyM, nepnermmwnﬂpﬁa K 0ck OX (raK kaK [=0):
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ITpume p 3. CummeTpuulibic VpaBHCHHSI NPSIMOI, 11POX0-
asuei yepes Toukn A(2; 4; 3) u B(2; 4; 5), ovavT:

x—-2_y—-4_ z-3

0 0 2

9rta 3anuCh 03HAuaeT, YTo Xx=2 u y=4.

BeauuHHa 2 NpHHHMACT pa3siMyHble (J00ObIC) 3HAYCHIIST ISt
pasjiMyHLIX Touek npsimoit AB. Ilpsimasi AB napaJjuicjibHa 0CH
OZ (taKk KaK [=m=0).

§ 151. JIpuBeneHHe ypaBHeHuit npsmoit
K CHMMETPHYHOMY BHAY

Hnst Toro yro0bl MPUBECTH 'VPaBHEHHST IPSIMOM

A+ Byy+Ciz+ Dy =0, (1)
Ayx+ Byy+Csoz4+ Dy =0 (2)
K cUMMeTpruHoMyY BHLY (§ 150), Hajsto O1pejiesiHThL KOOPAMHATLI
Xo» Yoo 2, KaKOi-11100 TouKH, Jiexkanieil na npsimoit (npumepnt

4 1 5§ 142) u nanpasssiiomue kosgdunuenrst I, m, n (§ 143).
ITpumep 1. Ipusecti vpasHeHuUst NPSIMOiL

2x—-3y—-z+43 =0, dx—y+z-8=0
K CHMMCTPHYHOMY BHAY. .
PeurcHie Kak B§ 142 (upimep 4), Haiijilem Ha JaHHOM

npsimoii Touxky M, (3; 4; —3), x,=3, y,=4, 2,= —3. Bn-
YHCJIHB HAlPaBJISAIONHE KOOQPHIHCHTH

-3 -1 -12
-1 1 15

|2 -3

I= =15 1

= -7, =13,

= —4; m-:\

HOJIYUYaCM CHMMCTPHYNIDBIC Y PAaBHCHIIST

x=3 _ _y—4_ 243

—4 T 7713

ITp ume p2 Ilpusectit K CHMMETPHYHOMY BHAY Y PaBHCHUSA
x+42y—-32—-2 =0, —3x44y-624+21=0.

3ajaauM KOOpAHIIATE ¥ MM 2 KaKoe-nH00 3HaueHHe (Ko-
Opji{HHATE X NMPOHU3BOJIHLHOC 3HAYUCHHC 3a/1aTh HeJb3s; Cp. § 142,
npumep 5); Hampumep, nonoxum y=0, Tloayyum TOUKY
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M, (5; 0; 1). Hanpasasiowue Koaq)cbuuueu'ru oyavr [=0,
m=15, n=10 wuau (nomnoman Ha 5) [=0, m=3, n=2.
IMonyyaeM CUMMeTPHUHBbIE VPaBHEHHS

y __z—-1
3T 72

x=5
[§

<

(cp. § 150, npumep 2).
ITpumep 3. To e st NPSAMO

x+y-6=0, x-y+2=0. 3)

3HauCHUA X, H Y, BIIOJIHE ONPEACJSAITCS YPaBHeHHAMH (3):
Xo=2, Yo=4. KoopnuHare 2z, MO)XHO aaTh Jiio0oe 3HaueHHe,
Hanpumep 2,=3. Jlajiec HaX0nMM HanpasJsiiomiHe Ko3GdHLU-
entbl [=0, m=0, n=2. [TosiyuaeM CHMMeTPHYHbIE VPABHECHHS
(cp. § 150, npumep 3):

§ 152. ITapamerpHyeckHe ypaBHEHHsI npsamoi

Kaxpoe n3 orsomennit =20, Y230 "Z=% (§°150) pasno
yacTHOMY (§ 90) oT fejieHHsT BeKTOpa

i M;M{x"xm V=Yo 2—2%)

Ha (KoJuIMHeapHbH) BekTop a@{l, m, n}. OG6G03HauUM 3TO
yacTHoe yepes . Torna

X = Xo+1t,
= FEEN y=¥+tmt, (1)
S 2 = z,+nt.

OTH VpaBHEHHsT Ha3bLIBAIOTCSI Napamempuyeckumu ypaciie-
HUAMU NpAMOL; KOI'JA BeJMYMHA ¢ (napamemp) NpHHUMaeT
pas3JjiMyHble 3HAYeHUsI, TouKa M(X; y; 2) ABMIKCTCS O NPSIMOIi.
Ilpu t=0 oHa coBnapaer ¢ M,; NMOJIO>KUTEJbHBIM M OTpHLA-
TeJIbHBIM 3HaUeHHsIM { OTBEYAT TOYKH, PACMOJIOXKEHHBIC Ha
npsiMoit o pasHble CTOPOHbI OT M,.

B BekTOpHO#t cpopme TpH VpaBHeHHusi (1) .3ameHsOTCA

OHUM:

r = r,tat. (2
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§ 153. Tlepeceyenne nnockocTH ¢ npAmol,
3aaHHOK napameT puUUECKH
O6uiast Touka (ecJIM TaKOBasl CYIIECTBYET) ILUIOCKOCTH P
Axt By4Czt D = 0 (1)
i upsimoii L
XX,y yetmt, oz oz, 0t (2)

Haxojurest 1o gopmysam (2), ecint Tyia HojACTaBiThL 3Hauc-
HHe {, OnpejiesisicMoe 113 ypaBHeHust ')

(Al+ Bm+Cn)t+ Axy+4 Byy+Cz,+ D = 0. @3)

Hocseanee noayuaerest, ecii Bpakennst (2) nojcrasirb B (1),
IIpuwep 1. HaiiTh TOUKY nepeceucHist miaockocTn

2x+3y+3z2-8=0

I

¢ HPSIMOTT
) -1 2
P ¢ m e nue. [lapanerpuyeckue ypasHeHuUst NPSIMOii OViyT:
x= -543t y=3-t z= -3+21 (4)

IlopcraBuB B vpaBHeHHe 2x+3y+3z—8 = 0, noayuum
9t—-18 = 0, otkvaa t=2. [loacraBasis 3TO 3HaucHHe B (4),
nojgvyaem x=1, y=1, z=1. Mckomass Ttouka ectb (1; 1; 1).

ITpume p 2. HaiiTu TOUKY nepeceyeHust miIocKoCTH 3x
+y—4z—T = 0 c npsimoii npumepa 1.

Pcure Hnue. Takum e o0pasom nojivyaem 0-f—7 = 0;
OTO VpaBHCHHE HC umeeT peuicHusi. TOYKHM HEPECCUCHHMST HET
(npsimast 1apaJsJiesibHa MJI0CKOCTH).

ITpumep 3. Haitti TOUKY 1nepeceyeHMst milocKoCTH 3x +-
1y —4z = 0 ¢ upsimoit npumepa 1.

PcumeHue. Takum >xe oOpazom nojvuyaem O-f+0 = 0;
OTO YpPaBHCHHC HMMeECT OCCUMCIICHHOE MHOXKECTBO peCLICHMI
(11psimast JI)KUT B MJIOCKOCTH).

3amecyaHuc. Bocnosib30BaBuIMCh MapaMeTPUUCCKUMM
vpaBHeHUsIMU (4), Mbl BBEJIM 4eTBEPTOC HEM3BECTHOE f M MO-
<IYYUJIU YeThIPE VPaBHEHHST (BMECTO AAHHLIX TPeX). ITO VCI0MK-
HeHWe okynaetcst 00Jibuleil JEerkoCTbi0 PCHIEHHUS? CHCTEMBI.

1) ¥ paBHeHHeE (3) B UCKNIOUHTENLHLIX CYYasAX MOXKET HE UMETh pelue-
HUS (CM. HHYKE MPUMED 2) MM MMeTL GeCMCIIEHII0e MHOXECTBO peluenui
(CM. HIdKE IPHUMep 3).
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§ 154. VpaBHenust npsmoli,
NpoXojsnilei yepe3 aBe JaHHBIC TOYKM

Ilpsimasi, npoxojsiuasi 4epe3 TOUKH M, (Xy; yy; 2) H
M, (xg; Va5 25), NTPEACTABIISICTCST Y PABHCHHUAMHU

Xz _ Yoh _ 2TH, )

X2 —Xy Vo=V -2

Ipumeprr cm. B § 150

§ 155. YpaBHenue nja0CKOCTH,
NpoXoAsiliedl uepe3 NAHHYI0 TOYKY
NEePNeHAHKYIAPHO K NaHHOH npsAmoH

InockoceTh, npoxousimasi 4epe3d TOUKY M, (Xy; Yo 20) H
HEPNEHANKYISAPHAs K NPSIMOH

X7 _¥YIN _ZTA

I my n
HMCECT HOPMAJILHBIL BeKTOD {I;, my, n;} W, 3HauHT, HpejicTa-
BJISICTCS YpaBHEHHCM
b (x=xo) -+ my (Y = yo)+ 1y (2 2) == 0
IUIH B BCKTOPHOH dopme
a, (r—7,) = 0.

ITpumep.- IlnoCcKOCTb, TNPOXOAALIAS Yepe3  TOYKY
(—1; —5; 8) M MEPNCHAMKY IAPHAS K MPAMOA 5 = 3 = 3
HpejCcTaBasicTcss vpaBHeHHeM 2(y+5)+5(z—8) =0, T. e.

