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YAK 617.1

KuHra BHIHWX aMepHKaHCKHX yuyenbix Mapka Ka-
ua u Crauncaasa Ynama (o6a asTopa XOpoIo H3-
BECTHBl COBETCKOMY YHTaTeNlio Mo fepeBody psia
APYTHX HX KHHr M CcTafell) Gbuia NOAroTOBJeHa AJSA
BLIYCKaeMOl H3ZATEJLCTBOM DpPHTAHCKOR SHUHKAO- -
"NeflHH CepHH 0630POB, NOCBAIIEHHWX 'COCTOAHHIO H
GiHKANUIIHM TePCeKTHBAM PasBHTHH  Pa3JHYUBIX
Hayk. Paccuurannas Ha LIMPOKHMH KpYyr yuratenefi,
KHUTA CTABUT CBOEH LEJbI0 OCBEIIEHHE COBPEMEHHOTO
COCTOHHHS MITEMAaTHKH. M ee’ CNeUHn(HUeCKHX YepT.
Oco6oe MecTo yHenseTcH B3aHMONEHCTBHIO H B3a-
HMO3ABHCHMOCTH MATEMATHKH . ¥ JAPYrHX HayK,
060ralaioIHX, MO MHEHHIO 3BTOPOB, KaK YHCTYIO '
MaTeMaTHKY, TaK M BCE HCHOJIb3YIOlLHe MaTeMaTHYe-
CKME METOAL HANDABJNEHHMS HayMHOR MBICIH, a TAKKE -
O6CYXAEHHIO BOSMOKHOTO GYAyIlero MaTeMaTHKyn.

Pnrepechas To copepxanmo u GiecTamas Mo.
¢dopme krinra M. Kana n C. YnaMa 6eCcOPHO TPH-,
BJeYET BHHMaHHE yMTaTesiefl CaMblX Pa3HWX KPYros,

|
Pedakyua Autepatypol no MareMarudeckum Haykas

Hun. 2-2-8
34-71



OT UBJATENLCTBA

Pojib MaTeMaTHKH B HayYHO-TEXHHYeCKOM Mporpecce
BecbMa BeJHKa, a B HOC/]eAHHe AecATHJeTH OHAa BO3pO-
cna ocobeHHo. MartemarHka, KoTopas TpaZHIHOHHO 06-
CJTYyKHBaJa MeXaHHKY, acTPOHOMHIO M HeKOoTopble pas-
deqabl (HU3HKKH, cefiyac aKTUBHO BTOpraerci B TeXHHKY,
5KOHOMHKY, HayKy o6 ynpas/leHHH, HauMHaeT 3aBOEeBbI-
BaTbh MJanjgapMbl B MeAHuMHe, GHOJIOTHH M LPYrHX o6aa-
CTAX ecTeCTBEHHbIX M 0OlieCTBeHHHX HayK. Boapacraer
H HHTepec K MaTeMaTHKe CpelH HeCHeUHaJHCTOB, 0CO-
6eHHO MOJIOZEeHKH, XKelaHHe pa30o0paThcd B 0COGEHHOCTAX
MaTeMaTHYeCKHX MQTOJOB, HOHATb, B YeM CHJAa H MPH-
BJIEKaTe/IbHOCTb 3TOH HayKH. '

Kunra Hanucara no 3aka3dy BpurtaHCKoft 3HUIHK/OMeE-
IHY H NpPU3BAHAa JaTb NpeACTaBJeHHe 0 MaTeMaTHKe, HO-
CTYNHOE JOCTATOYHO IUHPOKHM YHTaTeNbCKHM Kpyram.
Ee aBTOpbl — aMepHKaHCKHe yYeHBie, BhXOAUM U3 [loJb-
K. O6a oHH H3BeCTHbl e TOJBKO HaYYHHIMH pe3y/bTa-
TaMH, HO H cBoeH AesiTe/JbHOCTLIO 10 IONYAAPH3aLHH HaY-
kKH. Mapk Kan B Teuenne psaga jer pykoBoaua Hccaepo-
BaTeJbCKOH rpynnoit nmo mkoabHol Matematnke CIIA,
CraHucnaBy YJaaMy npuHHapgjexuT cobpande 3ajay H
npo6sieM H3 pasHbIX pasfejoB MateMaTHKH. CoBeTcKuM
yuratensm M: Kau u C. YaaM usBecTHH nonepeBoay psina
HX KHHT' H cTaTed. ’

Boabiiyio YacTb KHHIH 3aHHMaeT NepBasi IVlaBa, KOTO-
pas HasniBaerca «[Ipumephis. B neft pas6Hpaercs mHoro
KOHKDETHHIX 3aJay H3 pasHblx objacrefi MaTeMaTHKH,
WILTIOCTPHPYIOIIHX G6orarcTBo H cBoeoOpa3He ee HicH.
3ajayH 3TH COCTaBJSIOT, TAK CKa3aThb, 3KCHEPHMEHTaNb-
Hbeift GakTHYecKHA MartepHaJ, 6e3 KOTOPOro NOHSATH, 4TO
npeacrasasier co6off MaTeMaTHka, HeBo3MoxkHO. Onn
Hofo6paHnl ¢ GOJBIIMM BKYCOM, H3JOXKEHH JXHBO, HH-
TepeCHO H MO BO3MOXKHOCTH JOCTYMHO. ABTOPH HauH-
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HaIOT ¢ UWHPOKO HM3BECTHNX HJed paclIMpeHHA NOHATHA
YHCJIa Y OCYHIECTBUMOCTH TreOMeTpHYeCKHX NOCTpOeHHH,
3aTEM . IepeXOAsAT K OCHOBaM TEOPHH BepoOATHOCTell H,
HAaKOHell, K TeOpHUHM Trpynn H JuHeHiHOA aJarebGpe. Ilo
Mepe HakonJieHds (aKTOB 0OCYKIAITCA HX CB3H APYr
¢ ApyroM u ¢ QU3HKOH — MOCTeNeHHO U3 OTAe]bHHX Je-
TaJed HayHHaeT BHIPHCOBHBATbCA ne.nnqecrneuuaa Kap-
THHa MaTeMaTHKH.

Crenylomas rnasa «Tembl, TeHZeHUHH "M cuHTe3»
ApH3BaHa 3aBepIIATL CO3JaHue 3TO# KapPTHAM. 31ech OT-
TEHSIOTCa Ham@Gojee BaKHble HJEH, NORAHHbIE B HX pas-
BuTHH. Oco6oe MecTo yzensieTcs JIOTHKE H OCHOBaHUAM
MaTeMaTHKH, a TaKXKe H3IMeHEHHSIM, KOTOphle BHI3BaJO B
MaTeMaTHKe NOABJAEHHe 3JIEKTPOHHHX-W BHYHCAHTENbHBIX
MaulHH. '

Tperbs rnaBa mocBslleHa CBSI3AM = MaTeMaTHKH
C IPyruM# HayKaMu. 3[ecb, B YAaCTHOCTH, KOPOTKO H3-
JaraioTcs 3agauyd MaccoBOro OOCAYXHBAaHHA (TeOpHH
' ouepeleli), TeopHH HTrp H TeopuH KRpopmauud. B He-
Gonbiiofi mocjenuefi raase «HTOrH H NepcneKTHBH» yxe
coBCeM Gersio OHMCHLIBAIOTCS HEKOTOphie CaMble CBexHe
"MCCJIEIOBAHHA H [e/laloTCA NpennoJIoXKeHHs O AajbHef-

I0eM UX pa3BUTHH.

He co sceMu yTBepKaeHHsIMH aBTOPOB MOXHO COrJia-
cutbesl. B uwacTHOCTH, BbI3HIBAaeT BO3paXKeHHs HEONHO-
KPaTHO BHICKa3biBaeMasd MMH MBICJb O TOM, YTO BHELIHH{
MHp SIBAAICTCH JHIIb HCTOUHHKOM MaTeMaTHYECKHX MOHS-
THH H TeopHii, @ JaJblile MaTeMaTHKA Pa3BUBAETCA He3a-
BHCHMO [0 CBOMM BHYTpeHHHM .3akoHaM. KoHewHo e,
CBA3H MaTEMaTHKH ¢ BHEIIHUM MHPOM HEeH3IMepHMO
ray6xe. H Gorave. Uro6ni cOcTaBHTb NpaBHJAbHOE Npen-
cTaBJieHHe 00 5TOM H APYIHX METOROJOrHUeCKHX BONpPO-
cax, YMTaTeNb AOJKeH Oo6paTHThCA, HanpHMep, K CTaThe
A. H. Ko.rmoropona «MareMatukas B 26-M tome Bois-

" IO/ COBETCKOH SHUMKJONeAMH H K Kuure ¢MaremaTnka
ee cofepxaHHe, Meronhi H 3HadenHe» (M3a-so Al—f
CCCP, M., 1956).

Cnopuum SABARETCH H TO, UTO aBTOpbl BHIIGNSIOT U3
MaTeMaTHKH H OTHOCAT K APYTHM HaykaM TakHe BaXKHbie
pasjenbl, Kak TeOpHA Hrp u Teopus HubopmaunH. [Tomka-

- 'AYH, CAHUIKOM KDHTHYECKH OHHM OTHOCATCH H K BO3MOX-
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\
HOCTAAM NpHMeHEeHHs MaTeMaTHYeCKHX MeTOXOB B 3KOHO-
MHKe H COBCeM HHYero He TOBOPAT O NpHMeHeHHAX B
NCHXOJIOTHH, NeAArornke H JPYrHX HayKax, H3ydaioMHX
HHTEJNIEKTYa/bHYI0 JeATeNbHOCTh.

C coxaneHWeM NpPHXOAHTCS OTMeTHTb, YTO 3006ile
HOBbie pasjielbi MaTeMATHKH, OCOOEHHO MpHKJajiHbie, He
HaIlJH B KHUIe CTOJb MOJHOrO H SPKOTQ OTPaXKeHHs, KakK
kaaccuyeckue., Ilo-pupHMOMY, 3TH pasmennl 3acJjyxKH-
BAIOT OTARIbHOH. KBHTH TOTO ke O6mEMA M CTO/b MKe HH-
tepectoit. Ho Takas xmura emie e HanHCAWa... g

O7a XKe KHAT3, HECMOTPS HA OTMeHeHHWE EeJOCTaTKH, -
ROCTaBHT HCTHHHOE YLOBO/IbCTBHE BCEM, KTO MIOGHT Ma-«
TeMaTuKy, He3ABHCHMO OT TOTO, 3NIACT CH ee, HiH TOJIbKO
HauEHAeT C Hed 3HAKOMHTLCA, : .

14




BBEJEHHME

Uro Takoe MaremartHka? Kak oHa BO3HHKZaA, KTO ee
cO3Aal M KTO Aenaer ee ceiiuac? MoxHo Jn o6pncoBaTb
NyTb ee DPa3BUTHA M ee MeCTO B HCTOPUH HAYYHOH Mhi-
cau? MoxHo AM mpeAckasaTh ee Oyayiiee? 3Ta KHHra —
nonbiTKa paso6paThcs B mOAOGHBIX BONPOCaX MW AaTh UH-
TaTeNlio NpejCTaBJeHHe O HeOOBATHOCTH H FAyGHHe mpex-
MeTa.

MartemaTHKa — 3T0 3aMKHyThiii B ceGe MHKPOKOCM,
o6./1afaloULHil, OAHAKO, MOIIHOH CIIOCOGHOCTDIO OTpaxKaTh
H MOJe/HpOBaTh J06be NpOLleCChi MbIlIJEHHA H, Bepo-
ITHO, BCIO HayKy BooOule. OHa Bcerga mpHHOCHJAa 6OJb-
myio moably H eme B Gobiledl Mepe NpoxosKaer
TpHHOCHTb ee ceityac. MoKHO Jake NONATH “jganbiie H
CKa3aTb, YTO MaTeMaTHKa HeOOXOZHMa AAs HOKOPEHHs
NPHPOAL YeNOBEKOM H, BoOOlle AJs Pas3BHTHs YenoBeka
Kak G6GHONOTHYECKOro BHAA, 1460 oHa ¢opmupyer ero
MLILJIEHHe.

B camoM pesie, HacKONbLKO MOXHO HPOCAEAHTHL O Je-
TONHCAM YesoBeyecKoH A0603HATENBHOCTH H cTpeMJie-
HUSl K 3HAHUIO, MaTeMaTHKy Bcerna 6GepexcHO JenesnH,
3aboTach © Nepegaye HAKOWNEHHNX HCTHH HOBBIM IO-
koviennsiM. Ee paccmMaTpuBalH Kak OKOHYaTe/bHOE BBbI-
paXkeHHe pPalHOHAJNbHBIX Pa3MbllllleHHH O BHELIHEM MHpe
M KaK DaMATHMK H3BeYHOMY JKeJaHHIO yejloBeKa HCIbi-
Tath paGoty cBoero yma. Mpl He 6yfeM mbiTaTbcd AaThb
onpedesetiue MaTeMaTHKH, TaK Kak A/f 5TOro HPHIINOCH
66l BTHCHYTb ee B KaKHe-TO rpanHubl. Kak yBHANT uHTa-
TC/b, MaTeMaTHKa cnoco6Ha o606mwuTb A06YI0 cXeMy,
H2MEeHHTb H OGOFraTHTh ee. V] Bece e KaxkAbi pas, Koraa
3TO HPOHCXOAHT, [OJAYYeHHHIH pe3yJabTAaT HO-NpPexHeMYy
cOCTaB/IfieT JiMHIb YacTh MaTeMaTHkH. BepofTHO, caMbIM
XapaKkTepHHIM AJd 3TOH HayKH ABJfeTcl TO, 4YTO OHA
pasBHBaeTca HyTeM IIOCTOSIHHOH CaMONpPOBEPKH H Bce
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Gonee rayGOKOrO OCO3HAHHA COOCTBEHMHOH CTPYKTYpHL
Cama xe 3Ta CTPYKTypa HelpepLIBHO H3MeHsercsi, MpH-.
yeM HHOTAa BecbMa paaukanbho. Iloatomy ao6as mo-
TILITKA [1aTh CKOJBLKO-HHGYIb NMOJHOE H HCUYeplLIBalollee
onpenesieHHe MaTeMaTHKH Q0peueHa, Mo HauleMy MHeEHHIO,
Ha Heyaauy. o '

Mun nompoGyem omucaTb B HCTOPHUECKOM acCHeKkTe
pan HaHuboJiee BaXKHbIX MOMEHTOB Pa3BHTH:A MaTEeMaTH-
yeckoit MbicaH. Ilpu atom MH Hepem(o OymeM 3a7epxH-
BaTbCA Ha BONpOCE O TOM, B Kakof Mepe Nporpecc B Ma-
TeMaTHKE CBA3aH C «MPHAYMhHBaHHEM» H JO Kakofi cre-
_IleHH OH HOCHT XapaKrep «OTKpbiTHfi». Knaue rosops,
BOMPOC COCTOHT B TOM, JMKTYeTCA JH BHOOp aKCHOM,
onpepeneHHii M npoGieM OKpPYXKalOUIUM HAC BHEIHHHM
MHPOM, KOTOPHi Mbl BOCIPHHHMAaeéM CBOMMH OpTraHaMH
yyBCTB, Ha6J0AdeM H u3MepseM INPH HOMOLIH pA3HbIX
npHGOPOB H HHCTPYMEHTOB, HJIH € 3TH aKCHOMEI, ollpe-
AejieHHd H npo6JeMu ABAsATCA CBOGOAHBIMH TBOpEHHs-
MH 4eJIOBEYEeCKOro pasyMma H onpepedsiorca Gu3HOJOTH-
. YECKOH CTPYKTYpO#H Mo3ra?

3a mnociesHHe NATbAECAT JeT MaTeMa‘l‘HKa noxo6-
HO APYFHM HaykaM TIpeTepiiefla G6GoJibilIHe H3MeHEHHS.
W meso He TOALKO B TOM, YTO 3HAYHTEJbHO BHIPOC 06beM
MaTeMaTHYeCKHX 3HAaHHH H H3MCHHJIHCH . MpenCTaBJEHH:A
0 Ba)XKHOCTH TeX MJH HHbIX npobaeM. {pyrHMH B Kakoil-
TO Mepe CTaJlH TOH-H LeJtH MareMaTHKH. MHorue Befu-
KHe yCMexH- QH3HKH, aCTPOHOMHH H JADYFHX «TOYHBIX»
HayK ObIJIH JOCTHTHYThl IV1IaBHRIM o6Gpa3oM OJsaronaps
mateMaTHKe. CBOGONHO 3aMMCTBYsi CpeACTBa, NMPEAOCTAB-
JAsieMble MaTeMaTHKOil, 3TH DOACTBeHHble HAYKH B CBOIO
ouepefb cHaGKalOT ee HOBHMH mpo6JjeMaMH H OTKpHi-
BalOT HOBble HCTOYHHKH BAOXHOBEHHS. _ .

I'ny6okoe BJaHsiHHe HA MaTeMaTHKY OKa3blBaeT M pas-
BHTHe TeXHHKH: TaK, CO3jJaHHe GHCTPOAeHCTBYIOUIHX Bbl-
YUCAHTENbHBX MAalIHH HeH3MEePHMO pPAaCHIHPHJIO BO3MO-
JKHOCTH 3KCMepHMeHTHpPOBaHHsS B caMo#l MaTeMaTHKe.

KopeHHbie H3MeHeHHst KOCHYJIHCb H OCHOBaHHiI Mare-
MaTHKH H MaTeMaTHYeCKoW Jjoruku. B riaese 2 Mul mo-
ctapaeMca OGBACHHTDL, B YeM CYUHOCTb ITHX H3MeHeHHH.

B rmpomecce cBoero pasBHUTHA MaTeMaTHKa TO-
CTOAHHO BO3BPAalaeTCi K HEKOTOpbIM crneuudpHIeCKHM
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NOHATHAM ¥ TEMAM; Ml NpHBENASM MHOTO NPUMEPOS, M-
JHOCTPHPYIOIIHX HX BapHAUMH H B3aHMOAeHCTBHe.

OzuuM H3 TakuX NOHATHH, HanGoJee XapaKTepHLIX
AR MaTeMaTHKH, NBAAETCH 6ecxomeynocTs. Mubl’ yue-
JAUAY 3TOH TeMe RAOBOABLHO MHOTO MECT3, HHTAfACh NOKa-
3aTh, KaK BO3HHKJO MpefacTaBjehHde 0 GECKOHEUYHOCTH H
K2K OHO 3aTeM Pa3BUBAJOCh H YTOYHANOCH. N

Bonpexu mHeHuI0, HIHPOKO PacCnpOCTp aHEHHOMY CPeftH
AaJeKHX OT HAYKH JHONeH, MATeMAaTHKa He ABJAET COGOA
33KOHUeHHOE H COBepUIeBHOe 3fxaHue. DF0 Hayka H, Kpo-
Me .TOr0, HCKYCCTBO; CBOfCTBEHHLIe MAaTeMaTHKe KpHTe-
PHH BCerna B TOH WAM HHOH CTEMEHH HOCAT SCTeTHUECKHA
Xxapaxrtep. OZHOM TONbKO 'HCTHHHOCTH TEOPEMH elle He-
AOCTATOMHO AJA TOTO, WTOGH CHHTATH -ee AocTOfHOH 3a-
HATh MeCTO B MarteMaruke. OBa RO/MLKHA OwThb «npje3«
$HOH», «MHTEPECHON» U <EPacHBOA». A NOCKOJBKY OlLy~
menHe KpPacoThl CYOBEKTHBHO, OCTaeTCA TOABKO YBAHE-
MIATHCA, KaKoe €NHHOAYWIHE NPOABAMOT OGLINHO Mare-
MaTHKH B CBOHX 3CTETHUECKHUX OLEHKAX.

B ofHQM OTHOIIEHHH MaTeMaTHKa CTOHT 0COGHAKOM
cpeny APYrux Hayk: HMKaKOH ee.pesyabraT He MOXKeT
_ OHTb 3auepKHYT JanbHeluM pa3puTHeM Hayku. Ox-
HaXAbl JIOKa3aHHas TeopeMa y)Ke HHKOTAa He CTaHer
HEeBEpHON, "XOTA BMOCJENCTBHH MOMKET BLIACHHTLCH, YTO
- OHA SIBASCTCA JHIIb TPHBHAABHHIM UYaCTHHIM ClyyaeM
Kaxoii-T0 Gofee obule#t uCTHHH. MareMaTHuecKue 3Ha-
HHA He MoOjJexaT NepecMOTPy, H OGIHMil uX 3aflac Mo-
JKeT JMIIb BO3PaCTATh.

MOXHO Jiu TIpM TaKOM HeBEpPOATHOM pasuooﬁpasnu
apaGreM H cnocefOB APHMEHeHHA YCMOTPEThH B MaTeMa-
THKe KaKo#i-T0 BHYTpeHHH#t mopsagok? Hro abecneunBaer
efl He BH3bIBalOMlee COMHEHH] eMHCTBO H 9TO NeNaeT ee
CaMOCTOATENILHON HAYKOH?

Haytem ¢ TOrp, 4ro CAeflyeT pasinuaTh o6zaexm
MaTeMaTHKHU H ee MeTo0.

CaMuM# NepBLIME MaTeMaTHUECKHMH OOBEKTaMH AB- -
JSIOTCA HaTypaJibHBle wHcaa 1, 2, 3, ..., a TakXe TOUKH
M npocThié TeoMeTpHyeckye QUIypH (nNpAMble JNHHUH,
TPeYTroNbHHKH H T. ). OHH HACTO/ILKO NPUBHYHEI H 3Ha:
KOMEl HaM C JeTCTBA, 4TO AO/IFOe BPeMs CUHTA/UCh He
frpeéyjoumun HHKAKUX ROsSICHeHH# M yrouHenni.. Tonsko
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B KOHLE NpoUIJIOTO BeKa Obisl BllepBhbie npennpm{m cepb~ ~
e3HBIft mornuecKuit auaan3 apupmeruxku (Fleano, ®pere,
Paccen) u reomerpun (IuabbGepr). Oxmaro croap xa-
pakTepHbIfi AJ11 MaTeMaTHKH npouecc o6pa3oBaBysa Ho-
BuIX 06beKTOB H BbIAEJeHHs HOBBIX CTPYKTYp NpOHCXO-
I H A0 TOro, KaK GBUIH YTOUHEHE MOHATAS Harypannb-
HOrO YHCJAa H TOYKH.

Ot 0GbeRTOB MOXKHO MNepe#iTH K uuoaicecreau 3THR
06heKTOB, K (ynkyuam W coorsercréusm. (Umes coor-
BETCTBHA, HWJIH TIpeoGpa3cBaHHA, POJHIACh H3 eCTeCTBEH-
HOTO CTPEeMJEBHfl uYejoOBeKa pacno3HaTh pPONCTBEHHbIE
JAPYT APYTY PacrloAOMXeHH H BBLIEJIHTH OOLLYI0 3AKOHO-
MepHOCTb, OOBENHEAIOLIYI0O pasiuyHBle HA BHJ CHTya-
unn.) Ilpopomxan BO3RHKAIOIRHE 3JeCh Npoliecc urepa-
yuu, NEpPeXomAT K KiaaccaM yHKuoHfi, K COOTBETCTBHAM
mvexnay Oymkuuamu (onmepaTopaM), 3aTeM K KJaccam
OnepaTOpOB H T. A.; STOT Hpolecc, LIarH -KOTOPOFO CTa-
HOBAITCSl BCE KPYyIHee, He HMeeT koHiia. TaKHM crnocobom
. H3 HpPOCTHIX OOBEKTOB noxyyaior Bce 6osee u GoJjee
CTOXKHBIe.

T1aBHOM COCTaBHOM YaCTHIO MaTeMaTHUECKOTO MeToja
ABAseTCa GOKA3ATEABCTB0, CTPYKTYpPa KOTOPOTO efiBa JH
CHJIbHO H3MeHHNacb CO BpeMmeH rpekos. [lo-mpexHeMy
CHauajla MHOCTYJHpyercs HeGoJblIoe UHCAO GKCUOM
(npemJioxennfi, KOTOpHe NPHHHMAIOTCH Ha Bepy), a 3a-
TeM HO CTPOTHM JIOTHYECKMM NpaBHJIaM BHIBORSTCA HO-
Boie mpeaJoxenns. CaM 3ToT Hpomecc, ero CHJbHbie H
c1abhie CTOPOHB —BCe 3TO JHHIb B CpaBHHTENbHO He-
HaBHHE TOAbl CTAJO NPEIMEeTOM KPHTHUECKOTO HSYueHHs.
MeramaTemaTHKa, KOTOpas STHM 3aHHMaerg¢s, caMa sB-
JIAETCH  UaCTbi0o MaTeMaTHKH. O65eKTOM MeTaMaTeMaTHKH
CNYXHT ROBOJNBHO OrpaHH4eHHbil, Kasajoch Obl, Habop
NpaBHs, OTHOCALOHXCH K MareMatHuecko#f Joruke. On-
HaKoO HaCKOJIbKO BCeOGBEMMIONIH H BCEMOTYIUH 5TH Npa-
Buna! B Kakofi-T0 mepe MaremaTWKa MHTaer caMa cebs,
HO 3JieCb HeT MOPOUYHOro KPyra: KaK IOKa3hiBalOT G-
CTAILHE YCIeXH MaTeMaTHYeCKoro Meroxa B ¢usuKe, ac-
TPOHOMHHM H JPYFHX eCTeCTBeHHBIX HayKax, — 3Td OT-
HioAbL He Oecnjionmas wrpa. Beposarso, Tak mpoHcXoauT
NIOTOMY, UYTO MHOTHe OOBEKTHI MaTEMATHYECKOTO HCCle-
ROBaHHfl HaBesiHH: BHEBIHHM WMHPOM, a -ofoGuienne 'u
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BLIGOD HOBLIX CTPYKTYP TOXKe He COBCEM MPOH3BOJbHLL
«Henoctuxumas s¢ddeKkTHBHOCTD MaTeMaTHKH», OHTb
MOXeET, ¥ OCTaercs YyAoM AJsa ¢ujocoduu, OAHAKO 3TO
HHUKaK He orpamae'rcg Ha ee OUEBHIHBIX U HeCOMHEHHbX
ycnexax.

MaremaTuKy onpeae.rm.nn KaK HayKy BbiBOZA HEO6XO-
Aumbix caepcrBuit. Ho xakux HMEHHO caegcrsuin? Ilpo-
CTasi Liellb CHJIJOFHSMOB — 3TO ellle He MaTeMarhka. Ka-
KuM-1O0 00pa3oM Mbl BbibnpaeM Te (HOpMYJHpPOBKH, KOTO-
phle B KOMNAaKTHOM BHJAE OXBAaTHIBAIOT IIMPOKHH KJacc
YaCTHBIX CJy4Yaes, a ONpejesieHHble JOKa3aTeJabCTBa CUH-
TaeM 3JIETAHTHEIMH HJH KpacUBBHIMH. 3HAUHT, METONR
BKJOyaeT B cebs1 Heuro Gosbliee, YeM Npocras JIOFHKa,
3akJloueHHass B AelyKuun. OOGbeKTH >Xe COjepiaT. B
ceGe MeHblle, YeM HX MHTYHTHBHbIE HJ¥ HHCTHHKTHBHBIE
HCTOYHHKH. '

OTtanunrtenbHas uyepra MaTeMaTHKH — BO3MOXKHOCTh
OnepupoBaTh 06LEKTAMH, He Olpelreisis HX.

ToukH, npsiMbie, NJIOCKOCTH He onpedeasiorcs. B nawm
JIHM MaTeMaTHK OTBEPraer NONBITKH CBOMX INpeRIIeCTBEH-
HHKOB ONpeleJuTb TOYKY KaK HeuyTo, He HMeIoliee <«HH
AJMAHBl, HU LIAPHHbI®, WIH KaTh CTOJb XK€ GECCMBbICJIEH-
HBlE NICEBAOONpeIesIeHHs TPAMOA U MJIOCKOCTH.

B TeueHne MHOTHX BEKOB BbipaGoTajach TaKas TOUKA
3pEHHsl: HEBAXKHO, YTO UMeHHO npedcrasasror cobod pac-
cMaTpuBaeMble O6LEKThl, €CIH M3BECTHO, KaKue YyTaepic-
Odenusn o uux donycrumol.. 3namenutas pabora I'mabGep-
Ta «OCHOBaHHA TreOMETPHH» HAYHHAETCs CJOBAaMH:
«IlycTb MMeercss Tpu THNA O00DHEKTOB; OOBEKTH MEPBOTO
THNA Oy/ieM HA3BIBATb «TOYKAMU>, BTOPOTO THIIA — «MIPsi-
MBIMH», TpeThero — «IJOCKOCTAMH»», Bor H.Bce,—a 3a
STHM CJeAyeT NepeyeHb MCXOAHBIX YTBepXAEHUA (ak-
CHOM), BKJIGUAIOIIHX CAOBA «TOUKa», «OpsiMasa» H «ILIO-
CKOCTb»; M3 3THX aKCHOM MOXHO BbIBOJIHTb, NOJB3YHACh °
VIKe TOALKO NpaBUJaMH JIOTHKH, dajbHeflliHe yTBepKAe-
HUSl, CONEPKAIHe STH He OnpefesieHHble HaMH CJOBA.
Takoft NOAXOA NMO3BOJISIET HAYUUTh I'€OMETPHH caenoro u
BAaXe BBHIYHCAUTENbHYIO MaIUHHY!

dror XapaKTepHuifl THN a6CTpaKuyH, BeAyIUA K noJ-
HOMY- HTHODHPOBaHHio (M3HYeCKOH NpPHPOABI FeOMeTpPH-
YyeCcKNX OG'LEKTOB, BCTpeYaeTcsl HE TOJBKO B TPaLHIHOH-
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HBIX FpaHMuax MarteMmatuxu. IIpuMepoMm cayxiurt npesno-
xennasa IDpHcrom Maxom (Ha ocHoBe pa6or [lxefimca
MaxkcBesila) TpakToBKa -NOHATHA Temnepartypsl. [Hia
onpejesieHUsi TeMneparypsi HeOOXOZMMO BBeCTH MOHATHA
TenA08020 PABHOBECUS W TenAoB020 KOHTAKTA, MNOCJHeA-
HHe ke KpaliHe TPYMHO, eclH BOoOIle BO3MOMSHO, ONpe-
JeJUTb B JIOTHYeCKH NpHeMJeMHX TepMuHax. Omuaxo,
KaK MOKa3blBaeT AHAJM3, BCe, YTO Ha CaMoM JeJie Hy-
HHO, — 9TO CBOHCTBO TPAH3UTUBHOCTU TENJOBOTO PaBHO-
BECHs, T. e. NOCTyJar (Ha3biBaeMblii MHOTIA HYyAeBbiM
HA4aAOM TepMOJMHAMHKH), YTBEpXKAAIOWIMH, YTO eCcjH
(A uB) u (A u C) naxonsatcs B TeNJOBOM paBHOBECHH,
1o ¥ (B u C) naxopsarca B TemiqBoM paBHoBecuu. [[las
" MOJIHOTBI HYXKHO emle nOGaBHTb B- HEKOTOPOM CMbicie
o6paileHHe 9TOTO HyJleBoro HavaJja: ecin A, B u C ia-
XOAATCA B TEMJOBOM paBHOBECHH, TO 3THM CBOHCTBOM
o6napgaor (A u B) u (A u C).] Tak xe, KaK B reomer-
puy; 3gech Heo6s3aTeNIbHO 3HATh JIOTHUECKH TOYHBIH |
CMbICJI TepMHHOB; JOCTaTOYHO YMeThb OGBEJHHATb HX B .
OCMLIC/IEHHBe (T. €. JOMyCTHMHE) NpefJIOXKeHud,

- XoTa MB MOXeM YCHNEeWHO ONlepHpoBaTb C Heollpeae-
JIEHHBIMH (M, BepPOATHO, laxke HeONpefenHMbIMH) OGBEK-"
TAMU ¥ NOHATHAMH, CAMH 3TH OOBEKTbl H NMOHSTHSA YXO-
JST CBOMMHM KOPHSIMH B BHUAMMBIA ¢usuieckuil (HAM No
KpahiHeli = Mepe 4YyBCTBeHHbIA) MmHp. PH3Hueckue nB-
JieHUsl NMONCKa3blBalOT M Aaxe AUKTYIOT HaM HCXOZHbIe
aKCHOMBl, ¥ NOJ BJMSIHHEM TOA e BHUAMMORA (usHye-
CKOM * peaJbHOCTH Mbl (opMyJHpyeM BONPOCH H NpO-
61embl.

Anpu TlyaHkape ckasaJ, 4TO CymeCTBOBaTh B MaTe-
MaTHKe — 3HAYHT ObiTb CBOGOJHHIM OT NPOTHBOpeuui.
Ho oapno TOJNbKO cymecTBoBauWe emie He rapauTHpyeT.
BO3MOKHOCTH BbIXKHTb. HTOOHW BBUKHTb B MaTeMaTHKe,
Hy>KHAa TaKasg pa3HOBHAHOCTb MKH3HECNOCOGHOCTH, KOTO-
pyIO He oNHULIeNIb B YHCTO JIOTHYECKHX TepMHHaX.

B caexayomux rnaBax Mol 0O6CYAHM psn Npo6Jem,
KOTOpble He TOJbKO NpPOSIBWIH 3aBHIHYI0 KH3HeCTOMH-
KOCTb, HO H MOJIOXHJ/H HayaJio pa3BUTHIO HauGoJee MJo-
" HOTBOPHBIX MaTeMaTH4YecKHX Teopudl. OHM mpocTHpalorcs
OT KOHKpDETHOTO K aGCTPAKTHOMY H OT CaMOrd NpocToro
K CpaBHHTEJNbHO CJOXKHOMY. Mb BhiGpanu HX, 4ToObl
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NPORATIOCTPHPOBATH OOBEKTHI MATEMATHKH-H MareMaTH-
YeCKHUH MeTOoA U y6e1m'rb uypHrarend, 4y1o 4yucras MareMma-
THKa BCE-TaKH He MCuepAbiBaeTCA onpejenenHeM Pac-
cena: «Hucras mareMaTHKa eCThb Kjace BCex npeanoxe-
MUl BUIA <H3 p CEAyeT g3, rhe P M q— NPeANIOKEHNd,
coAepxKaline OAMy uAH OosNee NepeMeHHBIX, OAHH H Te
Ke B 0GOMX NMPelVIOKEHHAX, H HH P, HH ¢ He COEepXKat
. HHKaKHX DOCTOSHHLIX, KPOME JIOFHYECKHX HOCTOSHHbLIX»,
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NPUMEPH!

§ 1. BecKOHEYHOCTh MHOXECTBA MPOCTHIX YHCEJ

Cpeas Tak HasblBaeMuiXx HarypasbHoix duces (1, 2, 3
H T.[.) HMEIOTCS TaKHe, KOTOPhle JEJATCA TOJBKO Ha 1 u
na ce0s; OHH HasBIBaloTCa npocroimu uucsamu. Tlpocthie
UHCJa — 3TO «KHPNHYH», H3 KOTOPHX CTPOSATCS BCE OC-
TaJbHHE HaTypaJibHHe YHCJIA: KaXKAoe HaTypaJsibHOE 4H-
~ CJIO eCTh NPOM3BEHERHe CTencHel CBOMX NMPOCTHIX AEJHTe-
nei; Hanpumep, 60=22.3.5. BoT HECKOJIbKO NepBHX IPO-
cTHX wucen: 1, 2, 3, 5, 7, 11, 13, 17. Bo3HukaeT Bonpoc:
MOXHO JIH OPOAOJKATb 3Ty NOCJAELOBATEbHOCT GecKo-
nHeuno? VlHaue rosops: cymecTsyer Ju camoe GOJbINOE
npocToe 4Hca0? OTBeT M3BECTEH eille CO BPeMeH aHTHY-
Ho#t TI'peunu: HauGOJBIIEro mpoeTOro YHMcja He cCyilie-
CTByeT. DT0 HOoKasaJs EBKAMZ B TpeTheM BeKe A0 Halled
5pHl, H CErOJHs €ro PacCyKJeHHe TaK ke CBeXO H Ipo-
3pauHo, Kak M B ApeBHocT#. Korga 6blio ycTaHOBIEHO,
UTO MPOCTHIX YHceJ GeCKOHeqHO MHOro, Cpasy BO3HHKIO
MHOXECTBO APYrHX BOMPOCOB 06 3THX WYHCJIaX; HEKOTO-
pbie M3 HMX — 3TO H3BeCTHhHle BCeM MaTeMaTHKaM mpoG-
JeMbl, O CHX NOp OCTAIOIHECs HepelleHHHIMH. B atom
naparpade Mbl OGCYAHM HECKOJbKO TaKHX BOTPOCOB M
npuBeJeM NpHHaAsexawee EBKInay KoKasaTeabCTBO He-
OrpaHHYEHHOCTH NOC/JEROBATEJBLHOCTH OPOCTHIX WHCEN.

Mul He sHaeM, KOT4a BliepBbieé MOSIBHJIOCH MOHSITHE
IPOCTOTO YHCJa M CKOJbKO BPEMEHH NPOTEKJIO OT ycTa-
HOBJICHHS] NMPOCTeAIIHX CBOUCTB TaKMX YHCeJ A0 OTKpHI-
TS, YTO HX GecxoHeuHo MHoro. Bompoc 06 ux kosnue-
CTBE BO3HHK, BEpOATHO, BCKOpe NocJie MepBhHX NOmbITOK
€3KCMNEPHMEHTANILHOFG» H «NpParMaTHYecKQro» H3yuyeHHs
Takux uyuces, xak ‘2, 3, 11, 17. HUaes GecKoHEUHOCTH,
KOTOpO#l, ~ NO-BHAMMOMY, TNpeAllleCTBOBAJO  MNOHATHE
«NPOH3BOJIbHO GOJBIWIOro», AokHA Obla GOpPMHPOBATH-
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AN T e
C# 3HAYMTENbHO LOJIbIHE; BOSMOXHO, OHa EO3HHMKJA B pe-
syJibTaTe HAGMOLEHHS OKPYKAIOETO QU3UYECKOrO MEpA.

Crenyiowmee J0KA3aTeAbCTBO — BEPOATHO, JO CHX
HOp caMoe TPOCTOE — YCTAHABJUBAET TOJIbKO CYIIeCTBO-
BaHHe IIPOM3BOJILHO OGOJBIUMX NpocThiX uHced. [Ipenno-
JIOXKHMM, YTO MHOXECTBO NPOCThIX UMCes KOHeYHO; TOTAa
CylecTByeT caMoe 6oJibllioe NPOCTOE. YUCJHO, CKaxXeM p.
Paccmorpum uucsio n = pl + 1 (p! uuraerca «ne ¢axro-
puan» U pasHo npoussesenuio 1-2-3 ... p). Ono He JHe-
JATCH HH Ha KaKoe NpOCTOe 4YHCHo Bnjoth Ao p. Ilo-
3TOMy Jn60 MeXAy p W n JOKHO OblTh Kakoe-HUGYIb
IpocToe WHCJIO, ub0 NpocTHM asjadercs camo n. U 1o, B
IpYroe NMPOTHBOPEUYHT HAMIEMY NPEANIOJOKEHHIO, 4TO p—
HauGosibliee NPOCTOE YHCJIO. :

ITOT YIAMBHTEJbHO NPOCTOR W H3AIHBLIA pesymﬂ*a’r
Eprauga — oo H3 NepBbIX M3BECTHBIX HaM JOKasa-
TeJIbCTB OT NpoTuBHOro. Kak CBOACTBEHHO BCeil «XOpo-
ulefl» MaTeMaTHKe, OH paspellaeT HEKOTOPHI  BoMpoc,
NOJCKA3LIBAET HOBbie BONPOCH. H NPHBOANAT K HOBBIM.
HabmoAenusaM. Hanpumep, cHoBa ucnoabsys $akTopH-:
anbl, Mbl MOXeM HeMeJJIeHHO YCTaHOBHTb, YTO B MOCJe-
HOBATE/JIbHOCTH HATYpaNbHEX 4MCeJ HMelOTCs - CKOJb
YrOZHO AJIMHHBIE «KYCKH», He COAepMKallHe MPOCTHIX YHU-
cesq. B camom gene, pas mo6oro 3ajaHHOTO 1 MOXHO'
BoinucaTh” n—1 nNociefoBaTedbHbIX yucea: n! 4+ 2
n! + 3, ..., n! + n, nepsoe H3 KOTOPHX AeAuTCH Ha 2,
propoe —Ha 3, ¥ T. 1. (MoCnefHee AeNUTCA HaA n).

OcraHoBuMCsl ellle HEMHOTO Ha 3TOM NpHMepe, Tak
Kak OH XOpOIUO HJUVIIOCTPHDPYeT XapaKTepHYIO OcoGeH-
HOCTb MAaTeMaTHYeCKOro MEIJIEHHA: TIOCTaHOBKY Bce
HOBBIX M HOBHIX NpoGJeM, HeN36e:KHO NPUBOAALIUX K HO-
BbIM, 6oJiee TpYAHBIM, a MHOTZa H HEpa3peLINMbIM,

YBepeHHble Tenepb B TOM, YTO NOCJEAOBaTeNbHOCTb
IPOCTHIX uMcCes OGecKOHeyHa, MH XOTHM 3HaTbh OGoJblie.
MoOxHO M HafTH YacTOTy NpPOCTHIX YHCEJ HJIH OLeHHTb
KOJIHYeCTBO T (1) NMpOCTHIX unces MexAy | m HEKoTOPbIM
(6oabmuM) uenniM n? MoxHo jokasaTb, 4To mn(n)
acumnToTHdeckH passo nflogn'), T e. 9T0 OTHOLICHHE'

') 3mecb u Beame nasee petn, HAET O HAaTYPaibHbIX norapmpmax ’
7. €. o Jorapudmax npu ochopannn e. — ITpum. ped.
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w(n) x nflogn npubanxkaerca k¥ 1 npu HeorpaHHYEHHOM

pocTe n.-Jra. saMedaTeNbHAsA TEOPeMa O MPOCTHX YACHAX .

' Ghila BnepBhe jokaszaHa B 1896 r. JK. Amamapom M

HI.-)K. Baane Ilyccedom. IlepBhle goKasaTe/NbCTBa BKJIO-

YaJiIH HOBOJIbHO. CJIOXKHbI€ TIOHATHA . MAaTEMATHYECKOIO
aHaJid3a: OHM ONHUpAJIUCh HA PE3yJAbTATbl TCOpHH aHaJIH-

THueckHX dynkuni. Tosabko. sHauuTebHO No3aHee I1. Dp-

néw u A. Cenbbepr Hamuiu GoJdiee SjeMeHTapHoe (XOTS
IJIMHHOE M CJIOXHOe) ROKa3aTeJbCTBO, HCHOJMb3ylOllee
JIMIb KOMOGMHATOpHble M apu(MeTHYECKHE NMOHATHA M He
Tpebyioilee HUKaKUX CBeleHHH 00 aHalIMTHuecKuX .pyHK-
LHUAX.
Bce npexsiayiiee oTHoCHJIOCH K KoALUECTBY HpOCTbIX
YHces 1O CpaBHEHHIO CO BCeMH LeJibiMu uMcaamu. [py-

rve Ha6GJMIoJeHUs HaX NPOCTHIMM UYKCJIaMH HeMEAJIeHHO

Bo36YKAAIOT caMoe 3JieMEeHTapHoe J0OGONHTCTBO. Tak,
HanpuMmep, Kakoe On Mbl HU B3fJIH KOHKpeTHoOe qei‘noe
YHCAO, er0 MOXKHO NpPEeACTaBUThL B BHAE CyMMbl ABYX Npo-
cThX yHces. Matematuk X. lonbabax (1690—1764) Bu-
ABHHYJI THIOTE3Y, YTO 3TO BepHO JJIfl BCeX YETHLIX YHceJ.
Ero runoresa no cux mop ocraercss HeJAOKa3aHHO#H; Mpo-.
BEpPEeHO JIHUIb, UTO DHA BHINOJHAETCS AJs UETHBIX 4HCEJL
srAoTh g0 100000000. Hcnonbayst 3JeKTPoHHbIE BhluM-
CUTEJbHbIE MaillMHbl, MOXHO Jaxe cobpaTh cTaTHCTHYe-
CKHMe [aHHble, NOKa3HBAIOIIHE, CKOJbKAMU pPa3JHYHBIMU

cnocoGaMH TO. WIH HHOe 4YeTHoe uucio 2n pa3buBaercs

B CyMMY JBYX .NPOCTHIX; OKa3HIBAE€TCsl, YUCJO CIMOCO60B
NOBOJIbHO OBICTPO pacTeT ¢ pocToM 7. YxXe B Hamu
&HU coBerckuit marematuk M. M. BuHorpajgoe pokaszad,

4To JI060€. IOCTATONHO GOJIbIIOe HEYETHOe YHUCIAO MOMCHO |

npeACTaBHTL B BHJe CYMMBI TpexX NpoCTHIX uucen!
He cymecrByer HuKakoi .popMysin WM BhIpaXKeHHUs,

NO3BOJSIOUIETO 3ANUCATL CKOJb. YyTOAHO GOJibilioe Npo-

ctoe uMcio. MaBecTHb! HeKoTopble apu(pMeTHYeCKHe Bhi=
paxkeHus, Haiollye MHOTO NPOCTHIX 4HuCeJd; HanpuMep,
dopmyna Dinepa N = x% + x + 4] NpUBOAUT. K NPOCTHIM

uncaam npa x =0,1,2, ..., 39, onnako MhH He 3Haewm,

HMeeTcss MM GeCKOHEUHO MHOTO HeJHX X, TaKHX,. 4TO
%2+ x + 41 —npocroe uucno. CyiecTByioT s BooGuie
MHOTOWJICHEI OT X, NpUHMMAIOLME NPH NOACTAHOBKE B
HHX LeJbiX X OeCKOHeYHO MHOTO MPOCTbHIX 3HaueHHH?,
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VI3BeCTHO TOMBKO, YTO TAaKHe MHOTOWIEHH nepBofi cremne-
HH CYIIeCTBYIOT (TaKoB, HanmpuMep, MHOrOYJeH 2x + 1),
OJHAaKO [0 CHX MOP HeH3BeCTHo, o6Jajaer JH STUM
CBOHACTBOM KaKOH-HHOyAb MHOTOWIEH cTeneHH Goabumie 1.
‘HeusBecTHO TaKkXKe, CYMECTBYeT Ju GeCKOHEWHO MHOrO
«6JIN3HENOB», T. €. MPOCTHIX WHCEN, pasiHyaolAXCs Ha 2

. {(nanpumep, 11 1 13, 29 u 31 n'r.z;)

ITpumepni Taxkoro poja THNHUYHH AAd JI06OH BeTBH
MaTeMaTHKH: BONPOCH, BO3HHKAIOiMe  [FOYTH aBTOMAaTH-
MECKH, 4YacTO OKa3HBAWOTCA YPe3BHYakBO TpPYAHLIMH,
XOTA HX (OpMYyJHDOBKa He Jaer OCHOBafim#l npexiona-
FaTh, YTO OHM BHIXOAAT JaNeKo 3a NMPEledtl yiie ycra-
HOBJEHHBIX  (akTOB.

TeM He MeHee O MOCHENOBATENLHOCTH npoc'rux gHcell

"H3BeCTHO OYeHb MHOICe CBEepX TOro, O yeM CKajaHo Bhilie.

HanpuMep, Aoka3aBo, 4TO cyliecTByeT 6eCKOHEUHG-MHOTO
HPOCTHIX uHcen Buia 4k + 1 B GecKOHeuHO MHOPG mpo-
CTHX uHCes BHAa 4k + 3. Bosee TOro, ¥3BeCTHO, ¥TO JIO-
6as apupMerHyecKas nmporpeccus a-R+ b (rie av b—
B3aHMHO [IPOCTHIe Leane uHOIA, a k=1, 2, 3, ...) co-
BEPXKHT GecKOHeYHO MHMOro NMPOCTHIX UHCEN H 9ro aTH
HpOCTHI@ HHCAA aCHMITOTHUYECKH HMeEIOT- «npaannbﬂylo»
‘gacrory (1. e. gacrory 1/p(a)t)). -

[TpuBenenHnie npuMephH W KOMMEHTapHH X HHM JHOJ-
XHbH OPOWIIOCTPHPOBATH ‘OJHY HHTh MaTeMaTHYeCKOro

_MbIlJIeHAs, KOTOpasi, Pa3BeTBJsAACh, TAHETCH Yepe3 BCIO

ero HCTODHIO: MaTeMaTHKH, OOHMapyXuB KaKHe-HHOYIb
cBOfCTBA KOHEYHO! COBOKYITHOCTH YHCEJ (MepBHIX H ca-
MHIX Ba)KHBIX MaTeMaTHYeCKAX OODBEKTOB), CTPEMATCS
JOKa3aTh 9TH cBo#cTBA AR GECKOHEYHOrO MHOKEeCTBa
YHCeJ MJHM BCeH HX COBOKYMHOCTH. DTa TAra MareMaTH-
EOB K OGOOGLICHHAM Bcerga Oblja caMOB XapaKTepHo#
yeprofi maremaTHkd. CjoBa JI. KpoHuekepa: guensie um-
ena co3fiaEN GOroM, a Bce OCTaJIbHOE B MATEMATHKE ~
Aen0™ PYK 4qeNOBeUeCKHX» SBIRIOTCS KpakHuM seipaxe-’
HHeM 3TOfi-TOUKH 3penns. BrpoueM, ¢ HHMH MOXHO ¥ He

1) BOro o3n3uaer, YTO €CHK ua(u) o~ KOVINMECTBO MPOCTHX UHCEA
B nporpeccus a- -k +b, He TPEBOCXOASIEX #, TO lim[m,(n)/n(n;] =

= l/p(a), rae @(a) — KOJHYeCTBO Le/IbX tmcen, MEHHHHX a H B3a-
rumo OPOCTHX C 4. -
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COfJIallaTbCR, MOCKOJbLKY MpPOCTHie reoMeTpHuecKHe 00be
eKTH, HECOMHEHHO, HMEIOT HE MeHbilee NPAaBO NMpeTeHAO-
BaTh Ha NePBO3LAHHOCTE.

§ 2. HippauMoHaIbHOCTL YKCAA V—

B cucTeMe Tak nasbiBaeMHIX HaTypa/lebtx yucea I, 2

3, ... He Bcerga BO3MOXHO BHuHTaHHe: 3 — 5——2—-
Iie HATYpaibHOE HHCJIO, MOCKOJIBKY OHO 0Tpnuare.nbuo.
B’ pacuupenHolt cucteMe yeavtx wucea 0, *x 1,

He Bcerja BO3MOXHO AeseHne: 2: 3—2/3—~He ue.ni)e
uncsio. B eme Goslee oOUIMPHOR cHcTeMe Bcex Apobefl.
(payuonasvroix uucen) peNeHne (3a MCKJIIOYEHHEM e-
nenns Ha 0) Bceraa BbiMosHHMMO. B 3ToM maparpade Gy-
JeT MOKa3aHo, 9TO MHOXKECTBO PaLMOHAJbHBIX UHCel ellle
" HeJJOCTaTOYHO «BoraTo» AJis BceX uene#, KOTOpble MOryT
BO3HHKHYTh B apH(MeTHKe: B CHCTEMe palHOHAJNBHBIX
wyuceJ He Bcerha BO3MOXKHO u3BJedenue kopHs. Hanpu-
Mep, KBappatHbhle KOPHM H3 "HEKOTOPHIX pPanHOHAJbHBIX
‘yices1 He ABJSIOTCS PallMOHAJbHBIMH. MBI NOKaxeM, 4TO

V2 —ne pauncnanvHoe uncno. Usyuenue TakHX «uppas
IHOHAJIbHOCTEH»,"HayaToe ellle BO BpeMeHa JpeBHel I'pe-
LMY, HMeJo GoJbIIOe 3HAYeHHEe AJA JaJibHefLLero pas3su-
141 MaTeMaThku. OHO TIpUBEJO K HOBHM BaXXHbIM MOHSA-
THAM H. PesyJbTaTaM; HeKOTOphie M3 HHX Mbl o6cyaum
B 3TOM mnaparpade.

HppaumonassHoCTs - MOXHO ONHCaTh’ npu MNoMOIH
npeACTaB/NeHHA HHC/a B BHUe HAeCATHUHOR ApoGH. Ecam
Apo6b KowewHas (kKak 1/4=0,25) nan nepuomuweckas
(xak 1/3 = 0,333...), paccmaTprBaeMoe UMCAO €CTb OTHO-
HieHMe LeJbiX 9HCed M, CleR0BaTeNbHO, PalHOHAJBLHO;
B MPOTHBHOM CJIydae OHO HAsHIBAETCH UPDPAYUOHALLHLIM.
Pasymeercs, aas Toro uto6n cKasaTh, ABAiETCS JH CO-
OTBETCTBYIOILAsl YHCAY AecATHYHAS APoGb KOHEUHOM HJiH
NepHOAHUECKOH, HYXKHO 3HATH [OJHOCTbIO 3Ty GecKOHed-
HYIO ReCATHYHYIO APo6b; SICHO, YTO 9TO HeBO3MOXKHO. [Jo-
3TOMY NPHXOAHTCA NPHMEHATb APYTHe MEeTOAH, HOm06-
Hible TOMY, KOTOPHIi Mbl HCHOJIb3yeM HHIKe. ~

Hppannonanvasie uucna GoiBaioT ABYX tumos. Oauu
ABJISIIOTCA KODHAMH ajire6paH4ecKHX ypaBHeHMH (HampH-

Mep, V2 ects Kopenb ypaBHeHHs x2— 2 = 0) H N03TOMY-
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Has3blBalOTCA aseebpaudeckumu uucaamu. Huchao, He aB-
JIoHleecsl KOpHeM HHMKAaKOro ajare6paHuecKoro ypasHe-
HHAL C palliOHANbHBIMH KO3()(HULUHEHTaMH, HasblBaeTCA
TPAHCYEHOCHTHbIM, TIOCKOJIBKY OHO <«IlepecTyiiaeT Npe-
Jenbl» ONlepaluii o6biauofi apupmeTukH. [Ipumepamu
TPaHCIEHAECHTHLIX YHCEJI CAYXAT YHCJAO T M OCHOBaHUe
CHCTeMbl HATypanbHHX JorapudmoB e. Bonpoc o ToM,
KaK AJ5l HEKOTOPOrO YHC/A ONpPEefe/HTb, ABJAETCH JH
OHO pallMOHAJIBHBIM, aJsireGpaH4ecKHM HJIH TpaHCICH-
HEHTHLIM, B 06lileM BHJE ellle He pelleH.

Bce panuoHanbHble B MppaMOHA/IbHbIE YACAA BMECTE
o6pasyioT cucTeMy Odedcrgureavnoix uuces. Hdas Toro
4YTOOh OblIM paspelUMMH BCe aJfjreGpaHuecKue ypasHe-
HUs (B YaCTHOCTH, ypaBueHHe xZ + | = 0), Heo6XxOxHMO
pacMPHTh CHCTeMy AeACTBHTENBHBIX 4YHCET NPHCOCaH-

HEHHEM TaK Ha3bIBAeMOHM <«MHUMOf eauHHupk» i=) —1.
MHoxecTBO BCeX uucen BHAA a -+ ib ¢ AeACTBHTENBHBIMYU
a ¥ b Ha3smBaeTcs CHCTeMO# KomnaexcHolx uwuces. Ilo-
JApo6Hee BOMPOC O QHCHOBBIX CHCTEMAX MH PacCMOTPHM
B § 8.

Boabmyio ponb B pa3BUTHH MaTeMaTHKH BCETAa MI-
panu JROKa3aTelbCTBA HEBO3MONCHOCTY ONpefe/ieHHbIX
NOCTPOEHHH, OrpaHHuYMBAOlHe MoJe AeHCTBHA ONpeje-
JICHHBIX TEOpHH M MeTOofOB. ITO MHOTOKPATHO NPHBOAKIO
K OG6GOralleHHI0 CYHIeCTBYIOIUMX MaTeMaTHYECKHX TOHA-
THH, K paclUMPEHHI0 CHCTEM AKCHOM M K BBEJEHHIO HO-
BbIX OOBEKTOB. MmH nonniTaeMcs NPOHJIIOCTPUPOBATH
3TO Ha, BHAMMO, caMOM MepBOM IipuMepe TAKOro poja:

JOKa3aTeNbCTBE HPPANHOHANBHOCTH YHCHA Ve.

MoxHo AM Bblpa3uTth AJAHHY JHAroHa/ M KBajpara co
cTOpoHO#f | B BHZe OTHOLIEHHs ABYX leablX uucen? Mna-
Yye TOBOPH, CYILECTBYIOT JIH B3aMMHO NPOCTBbIE [€/ble UH-
caa a u b, takue, uto (a/b)2 = 2? Bor gaHHOe rpekamH
3aMeyaTeSbHO POCTOE A0KA3aTeJbCTBO TOT'O, YTO 3TO He
tak. Ecan a? = 2h2, T0 @ 4eTHO, NOCKOJLKY 2b% yeTHO, a
KBafpaT HEYETHOTO YUCJA He MOXKeT OblTh YeTHBIM, To-
raa a=2a,, rae -a;—cHosa uenoe. CielosaTesnHO,

= 4q,% = 2b?%; paspenuB NoOCJIeHee PaBeHCTBO Ha 2,
Mbl 3aKJI0uuM, 4To b TOXe uetno: b = 2b,. Ho mut npen-
TIOJIOXKHJH, 4TO 1po6b a/b HecoKpaTHMa, T. €. @ M b He
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MMEIOT O6IIMX MHOXHTeJell. DTO NPOTHBOpEYHEe ZOKA3H-
BAeT HEB803MOINHOCTb MpeacTaBienus V2 B Bume npobu;

TakuM o6pa3oM, /2 — 310 He Apobb, a YKCJIO KAKOTO-TO
ZApyroro BHAA, KOTOPOMY MH ellle ZOJIXHH JaTb onpede-
Aexue.

Xots mppanmoHaibHocTs /2 naBRO M3BeCTHA, 3TO
yTBepXKAeRue MOXHO nepedpasupoBaTb CTOJb.YAUBH-
TeJbHLIM 06pa30M, 4TO OHO Ka)ercs NOYTH Napafok-
CaJibHBIM.

. PaccmorpuM Bce panuoHaJbHBIE YiCAa B HHTepBaJe
or 0 no 1, 3a uckaioverineM 0. Kaxjgoe U3 HUX MOKHO
eJIHHCTBEHHBIM 06pa3oM NpencTaBUTh B Buie Apo6u afb,
rae a u b He uMeoT O6IMX MHOXHTeNed. [JonycTum, uto
a/b— cepenuna uHTepBana aaunnl 1/(2b2); unave rosops,
nokpoem alb uurepsarom ¢ xonyamu alb—1/(b?) u
a/b + 1/(b?). PauuonannHere uucia o06pa3yiT BCIOAY
RJIOTHOE MHOXeCTBO (T. €. B JJIOGOM CKOJIb YTOJHO MaJioM
HHTEepBaJie BCErAa HMEIOTCA palliOHa/lbHble YHCaa), a
CyMMa AJHMH TOKPBIBAIOWXX MHTEPBANOB GeCKOHEYHA; MO-
3TOMY INIPpM TAKOM NOKPHITUM DALUOHAJBHHX YHCEN MH
LOJIKHBI, Ka3aJochb 6bl, aBTOMAaTHYECKH NOKPHITb U BCe
ocranbable yuchaa. OfHako uucao V2/2 OCTaJIoCh Hemno-
KpbiThiM! B camom nene, wucnol) |b2—2a%|, 6ynyun
IeabM, TOMKHO OHTH He MeHbIlle 1; OHO HE MOXET paB-
HATHCA HYJIO BBUAY HPPallMOHAJIBHOCTH V2. Takum 06-
pasoM,

| b2 — 242 1
e =
VZ (ﬁ' ) 1
‘ 2 b\ 2 +? >'2“6?'
V2 a 1 1 o1 11
I RS e

VY

oTKyaa caenyer, uto uucio V2 [2 ue nokpwro.

1}y Kak o6buno, | x| o3xayaer aGCoMIOTHYIO BeAHMHHY X; TaKy
}—5l=5,12l=2nrT & :
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Jloka3aTeabCTBO HppalHoHadbHOcTH V2 (c mopxos
AAIMMH U3MEHEHUSMH) MOXKHO HCIONb30BaTh AJSI TOTO,
yrobbl y6equTbCSl B HPPaLHOHAJIbHOCTH V5, u 1 A
KBazspaTuunble HPPaLMOHAJbHOCTH MOXKHO MOJyuaTh MPH
NOMOIIM reoMeTpHYeCKHX IOCTPOEHH, ONHAKO Yyxe rpe-
KH He OFPaHHYMJIUCh B CBOMX Da3MBILIJIEHUSIX JIALib Hp-
PanHOHANBHOCTAMH 3TOTO THMA: ONHON M3 HX CaMHIX CTa-

pHIX 3ajlay Obiia 3aflaya MOCTPOEHHs OTPe3Ka nnnuu]/2
(rak Ha3biBaeMasi JeJNOCCKaa 3ajaua O yABOEHHH
xy6a). Ilpoumnn seka, hpe}xne yem Obijia JOKa3aHa He-

BO3MOXHOCTb MMOCTPOEHHsA f HUPKY/EM B JHHeHAKOM.

U onsite, Kak H B HallieM NepBOM NIPHMepe, Cpa3y XKe
BOSHUKalOT HOBBble Bomnpochl. CyllecTByioT JH JefiCTBH-
TeJbHLIE UHC4, KOTOPble HeJb3fl NOJYYUTh KaK KOPHH
ajire6panyeckoro ypaBHeHHss ¢ LeJbIMH Ko3(duuueH-
Tamu? JIuinp B 19-M Beke BliepBhle Obia JoKa3aHa Tpalic-
IEeH[eHTHOCTh UHCes € H T.

OxnnH cnoce6 NOCTPOEHHsi TPAHCUEHAEHTHBIX YHCEN
6bl1 ykasan JK. Jluysunnem. U tonbko mocsie toro, Kak
Kanrop pa3pa6orai TeOpHI0 MHOXECTB, YAaJOCh YCTAHO-
BHTB, UTO «OOJIBIIMHCTBO® NeHCTBUTENbHLIX UUCe] HE siB- -
asiorcs anre6pauueckumu. Okasazoch, ut0 anareGpauye-
CKHe YHucjia 06pasyioT JIMLIb CYETHOE MHOMXKECTBO, T. €. HX
MOXKHO BHIIHUCATh B OAHY NOCAEAOBATE/BLHOCTD &4, s,
as, ..., B TO BpeMA KaK COBOKYIHOCTb BC€X JeHCTBUTeJNb-
HBIX YHCeJ HeJb3sl PacNoOJIOKHTh TaKUM crnocoboMm. [lo-
Kas3aTeJbCTEO OTOr0 yTBepPXKJeHHA UHUTaTeNnb Haiifer
8§ 4

CyiecTBYIOT 4HCaIa, s KOTOPHX O CHX IIOp He
YCTaHOBJIEHO, PallMOHAJBHBI OHH HJIM HeT, HECMOTPS Ha
7O, YTO JIErKO OIMCaTh, KaK OHM moJyueHol. OfnuM u3
TakHX yHCeJ sBJSETCA NOCTOsIHHas Dfiyiepa, ompenensie-

Mas cnenyiouum 06pasom. Pacemorpum: psan %-}-%-}-

1 - .
+—;—+ <. ¥+ ...; n-g dacTHaf cymMa (T. e. CyMMa

NCPBBIX 7 UIeHOB) 3TOro paia Gaumska k log n. PasHocts
mexny stofi cymmoft u logn mpu Bo3pacTanum n crpe-
MUTCA K HEKOTOpOMY IIpefiesty; ero HasblBalOT MOCTOSIH-
BOH OJitnepa M oGosnavaior Oykeo#i C. Uassectno, urto
C ~0,6. Hecmotpsn na cTapaHHs MHOTHX. MaTEMAaTHKOB,
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BOIIPOC O TOM,  PaLMOHAJbHO HaH HeT yueao C, ocraercs
OTKpLITBIM; BIOJIHE BO3MOXHO, 4TO OHO Aaxe He aire-
6panveckoe!

KBajpaTHunbie HPPalHOHANbHOCTH pPasAaraiorcsi B
HenpepriBHbie APOOH BecbMa CnellMaibHOTO BuAa. Beskoe
AeACTBHTENbHOE YHCJIO MOXHO 3alucaTh B BHIE™

.

a0+ I
a1+

1
a2+¢13+ el ?