: 2y 52— 30 - 0.

§ 156, YpaBuenusn npsmofi,
NPoXoaAUlei yepe3 NAHHYI TOUKY
NEPNeHANKYJIAPHO K AaHHON NIOCKOCTH

ITpsimasi, npoxoasiuiast ueped TouKkY M, (Xo; Yo; 20) ¥ €pIEH-
JUKVJSIPHAst K 1J0CKocTH  Ax+ By+Cz+ D = 0, umeer
Hanpasasiowuii sektop {A, B, C} H, 3HAUUT, NMPeICTABIISIETCS
chzyeTpuuHevK (§ 150) ypaBHEHHAMH

X=X _ Y=Y __ 22
A B e M



186 AHAJIMTHULCKASI TEOMETPHUSI B 1IPOCTPAHCTBE

IT p u m e p. Ilpsimast, npoxofsitiast Yepes Hayajlo KOOPUH-
HaT M MNEePHeHAHMKYJIAPHAS K IUICCKOCTH 3x+52—5 = 0,
IPeACTaBJIsieTCs1 CHMMCTPHUHLIMH YpaBHCHIISIMH % = % =
HAH napametpuueckiumu (§ 152) ypaBHCHUSIMH x = 3t, y =
z = 5t.

SCuln

-

§ 157. YpaBHeHHe NIOCKOCTH, NpPoOXoasLieit
yepe3 JaHHYI0 TOYKY M AaHHYW NpsAMYI0

TTI0CKOCTD, IIPOXOASIIAST UePe3 TOUKY M, (X, Vo 2,) H
yepes npsimyvio L

X --X V=¥ z-2 .
T Tm s TR O
He NpoXoAsulyio uepe3 M,, TNpeJCTaBJsIeTCsl VDABHCHHEM
X=X, Y-Yo 2-2

X1=Xo Y1=Yo A—=%|=0 (2)

l m n |
IV B BCKTOPHOIT Qopme
Yept. 174. (r—m,) (r,—r)a = 0. (2a)

YpaBueHue (z) _Mam (2a) Bhipa)kaeT KOMMJAaHapHOCTb BEKTOPOB
(uepT. 174) M.-,M MM, na{l,mn}
IIpumep. Ilnockocts, mNpoxoasiuasi yepe3 TOYKY
M, (5; 2; 3) n npsmyio
x+1 _ y+l1

)
2 1 7 3

’

HPCACTaBJISICTCSI YPABHCHHCM
x-5 y—-2 z-3
-6 -3 2 |=0,
2 1 3

x—2y—1=0.

3ameuanue, Ecau npsavas (1) MpoXoauT yepe3 TOYKY
M,, TO vpaBHeHHe (2) CTAHOBHTCSI TOXXJECTBOM H 3ajaya
MMeeT GecunciieHnoe MHOXKECTBO penleHHi (Monyyaem Nyuok
Ij10cKkoceTeit ¢ ocblo Ly § 148).
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§ 158. YpaBHeHHe IUIOCKOCTH,
NpoXoisLLei yepe3 RaHHYI0 TOUKY
M napajienbHoll ABYM AaHHBIM NPSAMbIM

Ilnockoctb, mpoxopsimiasi yepe3 TOUKY M, (Xy; Vo3 2,) H
napajuiejibHast JaHHbIM (HenapasuieJbHbIM  MeXyly  c000ii)
npsmbiM Ly, 1 L, (1011 BeKTOpam a, 1t a,), NpeACTaBASeTCs
ypaBHeHIeM

X=Xg V=Yoo 2—2
ll my n = Or (1)
L m, n,

rae I, my, n, u l,, m,, n,—HanpasiswHe KO3QPHIHEHTHI
JAAHHBIX NPSIMBIX (MJIH KOOPAHHATHI JaHHBIX BEKTOPGB). B Bek-
TOpPHOH ¢opme

(r—mr) aa, = 0. (1a)

_—
Y papHenue (1) unu (1a) Boipa)kaeT KOMNIaHaPHOCTb BEKTOPOB MM,
a;, a; (M —npou3BonbHaA TOYKAa MCKOMOH IMNOCKOCTH).

3ameuyaHue. Ecanmnpsamele L, U L, napanjenbHsl, T. €.
@, U a, KOJIJIMHeaPHBl, TO YpaBHeHHe (1) CTAHOBUTCS TOXKJe-
CTBOM, M 3ajaya HMMecT 0eCYHCJCHHOC MHO)KECTBO PCLUCHHH
(mojyyaeM nyyok MJOCKOCTeH C OCblo, NMPOXOAsiLleH uepe3
TOYKY M, napaicibHO JaHHBIM NPSIMBbIM).

' § 159. YpaBHeHHE NIOCKOCTH,
npoxoasiiei yepe3 NaHHYI0 NPAMYIO
H napauienbHoi apyro# naHHo#H npaAmoif

Ilvete L, W L,— HenmapanaesbHble npsimple. Torpa io-
CKOCTb, MPOXOoAsiliasi yepes Npsimyvio L, H napasiesbHas nps-
moit L, npeacTaBisieTCst YpaBHCHIEM

X=X Yy=h 22—

L m, n |=0, (1)
1y m, n,
TRe X;, V1, 2, — KOOPAMHATHL KaKkoi-nu60 Touku M, npsimoii L.
3necb uMeeM YacTHBIH cavuaii § 158 (posib Touku My urpaet M,).
3ameuanue K § 158 To)ke ocraercs B cHue.
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§ 160. YVpaBHeHHe IIOCKOCTH,
poXoAsiieit yepe3 NaHHYIO MPAMYIO
M NepneHAMKYIAPHON K AaHHOH nIOCKOCTH

ITnockocts P, npoxopasimiasi uyepe3 JaHHVIO lpsimyio L,

X=X _ Y=V _ I-%

T my n M
1L HEPUCHHKYIBIPHASE K J@HIOI IDI0CKOCTIE Q

Ax+- By +Cz+D =0 (2)

(He mepNEeHAMKYJISAPHOI K L), NpE/CTaBIISICTCsI VPABHEHHEM
X=X V=W 2-%
A m, ng | = 0. @)
A B C

B BexropHOit dpopme

(r—r)a,N = 0. (3a)

ITo stc e e, IOCKOCTL P NPOXOUUT uepes npsimyio Ly it napa-
JiesibHa Hopmastn N { A, B, C } miockocth Q (cp. § 159)

3amevanue. Ecum miockocrs (2) HepneHAMKYAspHA
K npsimoit (1), To vpaBHeHHe (3) CTAHOBHUTCH TOXK/IECTBOM M
3ajaya MmeeT (ecyHCJIEHHOE MHO>XeCTBO peuleHHit (cm. § 158,
3amevaHue).

ITpoekUuUsA NPAMON HANIWOGYIOWTIAOCKOCTb.
ITsnockocTh (3) mpoekTUpveT npsimvio L, Ha TMIocKocTh Q.
Ctano ObiTh, NpsiMasi L’, siBnstiiolnasicst 1poexuueit npsimoit L,
Ha TUJIOCKOCTh @, TpPCACTABASICTCST CHCTCMOM VpaBHEHUH
(2)-(3) (cp. § 149).

§ 161. YpaBHeHMs nepneHAUKYIsApa,
ONYIUEHHOT0 M3 AAHHON TOYKM HAa JAHHYI0 NPAMYIO

ITepreHaHKYISAP, ONVUIEHHBIT N3 ToukH M, (X,; ¥V, 2,) HA
upsimvio I,

X=x y=wm _ =4

T T om M
He NpoXoJsulvio uepe3 M,), npeacrTaBnsieTcss VPaBEEHHAMH
[ L (x=x)+m (y—y)+m (2-2) =0, (2
| X=Xy Y—Vo 2—2%
l X=Xy Mi—Ye 2—2%|=0. 3)
(A m, n.
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1M B BEKTOPHOIT opme VpaBHEHHSIMH

a (r—v) =0, (2a)
{ (r—r) (ry—r)a = 0. (3a)

Bssitoe 0TileJIbHO, YpaBHeHHe (2) nmpeACTaBisieT MIOCKOCTE
Q (uepr. 175), nposejiennyio uyeped M, TNepHeHAUKYISAPHO
K L, (§ 155), a vpaBHeHne (3) —naocKoCTh R, NpOBECHHYIO
vepes Touky M, 1 npsimvio Ly (§ 157).

3amceuanue. Eciurupsimas Ly ipo-
XOJIMT Yepe3 Touky M, To vpaBHeHHe (3)
oopamaercst (§ 120) B To)kaecTBO (Yepes
TOYKY, B3SITYIO HA NPSAMOI L, MOXXHO Ipo-
BCCTH OCCUIICJICHHOC MIOXXCCTBO TICPIICH-
JURVISIPOB K L)),

Il p 1t m ¢ p. Halitn ypaBHeHuHe nieprcH-
JIMKYJIsipa, ONYIIeHHOro u3 ToukH (1; 0; 1)
Ha HPSIMVIO

X = 32+2 = 22. la
4 (12) Yepr. 175,
Haliti TaroKe oCHOBaHHeE IIePIIEHANKY asIpa.