THe BCe a;— ueanie. [la KBaApaTHYHBIX HPPalMOHAJIb-
-HOCTell (Hampumep, AJIA YHUCJA V2 H_BooOIe AJis Bcex
uncen Buna. p+qVr,taep, g, r pailuOKaJibHbl) 3TH ;-
0o6pa3yi0T NepUOAHYECKYIO [MOC/eN0BaTeNbHOCTb;, 0o0Opar-
HO, eC/IH MOCJeA0BaTeNbHOCTb @y, a1, Oz, ...— lepuonH-
yeckasi, TO BblpaXkaemoe COOTBeTCTBYIOIHell HenpephiBHOM
ApO6bI0 UHCJIO X NpeicTaBiaser co60i KBaApaTHYHYIO Hp-
paunonadbHoctb. [losTOMy B pasioxeHWH 3aJaHHOrO
yucaa X, SIBJAIOMIErOCSl KBajpaTUUHON HppaunOHAJb-
HOCTBIO, BCe 3HaueHHs a@; OTPaHWYeHbl, T. €. He NOPeBOC-
XOHAT HEKOTOPOro (UKCHPOBAHHOTO MMCHa (3aBHCSILErO
or x). HeusBecrno, cyumecreyer Ju XoTa OH OLHO Hppa-
1MoHapHOE aJsreOpaHyeckOe uHMCAO NOpPsAAKa Bbiie 2
(nanpumep, KybuuecKas HPpPAUHOHAJIbHOCTb HJIM Hppa-
LHOHAJBHOCTD ele GoJiee BHICOKOTO MOPSIAKA), Jsi KOTO-
poro Bce uucaa.a; 6blIH Gbl orpanuuenti, HepaBno Guuia
ycTaHOBJIeHa TPAHCUEHHEHTHOCTb HEKOTOPHIX uHCes (Ha-

npumep, VZ"7).

- § 3. NMpuGanKeHHS PAUHOHANLHBIMHA qucaamu .

Hppauronaspnbie uuciaa oOBIYHO NPUGIMKAIT pa-
wnonanbubiMu. Hanpumep, V2 npubiuxenno pasHo
1,4 = 140/100, a n npubamxenno pasuo 3,14 = 314/100.
Kaxpnoe neficTBHTENbHOE YHCJIO0 MOKHO CKOJb YTOLHO
TOYHO NPHOINUTL PAUHOHAJBHHIMH UHCIAMH, NMPHUMTHCHI-
pasi, Hampumep, BCe HOBble M HOBbie UHGPHl ‘B KOHIE
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COOTBETCTBYIOILe!t GeCKOHEUHON HecaTHuHON Apo6H. On-
HAKO y2Ke CaMble 3JIeMeHTapHble NpHeMsl I03BONAIOT 110-
NYUHTh M 3HAUHTeNbHO GOee TOUHYIO H NONHYIO HH(OD-
MALMI0 O MeTOAaX NpHOGIHXEHHs; S5THM Mbl H 3aliMeMcs
B HacrosuleM naparpage. Hcrosnb3ysa noJydyeHHYIO HH-
dopMmauuio, Mbl NOCTPOHM 3aTEM OAHO TpchueHneHTHoe
YHCJIO.

Muorue r1y60KHe H 3JeTaHTHbIE MaTeMaTHYeCKHe HC-
C/IefIOBAHHA ROCBsAllleHbl BONPOCAM npubauxcenus anre-
6paHuecKHX H APYTHX UHCeJ palHOHANbHHIMH APOGAMH.

HackonbKo XOpOIIO MOMHO TpHGIH3UTH, CKaxeM, V2
npo6eio a/b? D10 MOXKHO clesaTh € J06OH TOUHOCTHIO —
Bellb BCAKOe NEACTBHTEJbHOE YHCIO fBJAETCS NPefesioM
HEKOTOPO# I10C/IEN0BATENIbHOCTH PAUMOHANBHBIX UHCEN.
Onnako xoTesoch Obl CAelIaTh 3TO JOCTATOUHO «IKOHOM-

HO», T. €. JOGHTbCA TOTO, YTOGHI Benwmﬂae=[ 1/2 —-a/b[
OblJla KaK MOXHO MeHbllle 1IpH BO3MOXHO MeHblleM b.
OkasblBaercsi, BCeraa MOXHO CAeJaTb & MEHbUIHM, ueM
¢/b?, rne ¢ — HeKOTOpasA NOCTOAHHAA; IIPH 3TOM ObLJIO Bbl--
SICHEHO, 4TO M3 BCEX YHCes] TPYyAHee BCErc NPHOIUINTD
EpOGaMH C TOUHOCTBIO ¢/b? KBanpaTHYHBIE HPPAUMOHAD-
HOCTH. Cpenn Takux HauGosiee TPYAHBIX AJs NpubJIHKe-

—-VST—I—— yucHo, KOTOpOE
TPeKil Ha3biBAJH «30JI0THIM», [IOCKOJIbKY OHO TOJIyuaercs
IpH AeNeHHH OTpe3Ka B KpaiHeM M CpefHeM OTHOIIEHHH
(Tak Ha3wnBaeMOe «30J/10TO€ CeueHHe» OTpe3Ka); IJA 3To-
TO YHC/Ia 3HaueHHe ¢ ABJAsETCA HaHGONBIIHM.

B TG Ke BpeMsi HEKOTOpHIE TPAHCUEHAEHTHbIE 4uc/Ia
AOMYCKAlOT OueHb XOpOIllee MNpHOJMKEHHE B yKa3aHHOM
empicne; 3TOT (akt Guii Hcnoab3opaH JIMyBHJIeM npH
HOCTPOEHHHM TPANCHEHJEHTHOTO - HHCJ/Ia, HOCALLETO ero
uMs. JIMYBH/Ib NepBHIM JOKa3as ClefYIOLlyl0 TeopeMy:

Ecin o —kopenb HenpHpoguMoro anre6paHyeckoro
ypaBHeHHS C ueJbIMH KO3((HUUHEHTAMH CTEleHH n 2> 2,
TO CYIECTBYET IIOJIOXKHTE/NbHAA IOCTOAHHAA Y, 3aBHCA-
I1as TOAbKO OT o M TaKas, ytoO JJS 8CeX LeNblX p, ¢

HHs1 4UCeJ] MOXKHO YyKasaTb

2> 050
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JokasatenncTBO TeopeMmsl JIHyBH/VIA [OCTAaTOUHO NpPOCTOE, HO
B HEM HCNOJIb3YIOTCA SJICMEHTH p.mmbepenuﬂanbﬂoro HCUHCJICHH .
Hyctb

i(x)=aox”+a1x”'l»+ ver +an
— HeMPHBOAHMBIH MHOTOUNEN C feaniMp Kodddutuentamu (a,3=0,
TaK KaK CTeleHb yPaBHEHHS paBHa f), OJHHMM u3 KOpHeli KOTOpOro

apnsierc o. [poussonnas f'(x) na orpeske [@—1, a + 1] orpaun-
YeHa, T. €. CylLlecTByeT takoe uucno M, uro

1P is<M mpr e—-1<<s<a+1L

JloctaTouHo paccmoTperh JMIe T€ pallMOHANLHBle uucha p/g, KOTo-
pole Jexar B HuTepBane Mexay o —1na + L JHanee,

f(%)l=laop +an;”n lg+ ...

1
27—’

HOCKOJIbKY f(—q"—)qeo (MuorousTe HenpHBOAMM) _H lapp™ +

4+ a;)p™—q 4. . .| —nenoe yucmo.

Hcnonnsys TeopeMy o cpefneM H3 AnddepeHLHaIbHOIO HCUHCJE-
1M, Mbl 3aK/HOUaeM, 4TO MeXay o H p/q (u, ClieAoBaTeNbHO, B HH-
Tepsaie or a—1 xo a4 !) Hafiperca Takoe uuclio X, YTO

f(o) = [ plq) =(a—plg) [ (),

OTKyAa, ocKoMEky f(o) =0, )
L lro-1(2)l-o- 2l <nle-2}

HAH

410 U TpeGOBanoCh KOKa3aTh. -

PaccMoTpuM teitepk yuCIO

1 o,
LT o"+ 03'+10“+"' -

1
7ottt e =
=0,110001 000 000 000 000 0000010 .. .3
MoXKHO IIpOBEpPHTH, YTO

1 1 2
0<a-— ( + 102' een loml)< 10(m+l)l ’
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T. €. YTO CYIIECTBYET MNOCAENL0BATeJbHOCTh HEeJBIX 'uucen
Pm, A5l KOTOPhIX

0 ’ 2 1 m+1
<a-—0”l_!\ ( 0"”) .

HubiMm cioBaMu, cyinecTByer MOC/TeJOBAaTENbHOCTb pa-
HHOHAJIbHBIX HHCeN Pm/qm, TAE gm = 10™!, Takux, uro

0<a““‘m< 2_“ .
) qm qm

Ecan 6bl o 6bito anare6panuecKdM, TO IpH HEKOTOPOM
gukcuposannom n aas 6cex m BHIOJHANOCH Ohbl Hepa-
BEHCTBO

Pm > y R
m Im
OTC]OIla ciiegoBajio 6bl,"lTO anga ecex m

N2
gy gmtl’

a-—

a 3TO HeBO3MOXHO, €CJH m AOCTaTQHHO BesHKo. Hrak,
paccMaTpHBaeMOe UHCJIO ¢ TPaHCIUEHAEHTHO.,

B cBa3u ¢ npubnukeHueM HPpaLHOHANbHHIX uvHCeN
pauMOHaNbHWMH CTOUT YNOMSAHYTh TaKXKe CJeAYIOILYyIo
BaXKHYI0O TeOpeMy: ecliu o HPPALHOHAJIbHO, TO Cyille-
CTBYeT GECKOHEHHO MH020 pauMOHANbHBIX uucen p/qg (p
H g B3aHMHO IIpOCTbl) TaKHuX, 41O

o<

IloxasaTenbcmo 5TOMt TEOPEMbI HHTEPECHO NOCTONBKY,
MOCKOJIbKY B HeM HCHOJIb3YeTCA IIHPOKO NPUMeHseMBblil -
«IIpUHIMUI KneTOK» Jlupuxiie; oH yacto QopMynupyercs
KaK yTBepXKIeHue O TOM, YTO eciH m OGBEKTOB paclpe-
AeNneHbl WO n KJeTKaM W M > n, TO N0 kpafiHeli Mepe
OIHa Kaerka Oyner comepKaTh He MeHee ABYX OGBeKTOB.

HauGosee usBecTHOe MpUMeHeHHe TOTO NPHHIKTA —
OKa3aTeNIbCTBO TOTO, UTO B JAIOGOM JOCTAaTOUHO Hace-
JeHHOM TOpOfie IO Kpafineit Mepe 1Ba ueJOBeKa HMMEIOT
OIHHAKOBOE KOJIMYECTBO BOJIOC Ha rosoBe. [as artoro
AOCTaYOUHO 3HATh, YTO YHCIO BOJAOC Ha J060H rojope
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MeHbllle YHCJA JKuTeJefi pacCMaTpHBAaeMOro ropopa. 1o
yc/oBHe BbiMOJIHAeTcs, Hanpumep, s Heio-Flopka, na-
ceJleHUe KOTOPOTO cocTasJjser, rpy6o rosopa, 8000000
(uesopek Obil Obl pa3maB/ieH BECOM TAaKOTO KOJMYECTBa
sojioc). Ecan kaxpomy xutemo Hbio-Flopka . Beinath
SIpJILIUOK ¢ YKa3aHHeM THCJa BOJOC Ha €ro rojJose, TO
0 KpakiHed Mepe ABoe MOJy4aT APJLIIKH C OXHHM H TeM
- K€ YHCJIOM, T. €. KOJHYEeCTBO BOJIOC Ha TOJIOBaX 3THX
Jiojeit OJHHAKOBO. _

A BOT mpHMep HeMHOTO MOCJOXHee: B rOpOJe C Hace-
Jenuem He MeHee 21 000 kuteseit no kpaitne#i Mepe nBOe
MMeIOT OQHHaKOBble WHHUHKAJB. (Mbl nmpeanonaraeM, 4ro
HHHIMAJBE COCTOSIT M3 ABYX HJH Tpex O6ykB.) B camom
IeJsie, TOCKOJbKY B aHTJuHcKOM ajdasuTte 26 6yks, cyuie-
crByeT 26 X 26 pasqnunHblX JABYXOYKBEHHBIX WHUIMAJIOB
(A,A,A.B, ..., Y. Z,Z Z) u 26 X 26 X 26 Tpex6yk-
Beunnix (A. A. A, A A B,..,Y. 2. 2,2 7. Z). Ta-
KuM oOpasoM, OOliee YHCAO pas3JUYHLIX HHHIHANOB
paBHO

962 + 26 < 21 000.

lpencrapuM ceGe Temepb, UTO BCe KHTEJH HaIIETo To-
pona paccejenbl B 262 4 26° KBapTHp B COOTBETCTBUM
¢ ux unHMunajamu. Torna xorts Onl nNBOe M3 HHX OKa-
KYTCS B OJHOM KBapTHpPE H, CJIef0BaTeNbHO, OYAYT HMETh
ONMHAKOBblE HHHULUHAJLL. ‘

Bepuemca k Hauefi teopeme. Ilycts Q —HekoTopoe
HaTypa/ibHOe uucio. Paccmorpum wucaa 0, (o), (2a), ...
..+» (Qa), rae (@) oGosmauaer ApoGHYI. YaCTh @; Ha-
npumep, (%s)="2s (3)=0, (V5)=V5-2 w 1 &
PaccMoTpuM, Aalee, Q UHTEpPBAJIOB (<KJIETOK»)

0<r< << ... FE<a<l,

B KOTOPbie JOJIKHbl TOMAacTb NepeuncJeHHble BHIIIE
Q + 1 mpobubix wacrer Q + 1 yucen 0, a, 2w, ..., Qa.
B cuny npunuuna QupHuxne, Hafimercs XOoTa 6bl OAHH
HHTEpBaJ, COAepXaluli He MeHee NBYX APOOHBIX yacTel
paccmaTpuBaeMuix uncen. Huaue roBops, mafimyrcs
ZBa pa3AHYHBIX HATYPaJbHBIX YMCAA ¢4 B g2, He
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NpeBOCXOAAILNX Q, H HaTypasbHOE S, TaKue, YT

1 1
<(qla)<—s-2;— u (qz)<s+ .

MOKHO cyuTaTh, YTO q2>q1, Y [OJIOXUTb ¢ = g2 — qi,
tTak 4t0 0 < ¢< Q. Orciofa cpasy chenyer, 4i0 ga
eCTb le/ioe YHUCNAO IJIIOC HJIH MHHYC MOJIOKHTE/bHAS
ApoOb, He NpeBocxoasinas [/Q; WHBIMH C/IOBaMH, Cyiuie-
CTBYET ueJioe p, TaKoe, YTo

lqa—pl<1/Q.
CrepoBaTeIbHO (NOCKOMBKY ¢ < Q),
- P S I
l“ q |< WS7
Ecau’™ nnwbe KoHeuHoe uHcso fApoGelt pi/q, pa/qge, ...
+.+» Prlqr yHLOBJIETBOPSIET YCJIOBHIO :
P, 1

a—2Llg—, i=1,2,...,r
q; q;

TO, NMOCKOJIbKY o, HPpPaUMOHAJbHO, CYLLECTBYET ieaoe Q,
TaKoe, YTO

(1—"__

>Q

IloBTOpAs npeabiAyliBe pacCyXAeHHS, MB MOrJIH Obl
HafTH HeCOKpPaTHMYIO Apobb p/q, Takylo, HTO

‘a——l< Qq<:2

Ota apoOb He coBmajgaeT HY C ofHOH H3 ApOGelt pi/q;,

i=1,2,,.., r, OIHAKO yNOBJETBOPAET YCJOBHIO
r l 1 1
Je—Sl<==<—
l <@ Ss7
BONpeKH HailieMy IMPeANOJOKeHHI0, YTO ApoOsAMH p;/q;,
i=1,2 ..., r, HCuepIBIBAIOTCA 6C€ PAUMOHAJIbHbIE YHC-

Ja, ynoanemopmomne 3TOMY YCJ/IOBHIO.

O1H npumeneHds npuHuMna JdupHuxAe XOpowWO IO
CTPHPYIOT NPHPOAY MaTeMaTHYECKOro TBOPYECTBa M Ma-
TeMaTH4ecKol H30GperartenbHocTH, Cam NpHBUMI, BO3-
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MOXHO, KOrga-HuOyAb BbiBefleT H BbIYHCJHTeJbHAas Ma-
l1MHa, HCXoAa H3 akcHoM apudmertnkn. OfxHaKo coobpa-
34T JIM MaWIMHA, KAKOe OTHOLIeHHe MMEeT STOT MPHHUM,
CKa¥eM, K 3ajaye O XKHTeJAX C OAHHMH H TeMH Xe
uununasanMu? Ecian 6p1 370 OblI0 TaK, 3aMeHa Jomed
MaHIHHaMH craja Gbl, Yero go6poro, ocyillecTBHMO#H!

§ 4. TpancuengenTuple YHucaa:
KaHTOPOBCKOE [0KAa3aTe/IbCTBO

Tounylo MmaTeMaTHueCKyl0 (OPMYAHPOBKY INOHATHIO
GeckoneuHoct# Jgana I'eopr Kantop, .pabotsr KOToporo
6LLIM CTOJMb YAMBHTENBHBI, YTO MaTeMaTHKH HEKOTOpoe
BpeMA CUHTaJH HX uenpHeMyeMblMH. Hcnoabsysa ero
WjieH, MOXHO, HalpHMep, - IOKa3aTh CyllleCTBOBaHHeE
TPAHCUEHAEGHTHbIX YHCeN, He YKA3bIBAA HU 00HO20 U3 -
Hux. B stom maparpade MBI npHBeleM A0Ka3aTelbCTBO
Kaurtopa. I'naBubiM MOHATHEM 3/leCb SABJsETCA NOUATHE
CHETHO20 -MHONCeCT8A. DJIEMEHThl TAKOTO MHOXKEeCTBa MO-
JKHO 3aHYMepoBaTb HaTypaNbHBIMH uHciaamu 1, 2, 3, ...,
T. . HX MOXHO «mepeunciuTb». Ha mepewifi B3raan mo-
»KeT MOKas3aTbcfl, YTO JI00Oe MHOMKECTBO CUETHO; OJHa-
KO, KaK Mbl YBHIHM HHXKe, B neﬁcmmenbﬂoc'm aeno
oGCTOHT HHaue.

Paccyxaenns, npuBelleHHble B 3TOM maparpade, pes-
Ko oTiHualoTca oT paccyxzaenut § 3. CpaBHenne conep-
XKaHHA 3THX ABYX NaparpaoB MO3BOJIAET YJOBHTb pas- .
HHLY MeXIY OK3UCTEHUUAAbHVIM W KOHCTPYKTUBHLIM
nokasatenbcTBaMH. Ha stoit mouBe B maremarhke mpo-
M30uIe/ PAacKOJ M BbIAGJNHJIHCH Pa3jMUHble HAalpaBJeHHs,
nozipo6uee 06 3TOM Oyler ckaszaHo B I, 2. . -

Kak ™Mbl yxe ymnoMunann, KaHTop AoKasan cyme-
CTBOBAHHE TPAlCUCHAEHTHHIX YuCeJ, MOKa3aB, YTO MHO-
.2KeCTBO BCeX a/reOpaHu€CKHX YHCesl MeHblie MHOXKeCTBa
BCeX JeACTBHTeNbHHIX uuces. B 3TOM [OKazaTesbcTBE
cpaBHHBalOTCA Geckoneunvle mHoxecrea. Meron Kanrtopa
OKaza/ici Ha PeAKOCTb CTUMYJHDYIOIHM H ILIOAGTBOP-
HBIM, TTO3TOMY MBI KPaTKO ero OIHIIeM.

UTo6bl ompefesHTh B TOYHHIX TepMHHAX, YTO MOHH-
MaeTcsl NMoj yTBepKAeHUeM: 08a MHOKCECT8A UMEIOT 00U-
HAKOBOE KOAUHECTBO JAEMEHTO8, HEOGXOAHMO BBECTH
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NOHATHE B3AUMHO 0OHO3HAHHOZ20 COOTBETCTBUR MENCOY
muomcecreanmu. Takoe COOTBETCTBHE €CTbh NPOCTO «CllapH-
BaHHe» 9JiIeMEHTOB OJHOTO MHOXeCTBa C 3JIEMEHTaMH
Apyroro, T. e. tnocob comoCTaBlieHUs KaXAOMY 3JI€MEHTY
HEKOTOPOr0 MHOXKeCTBa 00HO20 U TOALKO 00HO20 3ile-
MeHTa npyroro MuoxecTBa. Eenum mexay nByMsi MHoXe-
"CTBAMH MOKHO YCTaHOBHTb Takoe COOTBETCTERHE, TO Tro-
BOPAT, UTO 3TH MHOXeCTBa HMEIOT OJHHAKOBOe YHCJO
3/1EMeHTOB, HJIN 00URAKOBYI0 MOWHOCT ). .

Beckoneunoe MHOMXeCTBO Ha3bIBaeTCs CHETHbIM, €CIH
OHO HMeeT Ty XK€ MOIIHOCTb, YTO M MHOXEeCTBO HaTy-
panbHRIX wHcea 1, 2, 3, ... . MubniMu cjoBamu, MHOXe-
CTBO CYETHO, eC/H €ro 3JeMeHTbl MOXKHO DAaCHOAOKHTDH
B moC/jefoBaTesIbHOCTb: l-ii sjJeMeHT, 2-f sjaemeHT, 3-i1
3JleMeHT U T A. .

MoxHo noKasarb, uTO OOBeAHHEHHE CUETHOrO UHC/IA
KOHEUHBIX HJIH CUETHLIX MHOXeCTB He 6oJjiee .4eM CUETHO.
'(OHO MoOXeT OKa3aTbCH KOHEUHBIM, €C/H HEeKOTOphie
MHOXecTBa B 3TOM oOnenuHeHun nycrbl.) Orciona cae-
HyeT, UYTO MHOXeCTBO ajrefpanuecKMX YypaBHeHHH
mo6oi sadannoll cTeneHu CueTHO (HANOMHHM, 4TO” KO3d-
bHUHEHTH TaKOro YypaBHeHHs — ueable uucaa). [lo-
TOMYy MHOMKeCTBO aJjire6paMuecKux ypaBHeHHR @cex cre-
IeHeH CuerHo, W 3HAUHT, CUETHO TaKkKe MHOMXKECTBO BCeX
anre6pauteckKux UHCeJ, SABJSIOMHUXCST KOPHAMHM 3ITHUX
ypaBHeHHH.

Jonycrum Tenepb, UTO MHOXECTBO BCEX AefACTBHTE/D-
HBIX yHceA cueTHO. [lOCKOJIBKY KaXKJOe Takoe UHC/IO
MOXHO eOQuHCTéeHHbIM 06pasom NPeRCTaBUTh B BHIE
feckoHeuHoft necATHuHONM Apobm (Harpumep, 1,1 =
= 1,0999 ...), npeanonoxumM, utr0 8ce AeRCTBUTeNbHbIE
gHCAa 3alucaHbl B MOCAENOBATEIbHOCTD

T €yl - - ¢
€2,C91Co0Ca3 + .+«
€3,C31C32C33 . .« .

e e e ¢ e o« »
.

1) Cneayer OTMeTHTb, YTO CU€T—39TO M €CTb YCTAHOBJCHHe
B3aUMHO OJHO3HAYHOTO COOTBETCTBHS MEXAY OODBEKTAMH, KOTOpHE
HEpPeCYUTHIBAIOTCH, ¥ S/eMEHTAMH HEKOTOPOro CTAROAPTHOZ0 MHOXes:
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[lycts dy— no6asa uudpa, ornunas or ¢, ds — Jaio-
Gasa uupa, oTJHYHAA OT Cyy, d3—Jui06Gaa uudpa, oTaHy-
Hasi OT Cgp, H T. A. TOTAa AefiCTBHTEIBHOE UHCIO

) dl,d2d3 v .

oTAHYaeTcd OT JI060ro yucaa Haliefi NocieoBaTeNbHO-
CTH, H Mbl MPHXOAMM K npoTHBopeuHio. CienoBaTenbHo,
MHOXECTBO BCeX HeHCTBUTEJNbHBIX YHUCEN HEAb3A pacho-
JOXHTb B HOCJIeAOBATENbHOCTb, M, 3HAUUT, OHO He-
CHETHO.

Kontpact Mexny MeToZaMH JluyBunas u I\amopa‘.
RopasuTejieH. DTH MeTOAbl CJAYKAT NpeKPacHofl HJIIo-
cTpaunuefi AByX COBeplleHHO Pa3JHYHbIX MOAXOZOB K HO-
Ka3aTeJIbCTBY CYU4eCTB08AHUA MaTeMaTHYECKHX OO0DBek:
TOB. Metog JIMyBHIJIA YHCTO KOHCTPYKTUBHbLLA, METON
Kantopa — yucro 3xsucrenyuarpnoid. Ipu nepsom mo-
xofe- OOBLEKT BHLIfAABJSETCA IyTeM €ro IOCTpPOeHHd, MpH
BTOPOM ~— [ OKa3bIBAETCA, 4TO OH CyliecTByeT, u60 fB-
JSieTC 3AEMEHTOM HEKOTOPOTO Helyctoro MHOXeCTBa.

BBesenue 4HCTO 3K3HCTEHIHAJbHBIX A0Ka3aTesbCTB,
OCHOBAHHBbIX Ha TeOopHH OeCKOHEYHbIX MHOXECTB, OKa-
3aJ10 riy6oKQe BIHAHHE Ha Pa3BHTHE MaTeMaTHKU. DTO —
MOo-BUAKMOMY, €IHHCTBEHHOE Cepbe3HOe MeTONOJIOTHYe-
CKoe M3MeHEHHe CO BpeMmeH jpeBneid I'peuus, u oHo mo-
POAUTO — TaKKe, IO-BHIMMOMY, €IHHCTBEHHOE — CEpPbe3-
HOe pasjelicHHe MaTeMaTHKOB Ha TPYMIbl, NPHAEPXKUBAIO-
.IIHeCS Pas3JIMYHbIX B3IVIAJAOB HAa OCHOBAHHS MaTe€MaTHKH.

Y1066l OLLYTHTb, CKOJIb JaJIeKO HAYLiHe MOCAEeACTBHA
nMen Meton Kanrtopa, paccCMOTpPHUM CleAYWOIIHil HHTe-
pecHbIfi mapajgokc. $IcHO, YTO MHOXKeCTBO uHCeN, KOTO-
pbie MOXKHO OlIpefieJuTh JIOObIM KOHEUHbIM YHCJOM CJOB,
cuetHo. Ho Mbl pokasanu, uTo MHOMKeCTBO BCeX HefCTBH-
TeJIbHBIX YHCeJ HecyeTHO. 3HAUYHT, CYIIECTBYIOT AEHCTBH-
TeJbHble YHUCJIA, KOTOPhle HeJlb3s ONUCATh HHKAKOMH, XOTA
Obl U OYeHb AJUHHOM (pasoil.

OTO HEOXHAAHHOE 3aK/IOUEHHE B3BOJHOBAJIO W jJaXke
LWIOKMPOBAJAO MHOTHX MaTeMaTHkoB. Besukwnil [lyaHkape

cra. Tak, npH cdere Ha maAblaX YCTAHAR/IHBAIOT COOTBETCTBHe Me-
HAY MHOXKECTBOM qbux-:mﬁo na.mnuea H a.rrememamu KaKoro-ro MHO-
)ecTBa obpexTOB, -
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cyes €ro /[0CTATOUHBIM OCHOBaHHeM, u4ToGH OObABHTD
«KAaHTOPH3MY» BOHHY, BLICTYNHB I[POTHB HEro cO CBOeH
jBHaMeHHTOl (pasofl: «..n’envisager jamais que les
'objets ‘susceptibles d’étre defini dans un nombre fini
des mots» («.. HMKOTAA He paccMaTpHBaliTe HHKaKHX
06BbeKTOB, KpOMe TeX, KOTOpble MOXHO OnpefesNHThb KO-
HEYHbIM YHCJIOM CJIOB»).

§ 5. Enle HeKOTOpbie ZOKA3aTEAbLCTBA HEBO3MOXKHOCTH

CHay MaTeMaTHKM XOpOWIO H/WIIOCTPHPYIOT AOKa3a-
TeJbCTBA HEBO3MOXKHOCTH. B 3toM maparpade Mbl npH-
BeJeM HecKonbkKo mnpumepoB: HaudeMm ¢ knaccuueckoit
(BocxondsimieHi euie Ko BpeMesam Ilnartona) sapauu o6
yosoenuu Kyba: 3agan HekoTopwmil ky6; TpebyeTcs mpH
NOMOLIM LHPKYAS U JUHEHKH NOCTPOUTDL Ky6 BIBOoe GOnb-
utero o6vema. Ecau pe6po 3agaHHoro Ky6a pasHo a, TO
pe6po uckomoro Kyba b ROMKHO yNOB/ETBOPATL ypaB-

"Henmio b% = 203, otkyna b =)/2a. TakuM oGpasoM, 3a-
paya Oblna Obl penieHa, ecad Obl MOXKHO Oblio no-

CTPOHUTH 13/2, a 5T0, KaK Mbl CTPOrO QOKaxeM HeCKONbKo
HHXKe, HeBO3MOXHO.

B 3akmioueHHe Mbl NpHBeleM HECKOJBKO 3JeMeHTap-
HbIX, HO BbIpa3UTeNbHLIX NPHMEPOB MaTeMaTHYeCcKoii He-
BO3MOXHOCTH B HEKOTODHIX reOMeTPHUECKHX 3ajauax.

B noka3aTenbCTBaX HeBO3MOXKHOCTH HAH/IYuYLIHM 06-
pa3oM INpOSBAAETCS CBOEOGpa3ue H YHHKAJbHbIM Xapak-
Tep MaTeMAaTHUYECKOro pacCyKaeHHS. YTBepxuleHue 4T0
yaBoeHUe Ky6a (T. €. NOCTpOeHHe HUCNA V2 HUPKYyJeM H
JINHEAKOM) HEBO3MOXKHO, — 3TC He MPOCTO CChLJIKA HA TO,
4T0 68 HAcTOAuWée 8pemsa 4YeNOBeK He crnocobeH cmpa-
BHUTBCA C Tako#h 3apaueit. Her, caenanuoe yTBep:Kaenue
ropasfo KaTeropHuyHee: OHO O3HawaeT, YTO Hukozda, WU
NP KaKHX OGCTOSITE/bCTBAX, HHKOMY HE yRacrest mo-

CTpoHTh /2 MaH PasfeluTb HAa TPH YACTH Yroa OGLIEro
BHJA, €ClIM B €ro pacnopskeHHd He OyjaeT ADYrHX HI-
CTPYMEHTOB, KpOMe UHDKYAS H (omHOCTOpOHHE!) Jau-
HeHKH.

Huxakas npyras nayka u BooGile HHKakas Aapyras
06/1acTh YeIOBEUECKHX 3HAHHH He MONKeT aKe HaneATh-
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cfl Ha KaKHe-NHGO CTOJb JKe OKOHUaTe/bHble pPe3yJbTarThl.
He yauBHTeNbHO, YTO H CETOAHA HEKOTOpble JIOAH He
CrnocoGHB MM He XOTAT MOHATh, O 4YeM HAeT pedb, H
yNnpAMO MNBITRIOTCA YXBOHTb KyD, HILYT TPHCEKLHIO yrJa
WJH KBaApaTypy Kpyra. )

TlonpoGyem oGbsicHUTbL Gosee NMOApOGHO (XOTS WM He
HCYepnbiBamoue), B YeMm XKe aeno. IlycTb Ha NACCKOCTH
3a1aH OTPe30K IIPOH3BONBHONH JJHHBI, INpPHMEM AJHHY
3Toro orpe3ka 3a eaHHHuy. CylleCcTBYIOT CTaHRapTHHE
IpHeMBbl TMOCTPOEHHA HHPKYJEeM W JUHEHKOA OTPe3KoB
paunHoHaJbHOH AMHHH p/g (P M ¢ — B3aHMHO MNpOCThHIE
ueasie uucaa). Hazosem uHCa0 o nocTpoumsim, echn
LHPKYJ/JeM H JHHeHKOH MOXHO MOCTPOUTb OTPe30K AJH-
HBl o. ‘BBOons HanpasjeHnHHe OTpPe3KH, JeETKO pacnpo-
CTPAaHHTbL MOHSATHE nocrponmoau H Ha oOTpHHAaTe/bHhe
YHCaa.

Ecnn v B HOCTpOHMbI, TO JIerKO BHAETb, 410 o + B,
oc——ﬁ af H a/f Toxe obnagaror STHM CBOHCTBOM. Kpo-

Me TOro, — 310 HJTIOCTPHPYET pHC. I — uncno Vaf toxe

Puc. 1. Hcxonroft durypoit ans .
nocTpOenns uncna ¥ ap cayxur
NONYOKPY¥KHOCTb IMaMeTpa o+ P.

rroapoumo MiioXecTBO NMOCTPOHMBIX WHCET ONpepe-
asieTcsi ABYMst C/IelYIOUIHMH CBoAcTBaMHu: 1) ono coaep-
XKHT BCE DauMOHAJbHBIE YHCHA; 2) eCiH eMy NMpHHajje-
JKaT YHCAA o H B, TO eMy NpHHALeXKAT H YHCIa o * B,
af, &/B H Vaﬂ (nO0Ka3aTeJbCTBO 3TOTO MHl 31€Ch ony-
ctuM). Taxum o6pasoM, npeisoXeHve O HEBO3MOXKHO-
CTH yABOGHHS Ky6a CBOAHTCH K YTBEPXKAEHHIO O TOM,
uto VY2 e npnuannemm MHOXeCTBY HNOCTPOHMBIX
yHCeJ.

OGlllee 10Ka3aTeNbCTBO yie COfleDXKHTCA B 3apOofLbl-
e B 10Ka3aTe]bCTBe CJIRAYIOLIETO 3HAYHTENBHO 6oaee

/1a60T0 yTBepKAeHHs: /2 Henb3st MPeACTaBUTh B BHAE )

2 3ak. 11t
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Lpobu
(a+5 Ve)/(d+eVT)

rie a, b, ¢, d, e, f— paunoHanbubie uKCTa.
Mbi MoxeM cuurtath, uto V¢ u VT pauuonaﬂbuo
nesasucumvs (t.°¢, uro Vf Henvss mpexcraBHTh B BHI®

(@+pVe)/r+8Ve)

C palMOHaJbHHMH o, B, y; 8), H60 HHaue MOXHO OHLIO
§u YIPOCTHTL Hallle BbipaKeHHe TaK, 4T00bl OHO COZnEp<

*Kajo Toasro Y.
HorntyctaM Tenmepsn, 41O

s a+b6Ve
Ve =T

HsbaBnsisch OT HppauHOHANBHOCTH B 3HaMEHaTess

(1. €. yMHOXas UHCJAHMTEIb K 3HAMeHaTe b Ha d—e 1/7)
MBl TIOJy4aeM:

VZ=A+BVc +ch +D V<,

rae A, B, C, D cuHoBa pauMOHAIbHLI . (HANPHMEP,
A ='ad/ (d* = e%)). 3amernm, uto ukcao V¢ mppaumo-

HanbHO, TaK Kak uHaue V¢ n V[ He Guum 6w pauuo-
HalbHO He3aBHCHMbIMH. Tenepr Hanumem

VZ=M+NVF W= C+DVe, M= A+Bvc‘)
u Bossep.eM o6e yacTH 3TOr0 paBeHCTBa B Ky6:

2= M®+ 3MN’f + (BM?N + N*f) VT.

Mol yrBepKpaeM, uto kosdpduuuent npu VI B STOM
BbIpaXKeHHH PaBeH HYIIO, T. €.

3M2N + N3f =0,
B eamom ZHene, B MPOTHBHOM cClyyae MOXKHO éuno
65l -paspelnnTs NOCHeAHee ypaBHeHHe OTHOCHTenwHO Vi

v;{___ 2 — M? — 3MN2f
T 3MAN+ NI
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T.e. Yf Bbpaxkanocb 6b panuonansHo uepes Ve,
4TO NPOTHBOPEYMT HauleMy HpPEANOJIOKEHHIO O paLHO-

HaibHOK Hesasucumoctn uucen Ve u VF.
Hrak, 3M2N + N3] = 0; cnenoBarenbHo,

(M—NVF) =M+ 3MN’f — BMN + M) VF =2,

nostomy M+NVF u M—N VF — xopan kyGuueckoro

ypasuenus x3—2 =0. ITockoasky cyMma (Tpex) Kop-
Hell 3TOr0, ypamHeHus pasHa 0, To —2M TOXe ero Ko-

peHs, T. €. : : .

’ (A+BVef=-1 S
B TouHOCTH TaK e MbI NPHXOAHM K BHIBOAY, lno
A+BVc u A—BVc—xopun ypasremus x%+'/y=
a notomy u —24 ero KOpeH®. Cnenopartennho, A3 = ‘/32
otkyaa A=V2/[4, 1. e. V2 — pALHOHAILHOE HHCIIO.
Ho 3T0 HeBepHO: HPPAUUOHANBLHOCT 12 MOKHO n0Ka-
3aTh TOUHO TaK XKe, KaK HPPAUHOHANLHOCTS Ve.

Hrak, npeJmonomnB uto }/2 npeacraBasercs B
a+bV—
d+eVT
NPUILIK K MPOTHBOPEUMIO; CNEJOBATENbHO, |2  Heb3s
NpeACTaBHTb B TAKOM BHJE.

IMosichuM Temepb KOPOTKO, KaK MOXKHO JMOMOJHHTD
NPHBEEHHblE PACCYXKICHHS, C TeM 4TOGH NOKa3aTh He-

noctpouMocTs /2. Jlas Hauaja saMeTHM, uTO BCsiKoe
IOCTPOUMOE YHCIO MMeeT BHA

go+a, VPi+ ... +as VPs
bo+5, V Qi+ oo +5,VQ

rie Kos®bHuMeHTH a; K b;— pauuOHajbHbiE YHCIA,
a Kaxpoe P; m xaxnoe Q; ecth nunelinas KOMOHHanus
(c paumonaJbHBIMH KO03hdUUUEHTaMN) HEKOTOPHIX pa-
AUKaJO0B, .

BeeleM nousTHR CTenenu n nopsOKa MOCTPOKMOTO
uncna. Cnauana onpefendM CTemeHb palnKajia BHAA
VP (am VQ). Bymem rosoputs, uro VP umeer
crenedb n, ecad P ecrb JauAeiiHas. KoMOuHanus

BHAE c pauHOHaJlebIMH a, b, ¢ d, e, f MBI

2‘
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{c pauHoHa/JLHBIMH Kosq>q>uuueHTaMH) panuKajoB cre-
neHn n— 1 ¥ HHXKe, HpHYeM IO KpaliHell Mepe OZHH U3
3THX PadHKa/JIOB HMEET cTemedb n — 1. Hanpumep,

]/—+21/—+1/2+ LV2+V3

HMeeT CTeneHb 5 (CTeleHb PalHOHA/BHOTO yncna pas-
Ha 0).
CreneHb HMOCTPOMMOrO YHC/Ja paBHa HauGoJblled H3

cteneneir pagukanos VP, ..., VPs, VQi, ..., VQ.

Ilpu stoM mompasyMeBaercsi, YTO NHPH BLIYHUCJAEHHH CTe-

neun VP (uam Y/ Q) Bce pamumkansl npHBefeHbl K IMpo-
eTelillleMy BHRY. Tak, cTeleHb pafHKaja

‘ l’1+V2+V§

paBHa He 3, KaK MOXKeT MOKAa3aThbCs HA mepBLIil B3TAsA,
2 2, nockonbky V9 =3 u

VitVa+ryo=VitVs.

Ecsnu creneHp mocTpouMoro umcita paBHa n, TO €ro
nopsAaok r ofipenensieTél KaK YHCJAC palHOHAJbHO He-
3aBHCUMBIX paanKajoB crellend n. [PaunoHanabHo Hesa-
BHCHMbIMU HAa3bIBAIOTCH DPAAHMKA/Ibl, KOTOpLIE Ie/ib3si MO-
JAYYHTb U3 APYTHX PajHKa/JoB palHOHAJBHBIMH omnepa-
IHAMH (CAQXKEHHEM, BbIYUTAHHEM, YMHOXeEHHEM H Jene-
Huem).] Hampumep, paccMoTpenHOe BHIe BHIPaXKeHHE

a+bVe
d+el_/7 )
nMeeT CTelleHb. 7t == | W NIOPSIAOK 7 = 2,

Ecan Teneph NpeAnoaoxuTh, uTo 2 — MoCTPOHMOE
YHCNO CTENeHH N ¥ MOPAAKA 7, TO, PACCYKAAasA NOYTH
B TOYHOCTH TaK XK€, KaK Bbillle, Mbl CMOXeM INOKa3aTe,
YTO Ha CaMoM nene OHo umeer nopsaok r — 1. [Tosropas
3T0 paccy}Kﬂ.eHHe, Mbl noKaxXeM, UTO nOpﬂllOK 3Toro
uycna pasen O U, CIeflOBaTeNbHO, €T0 CTENEHb MeHbIIe 1.
Takum cmoco6oM Mbl B KOHIE KOHIOB NpHIeM K Bbl-
BOAY, YTO MHCJO V2 pAlLHMOHANLHO, H TEM CAMBIM IO
JYYHM NPOTHBOpeYUHe. :
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TexHnueckn MeHee C/OXKHBIM, HO RO CYLLeCTBY CTOJb
)Ke He NpPOCTHIM, H, BeposiTHO, GoJiee THNHYHBEIM fABASETCH
naunnoe I'mabGepron nokasarenscrso Teopembt lllreiinepa
0 HEBO3MOXHOGTH HAaXOXKJeHHs LEeHTpA 3aJaHHOTO Kpyra
NpU NOMOIWUH OJHOK NHHeHARH.

Yro TaKoe NOCTpeeHHUe, BbIOAHEHHOE ONHORA JuHeR-
KOH? D10 KOHeuHas MOCAEAOBaTeJBHOCTL I1AroB, Ha
KaXKA0M H3 KOTOPBIX MBI JHGO NPOBOAHM NpSiMyIo, JHGO
HAXO[HM TOUKY MepeceyeHHsi ABYX MPAMBIX HIIH npsiMoit
U 3afiaHHOH oOkpyxkHocTH. IIpsiMyl0 MOXKHO NPOBOAHTDH
yepe3 JBe TOYKH, BHIOpaHHbIE C TOH HJH HHOH CTEMEHBIO
NpoU3BOJia; HanpuMep, OJUH H3 LIATOB MOXeT COCTOATD
B BHIGOpPE MABYX [POU3BOJLHEIX TOYEK Ha 3alaHHOH
‘OKPYXKHOCTH U CO€LHHEHHU HX XOpAoR MM B npoBeie-
HHM NpsiMoHl yepe3 1Be TOUKM, OJHA H3 KOTOPbIX (HJH
o6e OHH) mnojyyeHa Ha KaKoM-To Oojee paHHeM miare
MOCTPOCHHs KaK fepeceyeHHe ABYX MPsMbIX WK npaMoi
U 3aJaHHOH OKPYXHOCTH. DTa nocjejoBaTeNbHOCTL 1a-
rOB MOJIXHA IMPHBECTH B KOHLE KOHIOB K- HEKOTOpOH
TOYKe, OTHOCHTEJNBHO KOTOPOH MOXHO HOKa3ath, YTO OHA
AABJICTCS LEHTPOM HALLero Kpyra.

JonycTuMm, 4T0 NOCTpOeHHE BLINOAHACTCST Ha HEKOTO-
po#i nmneckoctu Py, u npencraBum cebe Takoe npeobpa-
30BaHHe, HJH 0T06pa>KeHne, T mnockoctu P, B npyrylo
NAOCKOCTL Py, UTO -

(2a) npsiMbie MJIOCKOCTH P mepeXoAAT B MpsiMbIE 110-
CKOCTH Py, T. €. eclii TOUKH P, 4, 7, ... JlexXar Ha ofuof
npsimoit [ miaockoctd P;, To HX «o6pasni» T(p), T(q),
T(r), ... nexar Ha npsaMo#t T(l) mnockoctu Pg;

(b) 3anaunas okpyxHocts C niccKoctu P; nepexo-
AHT B HeKoTOpYio OKpyxHoctb T(C) maockoctu Po.

Kaxabill war nocTpoeHus, BulnOAHEHHOrO Ha P, Ko-.
NHpPYeTcst COOTBETCTBYIOUIMM nocTpoeHHeM Ha Po, H eciH
6bl .MepBOe MOCTPOeHMe 3aKaHuWBajioch B HeHTpe O
okpyxkHoctd C, TO «nocTpoeHHe-o06pas» ROoMKIO0 OBIIO
Obl 32KOHUYHUTBLCS 6 yenTpe T(0) .okpyxsoctu T(C). Ilo-
3TOMY eCM yJacTcsi HauTH npeobpasosaHue T, yILOBJET-
Bopsiouiee ycaoBusm (a) u (b), Ho Takoe, uto T(O) re
. apasiercst nedTpoM T (C), TO HEBO3MOXHOCTb NOCTPOCHHSI
HeHTpa Kpyra OAHOH TOMBKO JMHeRAKoR Oyjer HOKa-
3aHa,
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Takoe mpeoGpasoBanHe T NoKasaHO Ha PHC. 2; OHO
Ha3blBaeTcss UEeHTPaNbHOH npoeknuel ¢ IeHTpoM S,
LlenTpasbHble NPOEKHHH HCKAXKAIOT PAacCCTOSHUA M MO-
T'YT HepeBOLHTbL 3SJJHNCH. B rullep6onn.. OAHAKO OUeHb
MHOTHE MHTEpecHble M BaxKHBHle CBOMCTBA TreOMeTpHue-
YEeCKHX (puryp OCTalOTCH HEH3-
MEHHBIMH (UHBapHAHTHBI) TPH
3THX 0TOGpaxeHusx. Usyuenunem
TaKHX CBOKCTB 3aHHMaeTcs npo-
ekTuBHas reomerpus. Ecnu es-
KJIHIOBY  TeOMETPHIO  MOXKHO
npefcrasnfaTe cebe KaK reomer-
pYIO ' LHMPKYAR K JIHHEHKH, TO
HPOSKTHBHAS  I['eOMETPHA — 3TO
reoMeTpus OfHOW JuHefiku. Ta-
KHM 06pa3oM, HOCTPOEHHH NPH
NOMOLH OLHOH JHHeHKH ROJIXK-
HBl GbITh NPOEKTUBHO UHBAPUAHT-
not. C apyroit CcTOpPOHBI, OTHOIlIE-
HHE MeXKIYy KPYIrOM H ero UeHT- .
poM He sBasieTcd TPOEKTHBHO
HHBaPHAHTHEIM H, CJefOoBaTelb-
HO, He ONHCHIBAGTCH B YHCTO
NPOEKTHBHLIX TepMHHaX.

Ilpyrue npumepbi 10Ka3a-
TeJbCTB  HEBO3MOXKHOCTH  Mbl
BO3bMEM M3 KOMOGHHATOPHOTO
aHanu3a, N1eMOHCTPHPYH TeM ca-
MBIM €70 IPHHARNENKHOCTh K Ma-
TeMaTHKe.

Pue. 2. PaCCMOTpnM KBajpar, pas-
IeleHHBI Ha 64 paBHHIX KBan-

paTa T. & HIaXMaTHYIO JOCKY. OT6pochM BepXHHH npa-
BLIi M HIMKHME J1eBbll yryiOBble KBagpaThl. MoxHO nH
HOKPHITH OcTanbHbie 62 KBajgpata 31 KOCTBIO JOMHHO
(T. e. npAMOYrosbHUKaMH, COCTOALIMMH H3 ABYX CMeX-
HBIX KBajpaTor)? BoOT 3neranTHOe IO0Ka3aTeJbCTBO He-
BOSMOXHOCTH Takoro MokpuiTus. Ecnu packpacute xean-
PaTHKH B uepHhill ¥ Oenbifl IBeT, KAK HA mIaxMaTHO# no-
CKe, To 06a BbIOpOlIeHHBIe Mojas OyAyT ORHOrO HBETA,
ckaxem Oenoro. ITockOMbKY KOCTH HOMHHO HOKpBIBAeT

~
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0[lHO ‘YyepHOe U oAHO Genoe MNoJse, a Ha ocTasllelics Ya-

CTH JOCKH 4epHHIX ToJell Ha gBa GOJiblie, YeM GenhX,

TaKoe MOKphiTHE AeocyllecTBHMO. HeposMoxHocTe cTana

COBepLICHHO O04YeBHIHOH, KaK TOAbKO MHI NOAYMaJHCh

packpacCuTh KBaApaTHKH, XOTH KHCXOAHAas KapTHHa pas<
lleNeHHOr0 KBajJipaTa He [pejlioJiarana HHKaKOf pace
KpackH. -,

55 = .

] . 81
slll S

56
30

51

31 1 29

64 2

Puc, 3.

" BoOr eine 0AHO [OKa3aTeNbCTBO HEBO3MOMKHOCTH, TOXKeE
cBsi3aHHOE C 3ajauell KoMGuAaTOpHOA reoMeTpHH (4acTH
KOMGHHATOPHOTO aHaJTH3a). C :
~ KsaznpaT MOXHO pa3spe3aTb Ha KOHEYHOE YHCJIO KBaj-
paToB, cpeis KOTOPHIX HeT [BYX OJAMHaKoBHX'). Ha
- PH¢. 3 IPUBOAKTCH NPOCTOE HOKa3aTEAbCTBO 3TOTO (akTa.

) CymecrByeT HHTepecHas TeOpHA ¢KBaADHPOHAHMA KBajapara»,
T. €. BaXOXJICHHA BCeX BOSMOXKHWX pa3GueHEA KBafpaTa Ha Hepas-
Hble KBaJpaTH ¢ napaienbinMB cropoHamu. Oma TecHO cBsA3ana
¢ TeopHelt Kupxroda o Tokax B 3JeKTpHYeCKHX Henax. JTo eme oAHa
HAJIOCTPalBs 3aMeuaTelbHHX ¥ COBEpPUIEHHO HEOXHAAHHLIX CBA3ed,
KOTODHMH IOJIHA MaTeMaTHKa. :
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BosuHKaeT BONPOC, MOXKHO JIH MHOIYYHTb aHAJOTHYHOE
pasBuenHe Ky6a, T. e. MOXHO Ju paspes3aTb Kyl Ha KO-
HEYHOe YHCJI0 HepaBHbIX KyGoB? OTBer Ha STOT Bonpoc
orpunarened. [omyctuM, 4ro Takoe pasbHeHue Cylie-
ctByeT. Torga HMMKHee OCHOBaHWe HCXojaHoro kKy6a Oy-
feT pa3GHTO HHKHUMH TPaHAMH 3THX HepaBHHIX KyOoB
Ha HepaBHblie KBajgpaThl. PaccMOTPHMM HaHMeHbIIMH H3
atux xBajgparoB. OH He MoOxeT Jexarb B yrjay H He
MOXeT NpPHMBIKaThb K CTOpoHe GoJblIOro KBaapara, 0o
B 3ToM cJyyae 1aBa (WM OAHH) COCeAHHX KBajpara
BHICOBBIBAJIHCL OBl M3-32 HETo TakK, UTO K 4eTBepTOH ero
CTOpOHE Henb3st GbuI0 bl MPUCTaBHTH KBaiapaT ¢ Goib-
weil croporoi. Mrak, camelli MajieHbEHH KBajapat nod-
JKeH HaXOAHTbCHA TJe-TO B CepelHHe HMKHeH - TpaHy
HcxoaHoro Ky6a. PaccmoTpum Temepn KyObl, pacnodo-
JKEeHHble 10 YeTHpe CTOPOHH OT 3Toro KpaaparHka. Hx
CTOpOHH (oJ/blle er0 CTOPOHLI, ClefoBaTedbHo, BCe 3TH
KyObl BO3BLIHAIOTCA Haj BepXilefl rpaHblo Kyfa, HHXK-
Heli TpaHbIO KOTOPOro CAYKMT HAall MajieHbKHH KBajpa-
TuK. TloaTomMy Ha 3Tolt BepxHelt TpaHH MOTYT  CTOATDH
JIUIIb KyObl MeHblllero pasmepa. PaccMOTpUM HauMeHb-
IMHH H3 [OKpHIBAIOIWIMX ee KBaApaTOB M HauHeM BCe CHa-
yana. Mbl npugeM K BBIBOAY, YTO 3TOT [ponecc He Mo-
KeT 3aBepIIHThLCS OC/e KOHEUHOrO YHC/Ia 1UATOB, TaK KakK,
[IOBTOpAst HAIM paccyXaeHHsd, Mb Oyaem [OCIeLOBa-
TeJILHO NOJIyyaThb BCe MeHbllke U MeHbulHe KBaApaTbl Ha
Bce 6GoJiee BBICOKHX YPOBHfIX. DTO paccyxJeHHe H JOKa-
SLIBacT HEBO3MOXHOCTb paslueHHst KyBa Ha KoHeuHoe
YHC/I0 MeHbLIMX H He PaBHHIX APYr APYry KyOOB.

~ § 6. Jlemma LlnepHepa

MaremMaTHyecKHe [10Ka3aTeNbCTBA  HEBO3MOXKHOCTH
HOCAT XapaKTep yTBepXKAeHHst <«HaBepHiKa Her»; POX-
CTBeHHLIE WM JOKa3aTesIbCTBA CYLIECTBOBAHHS YTBep- '
KAI0T «laBepHAKa pna». SpkHil npHMep MaTeMaTHde-
CKOTO J10Ka3aTelbCTBA CylUeCTBOB4HUA JaeT JeMMa
HInepHepa. QHa OTHOCHTCH K BAaXHOMY pasfely Mare-
MaTHKH — KOMOUHATOpHO! TONOAO2UW, B XOTOPOfl ‘Teo-
MeTpHUeCKHe 06beKThl KaacCUDUUUPYIOTCH MO CBONCT-
BaM, COXPaHAIOUMMCR IIpU PacTAXKeHHAX H [POH3BOJIb-
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HBIX HeNMpepuBHbIX (HAH rnagkux) Aepopmaunuax. Ha-
npHuMep, B TOMOJOTHH lie Pa3jHYaloT (OTHOCAT K ONHOMY
M TOMY JKe KJjaccy reoMeTpHYecKHX 0GpasoB) Kpyr H
KBaZpaT; 3TO CBSI32HO C TeM, YTO MOXKHO HANTH B3aMMHO
-OfHO3HAUHOE COOTBETCTBHE MeXAYy TOUKaMH Kpyra M
KBajapaTa, HJau orobpajxcenue, mepeBoidilee KBaapaT B
KpYT, NpUYeM TaKoe COOTBETCTBHe, HNH OTOGDaxeHHe, He-
apepelBHO (T. e. OAU3KHe TOYKH COOTBETCTBYIOT OJH3-
KuM). DTH oToGpakeHust 00JIaRaloT OLHUM 3aMeyarenb-
HbIM CBOHCTBOM, KOTOpOe BBHIpaXKaeT TaK Ha3biBaeMasn
Teopema DBpayspa o nHenomBHKHOR TOUKe — HemoCpen:
cTBeHHOe caefcTBHe seMmMmbl [lneprepa.

Jlemma lllnepHepa, ofHO H3 caMbIX MOIHBIX CpeJCTB
KOMOHHATOpHON TOMOJIOTHH, KacaeTcs pa30HeRuH Tpe-
YroJibHHKa Ha MeHbIHHe TpCYrONbHHKH W HYMeDAailHU Bep-
IIHH TPeYroAbHUKOB pa3bHeHHs.

IMpencraBum ceGe TpeyronbHHK HJAH OIUH H3 €ro
MHOTOMEpPHBIX 2HaNOI'0B, HALIpUMep TeTPaslp B Tpexmep-
HOM npocTpaHcTBe. JlomycTHM, YTO 3TOT TPEYTOJbHHK
(MnA MHOTOMEpHBI CHMIITEKC) «CHMIIHIHAaJIbHO» pas-
OMT 1Ha KOHEUHoe YHC/IO MeHbIIMX TPeyroJbHHKOB (CHM-
nneKcoB), T. e. pas0HellHe TaKOBO, UTO MeHblllWe Tpe-
YrONBLHHKH MOTYT HMeTb OGIIHMH JIHGO 1eayio CTOpORY,
au6o Ttoawbko BepiuuHy. [IpenmonoxuM panee, uTo Mbl
3aHyMepoBall BepIIHHBI HCXOIHOIO TPEYroJbHHKAa 4YHC-
aamu 0, 1, 2 (cMm. puc. 4). Bepmiuner pasGueHus, aexa-
HIHe Ha CTOPOHAX HCXOILHOIO TPEYroJAbHHKA, HyMepyloTcH
TaK: Toyka Ha cropoue 0, 1 moayuaer Homep O umm 1,
Ha cropoHe 0, 2—Homep O uau 2, Ha cropone I, 2—
HoMep | MM 2; B OCTaNbHOM HYyMepamHs HpPOH3BOJLHA.
Torpa cmpaBemnuBa nemma lllnepuepa: eepuiunor odno-
20 U3 MeHbWUX TPeysoAbHUKO8 (CUMNAEKCO8) 3anyme-
posansbt ecemu yucaanmu 0, 1, 2, OKaspiBaeTcs, YTO YHCAO
TaKUX BBULENEHHBIX TPeYroNbHAKOB (cuMnneKcoB) - pas-
Guenns HedeT1o!

AHanornyHas TeopemMa HMeeT MeCTO AJA CHMILIHIH-
aJIbHBIX pa3bueHuil TeTpasnapa, BepUIMHH xo'roporo Hy-
MepyloTcea ducaamu 0, 1, 2,

Hokaxem cHauana 3Ty nemmy s cnmnnnuuanbﬂoro
pasbuenHst OTpe3ka, T. €. JJs pa3bHeHHs OTpe3Ka
Ha Menblime oTpe3kd. KOHUBI HCXOZHOro OTpe3ka
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HyMepyloTca uucaamu 0, 1; KaKAHN KOHeH OTPe3KOB pas-
6nennus — au6o uyncaom 0, au6o uucaom 1. Jas Kaxporo
oTpesKa pa3Ouenus o 06GosHa4yMM uepes v(a) UHCAO ero
KOHLOB, 3aHyMepomanHbiXx 0; TakHM 06pasom, v(a)=0,
ecin o6a KoHna umeior Homep 1, v(a)=1, ecnin onmH
KoHell HMeeT HoMep O, a Kpyrofi — Homep 1, H v(a) =2,
ecan o6a Konua umelor HoMep 0. OTpesoKk o HasblBaercs

Puc. 4. IBa . Bapuanta
BHGOpa ofosHauenufi nep-
LIHE 119 OAHOTO U TOTO XKe
CHMBAHIHANBHOTO pa3bue-
HAS,  YAOBJACTBOPAIOUIHX
yeaoBaaM JemMu [llmep-
Hepa.  3amITpHXOBaHHbie
TPEYroJIbHHKH 0603HAYEHE!
BceM# uncqamu 0, 1, 2,

8bl0eAeHHbLM,' €CTd OLHH H3 €ro KOHIoB HMeeT Homep 0,
a apyro# 1, 1. e. ecin v(a) = I; npu 3TOM AJA KaxAOro
HeBbiZieNeHHoro otpedka v(a) uerHo (v(a)=0 uam 2).
Mycte m-—uncno BHLeleHHHIX OTpe3koB. Toraa

m—-zv(d)=qemoe YHCJO,
rie D) OsHauyaeT CYMMHPOBAHHe IO BCEM OTpe3KaM pas-
6uenns. ., -
3ameTHM, YTO BCAKHA BHYTPeHHHH KOHel, OTMeyeH-

Hbllt nudpoh 0, sacunThBaetca B Y v(a) ABaXAH (HGO
‘OH SIBJASAETCS] KOHLOM B TOYHOCTH JABYX OTPE3KOB) H 4TO
JHIIb OXHH KOHeL HCXOLHOrO OTpeska Hmeer HOmep 0.

-3unauur, Zv(a) paBHa 1 nJic 4eTHOE YHCAO, T. €, He-
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uerna. Tlockonbky m orTimuaercs or ) v(x) Ha ueTHoe
YHCJAO0, M HEYeTHO, H TeM CaMblM JOKa3aTeJNbCTBO JIEM-
mul [lInepuepa B npocrefiieM (ogxHOMepHOM) -Cliyuae 3a-
BeplUIeHO. = ? '

B cayuae tpeyrosbHHKA NOCTYNUM aHAJOTMYHO W JJIS
KaXJIOro TpeyroJibHHKa pasGueHusi o 0603HauMM uepes
v(@) 4ucso.ero cTopoH ¢ KoHuaMy (eepmunamu) 0 u 1.
Tpeyronbuuk ¢ HasoBeM BLILEJEHHHM, €CJAH €ro Bep-
LIHHEI OTMedYeHbl BCeMH IONYCTHMBIMH uudpamu, T. €.
undppamd 0, 1, 2; npu 3TOM BaXkKHO 3aMeTHTh, 4TO V(&)
YeTHO JJi BCeX q, 34 HCKJAIOUEHHEM BHIIEJEHHbIX, H
v(a)=1 mas Bcex BbneneHHHX c.. OG03HAUHM CHOBA
yepes m YHCJIO BbiAENEHHBIX MoAcHMIiexkcoB. Toraa

m — X v (@) = yerHoe WHCJIO.

Ho xaxnas Buytpeunss cropona (0, !) cuuraercs nBa-
JKJLBl, TIOITOMY ' )

2lv (@) = ueTHOE YHCJIO + YHCIO cropon (0, 1), Jexauux
Ha cropore (0, 1} HCXOLHOTO TpeyroJbpHHKa.

Ho mociiepnee csaraeMoe HeyeTHO,. TaK KaK 3fech
Mbl HMeeM - ieJl0 C CHMOJULHAJAbHHIM pasGHeHHeM OT-
peska, ana xotoporo JeMma lnepHepa yxe moxasana.
Hrak, m Heuerno.

3aMeTHM, YTO [0Ka3aTeAbCTBO AJS TPEYTOJBHHKA
CBOLHTCH K JAOKa3aTeJbCTBY MJsi OTpesKa, T. €. ABYyMep-
HHIA BapuaHT JeMMmb IllmepHepa cBomuTcsi K OmHOMep-
HOMY. AHa/JIOrHYHO TPeXMepHHHA cayyall (CHMIIMIHAJb-
HOe pa3GueHHe TeTpadlApa) MOMHO CBECTH K IBYMEpHOMY,
WK OlHOMEPHOMY, H 3TOT NpOlecC MOXKHO HPOXOJIKAThH
OecKOHe4YHO, eCl 3HATh, KaK ONpeRedfiTh MHOrOMepHHE
CHMILJIEKChI. :

STOT BecbMa HaCTHLIA YHCTO KOMGHHATOPHHA pesyJib«
TaT HMeeT BAaXKHble H HEOXHIAaHHble CieACTBHA. B Kaue-
CTBe HJUIIOCTPAlHH ero NpHMeHeHHS ONHIIeM BXpaTLe
N0KasaTeJbCTBO M3BeCTHOH TeopeMbl Bpayspa. '

B onsomepHOM cayuae 3Ta TeopeMa yTBepHKIaeT, UTO,
eciu HeKotopOe OToOpakeHde I HenpephLIBHO MePeBOAHT.
OTpesok B cebs, T. €. Ka)cMOA TOYKe p OTpesKa CTABHT
B COOTBeTCTBHe TOYKY T (p) TOro e OTpe3Ka, NpuueM
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T(g) MOXHO CHeJaTh cKoiab yromuo G6auskodr x T(p),
B3fB ¢ NOCTATOYHO OAM3KOH K p, TO CyWCCTBYeT IO
Kpaine#l mepe OnHA TOYKA po, OCTAIOMAACH HenoABHX-
HOH:

T (po) = po-

Jro nokasbiBaercd Tax. PaccMOTpHM CHMNJHLHAJIbHOE
pasbiieHHe JAaHHOrO OTpPe3Ka, T. €. NOMPOCTY BO3bMEM
HEKOTOpOe KOJHYeCTBO ero Touek. PasoObeM 3TH TOYKH
Ha OBa MHoXecrtBa. [lycThb nepBoe COCTOHT H3 TeX TO-
YeK, pacCTOsHHe KOTOPHIX OT JGBOrO KOHHA OTpesKa
(o6o3nauyenHoro nudpo#t 0) He yMEHBUWHAOCH NOC/IE OTO-
OpaxeHusi. flcHo, yTo Touka 0 BXOZHT B 3TO MHOXKECTBO;
0603HayHM BCe OCTaJbHblE €ro TOYKH Taxkxe uudpon 0.
Bo BTOpOe MHOMXKeCTBO OTHeCceM TOYKH, PACCTOANHE KOTO-
PbIX OT NpPAaBOr0 KOHHA He YMEHBUIHIOCh; 0603HAYHM
ux 1. Toraza no snemme IlInepuepa cyulecTByer OTpe3OK
pasbueHus ¢ kounamu 0 u 1. 310 03HAayaer, 4yTO Cylle-
CTBYIOT IBe G/H3KHE TOUKH, OJ[HA H3 KOTOPHX B Pe3ydib-
tare Haulero oroGpakeHds He NpubIM3UIACh K JEBOMY
KOHLY; @ Jpyrasi — cocelHsisi — He npHOnu3uIacek X npa-
BOMY. DTH TGYKH MOMHO CHeJaTb CKOJb YroXHO OJH3-
KHMH, TaK KaK MOXHO BBIOpaTb NPOHM3BOJILHO MejKoe
pasbuenue. Ilepexons x mnpexeny, Mbl 3akjlouaeM, 4TO
IOMXHA CYUWeCTBOBATh MO KpaliHe#i Mepe oxHa TOYKa,
paccTosiHie KOoTopoHl oT 060MX KOHUOB He YMEHBUIHJIOCH,
T. €. TOYKa, KOTOpas BOOOLle He CIABHHyJach C MecTa.
B nIByMepHOM M MHOrOMepHOM Cry4asX paccyxueH#e
N0 CYLIECTBY OCTAeTCs TEM XKe.