P cure Hue. YpaBHenust (1a) MOXKHO 3anucath B CHMMe-
TpruHom Bijie (§ 151) Tax:
x=2_y _ 2z
5 =F=T (16)

HickoMmblil neprneHAHKYIIsip NPeACTaBisieTcsl VpaBHEHHAMH

3(x-1)+2(y-0)+1(z~1) =0, (26)
x-1 y z-1
2-1 0 0-1|(=0 (306)
3 2 1
HAIL nocJie VITpOLeHHi
3x+2y42-4=0, (28)
X=2y+2-2=0. (38)

KoopauHaTel ocHOBaHHs1 K NeprneHAMKYIsipa HaiijeM, peluus
cucTeMy Tpex vpaBHeHnwuii (16), (2B). YpaBHeHHe (3B) A0HKHO

o 11 2 1
YJ0BJIETBOPATBLCSA camo co6oit. ITonyvuaem K (7; - —7) .
3 ameuanne. Cucrema Tpex vy paBHeHuit (16), (3B) HmeeT GecuncieH-
HO€ MHO)XKECTBO peleHHi (160 NI0CKOCTh R NPXOOAUT yepes npsamyio Ly,
Q 1e nepecexaer ee). -
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§ 162, lnnHa nepneHAMKYJspa, OnyLieHHOro
M3 JaHHOM. TOUKH Ha JAHHYIO NpPAMYIO

Jauer Toua M, (Xo, Vo, 2,) M NpsiMast L,, HPeACTABJICH-
Hast vpaBHeHueM (1) § 161. TpceOvercst naiiTH paccTosinue ot
TOuKH M, R0 npsimoii L,, T. e. ANHKY AepneHauKyasipa M K
(uepT. 175), ONVLIEHHOTO U3 TOYKH M, Ha npsimvio L,.

Mo)KHO cHauana HaWTH CCHOBaHHC K mNeCprCeHIKYJIsIpa
(§ 161, mpumep), 3ateM AnMHY oTpeaka M,K. Ilpomte npime-
HUTh Qopmyay (npu o6e3Hauchusx § 161)

V Yo—WM Z—%
m, m

2| —a Xo—xy 2 | Xo =Xy Yo—y*

LT T R
4= Y iimtond oW
1 1 1
T. €, B BCKTOPHOIT opme
d= ﬂ(_';“-_;.-':'l,zg_‘.'l.]é (1a)

Vo
1
Yucnutenb Boipa)keHHs (1a) ectsb (§ 111) nnowank napannenorpamma

MiMoBA (uepT. 176, rne M; A= a,), a 3HaMeHaTeNb — IIMHA OCHIOBAHMA
M,;A. CnepoBaTenbHo, ipo6b paBHa BhicoTe MK napannenorpamma.

ITp ume p. Haiiti JiuHHY nepneHikyasipa, ONVIICHHOT0
M3 ToYKH M, (1; 0; 1) Ha npsiMyI0 X = 3242,y = 22.
Pemecnue. B npumepe § 161 Ml

{,;._,_1, HauuIH K(‘_7'_; —%; _% |
3Hayur, “
d= I A’loK I =
| V) D
Yepr. 176. =2 l/::;i

ITpumenum Tenepb ¢popmyay (1). Cornacho (16) § 161 umeem
x=2,y=02=004L=3 m=2 n =1, Tak uTo0

‘}’o"}’l Z—-z|_|0 1] _ _2 |%—A XX

[ om n, 21 ’ n b
|1 =17 _ [X%o—% Yo=W| _| -1 O] _ _
“ll 3|“‘4’l L m. || 3 2| 2.
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Tlonyuacm:
g o Ve a2, V3

b Y3z +2z+12

§ 163. YcnoBue, npu KOTOPOM NaBE NpsAMbLIC I1€pPeCEKANTCH
MJH JIe)KaT B OJHOM NIOCKOCTH

Eciam npsimuie

X=X _ YN 2tAa
I my LI (1)
X2Xe Y=V 272 9
T, T Tmg T &

JIeoKaT B OjIHOR HJI0CKOCTH, TO
Xp—Xy Ve—)1 -2
I, m, n |=0 3)
l, m, n, |
i B BeKTOpHOii hopme
(r,—7) aa, = 0. (3a)
OOPATHO, CC BRITOJISICTCSE YCJI0BHC (3), TO IPSIMBIC JICKAT
B OJIHOI TLIOCKOCTH.

ITosicuenwune. Ecan npambe (1)1 (2) nexkar B 0/1H0H TUIOCKOCTH,
—

TO B nocnenHel NexKUT npamasa M;M, (uept. 177), T. e. BeKTOpbl M;M,,
a;, a; Komnaanapuol (M 00paTHO). 3TO M BblpakaeT ypaBHeHHe (3)
(cm. § 120).
) 1
3asveuanne Ecum =D = ﬂ [npu atom (3) obs3a-
2
TCJIbHO }’,’LOBJ!C'!'BOpﬂCTCﬂ], TO ﬂpﬂMle napaJmeanu B npo-
THBHOM cjiyyace npsiMbic, VYAOBJICTBOPSI-

IouHe vesiosiio (3), nepeceKaloTces. a;
ITpumenp. Oupenesinrh, nepeceka- a,
e MDIC
10TCsE JIT TIPSIMBIC My 22
QI SRS (1) My [z:Yi%)
T2 3y
x+1 -1 +1 .
‘; = VT = .i_:___, )
Yepr. 177.

HOCCHH Ja, 1o B l\";lls'()ii TOYKE.
Pewenne Hpsmue (1) n (2) n€RaT B 0,0H0H NAOCKOCTH,
- 1

TAK KaK OIPE/e/inTe)ib (3), paBHublii .2 3|, odpa-
' ]

1
1
o2 4
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LIACTCST B HYJIb. DTH NPSIMbIC HE NapaJulelibHbl (Hanpapasiouiue
KO3(pQHLUHMEHTH HE NPOMOPLUHMOHABHB). UTOOB HANTH TOUKY
IIePCCCUCHUSI, HAA0 PEIUUTb CHMCTEMY YeThipexX VpaBHeHHMit (1),
(2) ¢ Tpemst HensBecTHeiMH. Kak npaBuio, nogoOHast cuctema
He HMMeeT pelieHUH, HO B AAHHOM CJvuae [BCJIEACTBHE BbIMOJI-
HeHUst VeioBHsl (3)] pewieHHe eCTb. PeunMB CHCTEMY KakKHMX-
160 Tpex ypaBHeHHH, noavuum x = 1,y = 2,z = 3. YeTBep-
:oe;ga;sueunc Y0BJICTBOPSIeTCsl. TOUKa TNEPCCCYCHHUA €CTh
1; 2; 3).

§ 164. YpaBHeHH; 0OWLEro IepneHAUKYIsApa
K ABYM NaHHBLIM NPAMBIM

IIpsimast UV, nepecekaiouiasi ABe HenapaJujieJibHble Mpsimble
(L, u L, Ha uyepr. 178)

X=X _Y=h _2-2%

4 m n
X=Xy _ Y=Y 2-2
& I, ~ my ~  n

t) 1 HepHCHANKYJISIPHAs K HUM, lIpeji-
CTaBJIsICTCA (B BEKTOPHOH (opme)
VpaBHCHUSIMH

(r-r)aa =0, (1
Yepr. 178. (r-r,) aa =0, (2)

M

rae @, = {L, my, n,}, @, ={l,, my, n,} H a=a xa,

B3siToe B 0TAeNBbHOCTI, YpaBHeHUe (1) IrpeacTaBJsieT Milo-
CKOCTb P;, NPOBEAEHHVI uepe3 MNpsiMvI0o L, NapajjiesbHO
BEKTODPY @ = @, Xa, (§ 15Y). AHasiornyHo (2) npeacranJsict
IUIOCKOCTb P,, MPOBCICHHYIO Yeped L, napaJuiciibHO a.

Touka K;, rjpe UV mnepecexaer L,, naiiperest B nepece-
YCHHH L; € 1JIOCKOCTBIO P,, Ananornuuo Haiigercst touxa K,
[0CJIe Yero MO)KIO HaHTH JUIIHY 0o01ero IepneHmMKy-
gsapa K;K,.

3ameyaHue. B cnyuae napaJuienbHocti Ly v L, (TOraa
a = 0 u ypaBHeHus (1), (2) CTAaHOBSITCS TOXK/IECTBAMH) HMEETCS
OeculcaeHHOe MHO)cecTBO npsimbix UV. Uro6bl noavyuTh
VpaBHeHHe OAHOH M3 HHX, GepeM Ha L, (uepT. 179) mpous-
BOJIbHYI0O TOYKY K, H COCTaBJjisieM YpaBHeHHe NpPSIMOH, mpo-
xXozsimel uvepes K; mo HanpaBJjieHHIO BeKkTOopa @, xb, rae
b =a X (r,—m).
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Il pume p 1. HaiiTh ypaBHeHHUs1 0011er0 NeprneHAUKYisipa
K 1IPSIMBbIM:

x=2+2, y=1+4 2= —-1-t, 3)
x= —314+3t, y=6+2t, z=3+6t. 4)

Pcuicnue. HUmeem al_{2 4, -1}, a,={3,2,6},
a—=a Xa,= {26, —15 —8}.

Hckomblii HEPHEIJIMKYIISAP HPCJICTaBIsIeTesl VpaBHCeHHIMI

ix—=2 y—-1 z+1
2 4 —1]=0, "
26 -15 -8 ==
x+31 y-6 z-3
3 2 6 (=0, ——
| 26 —15 -8 | uf
JJIH 110CJIe yl’lp()lll(}Hl'llvl v

J 47x+ 10y+134z+ 30 = O, (5)
\ 74x+ 180y — 97z+ 1505 = 0. (6)

Touxy K, nepeceycHust 0011ero nepneujiuKkyiasipa ¢ npsimoii (3)
Haiigem u3 cucremnl (3)—(6). Ilonvuum K, (-2; —17; 1).

AHanoruyHo nonvyum K, (—28; 8; 9). Jlummua d obmero nep-
HCHJIUKYIISIPa paBHA

Yepr. 179.

d = V(=24 28)+ (-7 =8)4 (1 — ) = Y965.

II p nme p 2. Haiitn vpashenist ofiero neprnenjiHkyisipa
K HPSIMbIM

X= 242,y = 342, 2=, )
x =542,y =4+20, 2= 14¢. (8)
Ilpsample  napasienbun: @, = a, = {2, 2, 1}, r,—1 =

={3, 1, 1}, b=a x(r,—7) = {1, 1, —4}. Hanpaa.umo-
IMMH BeKTOP OO0LIEro rnepneHjaukvispa e, x b = {-9, 9, 0}
MM, TOMHOXKast Ha 5, {—1, 1, 0}. 3a HayaNbHYIO TOUKY NPH-
MeM 11pOM3BOJIbHYIO TOuKY K, (2+2t; 3+ 2¢; t) npamoit (7).
IMonyuum vpaBHeHHe 001Ero neprneHauKyaspa

x—-(2+20) _ 3420 _ =t
x (_] ) y—=( ) =4 (g)
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rae t—npousBojibHOE uHcy0. UTo6bl HaklTH Touky K, mepe-
ceueHus1 obwero neprnenaukyviasipa (9) ¢ npsimoii (8), Hamo
NOACTaBUTL Bhipa)keHUs1 (8) B vpaBHeHue (9). ITonyyum:

3420 =) _ 142( =0 _ 1+ =1)
-1 - 1 - 0 :

Jlio6oe H3 cojepr)kallUXCsl 3[eCh VpaBHeHUit naer t' = t—1;
noacraBisss B (8), Haxomum K, (3+2f; 2+2t; t), TaK uTo

d=| KK, | =
= V[B+2) - R+ 2 +[R+2) - @+ 2P +[—1F = V2.

§ 165. Kparualimee paccTosiHue MEKAY ABYMS NPSAMBIMH

Kparuaiiiee paccTosiHue Me>xay npsimbiMu L, u L, ecTb
InMHA d ux obuero nepneHaukyviaspa. Ee Mo)xHO HaiiTH, co-
CTaBUB VpaBHeHHUs1 00uwero nepneHaukviaspa (§ 164, npu-
mepsl 1 1 2). Ho npome HalTH d HemocpeaCTBEHHO.

1) Ecau npsimble L, U L, He napajutenbHel (4ept. 180), TO

d = |(re—7) a0 | = | (rs —7)) a0, | (l)
|a; X as| ¥V (a;xa)t

(ry, ¥,— paguyChl-BeKTOpPH TOYeK M;, M,; @,, a@,—Hanpa-
BJISIIOLLINE BEKTOPHI
0 npsimeix L,, L,).

Yucnurens npobu.
(1) ectb (§ 121) o6pem
napannenenunena, rno-
CTPOEHHOro Ha BEKTO-

—_—
pax M;M,, a,, a,. 3ua-
MeHaTenb — IuIOIANAb
(1 ero ocHoBaHHs (§ 111).
CnenoBatenbHo, BCA
Yepr. 180. Yepr. 181. npo6b ecTb BHICOTA

K K, =d.
. — e

- JAns nepecexanmKxcs NPAMBIX (BeKTops! K; K, @;, 6, KOMITJIaHAPHBI)
dopmyna (1) naer d =0. [{ns napasnsenbHbIX NPAMBIX (BEKTOPbI @;, @3 KOJI=

JIMHeapHbI) OHA HeMpPUroaHa (nae-r -g—)

2) Eciu npsimbie L, L, mapanneiabHs (vept. 181), To

_ le—r)Xayl _ V@ —r) X a2
d= la] N Yai @

(BMeCTO @, MOXKHO B3sITH @,).
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Uucnurenb npobu (2) ectb nuiowajnb napaniaenorpamma M; M,DC,3ua-
MEHaTesib —AiNMHa ocHoBaHHs M,C. Bcsa npo6b ecThb Beicota KK, =d.

ITpumep 1. Haiitu kparyaiiiee paccTostHue MeXay npsi-
MBIMH npnmepa 1§ 164 [», = {2 1, -1}, », = {-31, 6, 3},

o =124 -1} a = {3, 2
Pew e H U e. JlaHHbIE HpﬂMble He IapaJuiesibHbl. Mmeem:
axa - 4 -1 2 24|\ _
T2 6 6 3" |32
= {26, —15, —8},

(r,—m)aa, = —33-26+5-(—15)+4-(—8) = —965.
®dopmyia (1) naer:

965 965
e 965.
V262 +( —15)2 + ( —8)2 }’965 = /965

I p u Me p 2. Haiitu kpaTyaiiluee pacCTosiHMe MEXAY T1PsI-
MbiMH  nipumepa 2 § 164 [a, =@, = {2, 2, 1}, 7r,—7 =
= {3, 1, 1}].

PecurcHue. Ilpsimpic napaiselibHbl; Gopmyia (2) pact:

l/‘_l 3pELI3 I

2 2 2 2 5
=- =y2
d Y2z 2t +1 4

3amcuaHue KparyailiueMy pacCTOSIHHIO MEXAY MNpsi-
MBbIMH (€CJIM OHH He NepPIeHAHKYJISAPHbBl M He MNapajjesibHbi)
MO>KHO npHmucaTth 3HaK (cm. § 165a).

§ 165a. IIpaBbie U JeBble Napnl NPAMBIX

OnpeneneHue. INapa ckpewuBalonidxcs HenepreHau-
KVJISIDHBIX 1psimbix Ly, L, (4epr. 180) HaswiBaeTcsi npasoil,
ecJ JUisi HabJioaartesisi, 1OMELIAIOWErocsi Ha NMPOA0JDKEHUH
KaKoit-inbo cexvueit KK, 3a npsimvio L,, kpaTtyailiuuii no-
BOPOT IIPsSIMOK L, B NojoO)KeHHe, napaJjulejibHoe L,, coBep-
11aeTCs IPOTHB YaCOBOii CTPeJIKH. B NPOTHBHOM ciivuae napa
L,, L, Ha3biBaeTcs s1e60ll.

3ameyvaHuc 1. I[IpaBasi napa ocractcst NpaBoii, a Jie-
Basi —JICBOH BHe 3aBMCHMOCTH He TOJbKO OT BbI0Opa TOueK
K,, K, Ha npsimbix L,, L,, HO TaK)ke U OT 0003HAUEHHs1 ITUX
npsiMbiXx (MEPBYI) MO>KHO HasBatb L,, a Bropvio L,). Hei-
CTBHTEJIbHO, XOTSl IIPH ITOM BpallcHHe OVAET IPOMCXORHTH
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B 00paTHOM HamnpasjieHHH, HO HaOJoaaTesib MOMECTHTCST Te-
nepb Ha NPOAOJDKEHHH CEKVINeH 3a npsmvio L,;, TaK YTO MJis
HEr0 HampaBJIEHHE BPalIEHHst OCTAeTCS NPEXKHHM.

© Bamevanue2 Ins npsameix Ly, L,, Ne)kalux B 0AHOH
JUIOCKOCTH, & TaK)Xe AJIS TiepneHAUKYJISIPHBIX NPSMBIX, MOHSI-
THsI NIPaBOi M JIeBOH Napbl TEPSIOT CMBICIL.

IIpume p. Ecin npy BBUHYUBAHHH MJIM BHIBHHUMBAHUH
IITONIOPA €ro PYYKa NOBOPAYMBAETCS Ha VroJ 60°, T Hauanb-
Hoe M KOHEYHOE I0JIOXKEHHMSI OCH DYYKH oﬁpaawo'r npaBvio
napy NpsIMBIX (€CXH 3a NPAMYIO L, NPHHATbL 0Cb PYYKH B ee
‘BEPXHEM I0JIOXKeHHH, TO Hab.lofaTeib, 0 KOTOPOM I'OBOPHTCS
B ONpe/ieJIeHNH, JIOJDKEH CMOTPETh CHHM3Y; B NPOTHBHOM CJ1V-
‘yae — ceepxy). Ilpu moBopoTe pyyku wronopa Ha vroa 120°
HayaJbHOe U KOHeYHOe I10J10)KeHHsI ee 0CH 06 pasvIoTIeBYionapy.

IIpusHaK NpaBH3HL H JeBH3HL. [IvcTh @y, @) —
KaKue-1H00 (HeHYJIeBble) BEKTODHI, KOJUIMHeapHble C TIpsi-
MBIMH L,, L,. Ecnu cmemianHoe npoussefienre K, K,aa, umcer
TOT )K€ 3HaK, YTO M CKaJIApPHOE NPOHM3BENCHHC @,a@,, TO napa
L,, L,—npaBasi; eCJi1 -3HAKH NPOTHBOIMOJIOXKHHI, TO — JieBasl.

Korpa K;K.aa, = 0, npsmbie L,, L, Jie)kat B ORHOH
TJIOCKOCTH; Korja a,a, = 0, npsimbie L,, L, nepneyiuKyIsipHbL.
B o06oux atux cavyasix napa L,, L, He siBasieTCsI HU NPaBOH,
HH JIeBOi (CM. 3aMeuaHHe 2).