Teopemel 0 HemoABHIKHOH TOYKe — OIHO H3 CAMBIX
MOLIHHX CPelICTB COBpeMeHHOH MareMaTHkH. Jlannoe -
BBILIE JIOKA3aTEJABCTBO GBUIO NOAYYEHO H3 «KOHEYHBIX»
coobpaxKeHul, CBA3AHHHIX C «TEOpeMOH CYLIECTBOBAHHSA»
cHMIJIeKca - pasOHeHds ¢ NOJHEIM MHOMECTBOM HOMEDOB
BepUIHH, T. €. HeBO3MONHOCTbIO TAKOW HYMepauMH Bep-
IUMH CHMILIEKCOB pA3GHEHHs, ,4T06Bl  TAKOro BEIIEEH-
HOI'0 CHMILIEKCA HE CYUIECTBOBAIO.

W3 rpex mocaeIHHX NMpHMEPOB 3ajaya O AOMHHO Ha
WaxMaTHON JOCKe M 3a%aya o JejqeHHH Kyba Ha HeoIH-
HaKOBBie MeHbUIHe KYOHKH MOryT NOKa3aThCsd JHIIb JIO-
OONBITHHIMH TOJMIOBOJIOMKaMH (¥, BHIHMMO, TaK OHO H
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ectb). Jlemma Illnepuepa npemcraBasercs ropasao
Oosee BaXXHBIM H TJYOOKHM pe3yJbTaTOM, - HMEIOUHM
MHOTHe npuJoxeHus. Y Bce xxe GopMaabHO B ITUX NpH-
Mepax ectb HedTo ofluee: BCe OHH MOTYT ObiTb CBSI3aHBI
CO CYETOM YHCJIa HEeKOTOPHIX 06pa3oB.

OueHp yacTo HMeHHO MHOrOUHC/CHHBlE MPUJIOKEHHS B
Pa3suyuHBIX M KaXYUIUXCSH COBCEM He CBS3aHHBIMH 06-
A3CTAX MATeMaJUKH NPHAAIOT 3HAYHTENBHOCTh H KPacoTy
Hafinensomy pesyaptary. Ilo cnosam [lekapra, «pac-
CMaTpUBas NpHUMephl, MOXHO €031aTb MeTod»., OIHAKO,
BOOOIle TOBOps, Hedb3s (OpMaibHO MPOBECTH .uYepTy
MeXIy BeJauYecTBeHHHIM M cMemnbiM. Hamu xpurepunm,
Kacalowyecss 3TOro PasjHYMsl, OTYACTH HOCRT 3CTETHUe-
CKMil Xapakrep; OHM ONpPENeAlOTCS TeM, HACKOJbKO XO-
pCUIO Te WY HHBIE TeOPeMbl, HOeH H MeTonbl «paGo-
TaloT» B APYrUX CUTYaLHsX.

.

§ 7. HUckyccTBo M HayKa cyera

B sTomM naparpade Mb paccMOTPUM OLHY 3/1€MeH-
TapHYI0 3amayy Ha NOACUET YUCAA BapuaHTOB, KoTopas
C HeH30eKHOCTbIO NPHBEAET HAaC K KOMIUIEKCHBIM YHC-
JaM, BBeleHHbIM B § 2. 3T0 MOXKeT CAyXuTb UANIOCTPA-
uuell TOro, CKoJb THUIIMYHO IJs1 3aJay Mojcyera IMpHBJe-
‘JeHHe CaMblX pa3HOOGPa3HLIX NOHATHEA, MAeHl H MeTOLOB.

Cuyer — Taxoll npoCcTOf M NPUBHIYHBIA C LETCTBA INpoO-
11eCC, YTO NMPHXOAMTCS TOJNBKO YAMBASATHCSH, CKOJBKO HH-
TePecHBbIX, BaXKHBIX M CJAOXKHBIX 3aAay C HUM CBA3aHO.

Pacemotpum 3agady o TOM, CKOJBKHMH pPas/HUHBIMH
cnoco6aMH MOMKHO pasMeHsitb HOJJ&GP, T. €. CKOJbKO
pasJHYHBEIX pelleHUil UMeeT ypaBHeHHe

100 = 1, + 51, + 104, + 251, + 501,

raie Nod «peuieHHeM» Mbl MOHUMAEM MSTEPKY HEOTPHIA-
TeAbHHIX uenslx uucex (Iy, I, &, Iy, Is). 3nece ) —
4ncno MoHeT B | uneHrt, lp — uicao nuxede#l u 1. 4.1).

) B CLIA HaxopsTcs B OOpalleHMH CleAyiOliie MOHeTHI:
| ueur, 1 Hukenb =5 uentos, 1 naiim = 10 weuros, 1 kBaprep. =
= 25 uenTos, 1 noayxoinap = 50 uenros, 1 goqnap = 100 wenTos. —
ITpum. nepes.
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IMonbiTka NPOCTO MepeuHCAHTD BCe pa3aHUHbBIE BO3-
MOXKHOCTH OY€Hb CKOPO obecKypax{HBaeT, MOCKOJIbKY MbI
yOexnaeMcsi B MOYTH HoJHOHA ee GesHaNeKHOCTH.

[epedpasnpyem namy samauy. PaccMorpuM psimsl

T+x+a+28+ ...,
1485204 x50, -
T4 2104 2204 4304 )
PB4 20444 ..,
1+ x50 4 2100 o150 o

THe TO0Ka3aTe/qH CTeneHH B HepBOM psle — ledibie Yuc-
Ja, XparRele 1, BO BTOpOM — 4YHCaa, KparHbe 5, H T. 1.

HepeMHomua aTH psigbl QopMaabHO (T. € mpeHebpe-
ras TeM, 4YTO OHH HMelOT GeCKOHeUHYI0 AJHHy, H obpa-
masnch ¢ HAMH, KaKk ¢ OCbIYHBIMM MHOrO4/JIeHaMHu), Mbl
NOYYHM psif BHAA

1+Alx+A2x +A3x3+ loo’

MOXHO HoKa3atb, 4t0 A, ecTb UHCHO PA3JHUHHIX CHO-
C060B, KOTOPBIMH MOMHO NPeICTaBHTb YHCJIO M B BHIE
Iy + 5l3 + 1003+ 2515 + 50l5. B tuactHocTH, Aj00 — HCKO-
MO€ HUCJO PASTHYHEX CHOCOGOB 06PasoBaTtb CyMMY
B OluH JoJjap u3 6oJee MeJKHX MOHET.
3amernM, 4T0 KamAbiH H3 PsIOB npencwaam{ew co-
6ofi CyMMy H/MeHOB GeCKOHeUHO# TeOMeTpHueckof mnpo-
rpeccud. IlosToMy ux npouseeneHue papHo ‘(cHOBa (op-
MaJIbHO) ) -
1 .
(=) (=) (1—x) (1 —2x¥) (1 —x)

INpepsem Ha BpeMsi HAWM pacCyXIeHHs H PaccMOT-
pHM ropaspo Goaee mpocTyio 3anauy. JlonycTuM, 4to M
XOTHM HAHATH HHC/IO Pas/HUHLIX PellicHHH ypaBHeHHs

100 = ll + 2’2'.

B stoM cnyyae MM npuuiiH 6Bl K BHPaXKEHHIO

1 1
T=x(~—x) ~ (=x(+tx°
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[lonbitaeMcs® pasJioXATL €ro Ha 2JeMeHTapHbIe IpO-
6u, T. e. HaliTH TaKkue YuCia @, b, ¢, UTOGH TOXKAECTBEH-
HO no x (T. e. Masi BCeX Ge3 HCK/IIOUEHHS X) BbINOJHS-
JIOCh PaBEHCTBO )

. 1 . -a b c
(I1=x)2(1+x) = (l—x)2+ l-x + l+x °

Mber nosyyuM TOXKIECTBO
l=a(l +x)+5(1—-x)(1+2)+c(l-x),

KOTOpPO€ MNPHBOJMT K CHCTEME TpeX JIMHeHAHBIX ypaBHe-
HUH

=b+c=0,
a—2c=0,
a+b+4c=1.

Cnenosarenbno, a ='f5, b =y, ¢ =1/, orkyna
1 L1 11 11
—orsn - TTT=x TT1ez"
Mubl umeem

[ IR R

. l—-x
—l-_lr-;'= I.—x+‘x2—x3+ ooy
-(-l—_‘—ﬁ;=1+2x+3x2+4x3+

M; caenoBaTtenbHo, kKoadduuuent npu x° B npousse-

JeHAx

(I+x+22+ . )0 +2+x+25+ ..0)

paseH ) ' :
5 (100 + 5 (1) +5-(1) =51,

Ins pewenust sTofi ynpouleHHOR 3ajaud BCs Haula
TeXHHKa PANOB H SJAeMeHTapHbIX ApoGefi Ha caMoM nene
He HYXH4. Mbl Morau GH cpasy 3aMmeruth, 4to [} 10J-
SKHO OBITh YeTHBIM (rockosabky 100 — 2/, uetHO) M uTO
or 0 no 100 BxmouuTenbHo HMeeresi poBHo 51 derHoe
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[

unc10. OfHAKO, pelldB NPOCTYI0 3aRayy- H3/HILHE CI0XK-
HbIM CNOCOGOM, Mbl OKa3ajIACh B 3HAYUTEILHO JIydllIeM
MOJNOXKEHHH, YyeM paHbile, HOO NONAMH, KaK cJelyer
obpawatbesst ¢ 3agadyelt Gosiee TPyAHOH. 3aMeTHM, UTO
YHCIO MOHeT B | LeHT ROJKHO AeAHTbCA ha b; caego-
BaTeJbHO, YHCI0 COCOGOB pasmeHa noaiapa Aje PaBHO

BIOO + Bgs + Bgo+ .-. . "{‘ BS + BO,
. THe By —uucno peuweruii ypasHenus
m = k5 + k10 + k325 + £,50,

WJIH, YTO 3KBHBA/JEHTHO, YHCJO pelcEHM#l (B HeoTpuua-
TENBHBIX ILNLIX YHCAAX) YPaBHEHHS

5= by + 2y + By + 10k,

(Beab Bce m geasirca Ha 5). Orcioga caenyer, 4to Aig
paBHSAETCA cyMMe Ko3(h(HIHEHTOB NMpH YicHAX

x0= l; X, x2: sy xwa x20
B IIPOH3BeNeHUN '
I4+x+x2+ . )0+ 2+2+ . )+ + 20+ .. )X
10 0 — 1 L
X(l+x + X+ ...)—- T=2 (- (]—'x-")(l—\x"’) .
Kak ybt yxe sugenn,

1 1 1 1 1 1 1
(I=x)(1=%) ~ 2 (1—-2x? +T i—x +T 1+x

=14x+22+2x3+3x' + 325+ .. ..
[MoncraBass cioga x5 Bmecro x, noJayyaem

l .
(1= x%) (1—x1°)

Takum o6pasom, .
(I+x+22+ . )0 +2+x+ . )L+ x5+ 204 .. )X
X(1+x04 %204 .. )=
=(l+x+202+203+3x4+ 355+ ... ) X
X1+ x5+ 251042415 43520+ . ..),

=142+ 2610425 +3x0+ ...,
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Boinonnas yMHOXMeHHe H cKAaAHBas Ko3(pQulHeHTH
ApH CTeNneHsX x OT HyJeBo#t no 20-f BXJIOUHTENBHO, MBI,
H3PANHO NOTPYAMBUIMCH, MonyudM B oTBeTe 292. Mrtak,
cywiectsyer 292 pasauunbix enoco6a pasMeHATb XOJ-
Jaap! .

Hnesn. HCII0/1b30BATH LIS TIOACYETa CTeNeHHble PALBI
(T. e. psambi BUga ao + aix + agx® 4 ...—TaxK cKasarb,
MHOroYleHbH OeckoHeuHoN JJIHHH) oxaaanaCb Kpakde
NJIOZOTBOPHO#A.

Pewas 3azaduy o pa3meHe Xonjapa, Mbl BOCHOABL3O-
BaJINCh CHEUHANbHBIMK CBOHCTBAMH MOHETHO#l CHCTeMbl
CHIA. HanpuMep, Mbl 3HajH, 4TO AOCTOHHCTBO aw6oh
MOHETH, KpOMe HeHTa, AequTcs ¥a 5, ¥ 4T0 ZaiM BABOE
LieHHee HHKend, a MOJNYROANAp — KBapTepa. PasyMHoe
ofpalleHiie ¢ TaKUMHU CAyyaiiHBIMB CBOACTBAMH [03BO-
JUJI0 HaM BO Bcefl MOJMHOTE HCNONB3OBATH JEIHMOCTDb lle-
-JibiX YHCeJ, COKOHOMHMB TeM CAMBIM uacTh Tpyaa. Ormako
3TO MOI/J0 B KAKOH-TO CTelleHH CKphiTh MOJHYI0 MOIIL-
HOCTb U OGLIHOCTb MeTola.

Yr0o6H sMyulie MOHATH, O YeM HIET peqb paCCMOTpuM
3ajiauy OTHiCKaHus ukicaa A, peuieHH#l (B HeoTpHLATED:
HBIX HeJbiX U#Caax) ypaBHEHUS

n= ll +2[2 +313,

rae n-— HeOTpHIaTeNbHOE Hen0e uucho. Kax u Bbime,
MBI NIpUJieM K HaxoxJeHHIo Ko3pduuuenTa npu x™ B pas-

JOXeHH NpousselcHuA
' 1

(1—-x) (1-—3x2)(1—x3) ¢

[TonettaeMcsi cHoBa nepefiTH K 3JIeMEHTapHbLIM npOﬁﬁM,
npencTaBdB CHayaja 3HaMeHaTeJb B BHIE :

(1 =) (1 =% (1 = 3) = (1 — £P(1 + £) (L + x + 7).

Onnako Tenepb, yTOGH pPasAOXKHTh Ha JIHHefHble MHO-
xurteau tpexuneH | + x 4 x%, Ham motpeGyloTcs Ko#t-
naekcuvie wucaa. B camom pene,

2+ x+1=(ax+ )(ax+1),

Va ; 3

rﬂ.ea-———}— %__}fé:_&_i"?:_l.

o
L a=



50  ToiaBA 1

Hckomoe pasnoxeHue Ha 3JleMEHTale>Ie APOGH HMe-
eT BUA
1

. . a - b ¢
(T (T ey e (= (e B
d . e .
+ 1+x + 1+ox + 1+6x’

a, b, ¢, d, e, [ MOXHO HafiTH, PELIHB CHCTEMY HICCTH JH-
(HeAHEIX ypaBHeHHA. YGe/MBUIHCE B TOM, UTO

(——1.fx)a =+ (1-2+2-3x+3- 42+ 4.522+ .,.),

NpHHAB BO BHUMaHHe yXe yHNOMHHaBilyloca GopMyay

Ao =1+ 4344+ .
B MPHUMEHHB HeCKONbKO pas (HopMyay CyMMbL reoMeTpu-
_4eCKOH MporpeccuH

.1 ' -
"l—_—_T=l+(]+t]2+ ven

{mma g=1x, g =—x, g =—oax, g =—{xr), NOJYYUM

A =—-(n+l)(n+2)+b(n+l)+c+d(—l)"
. +e(— 1)"a"+f(—l)" it
O1BeT ocTaJics He3aBepIIeHHBIM, HOTOMY YTO He HafIeHB!
- ko3pdunuentht a, b, ..., f; HX, omHAKO, MOXKHO ompene-
JIUTh BIOJHE CTAHAAPTHHIMH TPHEMAaMH, H 3TOT NOICUET
He MMeeT HHKAKOro OTHOLIEHHN K Hawel riaBHOH TeMme.
Camoe nOpasuTeAbHGE B TAKOM pelIeHHH — 3TO Iio-
SIBIeHUe KOMIIEKCHHIX YHCe/ B 3ajaye, CBA3aHHOM JIHIIb
C momcueToM (H, CAEAOBATEAbHO, JHIb € LEABIMH YHC-
aamu). Ilo stofi nmpmuMHe CTOMT, HO-BHIHMOMY, B IO-
pAIKe OTCTYIIEHHS MOrOBOPHTb HEMHOrO O NPHpOxLE H
SBOJIIOLIHH YHCEA. _ ,

§ 8. OTcTynaenne 0 YHCAOBBIX cucreMax
B o dyukuusax

PasoBbeM 31ecb moppobHee CXeMy pPasHBIX YHCAOBBIX
cucreM, HaOpocoK KOTOPOH Mbl NpHBENH. B Hadajye § 2.
Crenys KpoHekepy, Oyaem -paccMaTpuBaTh Hary-
pajbHBle YHCJIA KaK «AaHHble GOroM» (XOTA HX MOXHO



DPHMEPHT - 51
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6bl10 OBl MOCTPOHTH, HcXoAA H3 GoJiee NIPOCTHIX Teope-
THKO-MHOMECTBEHHBIX H JIOTHUGCKHX NOHATHHA), Mu 3a-
MeTHM, 4TO CJAOKeHHe H YMHOXeHHe HaTypajbHLHIX Ui«
ceJ MIPUBOAAT CHOBA K HATypa/bHBIM YHC/IAaM, H NO3TOMY
J0 Tex Nop, MoKa paccMaTpHBAIOTCA TOJbKO 3TH JBe Offe-
pauuH, HaTypaJabHbie yHcaa o6pa3yloT 3aMKHYTHH B cebe
MHP — MHpP HATYpaJibHbBIX UHCEJI.

OxHako ye BBIUHTaHHE BHIHYXJIaeT Hac MOKHHYTb
TOT YIOTHBIH 3aMKHYTHIl MHpP H BLIAATH 32 ero npeiebl.
B camoM mene, naxe TaKkoe MpocToe ypaBHEHHE, KAK

3+x=2, .

He HMeeT pellleHHs B 06JACTH HATYPaJbHBIX YHCEJ.

Mept BBOAMM O H OoTpHLATe]bHBIE UKCJAA KaK pas Aas
TOro, 4tobbl chejaTh BLIYHTAHHE BCerJa BO3MOXKHBIM,
Pacuupsisi yMc/a0BYIO cicTeMy, MBI pacmiupseM K 06-.
Jdactb npuMeHuMoctH omepauuii. Ilpu srom nam mnpuxo-
IuTcA 3a0OTHUTBCH O TOM, UYTOGEI COXPaHMJIHCh HX
oObluHLe CBOMCTBA (aCCOLHATHBHOCTD, KOMMYTAaTHBHOCTD,
RUCTPHOYTHBHOCTB). MIMeHHO mosTtomy npoHseeneHHe Jio-
Goro yucsaa Ha 0 Bcerga cUHTaercs paBHBIM HYJIO, a MPO-
H3BefeHHe JABYX OTPHUATENAbLHBIX WHCEN — MOJOKHTENb- -
HbiM 1), . - :

Pacuupus yHc/I0ByI0 CHCTEMY TaK, 4TOGH OHA BKAIO-
yaja 0 H OTpHIATe/ibHBIE UHCJA, MbL OGHApyXHM, UTO B
noayueHHOR TakMM oO6pas3om obMacTH LENHX YHUCea ypaB-
HeHHe BHIa :

. ax=b, a=£0,

(rae a ¥ b — uenbie) MOXKeT OKa3aThCsi HepaspelIMMbIM.
[TostroMy MBI cHOBa pacIIHpsieM 3Ty CHCTEMY, NPHCOeAH-
HAs K Heff npo0H, YHCAHTENH H 3HaMEHaTe/JH KOTOPLIX —
nenbie yHcna (MOMOXKMTENbHbIE HJIH OTPHLATENBHHIE).
Ilocne sroro obniuHbiM 06pazoM onpeneasioTcs onepa-
UHH CHOMEHUS M YMHOXEHHS, NPHYEM CHOBZ OPORB-
Asercst 3a60ta 0 TOM, YTOObl COXPaHSIIMCh HX OCHOBHbIE

1} Iycre a— HekoTopoe uenoe uheno, Torpa 0a = (1 —l}a =
= q—a = 0, ecan neTpeOOBaTh (2 MH TaK M AeJaeM) JHCTPHOYTHE-
HOCTb YMHOXEHHs OTHOCHTeNbHO BbiuHTauuA. Ananprauso, 2(1—1) =
=0 B, cregosareabho, (—1)2 =—2; manee, (24(—2))(~1) =0,
otkyAa —2 + (—2)(~1) =0 u (—2)(~1) =2
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csoiictBa (2cCOUMATHBHOCTb, KOMMYTATHBHOCTD M IH-.
ctpuGyTuBHOCcTb). Tenepb Bcerga BO3MOXHBI BbIYMTaHMe
1 Aeaenne (xkpome pedeHns Ha 0), ¥ Mbl "HaKOHEN-TO
HOJAy4aeM MHOXKECTBO, BAMKHYTOE OTHOCHTENBHO 6CeX
yeTbipex aprupMeTHYECKHX omepauuil, — MHOXKeCTBO pa- .
IMOHaJbHBIX yHced. K coxanennio (a MoxeT ObiTh,
K cyacTbio!), HaM He XBaTaeT W PaLMOHAJbHBIX YHCeJ.
ITpocras 3agmava — HafiTH OTHOLIGHWE MJIMHBI THIOTEHY-
3b paBHOGEAPEHHOr0 NPSIMOYrOJABHOIO TPEYyroNbHHKA K

LJMHE KaTeTa — OPHBOAMT K otBeTy }/2, a, Kak Mul
YK€ 3HaeM, 3TO YHCJO He PAUHOHAJBHO. ‘
Pacuinputh 4YHCAOBYIO CHCTeMy, HCTOJIHMB ee Mppa-

UHOHAMbHHIMI YHciaMi (THna V) 6uno sanaueh co-
BCeM Apyroro poAa, 4eM Bce NPEAMIECTBYIOLIHe, Hecpas-
HeHHO OoJsiee TOHKON M CJIOXKHOH, HOO ANA 3TOrO MOTpe-
6oBa/soch onepHpoBaTh ¢ GECKOHEUHO MaJ/IbIMH BeJIHYH-
HaMH.

I'py6o rosops, MoxHO mocTynarh Tak. Paunonanbhbie
Yhcsa 3alUCHLIBAIOTCA B BHAE AECATHYHBIX apoled, Ko-
TOopbie JM60 KOHYaoTcd Kakofi-ro uugpoft (Hanpumep,
2, 13) .rméo HMEIOT BUJL

Qy3,a0:Q5 . .. amblbz...bbb2 e bn...,

rie, Hauupas C HEKOTOPOro MecTa, Bce BpeMs MOBTO-
paercsa ofMH H TOT ke HaGop undp. Hanpumep,

+=0,142857 142857 142857 ... .
HppanroHanbHbie YHCaIa MOXKHO ONPELEeNHTb Kak Gecko-
HeuHole JecATHYHBIE APoGH, He HMEIOIIHE TaKoro mo-
CTOSHHO NOBTopsomerocs nadopa undp.

Ho GeckoHeunas pecaTHYHas ApoGb Qo,210203 ... —
91'% BCEro JIMWIb APYrofi cmocol samuck GecKoneunozo
pada ! :

a0+ +102+103+ ey
a ¢ TakKuMu pdaaaMu Oﬁpama.ﬂHCb BeCcbMa OCTpoyMﬂd

elle co BpeMeH mapajokca 3eHoHa o6 Axumiece u ve-
pemaxe.
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Mockonbry 0<a,<9 ana moboro m, 1ipu k=2,3, ...
Mbl HMeeM

an+) An+2 An+k
107+! + 107+2 ot 107+ <
9 1

<10"(10+102+"') 107 9 T

‘M, CJIEAOBATE/NbHO, paccMaTpHBdeMbifi GECKOHEUHBIH PAX
onpenensger MOCJaeN0BaTENbHOCTD | BJIOXKEHHBIX OTPE3KOB
In ¢ xornamu

o+ 15 +...+—l‘§)—",,— Hoat bt ...+ l0,‘+m,,

Bynem cuurtaTh, uTo HppauuonadbHoe UHCIO onpede-
AEHO, €CNIH OHO ¢ J1060f TOYHOCTBIO MOXeT OuTh NpH-
ONHKEHO KOHEUHLIMH NecATHYHHIMH ApPoOAMH; Toria Ha-
N¥CaHHbI Bhille OECKOHEYHbIA PAMA, HIH, YTO KBHBaJEHT-
HO, COOTBETCTBYIOU[Aaf €My MOCJAeAOBATEALHOCTh BJAOMKEH-
HbBIX -OTPE3KOB, ACHACTBHTENBHO ONpenendeT HeKOoTOpoe
YHCITIO.

Janee cHoBa BBoAsiTCA apHMETHYECKHE oONepauuH
fco BceMM Yka3aHHBIMM Bblilleé NPEROCTOPOXKHOCTSIMH), H
MHOXECTBO AeHCTBHUTENBHBIX (T. €, pPauHOHAJbHLIX M HP-
pauMOHaNbHBLIX) YKcen CTaHOBHUTCA 3aMKHYTHIM OTHOCH-
TETbHO BCeX yeThipex omepauufi (neseHne Ha 0, KoHeu-
Ho, samnpewaercs). C apyrofl -CTOpPOHBI, B OTJAHYHE OT
pauHoHasbHbIX, ACHCTBHTENbHHIE YHCAA 00/1afal0T Tak
Ha3hiBaeMbIM «ICACKHHIOBLIM CBOACTBOM»: ec/n pa3burth
HX Ha JIBa Henycrulx Kjacca A u B Tax, uto6um JtoGoe
NeHCTBUTELHOE uYMcAO Monasno Jau6o B A, an6o B B u
uyTo6bl Kaxpoe uyncao H3 A Gb10 MeHbIle KaXAROTO
ghcaa us B, To MubGo B A uMmeercs uanGosbluee YUCaO,
anbo B B — Haumenbiee, JlexeKunnoBo cBONCTBO Bhipa-
)aeT ToT (akr, YTo AeficTBHTENbHbie uyHcaa ob6pasylor .
KOHTUHYYM.

Xora crporag Teopus AEACTBHTEAbHLIX 4ucesa Obiia
nocTpoeHa JHIlb B caMoM KoHue 19-ro Beka (B OCHOB-
HoM [enexunaoMm u KaHTopoM; nam HaGpocok no Ryxy
6nXKe K KaHTOpOBCKO# TEOpPHH), MATeMaTHKH 3a10/rQ
Jl0 3TOTO HE HCMBLITBIBANH HHKAKHX COMHEHHi, cBOGOAHO
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(d, BO3MOXHO, HECKOJbKO &HEKPHTHUHO®») TNOJAb3yAch
AeACTBHTEIbHLIMH YHCJIAMH.

OnHako npouecc pacHiHPEHHs YHCIOBOH CHCTEMBl He
Obin sasepuren. IIpocrhe Ksanpamble ypaBHEHHSI He
HMEIOT AeHCTBUTEIbHBIX KopHe#i. Hanpumep, ang ypas-
HeHust x2 4+ 2x + 2= =0 CTaHJIapTHaﬂ tdopmyna naer or-

BeT
xl=l—l/—l H X2=l+v—1.

Yrobbl geficTBOBaTH B TAKOM CHTyauuu, Gbiid BBeACHbI
CHMBOJIBI BHAA @ + bi c neficTBuTenbhbiMu @ H b. Cho-
XKeHHe H BLIYHTAHHE TaKHX CHMBOJOB Olpexedsiorcs
OYEBHAHBIM 00pa3oM, a OpM YMHOMEHHH [BYX TaKMX
KUHCEN» CAEAYIOT OOLIYHBIM MpaBHaaM anareOpbt H JRIIb
"B caMOM KOHue 3aMeHsioT i Ha —1. Tak, "Hanpumep, -

(@—)(B+2)=6-3/+4i—22=6+i—2(—1)=8+i

JoBonbHO M1060ONKITHO, YTO KOMILJIEKCHbIE yncna (T.e.
CHMBOJINI BuAa a + bi co cloKeHHeM H YMHOXCHHEM,
OnpefeseHHbIMH TaK, Kak CKa3aHo BBIlE) AOJAro NpPRUH-
HANH MaTeMaTHKaM HeKoTopele HeymoOcrBa, XOTA K Ha-
yany 19-ro Beka 3Ty uHcaa GblIH yXe fIOJHOCTBIO OCBOE-
HH MaTteMaTHKOA. OnpexesieHHble COMHEHHS. H ONaceHus
ocralorcsi, JOMKHO OubiTh, ¥ ceHuac, 6o A0 caMOro He-
AaBHEro BPEeMEHH yueGHble MpOrpaMmbl cpegHell WKOJb
B OCHOBHOM 0OXOZH/JHCh $€3 KOMIJIGKCHBIX YHCeM. g

BosmoxHo, nepBoHauanbHOE Ha3BaHHE 3THX 4HCea —
MHHMbI€ — CIOCOGCTBOBAJO CO3ZAHKIO. BOKPYr HHX Jer-
KOro opeosia TAHHCTBEHHOCTH; C ApPYrof- CTOPOHB!, BH-
IMMO, TPYAHO Obl0 paccTaTbCd ¢ MPHABLIYHBIM NPENCTAB-
JEHHEM O TOM, YTO YHCJa XOJIKHBI BbIpaxaTb pesyJib-
TaTH KaKHX-TO M3MepeHHH, KOMIJIEKCHbIE XXe YHCIa no-
JY4HIIH NoRO6HOE HCTOJMKOBaHHE CPaBHHTENbHO MO3THO.

Kak 66l To HE Gbllo, pacliMpeHye YHCAOBOA CHCTEMB
NPHCOEAVHEHHUEM K Hefl KOMMJICKCHBIX YHCeR npuHecno
MaTeMaTHKe HEHCYHCAHMYIO BLIFOAY.

CampiM 6oabilHM YyaoM Obijio, BEPOSITHO, TO, 4TO
KOMMJJEKCHBIC Y¥Mcs1a, BBELEHHBIE TOAbKO &Jd TOro, 4TO-
Ol cTanH paspelTHMbl BCEe KBaAPaTHLIC YPaBHEHHA C
AeRCTBUTENbHLIME KO3((QHIHEHTaMH, CaelalH paspeLiH-
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MBIMH BCe BoOGlIe aszebpauueckue YypasHenus ~(laxe
HMelollie KOMIIEKCHble Ko3pHUHeAT).

dt1oT 3aMeyaresnbHbI HaKT, H3BECTHbIAA KaK OCHOBHAA
Teopema as2ebpoi, MOXKHO cHOpMYIHPOBATh €Re/YIOIHM
-o0pasoM: J06oe ypaBHEHHe fi-H CTeleBH

a2*+ a2+ ... +a,=0, a,50,

C MpPOHM3BOJNBHHIMH  KOMNJEKCHBIMH Ko dHuneHTaMH
MMeeT n KOMMJIEKCHBIX KopHefl (He o6A3aTesbHO pasaMy-
Hbix). JIpyruMH cioBaMH, CyIECTBYIOT f KO'V[H.HeKCHbIX
4HCeN 21, 22, ..., Zn, TAKHX, 4TO

Ap2® + @y 2Pt L Fap= - o
=a,(z—2)(2~2) ... (2—2,)

TakuM o6pasom, a1060fi MHOTOWIEH ¢ KOMIJIEKCHBIMH KO- .
5¢¢puuneHTaMH MOXHO pas3/oXHTb Ha JHHeAHBIE MHO-
JKUTEJAH; HMEHHO 3Hauue 3Toro (akTa No3BOJHIO HaM
BOCHOJIb30BAThCA Pas/oxeHHeM Ha 3JeMeHTapHble APoOH
B paccMoTpenHoll B § 7 3amaue nomcuera. Ecnu u yauB-
JSTbc ToMY, 4T0 B dopmyay aag A, Bomnn kKoMmnaekc-
Hbie 4HC/Ia, TO BOBCE He H3-3a CMYTHOTO OUIYINEHHS
CBEPX'bECTCCTBCHHOCTH MOMOILUH, KOTOPYIO OKa3aj M HaM
«MHHMbIe BEJIHYHHLI® NpPH pelleHHW KOHKPETHOH pealib-
Ho# 3agaud. B MartemarTuke HeT MecTa MmofoGHOMY npo-
CTORyWIHOMY MHCTHUH3MY. .[loncTHHE yAHBHTENbHO TO,
970 MOHATHE, BBEAEHHOE I TOro, 4ToObl CAeaaTh pas-
PeHIMMLIMK BCe KBAJDATHbIE YPABHEHHS, HEOXHAAHBO
Chirpano pemaipuly0 pojb B COBCEM APYrod CHTyauHH.