3HaK KpaTyalimmero pacCTOSAHHUSA MEeIXXAVY
ABYMS npsambMH. Kpatuaiiwemy pacCTOSHHIO MeXLY
CKPEILHBAIOIHMHUCS HeneprneHAUKYISPHBIMU NPSIMBIMA MOYKHO
MPHUIKCATh 3HAK, CYMUTAsl 3TO PACCTOSIHHE MOJIOXKUTEJIBHBIM,
eCJIM napa-—npaBasi, M OTPHULATEJbHBIM, €CJIH OHa—JieBasl.

O6o03Hayass OVKBOI1 8§ Kpatuaiillee paccTOsTHHE MeXAY
NIPSIMBIMH € VYETOM €ero 3Haka, umeem Bmecto (1) § 165 cue-
aviomyio dopmyay:

@ a; | (r;—m)a,a. 1
Toes] (@ M
OHa npHrogHa TaK)Ke AJISI NepeceKaroWnxcst (HO He IeprieH-
JUKVISIDHBIX) NPSIMBIX M AaeT B 3ToM cavuae § = 0. s
NEPNEHANKYIIAPHHIX ITPSIMBIX q)opmvna (1) HenpurogHa, Tak

KaK ﬂepBbIﬁ COMHO)KHUTEJb CTAHOBHTCS HeOonpeaeJieH-

I'l l
HBIM, IPUHHUMAsT BHJ, —8— (ecyin mpsiMble He IepPIEHANKYIISIPHBI;
TO mnepBhHifi COMHOXKHTeNb paBeH JuGo <1, nubo —1).
Jns napasieabHbIX NpsiMbix popmyia (1) Tak)ke HeNmpUroaHa,
TaK KaK BTOPOH COMHOXHTE/bL CTAHOBHUTCS HEONpPENESEHHLIM,
CM, sameuanue 2,
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§ 166. ITpeoGpa3oBaHHe KOOpPAMHAT

I.MMepeHoc Hayana KoOOpAMHaT. [IpH 3amene cHcTeMbl
KoopavHat O XY Z HoBoH cucTteMon O’ X’'Y’Z’ ¢ PaBHOHAINpaBIeHHbLIMU ocsi-
MH cTapble KOOPAHHATSI (X; Y; 2) MOUKU BHIPAXKAKOTCSA yepes HoBbie(x';y'; 2')
¢dopmy namu

Xx=a+x’, y=b+y, z=c+2, (§))

rje a, b, c —KoopaHHATLI HOBOro Hauana O’ B cTapoit cucteme (cp. § 35).
KoopnHHaThl BCAKOTO 6eKmopa NpH 3ToH 3aMeHe OCTaloTCA HEeH3MeH-
HBbIMH.

2. MMoBopoOT oc e it [Ipu3amene cucTemMbl O X Y Z HOBO# cHCTeMOM
O’X’Y’Z’ c TeM >e HayaJioM CTapble KOOPAHHATLI TOUYKH BLIPAXKAWTCA
uepe3 HOBble GOpMY TaMH

P N P

x = x’cos(¥,%) 4y cos (§,8) +2’' cos (K, 1),
N N, - A\, .

y=2a’cos (¥',4) +y’ cos (7",4) +3' cos (K, 3), )
P N P

z=x'cos (¥, k) 4y cos(§’, k) +2 cos (K, k),

N
rae (¥, §) ecTb yroa me)xxay BeKTopamu ' M §, T. €. MEM(\Y HOBOH H CTa-

A\
po#t ocblo abcumce, (4, §) —yrom mMe)xkay HOBOH 0CbI0O OPAMHAT H CTapo#
ocblo abcunce u T. 1) 1)
KoopanHaTel BCAKOro BeKTOopa NpH 3To# 3amene npeo6pasyloTcs no
TeM rxe hopMy nam.

P /"\
3ameuyaunue H3 pesatH BenuuuH cos (¥,14), cos (#,4) n 1. a-

no6Gble TPU MOXKHO 3a71aTh MPOMU3BOJIbHO, OCTANIbHbIE LUECTh YAOBJETBO-
PAOT COOTHOLUEHHSIM ’

P P P
cos? (§,4’) +cos? (§,3') +cos2 (i, k') =1,
Py P P
cos2(§, ¥') +cos?(4,§’) +cos? (4, k') = 1,
AN Py P
cos? (k, 1) +cos? (k,3’) + cos? (k, k') = 1
u
P Py AN\ AN s Py
cos (1, ¥) cos (3, #) +cos (4, 4°) cos (§,§") +cos (3, k") cos (4, k') = O
N P ey A\ AN P
cos (4,%) cos (k,¥') + cos (1,4") cos (k,§’) + cos (4, k’) cos (k, k') = 0,
ey P A\ P ) P
cos (4, ¥') cos (k, ) +cos (4, §') cos (k,§’) +cos (4, k') cos (k, k') = 0

CooTHoweHHs (3) BoiTekawT H3 (4) § 101, cooTHowenus (4) —H3 (2)

1y Kaxabit H3 K03 PHLIHEHTOB NPH HOBLIX KOOPAHHATAX €CTh KOCH-
HYC YT/1a MeXXAY COOTBETCTBY oLIeit HOBOH OChblo M TOM cTapoR ocblo, m'rq-
poft oTBeuaeT KOOpAMHATA, JANMCAHHAA B 1EBOM 4aCTH. .
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§ 167. YpaBHeHHE NOBEepPXHOCTH

YpaBHeHHe, CBsi3bIBaloLlee KOOPAMHATHL X, Y, 2, Ha3bl-
‘BaCTCsl ypasHerUeM nogepxHocmu S, €CAH COOMOAEHBI CJie-.
AvioliHe ABa VCJOBHs: 1) KOOPAMHATHL X, ¥, Z BCSAKOI TOYKH
NMOBEPXHOCTH S VOBJIETBOPSIIOT ITOMY VDaBHeHMIO, 2) KOOp-
JHHATHI X, Y, Z BCAKOM TOYKH, HE JieXKalleH Ha MOBEPXHOCTH S,
He VOBJIETBOPSIIOT 3TOMY VpaBHeHHI0 (cp. § 7)

3ameuaHHue. ECiM H3MEHUTb CHCTEMY KOODAUHAT, H3-
MEHHUTCST U YPaBHeHHe I0OBepPXHOCTH (HOBOEe VpaBHEHHE MOJIV-
YHUTCSI M3 CTApOro C Inomombio (GOpMyN mnpeoOpa3oBaHUs
KOOpAHUHAT, § 166).

IIpumep 1. YpasHenue x+y+2—1 = 0 ecTtb vpaBHe-
HHe NJIOCKOH noBepxHOCTH. TV >Ke NMOBEPXHOCTh NMPH Hajne-
yKalleMm BbIOOpe NMpPAMOVIONbHOH CHCTEMbl KOOPAHHAT MOXXHO
HPEeACTaBUTh JIOObIM ADYIUM VDaBHEHHEM NepBOH CTENMeHH.

ITpume p 2. IloBepxHocTh wapa (cepa) paguvca R ¢
LEHTPOM B Hauajie KOOPJAMHAT NpPEACTABJISIETCS] YpaBHEHHEM

_ Xyttt = RY, (1)
u6o 1) ecnu Touka M(x, y, 2) JIe)KHT Ha 3TOH NOBEPXHQCTH,

TO paccrossune OM = VYx*+y*+ 2% paBHo paauycy R, crano
6bITh, YpaBHeHHe (1) VIOBIETBOPSIETCS; 2) €ClIM M He JIEKHUT Ha
MOBEPXHOCTH, To0 OM = R, nypaBHeHHe (1) He VI0BJIETBOPSIETCS.

ITpumep 3. Chpepa pamuyca R ¢ IIEeHTPOM B TOUKe
C (a; b; ¢) npeAcTaBIsieTCs1 VPaBHEHHEM

(x= @)+ (y = b+ (=)t = R @

Y paBHeHHe, CBA3bIBalOLIEE KOOPAHHATHI X, Y, Z, MOXKET NPEACTaBJIAThL
He MOBEPXHOCTh, a APYTrHe reome'rpnqeckue 06paskl, HJIH He NPEACTaBNATh
HHKaKoro reomerpHueckoro o6Gpasa (cp. § 58).

Mpumep 4. YpabpHenne x2+y2+22+1=0 He npencTaBisieT HH-
KaKoro reomerpuyeckoro o6pasa, 160 0Ho He HMeeT (AeHCTBUTENILHBIX) pe-
1eHHH,

Mpumep 5. YpaBHenue x2+y?4-22=0, umeiolee eIHHCTBEHHOE
neicteuTenbHoe pemenne x =0, y =0, 2 =0, NpeacTaB/IsET ONHY TOYKY.

Mpumep 6. YpasueHue (x— y)2 +(z—-y)= =0 vposnerBopsercs
JMWIB TOrja, KOraa OnHoBpeMeHHo x —y =0 H 2-—y=0; oHo npencra-
BJISET NPAMYIO JTHHHIO X =Y =2.

§ 168. LinaHHapHUECKHE NOBEPXHOCTH, Y KOTOPBHIX
obpasyiomiue napanneiabHbl OAHON M3 ocell KoopAHHAT

IloBepxHOCTH, MOpOX(AAeMast JBHXKeHHEM NPSIMOi JiH-
Huu (o6pasviouleit), mapajjienbHOH HeNOABH)KHOH NpPSAMOH,
Ha3BIBAETCS1 YuAurOpudeckoll. Bcesikasi IMHUA, KOTOpPYIO 00pa-
3Violllasi nepecexaer B Ji00OM CBOEM IOJIOXKEHHH, Ha3bIBAETCSA
Hanpagastouyeil.
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Bcsikoe ypaBHeHHe, He COAepKalllee KOOPAHHATH 2 M npen-
craBssiolee Ha miuockocTH XOY HekoTopyvio JMHHMIO L,
NMpeAcTaBisieT B NMPOCTPAHCTBE LH-
JIMHADHYECKYIO IMOBEPXHOCTD, v

P ‘

cmge-
e [} N
T
[l

Yepr. 182, Yepr. 183.

KOTOpOH o00pasviouiast napajuieiibna ocu OZ, a HanpasJsiouei
CJIY)KHT JIMHHUA L.
ITpumep 1. YpaBHeHue

=1 )

‘at ot

npeacTasJsieT Ha miiockoctH X0Y anaunc AB A’ B’ (uepr. 182)
¢ nonvocsimu a=0A, b=0B. B npo-
CTPaHCTBC OHO HPEACTaBJSACT HMJIMHADK-
4ECKVI0 MOBEPXHOCTL S, v KOTOpoiH 06pa-
3violMe napasuieabtnt ock OZ, a Hanpas-
Jgsiiouteil cayxur asuune ABA’ B’ (3aaun-
muyeckull Yyuaunop).

ITpumep 2. YpaBHeHue :_:_F =1
NPEACTaBIsIET HMIJIMHADHYECKYIO TNOBEPX-
HOCTb (uepT. 183), v KoTopoii 06pasviouiue
napaJjuienbHbl oci OZ, a Hanpasjsiouiei
cAYXUT runepbona CDC’D’ (eunepboau-
ueckuli YyuaHop).

ITpumep 3. VYpasHeHHe y2=2px
NpeAcTaBisieT napaboaudeckull yuauHop Yepr. 184,
(uepr. 184). »

YpaBHeHHe, He cojiepiralliee KOOPAHHATLI X (MJIM ), npea-
CTaBJISIET IMJIIMHAPHYECKYIO MOBEPXHOCTb, V KOTOPOH o00pa-
3yviomas napannenbHa ccu OX (man OY).
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ITp u me p4. YpaBHenHe y%= 2pz npeacrasiisier napabonu-
4YeCKHH LIMJIMHAD, PaCNoI0)KEHHbIH, KaK MOKAa3aHo Ha yepT. 185.

3amevyanue. Ecau Hanpasiisilowasi — npsimast JIMHUS,
TO IHJMHIPHYECKAsI TOBEPXHOCTb — IIOCKast. B cooTBeTCcTBHM
¢ 9THM vpasuckne .ii+4+ By+ D = 0 npeacrtaBsisieT B IIpo-
CTPAHCTBC IUIOCKOCTb, Iapaji-
nenbHvio ocn OZ (cp. § 124,
3ameyaHue).

§ 169. YpaBHeHHA NHHMH

JIMHHIO MOX>KHO paccmaTpH-
BaTh KaK NepeccyeHHE ABYX IMO-
BEPXHOCTEHl M COOTBETCTBEHHO C
3TUM [PEACTABJISITH CHUCTEMOIi
JIBYX VPaBHEHHH.

Yepr. 185. JBa (B3ATHIX BMeCTe) VpaB-

HeHHsl, CBsI3bIBaloliUe KOOPAM-

HaTbl X, Yy, 2, Ha3bLIBAWOTCA YpagHeHUsMU aAuHuU L, ecau co-

OJIIOZICHBI  CJIEAAVIONIHE J1BA VCJIOBHs: 1) KOOPJMHATHI BCSIKOi

TOYKM M JMHMM L VAOBJIETBOPSIIOT 000MM VpaBHEHHSIM;

2) KOOpPAHHATBI BCSIKOHM TOYKM, He JiexXcauleii Ha nuHuM L, He

V/IOBJIETBOPSIIOT 000MM  VPaBHCHHSIM

cpa3y (XO0TsI MOTYT V/OBJETBODPHTh
OJIHOMY M3 HHX; cp. § 140).

INpumep 1. JIBa vpaBHCHUS
y—-2=0, x-2=0 npeacrasisiior
HPAMYIO JIMHHIO KaK liepeceyeHHe JIRYX
njockocteit (cp. upumep 1§ 140).

ITpumep 2. Isa ypaBHeHHs!

X2pyri4zt=a?, y=z

NpeaACTaBJAKT B OT/ICJIBHOCTH: lHiep- .
Boe — cdepy paauvca a (yept. 186) ¢ Yepr. 186.
IIeHTpOM B Toyke O, BTOpOE — TJIO-
ckocte LOX (npsimasi OL penut nonosnam vroa YOZ). Bas-
Thle BMECTE, 3TH VPABHEHHUST IIPCACTABJISIOT OKPYXXHOCThL (0Jhb-
moro kpvra ALK.

3ameuyanue 1. OgHa U Ta >Ke JIMHHA MOXKET NpeacTa-
BJIATBCSI Pa3NMYHBIMM (PaBHOCHJBLHLIMH JPYI' APVYTY) CHCTe-
MaMH VpaBHeHHH, 00 ee MOXKHO NMOJIYYHUTh KaK MepeceyeHue
pas/IMYHBIX MTap NOBEPXHOCTEH.

3 ameuaHHe2 CHCTeMa ABY X Y paBHEHHH MOXKET NPEACTABAATb He
TONIKO JIMHHIO, HO Y IPYTHe reoMeTpHYeCKHE 06pasbl; OHa MOYKET TaKKe
He NpPeAcTaBAATh HHKAKOro reomMeTpuyeckoro obpasa.
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Mpumep 3. CHctema ypaBHeHMit x2+3y2+22 =25, 2= 5 npen-
cTaBnseTr Toqu (0; 0; 5), B KoTOpo# MAOCKOCTL 2 =5 KacaeTcsa cepbl
x2 +ﬁ +22 =

pume p 4 CucTteMa ypaBHeHMH x2+3)2+4+22 =0,x+y+2 =1
He MPEeACTaBJIAeT HHKAKOro reoMeTpHueckoro o6pasa, 6o nepBomy ypas-
HEHHWIO Y[IOBJIETBOPSIOT TONbKO 3HayeHHss x=0, y=0, a OHH He
YI0BJIETBOPSAIOT BTOPOMY Y DaBHEHHIO.

§ 170. TpoeKuHA JHHHM Ha KOOPAMHATHYIO TIIOCKOCTH

1. Ilvete nuHMsA L npefcTaBisieTcst ABYMsI VPaBHEHHSIMH,
N3 KOTOPBIX OAHO COAEPIKHUT 2, a JPYI'OE HE COJAEePIKHT ).
Torga BTOpOEe NPEACTaBJSIET «BEPTHKANBHYIOY LHJIMHAPHUC-
CKVIO NOBEPXHOCTb, a Ha IJIOCKOCTH XOY — Hanpaslisiio-
myio L, aroit noBepxHocTH (§ 168); npoexuust JMHHUK L Ha
1J10CKOCTh XOY Jie)XuT Ha JinHuM L, (MOKpBIBasi ce BCIO MJINM
YaCTHUYHO).

INpumep 1. YpasHeHust

2=y+g, XHyi=1

npejcrasisiior (uept. 187) auuuio ABA,B, (3i1IMIIC), 110 KO-
TOpOH IepeceKaloTCsi MIOCKOCTh 2 = y+% (mnockocTe P Ha

<

;
-
/m
|
i
1
1
|
1
|
1

_h\
2

Yepr. 187.

uepr. 187) u KpyrJast UHIHHAPHYECKAsI TOBEPXHOCTb X* + y? = 1.

Ha miockocth XOY vypaBHenue x*+y? = 1 mpeacrabisier
OKPYI)KHOCTh A'B'AlBl. Ilpoexuust nuHuK A B A, B, coBnajaet
¢ NHHHeR A’B’ A1B;

1) EciH 06a Yy paBHEHHS He COAePKaT 2, TO JIMHUS L —BepTHKaJbHas
npaAMan (HIH HECKOJIbKO TAKHX NPSAMBIX); OHA MPOEKTHpYeTcsAHa XOY Tou-
Koft (cp. § 149, npumep 3).
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ITpumep 2. YpaBucHus
XE4+yi42t = a?, y = mx

npeacTasJisiior (yeprt. 188) GoJibiwoii Kpyr («Mepuauany) AP A’'P
cdepni O Kak nepeceyeHHe 3TOH CHEprl C MIOCKOCTBIO Y= mx
(mtockocTh R Ha yept. 188). YpaBHeHHe y=mX IpejcTaBn-
JsieT Ha miockocTH XOY mnpsimvio UV. Tlpoekuusi mepu-
nmaHa AP A’P’ Ha TUIOCKOCTH
XOY nexxur Ha npsimoit UV, Ho
MOKPBIBACT JIMIUb €  YacTh,
HMEHHO OTpPe30K AA’.

2. Ilvcre o6a ypaBHeuwus,
NpeAcTaBiasiioNe JHHHIO L, co-
JIePXKAT 2; Tor'/ia UIst Pa3biCKaHHUs
IIPOCKIHH JIMHUH L Ha TJIOCKOCTD
XO0Y Hanmo HCKJIOYHTL 2 U3
JIAaHHBIX VpaBHeHHi !). YpaBHe-
HHe, TI0JIVYEHHOC B pe3VJibTaTe
HCKJIIOYEHHMsI, TNpPE/ICTaBisieT Ha

v

Yepr. 188. Yepr. 189.