Komnnekchnie uncia yaoGHO vMHTepnpeTHpoBaTh Kak
TOYKM Ha IJIOCKOCTH. B caMom nexne, eciH pas H Ha-
Bcerja BbxﬁpaHbl KOOpIHHATHbIE OCH X H Yy, TO KoMi-
JICKCHO® YHCJI0 2 = X + iy npenacrasasieTcd Toukod (X,y).

BBefeHHe KOMIJIEKCHBIX YHCEA MOJOXKHJI0 Hayaao u3-
VUSHHUIO  PYyHKYUL KOMNAEKCHO20 nepeMenHozo, T. €. OTo-
OpaxeHHA MHOXECTB KOMIJIEKCHBIX YHCEJ] B MHOMXKECTBO
KOMIJIEKCHbIX YHCEJI.

ITpocrefiine . pyHKUHH KOMMAEKCHEOro nepeMeHHOoro’
06s1aal0T MHOTHMH nopasuTedbHbIMH cBofcrBaMH. Ha-
npuMep, GyHKuud.

. 142
-2
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NEPEBOINT BHYTPEHHOCTb Kpyra paiauyca 1 ¢ ueHTpom
B Hauaje Koopausar (2=0) B nonynnocxocrb cnpasa
or ocu y (cM. puc. 5).

TlockonbKy YMHOXeHHe Ha i reomeTpuqecxu COOTBET-
cTByeT MNOBOPOTY mjockoctH Ha 90° npoms yacoBo¥
CTPEJIKH, (pynkuuﬂ 1

+z,
‘ w= l-—z

NepeBOAHT eNHHHYHLIH KPyr C LEHTPOM B Hauajse KOop-
AMHAT B BEPXHIOI NMOJYNIAOCKOCTD.

oz w 'f;///’

N

Puc. 5. @yﬂxuna w= itz orobpaxaer aamTpnxoaaHilylo

06/1aCTb NJIOCKOCTH Z — €fMHMUHBIH KPYT — B 3aIITPHXOBAHUYIO
NpaByi0 HOAYIJIOCKOCTb M/JAOCKOCTH W.

Kak Tosnbko cTanm paccMaTtpuBaTh (QYHKuMR Komi-
JIEKCHOT'O NepeMeHHOro, BO3HHKAA MAeH passuTb LJad HHX
auddepennranbioe W HHTErpasbHoe ucunciedus. Oco-
Obifi MHTepeC UPEACTAaBAAIOT (YHKUHH, HMeEIONHe MPo-
H3BOAHYIO, T. € TaKue, IS KOTOPBIX NIPH KaxXIOM 2 u3
HekoTopo#i o6/acTH cyHiecTByeT npefien

) . fz+A9)—f(2)
};To Az ;

TpeGoBaune, 4ToOGH 3TOT Npenes He 3aBHCea OT clocoba
CTPEMJICHHSA K HYJIO KOMIVIEKCHOro MpupamieHua Az, ua-
JaraeT HaCTONBKO CHJbHbIE OTpaHHdeHHd Ha QYHKUMO f,
YTO €C/IH OHa HMEeT B MeKOTOpo# 06J1acTH NPOU3BOIAHYIO
nepBoro nopanka, To, B 3TOH 06/acTH CyUWlecTBYIOT ee



\ .
TIPUMEPbBI 57

NpoN3BOAHbIE 8cex nopadxos. Bosee Toro, B OKpPECTHO-
CTH KaXAOH TOYKM 25 M3 3To#l o6nactu ¢Qyuxuua f
NpeaCcTaBAAETCA B BUAE CTENEHHOro psigd, T. €.

f(@y=ay+a, (z—-'zo)+a2,(z—.-zo)2+ ceey

H 3TOT PAL CXQAUTCH B HEKOTOPOM Kpyre ¢ LEHTPOM 2.
(Pamnyc takoro «kpyra CXoZMMOCTH» MOXeET 0Ka3aTbCs
GeckoUeYHLIM, ¥ Toraa [ RasbiBaercs ye.oil qbymct{ueu)
QyHKinKd, HMeIOUHe TIPOM3BOJIHYI0 B HehOTOpOH oGaa-
CTH, Ha3bIBAlOTCH anaAurTuueckumu B 3Toft obaactu. Teo-
pHst aHaNHTHYeCKHX (YHKUWIHA — ofgHa M3 BaKHeHIUHX H
KpacHBCHUINX r1aB MaTeMaTHKH. AHanHTHYeCKHe (YHK-
UHH TPOHMKJH HOMTH B KaXbifi 3aKOYJ/JOK COBPeMEHHON
MaTeMaTHKK H (U3HKH, — OT THAPOJHMHAMHUKKH X0 Teo-
PHH 4YHCEN H OT KBAHTOBOH MeXaHHKH RO TOMOJOTHH.

JBo/OUHA KOMIIEKCHOTO aHaJ/k3a OT €ro CKpOMHOrO
Hauana — pellleHHsi KBaAPaTHLIX ypaBHeHH# — A0 BeJu-
YeCTBEHHOrO 3JaHHSl TEOPHM aHaNMTHYUeCKHX (PYHKUUH —
ellle OAHQO TNOATBEpPKJCHHe HKH3HeCnecoOHOCTH MaTeMa-
TUUYECKHUX TTOHATHH.

§ 9. UckyccTBO M Hayka cueTa (\npo,uomxeuue)

Mgt yxKe HecKOIbKO pa3 BHAENH, 4TO PsfoM C 3aja-
yaMH, TpeACTaBASIOIMMU coGofi He Bosee 9YeM Jerko
PaspelnMbie rOJ0BOJIOMKH, MOTYT BO3RHKATL NO-HACTOR-
uleMy TPyZAHBIE H IyGoKue npobsembl.

3agauy o pa3MeHe JAonjapa MAd POACTBEHHYIO eit
3ajavyy HaXoXIACHHA YKucia pellleHuit (B HeoTpuuateb-
HbIX L@eJbIX YHCAAaX) ypaBHEHUA

n=l1+2l2+3l3

COBCEM JIETKO PpelUnuTb, ecau HJorafaThes BOCMOJb3O-
BAaThCHl CTENMEHHLIMH PAAaMH (Tak Ha3piBAeMBIMH NpoOU3-
800AWUMU PYRKYUAML) . C

HecpaBuenno Gonee TpymHo# aBaserca 3agaua
0 uucne p(n) peileHuii ypaBHEeHHS

‘n=l+2L,+3L+ ...,

T. e. 0 9uCiIe cnocoGoB pas3buenuds (MAM <«pasMeHa»)
uesqoro. umMcsaa n  Ha JoGbie MeHbIIHE €ro  LeJble
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NOJIOXKHTENbHbIE YHC/IA. DTO H3BecTHas 3amaua partitio
numerorum Jiisepa.

ITpu noMolH NPOHSBOAAWIMX (YHKUMA MBI NoJyyaeM

' 2 oo 1 1 1

1+P(1)x+P(2)x T o= IT—x T—x¥ 1=x3 """
1 TOCKOJNbKY Ha STOT pa3 pasMepnl «HOpUHi», Ha KOTO-
pbie pasfuBaercd n, He OrpaHHueHbl, B NpPaBOR yacTH
CTOHNT GecKoHeuHoe NpoH3BelcHHE. Tenepb Mul yXK€ He
MOXeM TNpOCTO PasoKHTb €ro Ha SJeMeHTapHbe APOOH.
Jlnme B 1934 r. Pagemaxep Hamen Kpacusyio (HO no-
BOJIbHO CJIOXKHYI0) dopMyay aas p(n), ¢ Goabuof uzo-
6peTaTeNbHOCTbIO H H3AILECTBOM NPHMEHHB KOMINIEKC-
HbI# aHadu3. A HMenHo, Pagemaxep o606 METOA, Npy
noMowy Koroporo Xapau u Pamanymxkan (1917) noay-
YHJIH CBOIO 3HAaMEHMTYI0 aCHMATOTHYECKYIO (QopMysy

p(n) ~ __l_envm.

4n V3‘

(Crout samerntb, 4r0 p(n) ouyeHb OLICTPO BO3pacTaeT
c poctoM n; Hanpumep, p(200)— TpHHagnaTH3HAYHOE
unciol)

Bonpoc o partitio numerorim 8 agguTuBHOM TeOpHH
YMCesl CBfA3AH € HW3BECTHOH B3agadefl npepcraBieHHA Ie-
AbIX YHCEJ B BHAE CYMMbl KBajpaToB.

B konne 18-ro Beka Jlarpanxk nokasan, 4To BCAKOe
MOJIOKHTENIbHOE YHCIO eCTh CyMMa 4eThipeX KBaApaToB
(Tpex KBaZpaToB HEAOCTATOYHO; Hanpumep, 15 He gB-
JIgeTcA CyMMOH TpeX KBagpaTos). 3Ta TeopeMa «O 4YeThl-
pex xBajpaTax», HAMHOro NepeKpniTas nosgHee pabo-
TaM# $IKoOH, RO CHX NMOp BXORHT B YHC/IO BesM4aRUIHX
BOCTHXEHHA MaTeMaTHKH.

S1ko6u npoABHHY/ICA rOPA3A0 AaJsbLIE: OH OMPEmeN T,
CKONbKHMH CHocof6aMH 4YHCI0 MOXKeT ObiTh 3aMHCaHO B
BHIE CYMMH YeThipeX KBajpaTos. UToOn 06seryuth 3TOT
nojpcyer, yao6HO paccMaTPHBATL MPeACTaBACHUS, OTJIH-
dalomgecs NOPAXKOM CIaraeMbix HJK HX 3HAKaMH, Kak
pasnuunbte. Hanpumep,

2+ 124+ 12417,
: (=2 +(=1P+ 12+ 13
P24+ (—12+12
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M T. I. CYNTAIOTCA PA3JNHUHLIMH MPEACTABACHHAMH YHC-
aa 7 B BUAE CYMMHB 4YeThipeX KBaJparos.

Ilpu TakoMm cornameHun MOXHO [0Ka3aTh, YTO €CJH
r(m)— uckoMoe uucjo NpeacraBAeHull yucaa m B BuAe
CYMMH YeThlpeX KBafpaTos, TO

I+r(Dx+r@)2+r(B)x*+ ... =
=(ees F 2P 4 a0 L 1w x4 LY =
T (22" 4227 420 4 L
ITpoBens cepuio oCTPOyMHBIX npeoﬁpasosaﬂuﬁ SIkoGH
ROKa3amx TOXAECTBO
(1 +2x" +2x¥ +2x3’ + ...)‘

~1+8+5 +84 x,+s T

rAe creneHH ! B BHIpaXKeHHAX x!f (1 — x*) mpoGeraioT Bce
Iieqbie yHcaa, He deasujuecs Ha 4, TlocKoabKy

xl
1=t

nerko y6efuThess B TOM, uto r(m) pasHO BOCBMUKpAT-
HOA cyMMe Bcex He KPaTHHIX geTbipeM ,u;e.nme.nen qHC-
aa m,

l’locxonbxy elHHHLA SBASIETCA JeauTeNeM Jio6oro
UHC/IA H, OYEBHAHO, HE KDAaTHA ETHIpEM, MHI 3aKmoqaeM,.
41O ,zum Bcex m >0

=xl4x2 4284 ...,

r(m)=

OTKy1a c.ne,u;yeT TeopeMa Jlarpamxa (koTopasi yTBep-
XK IaeT TOAbKo, uto r(m)>1).

ToxnecTBo AAS PANOB, KOTOPOE MpUBeNo.K dhopMyJe
SIko6u nas r(m),— auilb ONHO H3 LEJOrO KJjacca 3a-
MedaTeJbHHIX TOXKAECTB, OTKPHITHX $IkoOu H ApyruMmu.
Hekotopsie u3 HuHX cBfisniBaOT 3apauy partitio numero-
rum c npo6aeMofi mpeACTaBNEHHS YHCeN B BHAE CYMMBI
KBaJpaToB.

QOtkpoiTHE 3THX TOXJecTB He OBVIO AEAOM cJjydad
Hin ocobofi yaauw. XoTd B MaTeMaTHKe, KaK W BCIOAY,
OTKPbiTHA HHOrga o6s3aHbl CYacTAMBON cayvafHOCTH,
BeseT OOBLIYHO JHIUb JOCTOAHHIM. MHorue H3 JTHX
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.TOXKAECTB OblIK MOJYYEHB B pe3yJbrare CUCTEMaTH4YecKo-
ro M3yuyeHMsl KJjacca aHaJUTHYECKHX (yHKuu#A, HaseiBae-
MbIX, 3AAunTudecKumu pyuxyuamu, B crolo ouependb uned
3/VIANITAYECKHX QYHKUKE NMoABUJIACh ¥ MATEMATHKOB NHPH
pellieHMH 3afay O HaXoXAeHHK mepumMerpa aaaunca (or-
cloja SNUTeT «3/AJMMNTHYECKHe») M OO0 ONMCAHUK I BHXKE-
HHA MaaTHHKa. Xord obe 3TH 3afayu NPHUBOAAT K MH-
TerpajaM B JeHcTBHUTesbHOR oOsactH (OTHOCALLKMCH
K OObiYHOMYy HHTerpajbHOMY HCYHMCIEHHIO), ObLIO Bame-
YeHO, 4TO AJI9 MX H3yueHnsa ropasgo 6osblie NOAXOIUT
KoMIJekcHasd obGnacts. «[lepecagka» mpo6uaemb U3 NpH-
CylUlero efi OKpy»KeHHs B, Kasajoch Obi, cOBEpLIEHHO 4y-
XepoaHy1o eit obmacTh gajsa rpoMajiibie NpeuMyllecTsa,
100 TONIbKO KOMAJIEKCHbH aHajdu3 cAesasl ecTECTBEHHBIM
M Jaxe Heu30e}HbIM YLHUBHTeJbHBI INlepexol OT IBH-
JKEHUA MasTHHKA K NpelcTaBJeHHIO LeJhIX YHCesa B BHIE
CyMMbl KBaZpaToB. XOTA MHOTHE H3 3THX TOXJAECTB
MOXKHO JAOKa3aTb NPAMBIMH H 3JEMEHTapHBIMH cCroco-
GaMu (HanpuMep, He HCHONL3YA KOMILIEKCHBIE 4YHcAa),
olHaKo oOHapyXHuTb OoJjee TIJyGoKHe OpPHYMHB! TQro,
«[IQUEMY K€ OHM THKAIOT», MOXHO JHIUb 06paTHBLINCh
K TEOPHH SJJIMNTHYECKHX GyHKuud. TenaeHuus x sKoHO-
MJM MBLILJICHHA, obeclieydBaéMOA HCNONL30BaHHeM Ka-
KOIi-THG0- Gouee ofuteli TeEOpHH, CTOAbL K€ CHIbHA
Cpenn MaTeMaTHKOB, KaK M CpPelH APYTHX eCTeCTBOMC-
nuiTaTesnei.

§ 10. BeposaTHOCTh H HE3aBUCHMOCTH

Jlornueckne u ncTOpuuecKHe HCTOKHM TEOpHK (MJH HC-
YHCNeHnd) BEpPoATHOCTell CBA3aHbI C HPOCTHIMH 3aJayaMu
noacuera. B sxcnepnMenTe co cayyafiHHIM HCXOXOM (Ha-
NpuMep, NpK BHITATMBAHMK KapTht H3 KOJIOABI) BepOSAT-
HOCTh OCYILECTBJICHHA QAHHOro cOObLITHS HNPHHHEMAaeTrcA
PaBHOW OTHOMIEHHIO YMCJa HCXONOB, MPH KOTOPhIX 3TO
COBLITHE HMEET MECTO, K OBLIEMy-4iCJy BO3MOXHBIX HC-
xon08. MIMeHHQ Tak nopcuMTHIBAIOT WIAHCHI B a3apTHeIX
urpax. B npomeniune BpeMeHa Teopus BepoATHOCTEHR
B OCHOBHOM M HCNOJIb30BaJach TOJLKO AJA 3TOFO, OXHAKO
B 20-M Beke 3Ta TeopusA nperepnesna riayGoKue H3MeHe-
HHA 1 fpeBpaTuflach B BaxKHeHWIR# K pasBerB/CHHRIA
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pasjen MaTeMaTHKH, HalUeAlIK# NpuMeHeHHEe He TONbKO
B JIpYrHX ee paajgenax, Ho ¥ B HHBIX HaykaX. Tem He
MeHee JIOrHyYecKas CTPYKTypa TeOpHH BeposiTHOCTEH yau-
BUTE/IbHO TpocTa. B aTtoM maparpade Mbl gapum oburee
onmucanue 3To# Teopud u 0630p ee pa3BHTHA, a B CJie-
IYIOLIeM KOCHEMCH HeKoTophix Gonee cneunanbﬂux BO-
NPOCOB K PE3yJILTaTOB.

Hcxon MHOTHX 3KCIEPHMEHTOB (TaKMX, KaKk 6poca-
HHE MOHETH! WM MrpasbHOM KOCTH, BHITArMBaHHE KapThi
M3 KOMOAB 1 T. I.) HeNb3s C YBEPEHHOCTHIO fipefacka3aThb
sapanee. OnHAKO OGLIYHO MOXKHO MEPEYHCAUTh 6Ce 603-
MOUCHble ucX00bl, H BO MHOTHX cayuasx ofliee uHCIO
TaKHX HCXOAOB KOHEYHO (XQrsl MHOFLAa HEMBICJHMO Be-
ko). HonycrnM, uTo Mm 3anHTepecoBaHbl B OCYIIeCTB-
JIGHHH MCXOHa, MpHHAANEKaIUero HEKOTOpPOMY NOAMHO-
JKECTBY MCXOOB, H XOTHM KaKHM-TO Pa3yMHEIM 06pa3oM
npunucath cOOLITHIO, 3aKMOYAOIUEMYyCsi B TOM, UTO HC-
X0 NPHHALNEKHT 3TOMY NOZMHONECTBY, HEKOTOpOe
yucao. ]

Bonee abcrpakTHO, Kawmdomy NORMHOXKecTBY A MHO-
ecTBa Q BCeX BO3MOXKHBIX MCXOAOB MB XOTHM NpHNH-
catb uucno p(A), Koropoe MoxHo Ohino Obl cuMTaTh
Mepoii NpaBAOMOLOBHOCTH TOTO, UTO HCXQL npuHanie-
XKHUT MOAMHOXECTBY A.

B cayuae, Korma Q — xkoxeunoe MHoXecTBO, Jlamnac
OpefnoXnua onperensatb p(A) Kak OTHOLIeHHE uuca
v(A) 5/1eMeHTOB A K ofmeMy tmcny v(Q) anementos. Q,
T. €.

v (4)
p(A)“_‘ v’

pasyMeeTcs, NPH YC/IOBHH, UTO BCE HCXOLbI, NMpHHAJIe-
XKauie MHOXecTBY £2, MOXHO CUHTaTh paBHOBEPOAT-
HBEIMH. '

ITocneznee ycnoBue Co3zaeT NOpoUHLHA Kpyr, u6o mo-
HATHE 8EPOATHOCTU Onpenensercs uepes MOHATHE PABHO-
6epoaTHocTy. C YUCTO TEXHHYECKOM TOUKH 3DeHns onpe-
Ienenne Jlammaca CBOAMT BHUHCJAEGHHWE BePOSITHOCTEH
K MOACYETaM.

ITpumeHeHre 3TOro onpeneneHns Mb NPOHMTIOCTPH-
pyeM Ha THRHYHOM HpHMepe. '
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Jonycrtam, urto Mbl 12 pa3 noabGpactiBaeM MOHETY H
XOTHM HaHTH BEPOATHOCTb TOrO, UTO MpPH 3TOM repl Bbl-
nager posuo m pa3 (1< m <n) O6o3naunm Gpocanwe,
B pe3yabTare KOTOporo Buinas rep6, 6yksoit I', a 6poca-
HHe, NpPH, KOTOPOM Bhifaja pe’merxa,——ﬁyxaoﬁ P. Torna
HCXoR n OGpocaHHil MOXKHO 3aNUCEIBaTh B BHAE MOCHENO0-
BaTeJbHOCTH 1 OYKB, KaXAas U3- KOTOPHX ecTh Jubo [,
an6q P, HasoBeM Takyio NMOC/eXOBATENBHOCTDL «CJOBOMY.
Torpa MHoxkecTBO Q BCeX BO3MOMKHBIX HCXO0LOB 1 Gpoca-
Hufi — 3TO MHOXeCTBO BceX CJIOB ANHHB 1, o6pasoBaH-
HbIX 3 nByX 6yks I u P. MoXHO Nnokas3aTh, YTO obLlee
YHC/IO TaKHX CJI0B paBHo 2%, 7. e. ato v(Q) = 2" Cxonp-
KO M3 HHX cojepxar posHo m .Gyks [I? Iloacuer smecn
CPABHHTEJIBHO NpOCT.

Ilposenem stor nojgcuer TakuMm o6Gpazom, utoGul npo-
HJLJHOCTPHPOBATL OAMH METOJ, OUeHb NOJE3HBIH BO MHO-
tux caryauusix. OGosnauum uwepes  C(n;m) HcKomoe
YHCAo cloB H paccMmorpuM C(n + 1; m), T. e. uncso caos’
IuHbL 1+ 1, copepxaniux m 6yKB I'. Hactb 3THX C/10B
okaHuuBaerc GYyKBoA P; UHCIAO MX DABHO YHCJY CJOB
MJIAHEL n, copep:xRamux m G6yks I'. Ocranbubie ORaHYH-
BaioTed 6yxBoﬁ I'; yucno uX paBRO YMCAY CJIOB AJIHHLL A,
B koToprie 6ykBa I Bxoaur m— 1 pas. CnegoBaTennHo,

Cin+1; mi=C(n; m)+C(n; m¥-l), (»

¥ Mbl NOJYYHJM TO, YTO HA3LIBAETCHA PEKYypPpenTHOU dop-
myaoi; sta GopMysia NO3BOJAET CBECTH 3azavyy A CJ10B
u3 n + 1 6yke k TO# Xe camMoli 3apade ans n-6yKBEHHBIX
cioB. Takoil Meron Ha3wiBaetcs undyKkyued; ¢ JPYrum
npuMepoM NPHMeHeH#S HHAYKIHH (COBCEM MHOTO Xapak-
Tepa) MBl YKe BCTPevasucCh NPH [OKa3aTebCTBE JEMMbl
IlInepuepa. _
Pexyppeumas ¢opmyna (+) mossonser Hawm s
C(n; m) siBHOe BhipaXKeHue: , . ‘
- ——— n -
Cn; m)= (n—m)lml"®
Yucna C(n; m) ——3TO HE YTO MHOE, Kak Gnnomnanbnme
K03 duUHEeHTHI !

(x+y)*=Cn; 0)x"+C(n; Dxr—ly+ ... +
+C(n; m)yxn=mym +..., +C(n; n)y™



TIPHMEPH 63

Ecan-ucxonbl BceX n OpocaHHil MOMKHO paccMaTpH-
BaTh KaK paBHOBEPOATHbIE, TO.NO onpefenenuto Jlannaca
BEPOATHOCTh /M-KPaTHOTO BHIMajenus rep6a npu n Gpo-
CaHHAX MOHETHl paBHA

C (n, m) _ n!
p(m)= 2" (n—m)tml?

H60 O6Iiee YHCNO BOSMOMKHBIX HCXOZLOB (1. e. n-6ykseH-
HbIX cJ0B u3 6yks I’ u P) pasHo 2%, a-uuciao Tex u3
HHX, B KOTOpHIX rep6 Bbilagaer m pas, pasho C(n;m).

HonyctuM Tenepb, uTo Mbl n pa3 Bel6pachiBaeM

HTPaJbHYI) KOCTh U XOTHM Y3HaTh BEPOATHOCTH TOTO, 4TO
" JBOHKa BhiMajer POBHO m pa3. Uncno BCeX BO3IMOMKHBIX
HCXON0B 3/1eCb paBHO 6", W Ham_ocraercs TOAbKO NOA-
CUMTaTh, B CKOJbKHX H3 HHX JABOHKa BCTpeuaercsl POBHO -
m pas.

O6o3naunm OpocaHne, B KOTOpOM ‘Bhilala ABOMHKa,
6ykeoit I, a ocraibHble BO3MOXHKIE HCXOJbl — CHMBOJIA-
Mu Py, Ps, Py, Py, Ps. Teneprs Ha Kaxjaoe CJOBO ANHHBL A
u3 aByx O6yks I u P, conepxauiee m 6ykB [ o n—m
6yxs P, npuxopurca 5"~" cnos Toi ke AnmHH (n) H
c-TeM KoanuectsoMm (m) Gyks I', rie Bmecto P noxcras-
JIeHBl NATb PasnHYHBIX CHMBONOB. ITosToMy uucio mped-
NOYTHTEJNbHBIX HCXOZOB (T. €. TaKHX CJOB, B KOTOPBIX
pPOBHO m.pas BCTpevaercd ‘GyKBa I') pagHo

n! n—m
(n —m)t m! 5

o y OB y 0 OO
[TockonnKy, Kak 3aMeueHO Bbllie, O6llee YHCAO UCXOAOB
paBHO 6" BEPOATHOCTb: POBHO /M-KPATHOI'O BhiNafeHHs
JBORKH NPH n GPOCAHKAX KOCTH TaKOBa:

nl 5n-:n _ ! _L m(5 n-—-m
(n=m)yim! 6%  (n—m)d ml (6) '6_) :

Honycrtum Tenepnb, yTo Halia MOHeTa HeOAHOPOAHA MO
Becy (MM M30THYTa), H BepOATHOCTb BhIMaieHHs repba
npH ofHOM GpocaHHH PaBHa !/e; TOTa BEPOSATHOCTh - Bhl-
NajeHus pellleTKH NpPH OXHOM OpocaHuu paBHA 3fs. Mu
CHOoBa noja6paceiBaeM 3Ty MOHETY n pa3 U XOTHM Y3HaTh
BEPOSAITHOCTb BbiIafleHHs Tep6a B TOUHOCTH m pa3. Te-
nepp yxe AOBOJLHO TPYAHO ONHCATH PABHOBEPOATHbIE
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HCXOAbI, €CJIH He BOCIONb30BAaTbCA HCKYCCTBEHHBIM TpHe-
MOM, CHYHTas MOHeTy IIeCTHTPaHHOH KOCTBIO, B KOTODOH
ONHa TrpaHb COOTBETCTBYeT rep6y, a Bce Ipyrue— pe-
" werke. CHTyauHs CTaHOBUTCH elle MHeNpHSTHee, ecJH
HeONHOPOZHOCTH MOHETHI T2KOBa, YTO BEPOSITHOCTh BhbiNa-

IeHns rep6a uppalHOHaibHa, cKaxeM pasna V 2/2. Ipn-
XONUTCA paccMaTPHBaTh MHOTOrPaHHbie KOCTH H Tepe-
X0ANTb K TpeHmeny, YCTPEMJsis YHUCIAO TpaHed K 6GecKo-
HEUHOCTH.

Heyno6erso u JOTHYECKAs HECOCTOSTEABHOCTD onpe-
nenenusi Jlanmaca cnoco6erBoBanMM  NONO3PHTENIBHOMY
CTHOLJEHUIO MaTeMaTHKOB KO BCeMY NMpelMeTy TeOpHH Be-
positHOcTell. lesio yXyAllaJoch elle H TeM, YTO NOIbITKH
pacnmpocTpaHUTh ONpenefeHue Jlammaca Ha cay4ad, Ko-
Ima 4MCJI0 HMCXOLOB GeCKOHeUHO, NMPUBOIM/IM, Ka3ajochb
6bi, K etle GoabituM TpyRuocTsM. OcoGeHHO m/iadeBHON
cTajia CHTyallusi TocJe Toro, Kak BeprpaH monpoGosaJ
HallTH BepPOSITHOCTb TOTO, YTO «CJAyyailHo» BuibpaHHas
XOpa HEeKOTOPOTO Kpyra Oyner AJIMHHee CTOPOHBI Npa-
BHJIBHOTO BIIHCAHHOTO TPeYTOJbHUKA.

Ecau Mpl 3adukcnpyeM OIMH KOHel XOpAbl, TO CMO-
JKeM CYHTaTh OKPYXHOCTb NaHHOTO Kpyra MHOXeCTBOM
Q Bcex ucxoloB, a ayry ap (puc. 6) — MHOXecTBOM A
«MPERNOUTHTENbHBIX UCXOMOB» (T. €. TeX, B KOTOPHIX
XOpAa AJMHHEC CTOpPOIbi NPaBHJAbHOTO BIHCAHHOTO Tpe-
yroabHuka). [ToaTomy npexncraBasieTcss pasyMHBIM noJja-
ratb HCKOMYIO BePOSITHOCTb paBROH !/; (oTHoWeHHIO
IJHHBI OYTH of K AJHHE OKPYMKHOCTH).

C zpyroft cTOpOHBI, MOXKHO CYHTaTb, YTO XOpZa Onpe-
gensiercs ee cepenuuoit M, W paccMarTpuBaTh. BHYTPEH-
HOCTb KpyTa KaK MHOXeCcTBO Q BceX BO3MOMXKHBIX HCXO-
noB. Torga MHOXKeCTBOM A «IPEANOYTHTETbHEIX HCXOZOB»
OymeT Kpyr, 3alUTPHXOBaHHBIA Ha puc. 7; ero pamuyc
paBeH TIONOBMHe pajxuyca  HCXOZHOro Kpyra. Temeps
npelcTaBiseTcss He MeHee PasyMHLIM CUMTATbh HCKOMYIO
BEPOSAITHOCTb PaBHOM /4, T. €. OTHOWEHHIO NJIOWARH 3a-
[ITPUXOBAHHOTO Kpyra K NJOIaAHd KaHHOTO. _

To, uTo ABa Ha BHA BNOJHE MOAXOASLKX cnocoba pe-
weuuss 3TON 3ajayd NPUBEJH K pa3HbiM OTBeTaM, Gbijo
HaCTOJIbKO MOPA3UTeJIbHBIM, YTO 3TOT HpPHMep CTaju Ha-
3LIBATh «napanoxgom Beprpana». Koneuno, 310 He J0-
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THYECKHH NMapafoKe, a MONPOCTY NpelocTepekeHHue Npo-
THB 6e3LyMHOTO ynoTpeG/eHnsl BHIPAXKEHUS <«CJAYYafHO».'
Bkyne ¢ ApyruMu OBYCMBICTEHHBIMH 1 HEONpPEAENEeHHBI MU
BHIPAXKEHUSAMH, 3TOT TEPMHH HeMaJ/o CHocoGCTBOBAM YCH-
JIEHH10 OTPHIATEJbHOTO OTHOHIEHHS KO BCeMy, UMeBUIeMY
4To-1160 obliee o CJAYYaeM H BePOATHOCTBIO.

O6cynuB HexzocTaTKu Teopuu Jlammaca, onmuuieM H
OJHO U3 ee BbIAAIOLIHXCH HOCTHKEHHH. .

Ecin HEoZHOPOZHOCTh MOHETH TaKOoBa, YTO BepOsT-
HOCTh BbimafeHusi’ rep6a npu ogHoM OGpocaHuu paBHA p

B

Puc. 6. Puc. 7.