IUI0CKOCTH XOY JmmMHMi0 L’, HA KOTOPOH JIOKHT HCKOMast
1poeKLHst (MOKPBIBasi ee BCI0 MJIM YAaCTHUYHO). AHAaJIOTHYHO
HAXOMSITCSI IIPOEKIMH JINHUH HA MJIOCKOCTH XOZ U YOZ.

BoiTekaer M3 m. 1.

IIpumep 3. Paccmorpum okpy)kHOCTH (ALK Ha
yepr. 189), mpencraBnsiemyio (cp. § 169, npumep 2) vpasHe-
HHUSAMH ‘

x4 y?4-2% = a3, n
y==z )

1) UCKNIOYHTD 2 M3 OPYX YpaBHEHHH —3HAUUT HANTH TpeThe YypaBHe,
HHeE, HE cofiepKallee 2 ¥ YAOBJIETBOPAIOLIEECHA NPH BCEX TeX 3HAYEHHAX X
¥, KOTOpBIE YI0BJIETBOPSIOT CHCTEME JIBY X IaHHBIX Y paBHEHHH,
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. Jlnst pasbiCKaHHs1 ee MPOEKIMH HA MIOCKOCTh XOY HCKJIo-
4yuM z u3 (1) u (2). ITonyuum vpaBHeHHe

x4+ 2y? = a2 3)

OHo npeacraBiisieT Ha fwiockocTH XOY smmunc ALK’ ¢ mo-
nvocsaimu OA = a, OL' = VL? ITpoexumsi OKpYKHOCTH ALK

noxkpbiBaeT 3JuiMnce AL’ K’ UeJIHKOM.
Jnst pa3biCKaHMsT NMPOEKUMH OKPY)KHocTH ALK Ha mio-
ckoctb XOZ Hano u3 (1) u (2) uckiouuts y. Ilonyuum vpas-

HeHHe
X2+ 222 = a?, 4)

NpejcTaBJisiiollee Ha NJOCKOCTH XOZ 3JJHNC TeX Xe pas-
mepoB, uto AL’K’. ITpoekuusi OKPY>KHOCTH TOKPBIBA€T 3TOT
SJUIMNC LEeJHKOM.

Jisi pasbiCKaHMsi NpOeKUHH OKpY)KuHocTH ALK Ha mio-
CKOCTb YOZ Her HY)XJH BBINOJIHATh MCKJIlOYeHHe X, U060
OJHO M3 JaHHBIX VpaBHeHUil (y=2) u 06e3 TOro He COAEp-
JKUT Xx. YpaBHeHHe y =2 NpeACTaBJsieT Ha IUlocKocTH YOZ
BClo npsamvio UV, HO HCKOMasi MpPOEKUHs1 MOKPHIBAET JIMLIb
ee orpe3ok (NL).

§ 171. AnrefpanuecKHe NOBEPXHOCTH H HX NOPAKOK

Ancebpauueckum ypagHeHuem 8mopoti cmeneni (C Tpemsi
HEU3BECTHBIMHM X, ¥, Z) Ha3LIBAeTCsl BCSIKOE YpaBHEHHE BH/A

Ax?4 By?+ (22 Dxy + Eyz+ Fax+ Gx+ Hy -+
+Kz+L =0,

rie no KpaiiHeit mepe ojaHa M3 mecTH BesquuuH A, B, C, D,
E, F He paBHa HVJII0. AHAJIOTHYHO OmpejessieTcst anarebpau-
yecKoe ypaBHeHHe JoGoii crenenu (cp. § 37).

Ecsii HEKOTOpast MOBEPXHOCTb S IPCACTABISIETCS B KAKOMH-
au60 NpSIMOVIONbHOM cHUCTeMe KOOPAHMHAT VDaBHEHHEM n-H
CTENeHH, TO U BO BCSIKOI APYroil MpsIMOVIoJIbHOH CHCTEMe OHa.
NpeACTaBUTCS VpaBHeHHeM Toif ke ctenerx (cp. § 37).

IToBepxHOCTb, NMpeAcTaBisieMasi VPaBHEHHEM r-H CTENeHH,
Ha3bIBaeTCs1 aszebpauveckoli nosepxrocmbvio n-ro NOPsiAKa.
Besikasi oBepXHOCTb NEpPBOro MOPsifKa eCTb MIOCcKoCTh. ITo-
BePXHOCTH BTOPOro MOPSIAKA PaCCMOTPEHH B HHXKECJICAYIOIUHUX
naparpadax.
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§ 172. Coepa
VpaBHeHHE BTOPOii cTEIeHn
X2y 2t = RE 1)

npeacrabaset (§ 167, npumep 2) chepy paauvca R ¢ LEHT-
POM B Hauasie KoOpAHHAT. EcjiM Hauano He COBNajaeT C LEHT-
poM cdepsl, TO MOCHEAHsISI MPEJICTABUTCS TOXKE VpaBHEHHEM
BTODPO# CTeneHH, UMEHHO

(x— )2+ (y - b)2+ (z—€)* = R, (2)

rie a, b, ¢ — KoopauHaTh LieHTpa cdepsl (cp. § 38).
YpaBHeHHe BTOPOii CTenenH

Ax%4 By?+ Cz*+ Dxy + Evz+ Fax+ Gx+
+Hy+Kz++L =0 (3)
HpejctTaniisicT ccpepy TOJBKO NP YCIAOBUSIX

A=B=¢(, 4
D=0, E=0, F=0, (5)
G*+ H*-K:—4 AL > 0 (6)
(cp. § 39). Ilpu 91X VCIOBHSAX HMEEM:
G H K 2 G2+ H*+ K2—-4AL
=57, b= =94y 0= =5, R=""—gg .0

ITpume p. YpaBHenue
X2+ y24+22-2x—-4y—-4=0
(A=B=C=1, D=FE=F=0, G= -2, H= -4,
upejpcranisier  chepy. JONoJIHWB  BbIpaXKeHHst X2—2x M
Vi~ 4y 0 NOJIHBIX KBaApaToB M nNpuGaBUB MJisi KOMMEHCAIHH
ulicsa 1%, 2% K npaBoii yacTH, NOJIVYHUM YpaBHeHIe
(x=1)%+(y—2)2+2%2= 9,
T.e.a=1, b=2 ¢=0, R=3.
To >ke Haitem no popmyaam (7).

§ 173. danuncoun
IloBepxHoCThL, 11pE/ICTaBIIsieMast VpaBHeHHem )
x2 y2 22
wteEta= 1, 1)

1) 3neck M B nanbHeHwem GykBamu a, b, ¢ 0603HaYeHb! ANHHBL HEKO-
TOPbIX OTPE3KOB, TAK YTO YHMCAA a, b, ¢ TONOXKHUTENIbHBI.
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HasbiBaeTcst aaauncoudom ') (vepr. 190). JIuHusi nepecevyeHHst
AB A’ B’ amunncouaa (1) ¢ nuiockoctbio XOY npeacrabiisieTcst
(§ 169) cucremoii

xt oy 22
ar T T

=1, z=0.

OHa paBHUCHIILHA CHCTEME

2 2
Sta=1 z=0,
Tak yto ABA’B’ ectb asummnc ¢ nosavocamu O A=a, OB=b.
Ceuenust annunconaa (1) miockocramu YOZ, XOZ cyth
sJutuncsl M'CM B ¢ nojivocsimu 2)
OB=b, OC=c n L'CLA ¢ no-
avocsimu OA=a, OC=c.
CeyeHHe OJuIMIICOMJA  ILIO-
ckoctblo z2=h (LML'M’ Ha
yept. 190) npejicraBisiecTCst CH-
cTeMOi

St =15 )

at U b e’
z=1. 3)

OpHako ecau |h| = ¢, TO
ypaBHEHHE (2) He NpeACTaBJIsIET
HHUKAKOro reoMeTpUYecKoro Mecra (¢MHHMbIH JJUIMNTHYECKHH
nHIMHAPY; cp. § 58, mpumep 5). B 3arom cavuae mnjoCKOCTh
He nepecekaer aJjnuncoupa. Ilpn | h| =c vpaBHeHue (2)
npeacraBiasier ocb OZ(x=0, y=0; cp. § 58, npumep 4).
3HauuT, NJIOCKOCTb 2=C HMeET C 3JUIHNCOMAOM OAHY 00wYio
Touky C (0; O; ¢) (Toyka KacaHHsl); TAKHM >ke 06pa3om mjio-
CKOCTb 2z = —C Kacaetcst ajuuncouaa B Touke C’ (0; 0; —c¢)
(Ha uepTe)ke He NMOKa3aHa).

er'r. 190.

1) [peyecKoe CJIOBO «3JIIMNCOMA» O3HAUAET «3JIIMIICOBHAHBIHY. OHO
Mano MOAXOAHT AN HA3LIBAHHA M OB € P X H O C T M, HO O4YeHb YKOPEHH-
noch. JIpeBHerpeyecKkHe reoMeTpbl HMEHOBANH 3JINMIICOMAbI BpaUIEHHA
(ApPYTrHX OHH He paccMaTpHBaNH) cepoudamu (T. €. «cHepOBHAHBIMH?). 3TO
HaHWMEHOBaHHE YIOTPebaAeTCS H HbiHe.