(4, C/AeZOBaTENbHO, BEPOSITHOCTb BBIMAJEHHs pElIeTKH

‘paBHa ¢ = | — p), TO BEPOSTHOCTb DPOBHO M-KPATHOIO
Bhinafenus rep6a npu # GpPOCaHUAX COCTABIsET

n! :

mi (n=m)l P

(orHuecKHe TPYAHOCTH Mbl TNOKa ocTapiseM 0e3 BHu-

Manus). Jlanaac- (ciepys Gomee panneit pabore Myas-

pa) HOKasan CJAeAyIOWYId TEOpeMy: BEPOSITHOCTBb Toro,

4TO yuCJa0 rep6oOB, BbINaBIMX NPH A GPOCaHUsX, 3aKJIO-

YCHO MEeX Iy :

np+al2pgn u ap+PBV2pgn
(rie @ u P—s3ajaHHbie uHMCJa), NMPH BO3PACTAHHU N
CTaHOBUTCH Bce Oamke n GauKe K BeJIMYMHE HHTerpaa
. 6
.f e~ *2dx,

Von :

mqn-m

3 3ax. 1
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T. € K TNJIOWAaAH 067acTH, OrpaHHYEHHOH FrpadHKoM
-yl -2,

dynkunn y={1/V2x)e™*", oceio abeunce H HPSAMBIMH

x=o H x=f (puc. 8). JIpyruMn Cj0RaMH, IPH 7 —> oo

BEPOATHOCTL TOTO, YTO YHCJO TepOOB 3aK/IOUEHO MEXAY

Puc. 8.

np+aV2pgn w np+PV32pgn, crpemurcs K mpe-
aeaxy

1

Von

B
I e~¥2dy,
a

YemM xe 3aMeuaTeseH 3T0T pesynnratr? OcBo6oxKIeH-
Hast OT BEPOSITHOCTHOH TepMMHOJOIMH TeopeMa Jlannaca
(un# Tounee TeopeMa Myaspa — Jlannaca) npespatHTCs
B HEKOTOPOe YaCTHOE yTBepiKieHHe 0 OHHOMHAJbHBIX KO-
s¢p¢duunentax C(n; m), Ho MaTeMaTHuecKas JuTepatypa
H TaK KHUIMT TeopeMaMn 00 3THX Koadduuuenrax. Uro-
6Ll OLEHUTh 3HaYEHHE 3TON TEOPEMbl, HYXHO BHIHTH 3a
Npefiesinl YHCTOR MaTeMaTHKH. '

Bo-nepsuix, sTa TeopeMa He TOABKO KA4ECTBEHHO Ha-
XOJHTCS B COINIaCHH C Hamel WHTYHUMEH, HO H YTOUHSIET
HHTYHIHIO KOAU4ECTBEHHO. «BeposTHOCTb ecTb YTOYHEH-
HBIH 3paBblil CMBICA» — TaK BBIpaswi 310 c¢aM Jlammrac,

Ecau Mbl Gyaem nonbpaceiBaTh «4ecTHyO» (He Qadb-
wuByw) ™monery (p =g =15) 10000 pas, To B coor-
BeTCTBHM C HMHTYHUHeil Mbl OyleM OXHAaTh .NpHGAH3U-
teqpbHo 5000 rep6os. Teopema Myaspa — Jlannaca ro-
BOPHT HaM, 4TO ¢ BeposTHOCTBIO okoso 0,99998 uucmo
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rep6os- 6yger nexarb Mexay 4850 u 5150 u c Bepoar-
nocteio 0,8427 — mexzy 4950 u 5050.
Bo-BTOpHIX, KpuBas
y= V;_n- e=¥2

HJH HecKoJibKo GoJee 06[11851 KpuBas

y= ——— g {x—m)¥20?

G V2n

MHOTOKPAaTHO BCTpPeYaliach B 3IMIHPHYECKHX HCCIENOBa~
nnsax. Ee wacro uashlBalOT HOpMAAbHOU KPUBOH, WJIH
KPHBOH HOpMaJIbHOTO pacnpefiesexus. To, 4To Hamsiach
maremaruieckas modens, KOTopas NMPHBEJIA K ITOH KPH+
BOH, GbLIO BeChMa 3HAMEHATEJNbHO.

Hcropus Teopun BeposiTHOCTE# Jaer HaM Tpekpace
HbIfl IpUMep B32aUMOOTHOLIGHHS ABYX NPOTHBOMNOJJOMHBIX
TOYeK 3pEHHS Ha MaTeMatHKy — HcXoAsliedl H3 - norpeb-
HocTell «4uCTOR» M M3 moTPebHOCTEH <«NPUKIaRHOMN»
Hayku. Jlas mypucra teopema Myaspa — Jlanjaca ss«
Jfercs, caMoe Gogbliee, BKJIAAOM B LIMPOKOE 10Je Y3KO- -
ro pasjesa 3HaHUS, KacawoIIerocs GHHOMUAJNbHBIX KO3(«
¢unnentos. [lepsoHayanbHOe AOKA3aTEALCTBO OCHOBRIBA+
JIOCh Ha H3BeCTHOM acumaroTyeckoft dopmyne Crup-

Jgynra
PP Y J—
~ (‘;) V2Tm',
rie CUMBOJI ~ O3HadaeT, YTO HMeeT MeCTO npefleJIbﬂoe

COOTHOUIEHHE
lim [n!/( ) V%]= 1.

-y oo

IMoatoMy nypuct paccymui 6w, 4TO €ClIH 3TOH Teopeme
H MOXHO NPHAATh KaKylO-TO <IJYGHHY», TO HCKJIIOUH=
tesibho no Mujoctn Crupaunra. Hakouen, on oreepr 6wt
BePOSITHOCTHYIO HHTEpNpeTanyio fI0 NPUYMHE €€ JIOTHYe-
CKOMl HECOCTOSITENIBHOCTH H OcTaJjcsi 6bl TJIYX K TOMY CO~
obpaxennio, uro Teopema Myaspa — Jlannaca, Heco-
MHEHHO, OKa3ajach BamHOH CTYNEHbIO HA NMYTH HccTe-
JOBaHKus WUPOKOrO0 MHOroobpasuss CaAyYaHHBIX SIBJEHHH,

3&
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CT0/ib CypOBO€ OTHOLIEHHE K BEPOSITHOCTHLIM 32KOHaM
JCHCTBHTE/NBHO CYLIECTBOBAJIO, H OHO NIPHBEJIO K TOMY,
4YTO TEOPHS BeDOATHOCTEH KaK MaTeMaTHYeCKass THCLHI-
JIfHa2 BpeMeHHO 3ayaxJa K HHTepec K He#t BO3POARJICH
TOJALKO B Hayagae 20-ro Beka 6Jarogapst ycreliHelM 4 3¢-
(heKTHLIM ce IPHMeHeHHAM B (PH3HKe.

B perpocnekTupe JOTHYECKHE 3aTPyNHeHHs, ¢ KOTO-
pbIMH CTOJKHYJach Teopusi Jlamnaca, okasamuch HesHa-
YuTeNbHLIMH; TeM He MeHee MNONLITKH JAaTh CTPOToe
0o60CHOBaHHC TEOPHH BEPOSITHOCTEH HCKJ/IOYUTENbHO 6.1a-
TOTBOPDHO NOBJAUAJNU Ha NpeiMeT B LeJ0M.

CoBpeMcHHAs TOYKa 3peHUA cosceM npocra. Us muo-
JKEeCTBa BCEX BO3MOXHBIX HCXOJ0B (HA3HIBAEMOTO <IIPO-
CTPAHCTBOM BbLIGOPOK») BhIOHPAETCA COBOKYITHOCTh NOX-
MHOXCC¥B (HA3bIBaEMBIX «3JIEMEHTAPHLIMH COOBITHAMUS ),
KOTOPEIM pa3 W HaBcerja NPUNUCLIBAIOTCS BEpPOSTHOCTH.
BepositHocTu 6Gosiee CAOMHBIX COOBITHH  BBIMUCJSIOTCH
NpH NOMOIUM JBYX CAelyIOLIHX aKCHOM.

1. AgcuoMa AaxutupHoctu. Ecau Ey, E,, ...— He-
COBMeCTHMbie COGHITHS (T. €. COOTBETCTBYIOIHE MM NOI-
MHOYKeCTBa B IPOCTPAHCTBE BLIGOPOK He HUMEIOT O6LUX
3JieMeHTOB), 7O BepositHOCTh (Prob) cobuitua {E; wau
E; nway ...} paBHa cymMe BepoATHOCTEH COCTaBASIOLIUX
cobuiTuil (paaymeercs, NpU YCJOBHHM, YTO 3THM COCTAaB-
JAI0IMHM COOLITHAM MOMXKHO npunucarb BEPOSATHOCTH);
HTaK, :

Prob{E,. nu E, wnm ...}=
' = Prob{E;} + Prob{E} + ....
2. AKCHOMA 1onoJHEHUS. Ecin- HekoTopomy COGLITHIO

E mOoXHO mpunucaTh ONpeJefeHHYI0 BEPOATHOCTb, TO H
CoObITUIO «He E» MOXKHO NPHNHCATL BEPOSITHOCT.

Haxkonen, Bcemy npoctpasctiy Bblﬁopox NPHIUCHI-
BaeTCsl BepOSTHOCTL 1:

Prob {Q} =1.
Bocnoabsopasuuchk 06eHMH aKCHOMaMH, MOXHO, HANPHU-
Mep, noAcYuTaTh, 4yto écau Prob {E} onpenenena, 10

Prob{ne E}=1— Prob{E}.
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S

[Touemy BbiGpaHbl -MMEIHO 3TH aKCHOMbI? OGbIYHO OT .
axcuom Ttpebyercsi, yTOObI OHW CBOIMJH B HEKHH KOHEKC
WHTYUTHBHblE TIpeACTaBJeHHs K JHONyCKaJW Henocpen-
CTBEHHYIO 1po8epKy B Psiiie TPOCTHIX CHyyaes.

[TpuBenennbie Bbile aKCHOMBI, OYEBHIHO, BBIICMI-
HSIIOTCS BO BCeX CHTyalMsX, B KOTOPHIX onpenc/aeHue Jla-
nJaca NPUMeHUMO W He NPHBOAUT K HeOmpPelNe/eHHOCTH, K
HaxoxATCsl MOYTH B MOJHOM COOTBETCTBHM C HHTYMTHB-
HBIM NPEACTaB/JIEHHEM O BePOSTHOCTAX.

Baxuoe uck.ouelne H3 3TOro npasuja Mu! HaxXxOAuM B KBalTO-
Bofi mexanuke. JlonycTiM, 4To 32 3kpaHoM (a) ¢ ABYMs MajbiMu OT-

BepctHsME A ¥ B noMetlleH HCTOYHHK S MOHO3HEpreTHYecKHX ie-
KTpooB (pHc. 9). DaekTpoHbI, NPoiAR uepe3 OTBEPCTIA, AOCTHUTAIOT

-
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Puc. 9.

apyroro skpana (b), rae oHm perumcrpupyiorcsa cuerdnkams. Hony-
CTHM, 4TO om%)cme B 3axpuiro. Torga aAeKTpoHb MOTyT NMPOXOAMTH
TOJILKO uepes A, ¥ ecn Obl OHHl Benn cebs CTPOro KAaccHyecKnm 06-
paszoM, onu coGupanuch 6bi BOIH3H Toukd A’, B KOTOpOit npaMmas,
coepmisiouass S ¢ ueuTpoM oTBepctHs A, nepecekaer skpaH (b). Ha



70 Y IJIABA 1

CaMOM JieJle HX PachOJOKeHHeM YBpaBAsier «Clyuaii», H Jiyulllee, uTO
MOKHO CA€JaTh, — 3T0 NpuUNHCATh Kam a0l obnactd R ma skpane (b)
BEPOATHOCTL P4 (R) Toro, yto anextpon moman euyTps R. Axano-
THIHO, Pp(R) — BePOATHOCTS TOFO, UTO 3AEKTPOH, BbLAETEBIIHA H3 S,

nonajer B o6nacts R #a skpaHe (b) npH yCJAOBHH, YTO 33KPHTO OT-
BepcTHe A. .

Ecan oba oTseperns oTkpuiTh, To B COOTBETCTBHH ¢ aKCHOMOR
AJIHTHBHOCTH BEPOATHOCTL P4 wam 5(R) A0OAKHA Gbina Obl paBHATDL-
ca cymme Pa(R)+ P3(R). Oanako SKclepEMEHTANbHO YCTAROBJEHO,

4YTO 3TO He TaK;
Py um 8 (R) %~ P4 (R)+ Py (R).

Takum 06pasoM, Kaxymeecs oueBuiHBIM yTBEpIKACHHE, YTO 3Je-
KTpoH, nonasliuit Ha skpan (b), doaswen 6uN npoittu aubo uepes A4,
nHGO uepes B, Hecocromrembho. ITombiTKa YCTAHOBHTbL 4Yepes KaKoe
OTBEPCTHE Ha CAMOM Jede MpoLIes 3AEKTPOH CBA3AHA CO CTOJb CHJlb~
HbiM BMeINATEILCTBOM B XOA 3KCMepUMEHTa, 4TO ero KOHEUHbIH pe- .
3Y/IbTAT USMEHAETCA ¥ aKCHOMa aJAHTHBHOCTH BOCCTaHaBAHBaercH!

AxcuoMBl afguTHBHOCTH W JONOJIHEHHS  SIBJISIIOTCS
CJHIIKOM OGIMMH ¥ BCeOGBLEMTIOLIKMHE, YTOObl OHH OXHH
MOIrIR CHYXHTbL OCHOBaHHeM Tako#t Gorarofi W mnrogo-
TBOPHO! TeOpUH, Kak Teopus sepoatHocTeir. TeM me Me-
Hee, KaK Mbl YBUAUM B cienyiouieM naparpade, nse 3T
aKCHOMBI HMEIOT IIy6oKoe MaTeMaTHYECKOe CONEpIKaHHue.

B ocuose mpeamera nexur BHGOP «3MEMEHTAPHBIX»
COGBITRA U pelleHHe BONPOCA O TOM, KaKHe BEPOSTHOCTH
HM CJenyeT NMPUNHcaTb. 3xeCh BCTYNAIOT B CHJAY HEMa-
TEMATHYECKHEe COO0paXKeHHs, U HAM OCTAeTCH JHUb YIOo-
BaTb Ha TO, TO SMIHPHYECKHA MHP OTKPOeT HaM MyTh
B MHOTOOGEIaI0ke 06/1aCTH HCCAELOBaHHS.

Bepuemcs x Gpocannsm momerst. Hbitasico NOCTPOHUTD
KaKy10-HHOYb PEANHCTUYECKYIO B TIOIE3HYIO TEOPHIO, Mbl
AOJUKHBL CHRYaJ1a PacCMOTPeTh ABA COBEPIEHHO PaaJind-
HBIX BOMPOCA: i

(1) Kakoea Monera, KOTOpy1o 6pocaioT?

(2) Kakos Mexauuam Gpocannir? \

[epsoiit BOMpOC Kacaercs cBOACTB camoil MOHETHI§
BTOPOH — TOTO, UMEeTCs WJM HEeT KakKas-HHOYHb 3aBHCH-
MOCTb MeX1y NOC/HenoBaTebHLIMU GpocaHusiMU (M eciiH
Jla, TO Kakas). )

YUToGH nonHee OLEHHTL 3Hayeuue STHX ABYX MOMeH-
TOB, MpupefieM Takofi npumep. Honyctum, uTO paccMar-
PHBAETCA CTATUCTHYECKAasl CTPYKTypa aHIVIMACKOrO S3bl-
k3. Byksbi B aHIVIMHACKMX TeKCTaX BCTPEYaloTcs ¢ Ompe-
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" AefIeHHOH 4YacTOTOH, KOTOpas MaJio MEHSeTcsl OT TeKcra
K Tekcry. Tak, aMOMpHYeCKH YCTaHOBJIEHO, YTO OKOJIO
13,06% BCex 6yKB nagaer Ha GykBy e, 9,02% —nua t,
6,81% —una a. Boo6pa3um 26-rpaHHyio KOCTb, Ha Tpa-<
HSIX KOTOpoH Hanucaunl GyKBbl andasHTa, npnqu nony-
CTHM, YTO 3Ta KOCTh HEOAHOPOJAHa N0 BeCy, TaK 4YTO Be-
poATHOCTL BhIMAfCHRSA KaxJAOH TPaHH paBHa 4acToTe,
C KOTOpOH HaNHcaHHas Ha Hel O6ykBa 8CTpedaercs
B-A3nlKe. MoxHO Aake No6GaBHTh 27-10 TpaHb, OTBeYalo-
Hiyl0 3HaKy npofena Mexay CJAOBaMH, H CHeNaTh CO<
OTBETCTBYIOLIEE nepepacipefiefiesde Becos. Bpocas a3ty
KocTth, ckaxkeMm, 10000 pa3s, Mbl MOMyYrM TEKCT, B KOTO-
poMm 6yKBbi H mpoGen GYAYT BCTPeYAThCs MOUTH C TOH
2Ke 4acToToH, UTO W B aHIVIKHCKOM s3pike. OfHaKe 3To
He GymeT Moxo:xe Ha aHTJUHCKHH TeKCT, MOKa Mbl He MO~
3a6oTUMCSH O TOM, YTOGH OnpefeneHHbIM 00pa3oM cKOp-
peauposars Gpocanus. B camom pmene, Mbl SHaeM, 4TO
nocje t yame Bcex Bcrpegaercs Gyksa h, uro n dame
Bcex! Apyrux GykB ObiBaeT B KoHHE cjoBa (T. € Npef-
mectByer mpo6Geny) u 1. 4. C y4eTOM 3THX YTOUHEHHH
NONYYEHHBII TEKCT CTaHeT HaMHOTO OGoJblie NOXOXKHM
Ha aHIVIMACKHHA, a ec/K emle HaBecTH MNOPSAMOK ¢ TPH-
rpamMamu (7. e. HaGopaMu K3 Tpex NOC/IelOBaTeNbHBIX
6YKB), TO TEKCT yXKe BNOJHE MOXKUO OyAer BbIIlaBaTb 3a
aHTJIMHACKHUE.

DKCHEPHMEHTEE TaKoTo pona NPUAYMaJ] U OCYILECTBRA
Knop IlleHHOH B CBA3H CO CBOHMEH NepBLIMH B 3TOH 00«
JlacTH TIPeKpacHbIMH paboTaMu no Teopun HHOpMauuu.

BepueMmcs k Hawe#i monere. Ilpocreiimine npeanoso-
JKeHHS 3/eCh COCTOSIT B TOM, YTO MOHETa «4YeCcTHad»; Bbl-
NajefHi Kak repfa, Tak M pelleTKH NPHNHCHIBaETCH
BEPOSITHOCTD !f;, 2 GpPOCAHHS CUMTAIOTCS HE32BHCHMBIMHU.

Tlouarue HesasucumocTy WrpaeT UEHTPAJBHYIO DOJb
B TEODHH BEpOsITHOCTeH, MO3TOMY MbI o6CyluM ero He-
CKOJIbKO nofipobHee. .

Cob6umitusi E u F HesaBUCHUMBI B OGBIYHOM CMBICIE
CJI0Ba, €C/JHM OCYLIeCTBJeHMe OJHOI0 H3 HHMX HHKaK He
BJIUMAeT Ha OCYyleCTBJIeHHe APYroro.

B TakoM Ciy4ae Mbi AOMMHEL HMETh BO3MOXKHOCTH BBIYHCAATH
BepoATHOCTL coctaBHoro cobeitus {E u F}, ecnu H3BECTHH BepOAT-
HOCTH cocraBasomlux E u F,
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Hupimy citoBamu, e E y F 1€3aBHCHMBI, TO AO/XKHO Cyille-
CTBOBATL npABUAL0, NO3BOIsOWEe pryucaAuT, Prob {E u F} npn ycao-
BHH, YTO M3BeCTHL Prob(E} u Prob {F}. Boaee Toro, sTo npasuio
AO/DKHO GbITh YHUBEPCAMGHbLY, T, e, NpUMEHHMBIM K 1060 nape He-
33BUCHMBIX COOBITHE.

Taxoe npasumio HMEeT pun dyukuHM [(x,y) OT ABYX nepemen-
HbIX X K Yy, 4, NOABITOXHBag npeabiayulee, Mbl MOXKem CKaszaTbh, 4TO
ecitd E u F nesasucumm, 1o -

Prob{£ u F}= (Prob {E}, Prob{F}).

Paccyorpuy tenepn Cleryommi skcnepument. Tpencrasum cebe MO-
Hery, KOTOpyio MOXHO SHCIOPTHTL JMIOGbIM TpeSyeMuim 0GpasoM
(1. e cpenarn BEPOATHOCT, p primagenus repda paBuoil Ja160My
mucny mexay 0 u 1), a tagxe YeThIpeXrpanHyio KocTh, 00Jaa10uLyio
TeM ke cBoiicTsoM. Ilycry rpany Koctd obosnaveHp undpamu 1, 2,
3, 4, a coorsercrayiomue BEPOATHOCTH paBHEl Py, Pa, P3, P4, NPHUCM
BCe pi HEOTPUUATENILHM ¥ p; 4 p, + ps+ ps=1. Uro Gu uu O3Ha-
Ha/la He3aBHCHMOCTD, €CTeCTBeHHo ppecTH NPEeLII0JA0KEHHE, 4TO 3TY
MOHETY H 3Ty KOCTh MOXHO GpocaTh He3aBHCIMO, PaccmoTphM, 1a-
npumep, coboitie {I" u (1 yyy 2)}. Torzma, ¢ opHoil CTOPOIIL,

Prob {I" v (1w 2)} =1 (p, p1 + po);

C JpYroii CTOpOHmI, TNocKonbky coGbitve {I' u (1 uam 2)) SKBuBa-
JeHTHO cobbituio {(I" 1 1) yay (7 1 2)}, Ml uMeem

Prob{I" u (I nan 2= Prob {I" u 1}+ Prob {rn 2=

=f(p, p1)+ [ (p, pa)

(3ametny, uto M HOBTOPHE HCTOJIb30BAMH aKCHOMY alIHTHBHOCTIL)
Takum o6pasom.

f(P» PI+P2)=f(P, pl)+f(p: p?)
Al BCEX p, pi, Pa, BLIOGOp KOTOphIX orpaHHueH JHHlLb HEPaBEHCTBAMH

0<r<y, 0<pL 0<ps pi+p <L

Ecnn cuurats (uro NPEACTaBnserca Bronne pasymubM) dylkumio f
HEMpPEpLIBHO 3aBHCAINCH OT cpoyx apryMeHToB, TO M3 NpeJLIAYUIEro
paBelCTBa BLiTeKaer, 41O f(x, Y) = Xy, cnefoBaTeabHo, BePOATHOCTD
COBMECTHOrO OCYIIeCTB/IeHHg HEe3aBHCHMbLIX COOLITHi JOJXKHa paB-
HATLCA 1 poU3Be0enuo Beposrroerei Ka)XJloro M3 HHX B OT/Aedb-
HOCTH.

910 paccyxaenie (Kotopuiy M o6s3anm T. Hlrefinraysy) ss-
JAeTCA MpeKpacuo HAMIOCTpan kel nedopMaNbHBIX (MOXKHO GLIRO Obi
CKa3aTb «3aKyJHCHLIX») CoaGpaxenitii, npeawlecTBYIOWHX GOPMaIDL-
lioMy onpefenenuio. 3to Paccykpenue takoro pona: «Mul Ha caMoM
liesie He 3naeM, YTO TaKoe He3aBUCHMOCTb, HO deM Gbl oHa HH Obl1a,
€CJIH OHA HMeeT CMBICH, TO Ong No/KHa 06/1aKaTh CJAeAYIOIHMH CBOJ-
CTBAMH...», HOJy‘mBV U3 9THX CBONCTB noAxoasuide cChaelAcCrBuUd (Ha-
Npusep, f(x,y) = xy), MaTemarux yKe MOXeT yCTaHOBHTb JOFHYe-
CKYIO CBfI3b NOHATHH M OpeqnoxnuTs gopmasvroe onpede/teuue:
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JlBa cobeitust E u F (uau nwoboe KOHEYHOE YHCIO
COOLITHI) HA3bIBAIOTCHA He3aBUCUMOLMU, €CJIM K HUM TIpH-
MEHHMO Npagul0 YMHOJNCEHUA BEPOATHOCTEN, T. €. eCJd

Prob{E u F}= Prob{E}- Prob {F}.

Cyutecrsyer euie ofuH cnoco® 00OCHOBATH NPABHJIO
YMHOXEHHUSI BEepPOSTHOCTEH mJisi He3aBUCHMBIX COGHITHUIL
On onupaercst Ha NOHsITHe YacTOTsl. JIOMYCTHM, UTO B 1
ucnbitaHusx n(E) pas npoHcxonut cobwuitue E, n(F)
pa3-—cobuitue F u n(E u F) pas npoucxomsit oZHOBpe-
MeHHO 06a cobuituss E 1 F. MHTYHTHBHO KaKeTcst, uTO
4acroTa, ¢ KOTOpoil cobbiTHe BcTpeyaercss B AJHHHON ce-
PHH HCTIBbITAHUH, JOJKHA B HEKOTOPOM CMBICJE CJAVKHTb
npubnuKeHneM ero seposTHocTH 1). TTocKobKy

n(EmwF) n(EufF) n(F)

n n (F) n !

Mbi BHIHMM, 4TO YacCTOTa OXHOBPCMEHHOI'O OCYLIECTBJe-
HHs coObituit E 1 F B n MCOLITAaHMSX PaBHA NPOH3BEIE-
BHIO yacToTHl cobbiTusi E B n(F) ucnbiTaHHAX, B KOTO-
pHIX ocyulecTBAasieTcsi F, Ha yacroty coObitus F.
Tenepbr MmoxHO 6bi10 GBI paccyxpmaTh Tak: ecan E
U F He3aBuCHUMB, TO HHOPMALHUSA O TOM, YTO NPOHM3OUINO
cobnite F, ie TO3BOjsieT MPEACKa3aTh OCYLIECTBJIEHHe
WM HeocylicecTsaenHe cobuitis E; noatomy wacrora co-
Ouitust E B HCNBITAHHSX, B KOTOPHIX ocyliecTsasiercs F,
JAOJXKHA NpUOJMIKEHHO PaBHATbCS OOLIell wacToTe COObI-
THA E B n ucnbitanusix. MHaue rosopsi, MOXHO O/KHAATh,
YTO C HEKOTOPOH CTeileHbi0 TOYHOCTH
n(Ew F) _ n(E)
n(F) ~— n

') dusukn (nposB/sA HEKOTOPYIO JNOTHUECKYIO HeTpeGoBaTelib-
HOCTb) (aKTHUECKH OTOXIECTBJSIOT BEPONTHOCTH C vyacToraMu. Ta-
KoM TNOAXOJ CBA3aH CO MHOTHMH TPYRHOCTAAMH, HG0 KOL[a 4YHCIO
HCMILITAHHI HeorpaHHYeHHO BO3DAcTaeT, NPHXOLHTCH MNepeXORHTh K
npefesiaM. Puxapn ¢on Mmsec nuitancs akCHOMaTH3HPOBATb TeOPHIO
BEpOATHOCTEH, ONMHpasChb Ha DAaCCMOTPeHHEe HACTOT B ONpelelieHHbIX
beckonesnoix MOCJelOBATEbHOCTAX HMCMHITaHKMA, KOTOphle Ol HasHBaJ
koasexTuganmu. C HEKOTOPHIMH BO3NHKHIMMH 3/1eChb Ha MEPBHIX Nopax
JIOFHYECKHMH TPYAHOCTAMH yhajoch cupaBiTecss A. Bambay, oanaxo
STOT HOAXOH lie TNOJYYHT CKOJbKO-IHGYNb WIHPOKOH MOMNCPKKH
Cpenn MaTeMaTUKoB.
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I, CJAeA0BaTeNbHO,

n(EwF) _n(E) nF,
n T n Ta?

9TO CHJIbHO HANOMHHAET Tpelbifylliee COOTHOUIEHHE
Prob{E n F}= Prob{E}. Prob {F}.

Takoe sBpuctnueckoe «0GOCHOBaHMe» HHYEIo He MO-
Ka3blBaeT, HO OHO BOSBPRINAET HAC K NPABHIY YMHOXe-
HHSl BEPOSTHOCTeil, KOTOpPOe BHICTYNaeT 3JeCh'B COBEp-
IJeHHO LPYroM KOHTeKcrel).

Jloropopusmuch 0 TOM; YTO HE3ABHCHMOCTH O3Hauaer
TNPUMERUMOCTb NPaBHJa YMHOXEHHs BepOATHOCTeH, Bep-
"HEeMCS K JIanjiacoBOH MOHETe.

,  Ecau Opocanus npeanonaraiorcs He3aBUCHMbIMH, TO
BEPOATHOCTb, COOTBETCTBYIOL(as] HEKOTOPOMY KOHKDETHO-

My CJIOBY BHAa
I'TPP ... PI,

conepxallemy m OykB I’ (1 n—m Gyks P), paBHa
pmgn—m, Bceero mmeercss C(n;m) takux cjoB, NO3TOMY
(B COOTBETCTBHH ¢ aKCHOMO!l aIAMTHBHOCTH) BEPOAT-
HOCTb TOTFO, UTO HPH N He3asucumoix Gpocanusix repb
BbiNia/leT POBHO m pas, pasHa C(n; m)pmg—™. Mu npn-
uam K Toi Ke ¢opMmyse, uTO H paHblie, HO yxXe Oe3
CCBIIOK Ha «PaBHOBEPOSTHOCTb», BMECTO 3TOrO Mbl OfH-
pa/inch Ha ROHATHE He3aBHCHMOCTH.

W sto ne mpocto mepesox paccy,xneﬂnn Ha apyroi
I3bIK: aHaJ13 HOPMaJlIbHOH KpuBOM

e—x7/2

y= Vﬁ

') Xors $opmMasbHO HHYETO HE JOKA3aHO, namle OLLyuieHHe, YTO
Mbl Ha TPABAJHHOM MYyTH, HECKONBKO yKPeNMHIOCh, HGO Ham YAAAOCH
KaK-TO «CBEeCTH KOHUH C KOHUaMu», B TeopeTudeckoil (usuke BO3-
MOMCHOCTB T4KOTO' «YBSSEIBAHUA> ABJSETCA BAXMBLIM (a YacTO H eXHH-
CTBeHHLIM) TMyTeM K HCTHHe. B Marematuke e kakas-To He3aMeyeH-
Hafl DOPOTHBOPEYHBOCTb HJAH  OHGOYHOCTE NPEANOCH/IKH  MOTYT
€03]1aTh MWAJIOSHIO, YTO BCe B MOPsAKe, B TO BPeMf Kak Ha CaMOM
neJe TMOPOK PAacCyXIEHHS HeyCTPaHHM, H OCTAeTCH TOAbKO' BMeECTe
c OftHmTefiHOM HameATbCA HA TO, uTO «raffiniert ist der Herr Gott,
aber )boshaft ist er nicht» («rocnogs Gor msompen, no ne saoname-
pen»
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AOKa3aJ, 4To ona’ sBaneTcs pe3yabTaToOM Ipeskie .Bcere
HE3aBUCHMOCTH MCHBITAHu#, a He MAard4yecKoil CHJIbI
¢$opmyant CrupJiunra.

PaccmorpuM, Hanpumep, nociefoBate/bHOCT HO-pas-
HOMYy HCHOpDYEHHBIX MOHeT, KoTopble nmopbpacbiBaloT He-
3aBHCHMO OJHY OT XApyro#i (MHOTA2 3TOT 3KCHEePHMEHT
HasbiBaloT cxemoit Ilyaccona). Ilyets pp B g =1—p,
_— BepOATHOCTH BbhillaXeHHsl COOTBeTCTBeHHO rep6a M pe-
WeTKn Aasa k- MoHerh.. B sTOM ciyyae He cylLiecTByeT
NPoOCTOH u KOMNIaKTHOH HopMyJnl, Bhlpakalojie#t BepoaT-
HOCTb TOTO, YTO NPH # He3aBUCHMBbIX 6GpocaHHaX rep6
Boiafier poBHO m pa3. OmHaKo, MPHCAOCOOMB K 3Toil
sajave MeTon NMpPOM3BOAAIMX (yHKUHMH, KoTophiii 00cCy-
xpanca B § 7, MOXHO JoKasaThb CleRyoiine oéoémemm
TeopeMbl Myaspa — Jlannaca.

BeposTHOCTL TOTO, YTO YHC/IO BEINAJEHHH repﬁa npu
n GpPOCAHUAX JIEXKHT MeXAY

(pr oov +p)+eVpgi + ... +pugn

P+ s +0) 4BV i+ ov + Do

(tme o u B—sanannble (UKCHpOBaHHble 4HCJA), MPH
n— oo CTPEMHTCA K HHTErpany

B .
1 2
e—x/2 dx,
Y on ! -

ecan GeCKOHe4HBIH pAN pigi + P2g2 -+ ... pacxomurcs?).