?) Ipe>xne (§ 41) 6ykBo#t ¢ o6o3Hayanach NonoBuHa GoKycHoro pac-
cTosiuua [¢ = Va® =02, Tak uTo ¢ < a]. 31ech ¢ MMEET MHOM CMBICT H
MOXKET MMeThb JIlo6oe 3HaueHHe.
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Ecau >xe | h| < ¢, TO HCKOMOE CeYEHHE €CTh IJUIMIC C
M0IYOCSAMH

KL=a)1-% kM=o )1-E, )

NPONOPLHOHANLHLEIMU @ U b.

ITo mepe vaaneHHst oT mIOCKOCTH XOY pasmepbl CeyeHUH
YMEHBINAIOTCH (pHYeM BCe OHH MOAO06HHI).

Ta ke KapTHHA JJIsl CeYyeHUH, napayieIbHbIX MJI0CKOCTSAM
YOZ, ZOX.

Touka O ecTb LeHTp cummeTpuu auuncouna (1). Ilnocko-
¢t X0Y, YOZ, XOZ — nnockoctu cummeTpuH, ock 0X, OY,
OZ —. ocH CUMMETpHH 1). ,

TpexoCcHBH 3nauncoua EcauBce TpH BETHYHHE
a, b, ¢ pa3anyHbl (T. e. HH OOMH W3 3yumncoB A'CA, B'CB,
ABA'’ He ofpamaercsi B OKpPY)XHOCTb), TO 3juiMncoun (1) Ha-
3biBaeTcss mpexocHoiM. dniuncel A’CA, B'CB, A’BA Ha3shl-
BAIOTCSA eaasHbimU; UX BepwnHb [A(a; 0; 0), A'(—a; 0; 0),
B(0; .b; 0), B'(0; —b; 0), C(0; 0; c), C'(0; 0; —¢)]  Ha-
3LIBAIOTCS  6epWIUHAMU  TPEXOCHOro ayuncouaa. OTpeskH
AA’, BB’, CC’ (ocH rjaBHbIX 9JUUIMIICOB), @ TaK)Xe UX JJIMHBI
Ha3bIBAIOTCSI  O0CAMU  3aauncouda. ’

Ecina > b > ¢, T0 2a — 6oavwasn c}?
0Ch, 2b—cpednssa U 2¢ -- Maaas.

S

Oannuncoun BpaumeHH . Eciu kakue-n1u60 nse 13
BEJIMYUH a, b, ¢, HalpUMep a U b, paBHBI MeXXay co000i, TO
COOTBETCTBYIOLIMIA IryIaBHBIH 3jtUNC A’BA U BCe napaJuielib-
Hble eMy CeueHHs1 06paIaloTCsi B OKPY)KHOCTH. JIo6oe ceyeHue
CRS, npoxopgsimee yepe3 ocb OZ, MOXXHO MOJYYUTb NOBOPO-

1) O LeHTpe CHMMETPHH M TUIOCKOCTH CHMMETPHH CM. «CnpaBovYHHK MO
aJIeMeHTapHOIt MaTemaTHKer, 1V, B, § 16.
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Tom 3nnunca CLA okonio ocu OZ, T. e. 3JUIMNCOUJ, €CTh MNO-
BEPXHOCTh BpaueHus1 (dmuuncel CLA, CRS, CMB u T. 8. —
MepuduaHsl, OKPY>KHOCTE A’BA — 3xeamop). Takoit annun-
COMJ Ha3bIBAETCSl 344Uncoudom epaujerus. Ero ypaBHeHHe
UMeeT BHI
x2 yt 22
atata=1 ®)

Ecin a > ¢, TO 3JUIMNCOMA BpPALIEHUs] HA3bIBACTCS CHCA-
moim (uepT. 191, @), ecnu a < ¢, T0 eaxmanymuim (yept. 191, 6).
VY 3annUnCcouAa BpalleHHs1 MOJIOXKEHHE IBYX ero oceii Heompe-
JleJIEHHO.

Ecan a=b=c, annuncoup ob6pamaercs B chepy, H
M0JIOYKEHHE BCEX TPEX ocel CTAHOBHUTCsSI HeoIpe[esieHHBIM.

3 ameyaHHuel, DITHNICOMA BPALLEHH ST MOXKHO ONpPEAeTHTh KakK Io-
BEPXHOCTh, MNMOJIYy4aeMyl0 paBHOMEPHbIM C)KaTHeM Cd)epbl K ee 3KBaTtopy
(cp. § 40). C>xaTbiit 3MIMNCONT BpalLLEHHA MONYYaeTcs, Koraa Koadhduum-
eHT COKaTHA k < 1, BUITAHYTHIA —Korma k > 1.

TpexOCHBbIH 3JIIMIICOHA MOYKHO OTNpENeNUTb KaK NOBEPXHOCTh, NONY-
4aemy 10 paBHOMEPHbBIM C)KaTHEM 3JUJTHIICOH1Aa BpallleHHs K €ro MEpHIHAHY .

3 aMeuaHH e 2. DJUIHNCOUA NPEACTaBJIACTCA Y paBHeHHeM (1), ecnn

OCH KOOpAHHAT COBMaaaloT C OCAMH 3JIJIHIICOHAA. Bnpyrux ClIy4yaaXxaJuinmn-
COHA MpencTaBJIAETCA HHBIMH Y DABHEHHSIMH.

IIpumep 1. Onpenenurb, Kakyio MOBEPXHOCTb MNpeji-
CTaBJIsieT VYpaBHeHHe

16x2+ 3y%+ 1622 - 48 = 0.
P e u e Hue. JlaHHOC YPaBHEHHE IPHBOLUTCST K BUIY

x ¥,z _

3 16" 3

OHO NMPEeACTABJISIET BLITSHYTHIH 3JIJIMIICOM/L BPAUICHUS C T0JIY-
ocsiMH a=c =3, b=4. Ocblo BpallleHUs1 CIVIKUT OY.
Mpumep 2. OnpeaenuTb, KaKyl MOBEPXHOCTb TMpPEACTaBIIAET

ypaBHeHHe x2 — 6x + 4y?+922 +362—-99 = 0.
Pe e uue. [puBeneM naHHoe ypaBHEHHE K BHAY

(x—3)2+4y2+9 (z+2)2 = 144.

Iepenecem Hayano KooOpAMHAT B Touky (3; 0; —2); Toraa (§ 166) mony-
YHM YpaBHEHHE X’'2+4y’2 492’2 = 144 unu

X2 yr e
aatstie =

JlaHHOe YpaBHEHHEe NpPe/CTaBJseT TPEXOCHbIH JINUIICOMN € NONY0Cs-
MH @ =12, b =6, c =4; ueHTp ero NEXHMT B Touke (3; 0; —2), ock napan-
NIeIBHBI OCSIM KOOPAMHAT.
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§ 174. OaxononocTHbI runepGonons

IToBepXHOCTH, NpPeACTaBJisieMasi Y paBHEHHEM

x2 2 22
FtE-a=1b 0

Ha3bIBaeTCs 00HON0AOCMHBIM 2unepbosoudom (uepT. 192).
HaumeHoBaHHe «runep6osiouay ') MPOUCXOOUT OT TOTO, YTO)
cpeau ceyeHHH 3TOH MOBEPXHOCTH €CTh rumep6oJibl. TakoBbl,
B YaCTHOCTH, CeyeHHs1 IuiocKocTsiIMM x=0 (MNN’'M’ Ha
yept. 192) u y=0 (KLL’K’). 9TU ceyeHUs1 NPEeACTaBJISIIOTCS
(B CBOUX TUIOCKOCTSIX) VPaBHEHUSIMH

L Foa=l 2
3)

x2 22 1
) e
\ p HagBaHue «0jiHOIIOJIOCTHLIHY  1IOAUCp-
A4 KHBAeT, UTO NOBEPXHOCTH (1) B IPOTHBO-
\ 110JIOYKHOCTb MOBCPXHOCTH 08YNOA0CMH020
13 2unep6oaouda (cm. § 175) He pas3opBaHa
; Ha J1BC «MOJIOCTH», a MPeJCTaBJIsIeT CILIOMI-
\ y HYI0 OCCKOHEUHYIO TPYOKY, BBLITSIHYTYIO
\ B/0JIb ocH OZ.
X I e Iockoctns
i e z=1h 4)

“h ~ npun gwbdbom sHauvuenuu ho(cp.
X § 173) naer B ccuenii ¢ nopepxHocrtoio (1)
C" JININTIC %)

. x2 Ve h2
YepT. 192. o ER b= 14 & (5)

¥4

_ —
¢ HOJYOCAMH al/l-l- %—, b‘/l~{~-’£. Bee ouumnest  (5)  1o-
ROOHBI, BEPIIMHBI MX JieKaT Ha runep6osax (2) u (3); pas-

Mepbl JUIMIICOB VBEJHUYHBAIOTCSI 110 MCPC V/IAJICHUS CeYeHUs
ot miockoctit XOY. Ceuenne miiockocTblo XOY ecTh 3uaunc

x? h % ,
;{‘FF:l (5)

(2opaosoii aiuiric AB A’ B’).

1) To ecTb «runepGonoBUAHbIHY. CM. CHOCKY 1) Ha cTp. 205.
2) 3nechr nmpennosiaraercsi, uto a #b. B cayuae ‘a=b annuncwl (5)
00palaioTCst B OKPYX