Ecan oTBJeusCa OT HOBOJIBHO CjiaGoro ycJioBus, Ka-
calouerocsl CXOAMMOCTH PALa, HOPMaJibHbI 3aKOH, Bbi-
pakaeMptil KpHBOIil

— l__ e—x’/z,

. Vix

HPEACTAB/AACTCS BeCbMa YHUBEPCaJbHBIM, N0 KpakHel
Mepe ec/H peub HJAeT O He3aBHCHMBLIX HCHBITAHHAX HJH

) 3ameTdm, 4TO 3TO YC/NOBHe COBEpPIIEHHO e€CTeCTBeHHO, Ecim
6Lt 3TOT PAA CXOHHJACH, TO €O oGuum qfiell Pagn CTanbdBudca GH
O4YeHb MaJbM NpH GONbILIUX n, T. & MOHETH C 60AbUIHMH HOMEepaMH
6B GH HaCTONBKO HCIOPuEeHH «B MOMb3y» Tep6a H/AH PeweTK, 4To
Ha «3aKOlibl CAyyas» Hanaraauch Gbl CAMIIKOM CHIBHHE OrpaHHYEeHHs.
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cobuitusix. B 20-x u 30-x rogax Hawero Beka 6bLlJ0 Bhi-
SICHEHO, B Kakoi Mepe on yHHBepcasieH. COOTBeTCTBYIO-
IIMe OTKPBITHS CAHLIKOM CJOXHBI TeXHUYEeCKH, H TOBO+
PUTb O HHX 3JleCb HEBO3MOJKHO; OZHAKO B mpolecce THX
HCC/IeioBanuA GbliH OOHApyXKeHH MHOTHe (aKThi, OKa-
3aBlUMEC UeHHbIMHA AJAA APYTAX Pa3jesoB MaTeMAaTHKH
M MHBIX HayK. DTO—Ta Harpama, KOTOPYIO 3aC/yXKHJ
.Har“mac 32 CBOIO Bepy B BAXKHOCTb TEOPHH BepOATHO-
cTeil.

B nacrosuee BpeMst Teopema MyaBpa — Jlanaaca m
ee ofobulenne Ha cxembt [Tyaccona aBsIOTCA JMIWB 4aACT-
HBIMH CjefCTBHAMH BecbMa OOLIeH YeHTpaAibrOU npe-
Oenonoli Teopemot. QOnHAaKO, KaK M BCe APYrHe BeJHKHE
TEOPEMbl, 3TH yacTHBIE CAyYaH CORepKaJH [OYTH BCe
3epHa TO O6mIcH HCTHHBI, KOTOpPash B KOHLE KOHLUOB HX

. IorJoTHMA. .

Tlounmanue Toro, 4To B OCHOBC HOPMAaNLHOTO 3aKOHA /IEXKHT He-
3aBHCHMOCTb, T03BOJIieT NPHMEHATb TEOPEMH, NOLOGHbIe TeopeMe
Myaspa — Jlannaca, B euTyauusx, ne HMeOUIHX HUYero OGILICTO CO
CyUaAHBIMY ABTCHHSMH.

PaccmoTpum, nanpumep, marypanbime wucna 1, 2, 3, 4, ... H
npocthie yucaa 2, 3, 5, 7, 1, ..., Koropble mbl Oynem OGo3HayaTh
Py, Py, ... (NOCKOABKY CHMBOAM Py, P, ... HCNOJBIYIOTCH 37€Ch AAS
0603HayerHs BeposTHOCTedl); Tak, P =2, Py =3, ... . /

. Tlycts E — nekoTopoe MuoXecTBo uebix wcen. OGo3nayum de-
pe3 K. (E) uncao snementop muoxecrBa E cpeflH mepeblx n HaTy-,

pasbuEX yueen 1, 2, ..., n. Ecan npH n-» oo cyumecrsyer!) npegen
D5} =lim KelE)
n>0 N

TO Mbl Ha30BeM er'o HAOTHOCTHI0 MHOXectBa E.
Myers E; — MHEKeCTBO uefbiXx umHCeJ, ACNAIHXCA Ha i-e fpo=
croe uticno P;. JlososbHo sicHo, 4TO

D(E}=1/P;.

') Chenyer aamerTuTs, yTO YCTaHOBJAEHHe CYUIECTBOBAHMs HEKO-
TOPOro npenena yacTo GuiBaeT HeH3MepHMO GOJiee TPYAHOR YacCTblO
TEOpEMHl, yeM ero cakrtHueckoe BuluHcaenHe. Hanpumep, B Teopeme
0 NPOCTBIX YHC/aX, ynoMsinyToit B § 1, ry6OKHit pe3ynbTaT COCTOHT
B TOM, 4TO npefien

. %t (n)
n-»oo n/IOg n

cydiecrTayer; Kak TONBKO 5TO YCTAHOB/AEHO, BLIBECTH, YTO STOT npe-
Ziest pasen I, yxe He COCTaB/sfeT HHKAKOIO TPyAa.
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Paccmortpum nanee Muoxecrso Eif1 Eaf) ... | E,uennx yuceld, peis«
HIAXCA Ha fepBole £ ApOCTHX uncen Py, Py, ..., Pr. (Cumboa [ 34ech
oanauaer «Nepeccuenue» MHoxkects, T. e Ei 1 E;N ... NEr ectp MiO-
HeCTBO /1eMCHTOB, OGLIHX BCeM MHOMeCTBaM E,, Es, ..., E;.) Toraa

D{E\NEsN ... NEN=1/(P\P; ... P;) = D{E}} D{E3} ... D{Ey},

H HETpYHlO 3aMeTHTb aHA/OTHIO C MPaBH/AOM YMilOXKeHHs BepPOATHO-
crefl. —

dra ananorkia HpUBOAMT HAC K NOMbITKe NPUMEHHTL B 3TOR CH-
Tyauuu (ObiTe MOXeET, C HeKOTOpod HaTsXKKo#) oCoGuienye Iyac-
cona reopemst Myappa — Jlannaca, T. e. 3anofO3pHTb, YTO MJAOT-
HOCTb MHOMECTBa Le/bX YHcea M, S KOTOPHIX YHC/IO NPOCTHIX Aedu-

Teneft v(n) 3akaiouenio Mexny log logn +a Vlog log n u log logn +
+ 8V Tog logn, pabua muterpany '

{ 8
) I e'_’""“’ dx.

Vor o

[Bor mpudeps uncia v{n): v(20) =v(22-5) =2, v(90) =v(2-32.5) =
=3, v(13) =1.] Urak, runoresa cOCTOHT B TOM, 4YTO

D{log logn+aVioglogn <v(n)<loglogn+pVloglogn}=
{ B
-2
— f e~ %7 gy,
Von
a
Dra runoTesa MOATBEPAHAACH: NOKA3aHO, YTO YHCJAO MPOCTHIX JeJstH<
Teneil HefCTBHTe/NIbHO pachpefiesieHO B COOTBETCTBHH C HOPMAalbHhIM
3aKOHOM. 3 :
31ech mepes uaMH NpHMep TOTO, KaK NOUSTHA M MeTOXbl, CO3/aH~
Hble B OJHON 06JaCTH, HAXOAAT BaXKHOEe NPUMONKEHHe B ApYroH, Bechbs
Ma OT Hee fanekofl. HopmanbHHit 3aKOH, KOTOPLIH OGBLITHO MBICIEHHO
CBSI3BIBAIOT C BepOSNTHOCTHIO H C/AY4afiHOCThIO, OKa3biBaeTcs MPHMEHH«

MBIM B TEOpHH uHcen, B TO# BeTBH UHCTON MareMaTHKH, KOTOpas MO
ppapy cuntaerca HamnGoJee CTPOTON M HaHMeCHee <«CAy4aHiloH»...

v § 11. Mepa

[lpo6iemMa uamepenns BeawuuH obsacTel Ha BJOCKO-
CTH # B TpPeXMepHOM NPOCTPaHCTBe, COCTOAIAS B TOM,
4TO 3TUM 0ONaCTAM HY2KHO NPHAHCATH YHC/AA, BHIPAXKAIO-
IiHe UX NJoWaad HAH o6beMHl, BOCXOJHT K CaMBIM HCTN-
KaMm MaTteMaTukd. I'pekH cosmanu CTPORHYIO TCOpHIO
Iomagefl MHOTOYTOJNILHMKOB M OO0BCMOB MHOTOrpaniiv-
KoB. MHterpasbHoe ncuucienne (kotopoe Geper Hauaso
B HEKOTOPHIX HCCJIeAOBAaHAAX ApXuMena) pacnpocTpaHHJIO
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9Ty TEOPHIO Ha mupokni KJaace o6GaacTefl, orpanu-
UCHHBIX KPHBBIMH JIMHHSIMM H HCKPUBJIEHHBIMH TOBepX-
HOCTSIMH.

Omnako B mpouecce RafibHefulero pasBHTHS Mare-
MaTHKH 3TOTO OKa3a/soch HENOCTATOYHO: MoHamobGH/OChH
NpHAHCATh Meph MHoXecTBaM 6oJiee MIHPOKOTO KJacca.
Tak nossunac obuiasm Teopuss Mepwl, paspaboranHas
Bopenem n Jle6erom. Ho u 310 0606ileHHe He ROCTa-
TOYHO NOJIHO: CYMIECTBYIOT MHOXKECTBA, KOTODHIM HeJb3s
npunucath Mepy JjleGera (T. €. 3TH MHOXECTBa HeH3Me-
puMei). HTOGb NOCTPOHTHL- HEeUSMepHMble MHOMKECTEHE,
NPUXONUTCA NPHMeHATh> 3HAMEHHTYIO aKCHOMY BhiOopa,
COIVIaCHO KOTOPO# U3 Jiio6oi 3aKaHHOM COBOKYNHOCTH He-
IEpecexaloxXcs MHOKeCTB MOMKHO 006pasoBaTbh HOBOE
MHOXECTBO, Bbi6paB 1o OMHOMY 3/1€MEHTY H3 KaXXJAOTO
MHOXKE€CTBA HCXONHOA COBOKYNHOCTH. XOTS 3Ta akCHOMa
SBYYMT BIIOJIHE 6e306MAHO, MHOTHE €e CJIeACTBHSA MOTYT
[OKa3aTbCA €TPAHHLIMU H TIAPaJOKCANbHbBIMHU, T

Teopnsi Mepbi mmeer paKHble NpHMEHEHHS B TEODHHW
BepoATHOCTel; 06 sToM noifer peub B § 12.

Muorne Matemaruueckne mpmen, xoTopbie cefiyac Ka-
KyTCsl NpHHalNeKawumu anarebpe WiAH aHalH3y, 06f-
3aHbl CBOHM IPOHCXOXHAEHHEM 3amaiyaM, BOSHHKUIUM H3
_TeOMeTpHH. Tak 06CcTOHT Aesio W ¢ NMOHSTHEM Mepbi H H3-
MepeHHs.

K paccMorpennio daunbt orpeska- npsamoi wam Kyra
KDHBOH, Na0Wany uan o6beMa 06MacTH NPHBENH, Be-
poATHO, CaMbie MepBble MOMBITKH PACUIMPHTb PaMKH HC-
[OJB3OBAHHA uHces, KoTopoe paHee CBOAWJIOCH JIHIIb
K JJI€peCUeTy OTae/bHBIX NpegMeToB. DTH MNOHATHA B
CBOEM TNEPBOHAYANbLHOM BHIE INOABH/IHCH YXE€ B CaMbIX -
paHHHX MaTeMaTuyecKkux, paboTax BaBHJIOHSH, €TUNTSH,
IPEKOB,

EBknup sannmancs rnasubiM ofpasoM mJoLLasMH
MHOTOYTONBbHIKOB 4 O6beMaMH MHOrorpanaukos. [lpu
3TOM HCNOJIB30BAJKCh ABE aKCHOMBI: |

1. Ecan MHOroyronbuuxu (MHOTOPDAHHHKH) KOHTPY-
SHTHbI, TO HX MAowann (06BEMbl) paBHHL

2. Ecau MHOTOYronbHHK (MHOTOTPaHHHK) _[onyckaer
pa3OHeHHe Ha KOHEUHOE YHCJO HeNepeKpHIBaOLIHXCA
- MHOTOYTOJIBLMKOB (MHOrorpaHuukon) A;, As, ..., An, TO
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€ro nJoWazb (061>em) paBHa CymmMe muioumajed (06be-
MOB) cocTaBasomux A, Az, ..., An?).

Ecau, Kpome TOrO, BHGpaH HEKOTOPHIA olipeae/ieHHBlH
KBaapar (coorsercrsenno Ky6), naomans (COOTBETCTBEH-
HO 06beM) KOTOPOTO HPHHATH 3a €AHHHILY, TO KaKIOMY
MHOTOYTOJIbHUKY (MHOTOTPAaHHUKY) MOXHO OJAHO3HAYHO
NPHNHCATb YHCHO, BHIpakaiolllee B BbIODAHHBIX €AMHM-~
Lax ero mjowtanb (o6beM).

Onnako Raxke AJs HaXOXAEHHS IJoOUIAAM Kpyra npu-
XOOUTCS BbIHTH M3 6e3omacHOH 06/lacTH KOHEYHOTo H BBe-
CTH B IOJHOH Mepe.GeCKOHEUHYI0 omepalHio Nepexona
K npeneay. B npeBnoctd camblii Go/blLiOH BKJAaJ B Ha-
XOXAeHne nuaowaneli 1 o6bemoB (Uryp, orpaHHyeHHbIX
KPHBBIMH - JINHHSIMM M HCKPHBJEHHBIMH TNOBEPXHOCTAMH,
BHec ApXMMeEN; eCTb BCe OCHOBAHHA 1oJaraTh, YTo ApxXH<
MeX TOMHOCTHIO OCO3HABaJ BCIO TOHKOCTh MOHSATHS Mpe-
nena. 9TH UccileoBanua ApxuMena, 6e3 COMHEHHH, BH-
JMCh HAvYaloM HMHTETPaAbHOIO MCYHC/AEHHMS, XOTs BbIUHC-
AeHMe nAaomwanei H o6beMOB ObLIO B NOMAHOH Mepe CH-
CTeMaTH3HPOBaHO Juilb Bo BpeMeHa Hblorona u ero

" nocrefoBareNe. '

HnterpanpHoe HCYHCJeHHe NO3BOJASET MNpHONCATH
niowann, o6beMel H AJMHHBI JHIIb CPAaBHHTENbLHO «CMHp-=
HbIM» MHOXecTBaM. OHO He JaeT HHKaKuX CPeACTB M3«
MepATb, HanpHMepP, TaKHe MHOXECTBa, KaK COBOKYNHOCTh
BCeX ToYeK (X, y) ¢ pamMOHAaJAbHBIMH KOOPAMHATAMH, 34+
xiouenasiMe Mexay 0 u 1. Ho Bompoc o6 usmepenuu
TaKMX MHOXECTB H He NOZHHMAJICA, IOKa nmpobjieMaTHKa
HHTETPANILHOTO HCUHCACHUS OTPAXKAJIA, B OCHOBHOM, HYXK-~.
Abl QUSHKH H TEOMETpPHH.

B konue 19-ro Beka BOSHUK/IHM 3afayH, KOTOpHE HpH-
BeH K HEOOGXOAMMOCTH MNPHAMCATh YHCAEGHHYIO Mepy
3HauHTeNbHO 6OJee IIHPOKOMY KJjaaccy MHoxkecTB. Bos-
poCILINfi HHTEpeC K BONPOCAM CXOJHMOCTH H PacXOAHMO-
CTH [pHB/IEK BHHMaHHe K MHOXeCTBAM CXOIHMOCTH H

" pacXogMMOCTH H K npo6ieMe onpegeseHHs] HX «pasMe-

1) Typuct npusHaeT Takoe pa3GueHiie HEBO3MOMKHHIM, OCKOABKY

ABa CMEeXHHX MHOTOyroJbHHKa (MHOFOTPaHHHKA) MAO/DKHH HMeTh

ofulyl0 wactTb TIPaHHIB; eclu e CYHTaTb TO ONpeleseHHIO, UTO

MHOTOYrONBHHKH (MHOrOTPAHHKKH) He COLEDIKaT CBOUX rpaimu. (1. e
_ OTKPHITHI»), TO OHM He CMOTyT Hcuepnats A.

-
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pos». Kanrtoposckas TeOPUSA MHOKECTB, CTaBlIas Kpae-
YroJibtibiM KaMHeM BceHl COBpEMEHHOH MaTeMaTHKH, BO3-
HHKJIA B pe3yibraTe u3yuennsi KaHTopoM TpUTOHOMET-
PHYECKHX DAJOB H HX MHOXECTB CXOJHMOCTH.

[Ipo6aema mepu: (dopmyanpyercs coBcem npocto. Mol
XOTHM YMETb NpUNHCLIBaTH HEKOTOPOMY MHOXKeCTBY A
Heorpuyaresvroe yucao m(A), nasppaemoe ero mepoi,
TaK, 4T0Obl BHINOAHSJNCH clleayiouHe ycJaoBHA:

I. Ecnn Ay, 4,, ... — nenepecexatomuecs usmepumble
MUOXeCTBa (T. e, Kaxpomy A; MOXHO COMOCTaBUTbL ero
Mepy m(A:)), 10 u ux obvedunenue AU AU ... (1. e.
MHOXKECTBO, COCTOflee M3 S/EMEHTOB BCEX MHOMCCTB
Ay, A, ...) u3mepumo; npu stom

m(AUAY .. )=mA)+m(A)+ ... .

2. Ecnin A 4 B — yamepumbie muoxecTa u A cogep-
xnrest B B (A< BY, 10 ux passwocts B— A (1. e. MHO-
HKECTBO BCEX TOWeK n3 B, se npunadsexcaujux A) ToXe
nsmepuma. Torpa, cormacno coofictsy 1, m(B—A) =
= m(B) — m(d).

3. Herotopoe muoxectso E cuntaercss HMeOlHM Me-
py | (emunuiHoe MHOXeCTBO) :

m(E)=1.

4. Ecin mBa muoxecrtsa KOHTPYSHTHB, TO HX Mepbl
PaBHb! (HPH YCiaosud, yto MHOXKeCTBa H3MEepHMBL).

ITpu usydennu wmioxectn ToueK Ha mnpsmoii 3a E.
IpUHAMAIOT HEKOTOPHI OTPe30K, Ha IJIOCKOCTH — KBaf-
par, B IpOCTPaucTee — Ky6. Takoit BHIGOP AUKTYETCS XKe-
Jannem, Yyrobul MEpH, IIPUMHUCHBAEMbIE «CMHPHbIMY» MHO-
KeCTBaM, COBNafgany ¢ MepaMH, CONOCTABJACHHLIMA HM
panbllie B T€OMETPUY uAM B MHTErpajibHOM HCUHMCJAEHHH.

Moxuo au cymecrsenno pacmmputh KaAacC H3MepH-
MBbiX MHOXECTB, €C/IM 1pUnNCHBaTh MepH B COOTBETCTBHH
C NEpeuCJCHHbMH npasuaamu? OrBeToM CIYXKUT YyBe-
peHHoe «Aa», npu ycaoBu# (B 3TOH CHTyauuu peluaio-
lieM), YTO B mpaBusie | gomyckaercs Geckoreuroe 4ucao
MHOXKecTB Aj.

Ecau, caenys Eskauny, monycTdth JMmb KOHeunoe
UNCA0 MHOXKeCTB A; (B 3TOM cayyae Mepa lasniBacTcs
KOHe4HO a0OUTUBHOM), MBI MOYTH HUYEro He BbIHIpacM,
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¥ paculMpeHHe KJacCa «CMHUDHBX» MIOXecTB OYLeT co-
BCEM He3HaunTteabHbiM. Hanpumep, MOXHO mnOKasaTh,
YTO MHOXECTBO TOYEK eJUHHYHOrO KBajpara C palHo-
HaJIbHBIMH KOODAMHATAMH OKaXeTCA HeH3MepPHMbIM, T. €.
eMy HeJIb3s1 O6ypeT NpUNUcaThb HUKaKoH Mepbl, He Brajas
IpH 3TOM B MPOTHBOpEYHE. '

Cutyauns KopeHubiM 06pa3oM M3MEHHTCH, €C/IH pac-
CMaTPHUBATh 6noiHe a0OuTuBHYIO MepPy, T. €. HONYCKaTb
B npasuie | GeckoHeuHoe uucsao. MHOXecTB A;. B aroM
Clyuae KJjlacc HM3MEpHMbIX MHOXECTB CYHIECTBEHHO BHI-
pacreT M MOYTH BCEC MHOMECTBa, HCIOJb30BABUIMECH
B KJaCcCHYeCKON # BO3HHKIIHE B COBPEMeHHOl MaTeMa-
THKE, ‘OKaXYTCA H3MePHMbIMH.

Briosne apzutusHasi Mepa Obila BBefeHa B HauaJe
20-ro sexa dmuneM bopenem # Anpn JleGerom ') n crana
UCTOYHHKOM HanGoJjee CTPOrol M TJIOROTBOPHOH JIMHMH
HccyleioBannst B maTeMaTnke. Mepa JleGera — ogHo #3
CaMbiX MOINHHIX CPEJCTB COBpeMCHHOIO aHa/Hu3a.

Hackosbko xe o6uieii sBasieTcss ata Mepa? Bcsgroe
¥ MHOXECTBO Ha npsAMOA n3Mepumo? BuTanu nepsoiM
noKasaJi, 4yTo naxe Mepe JleGera cBoficTBennb onpepne-
JICHHEIE OTPaHHYEHHS, T. €. CYIHCCTBYIOT MHOXECTBA TO-
Yek, JJiA KOTOpblX OHa He onpededeHa. [losicuum 3To,
paccMaTpuBasf AJs NPOCTOTHI MHOXECTBOD Ha OKDYXKHO-
CTH, @ He Ha npsiMoii, CYLIeCTBO Zesa OT ITOTO He Me-
naerca. (JlBa MHoOXecTBa Ha OKPYXKHOCTH KOHTPY3HTHbI,
ec/i OHM COBMELLA}OTCS NMPH HEKOTOPOM MOBOPOTE 3STOH
okpyxHocti.) Onpegenum Ha OKPYXKHOCTH MHOMXeCTBO
Touek (YraoB) Z, KOTOPOMY He/b3si NPHUMHCATH Mepy
Tak, 4TOObI BHINOJHANNCH NEPEUHCIeHHbIE Bhillle YCIOBHS.
I'chrb X — HEKOTOpas TO4Yka OKpYy:KHOCTH. PaccMoTphm
BCE TOYKH, KOTOPHIE MOJNYHalOTCs 3 X HOBOPOTOM OKpPYHK-
HOCTH Ha YTJIbl, COCTaB/AIOULINE PaUHOHAJNbHYI0O 4aCTb OT
2m. 3TH Yrabl o6pasyldT CueTHOE MHOKECTBO; 0003Ha-
YuM HUX Caj, O, ..., Oy, ... . MHONKECTBO 8cex VrIJOB
Kpyra MOxHo pa3bGHuTb Ha HomnapHO HenepeCeKaloUinecs
kaacchl C, B KaXAbIH M3 KOTOPHX MNOMaaloT <«paiuo-

') Kpome nepeynciednbix Bbille wetnpex npasui, JleGer nocry-
ApORAN eille OANIO: BCAKOC NOAMHOKECTBO MHOMeCTBA Mepil HYah
H3MePUMO (M, C/eAOBATENbHO, HMEET MEPY HYJb).
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HaJbHO CPaBHHMbe» YIJIE, T. €. YIVIH, OT/IHYalollHecs
Apyr oT Apyra Ha pauHoHajbHbie BeJHYHHH. DTH Kjiac-
Chl He HMeIOT O0mux s/eMeHTOB. BribepeM Temepb H3
Ka)XZIoro KJacca B TOYHOCTM OARY TOUYKY H 0003HAUHM
noayyeHHoe MHOMXecTBo uepe3 Z. [loBopaunBas 3aTeM
"MHOXecTBO Z Ha yrinl o4, O, ..., Mbi MIOJYYHM HOBLI®
MHOXECTBA, NIPHYEM Bce OHU NONAPHO He nepeceKaroTcs.
CoBoxkynuocTs Bcex TOuex BceX STHX MHOXKECTB €cTb
MHOXeCTBO BCeX TOyek OKpY»HOCTH. Kpome TOro, KoJm-
4Y€CTBO 3THX MHOXeCTB CUETHO H BCe OHH KOHIPYSHTHEI,
H0O NOMYYaloTCA 0fHO M3 APYFOro NMOBOPOTOM Ha YIJIHI
Oy, Q25 oo« Hrak, mu NOJNIYYMIH CYETHYIO COBOKYITHOCTD
MHOXECTB Z, Zy, ..., Zn, ..., KOTOpbi& MONAapHO:He Te-
pecekaroTcs, KOHTPYsHTHBI H HX o0beiuHEeHHEM SIBAAETCS
BCA OKPYXHOCTb, KOTOpYIO MBI MOXeM BbiGpaTbh B Kaue-
CTBEe €AUHHYHOrO- MHoxkectBa E, m(E) = 1. KakoBa xe
Mepa MHOXecTBa Z? J{onyctuM, uto ona paBHa 0. Toraa
H moGoe APYroe MuoxecTBO 3TOM COBOKYIHOCTH HMeeT
Mepy 0, a HX cueTHoe ofbegHHeHHe NO/IKHO HMeTb Me-
py 1, Tak kax m(E) = 1. CaenoBaTenbHo, B 3TOM cayuae
Hapymaercsl akCHOMa agAuTHBHOCTH. Ecaum Xe Mepa
MHOXeCTBa Z -MOAOKHTeNbHA, TO Mbl MOJNYYHM CYMMY
GECKOHEYHOTO ' YHCAa  ONHHAKOBHX  MOJIOMHTEJbHBIX
claraeMbiX; Taxas CyMMa He MoXeT paBHAPbca 1, uro
CHOBa  fIBJIfieTCA  gapylleHHeM  aKCHOMbl  aJJIHTHB-
HOCTH. :

Utak, MB YKasaqu MHOMXeECTBO, KOTOPOMY HeNb3sl
npunucaTs Mepy. 3o elle OAHO AOKAa3aTelbCTBO HeB03-
MOJNMHOCTU, CBUAETENLCTBYIOUlEE O TOM, 4YTO Mpolece
oGobuienus, Kak Béage B MaTeMaTHKe, JOMXKeH NpPOXOJ-
xatbesi. Onnako npu onpejefeHHH MHOXecTBa Burtaan
Mbl BOCNOJB30BAJNHCL KpaliHe HEKOHCTPYKTHBHHIM MNpHe-
MoM. B camom nene, mu soi6upasu no onHOMY 3MEMEHTY
H3 Kaxjoro knacca C. Ho kak? Knaccel C onpenefentl
CJYIIKOM HEABHO, YTOOLI MOMHO OLIJIO YKasaTb fBHOe
npasuio BuOOpa H3 aTMX sjeMeHToB. M Bce XKe Hac He
nokujaeT oulylleHHe, 4yTo TaKOA BHOOp sjemeHTa M3 Ka-
KAOro Kiacca u o0befuHeHHE ITHX 3/MEeMEHTOB B HOBOE
MHOXECTBO HOJ/IXXHM OHIThb NO3BOJEHB, Aa)Ke eCcJH Mbl
HeCnoCcOGHbl 1aTh KOHKPeTHOe MpelnHCaHHe, KaK BLINOJM«
HHTb 3TY 3a4auy.
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Buixog u3 aroil aujaeMMut ykas3an B Hayane 20-ro
pexa Jpuect Llepmeno. On npeAnoxun y3aKOHHTb <«MO-
CTpoeHunst», NMOJOGUBbIe ONHCAHHOMY Bhbillle, NPHHAB CJie-
AYIOUIYIO O0ILYI0O aKCHOMY:

Ecian 3agana coeokynsocTb C HemepecexaloUHXcs

MHOXeCTB, TO MOXXHO 06pa3oBaTh MHOXeCTBO Z, 8616pas
MO OZHOMY 3JieMEeHTY H3 KaXXIOro MHOXeCTBa 'stoft co-
BOKYNHOCTH.
. Dra akcumOMa H3BeCTHa NOJL HA3BAHHEM AKCUOMbL 8bl-
6opa. C camoro cBoero poxiieHusi oHa Obijia TpeiMeToM
ropsiyHx je6aToB, MOCKOBKY MHOTHE e€ CJeACTBHA BhI-
FJISAAT BeCbMa CTPaHHLIMH H NMapajoKcaibHbIMH.

Tax, nanpumep, Banax u Tapckuit 10Ka3a/u, YTO ABe
ceprl Sy u Sp passuuHbix pagUycoB MOKHO Pa3bHTb Ha
OHO ‘M TO e KOHeyHOe YHC/IO NOMapHO He mepeceKalo-
IMHXCA MHOXECTB:

SI=A1'+-'A2+ Iy +An,
SZ=B|+Bz+ e +B“,

TaK, uTo6bl A; GBLIO KOHTpysuTHO B; npu JjioboMm i =1,
2, ..., n. OTHM MHOXeCTBaM HeJb3f ' NPHMHCATL HHKd«
KHe MepHl, HB0, cOCTaBAfAA HX BMecTe OAHHM CrocoloM,
MBHl nosydyaeM G66abwyio coepy, a HCROJb3Ys Jpyroe
NPOCTPAaHCTBEHHOE pacnojoXeHne — MeHbliyo! Mexny
NpoYnM, Ha IJOCKOCTH Takoe pasbueHHe HEBO3MOXHO.
Kak nokasan Banax, xna Bcex NOAMHOMXECTB NMJOCKOCTH
MOXHO HaWTH KOHe4HO adouTusnyio mepy, 06aaraomyio
TeM CBOHCTBOM, uTO Mepm KOHTPYSHTHHX MHOYKeCTB
PaBHEL.

TonsiTki 0606UHTs Mepy JleGera GLLTH BHI3BAHBI He-
o6xoaumoctbio. Kak Mbl yxe TrOBOPH/H, MAaTeMaTHKH
BKJIOYaJ/J i B pPacCMOTpeHHe MHOXecTBa Bce Gojee H 60-
Jee obuiero Buga. Hanpumep, B Teopuu TPHrOHOMeTpHYe-
CKHX pfIIOB MOXHO Onlno cHOpMyJHpOBaTh TeEOPEMHI,
BepHble A/ BCeX IeHCTBHTENbHBIX MHCEN, 3@ UCKAKOHe-
Huem HEeKOTOpOoro cneuuasbHoro' mHoxecrBa. Ilpun atom
XenaTeJbHO OBIJIO YCTAHOBHTH, NOJB3YACh KaKHMH-TO
CTPOro onpejefeHHLIMH TOHATHMH, YTO MHOXECTBO 3THX
HCK/IIOYHTENIbHBIX TOYEK B HEKOTOPOM CMbic/e Majio H
MM MOXHO npeHeGpeub. B HecueTHOM KOHTHHYYMe ToYeK
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MOXHO «HpeHeGperaTb» CUETHBIMH MHOXKeCTBaMH, CUH-
Tast HX MaJabiMH, OAHAKO B GOJIbLUIHHCIBE CAY4aeB HUCKJIO-
UHTeAbHbLIE MHOXECTBA OKAa3LIBAIOTCA HecueTHbIMHM, HO
UMeiolUMH Je6GeroBy mepy Hyab. MHOTHe yTBepXKAeHHS
TEeOPHH BePOATIIOCTeH BBINOJHAIOTCA «C BEPOATHOCTHIO
elMHHLa» (WJIH <«IOYTH HOCTOBepHO»). ITO NONPOCTY
O3HauaeT, YTO OHH BePHBI AN «MNOUYTH BCeX» TOYEK He-
KOTOpOTO NOJXOAfIIEr0 MHOXeCTBa, T. €. AJst BCeX ero
TOYCK, 33 HCK/IOUeHHEM MHOXeCTBa Mephl HYJb. Heko-
TOpble BaXklinle TeOpeMbl CTATHCTHYECKOR MeXaHHKH yCTa-
HaBJYBAIOT CBOHCTBA AWHAMHYECKHX CHCTEM, BepHble
JIHIIb /5 N04TU 8Cex HAYalbHBIX YCJOBHIL

OnHo nocnexnnee 3ameuanue. lloHAtTHe Mepbl HAXO-
AHTCA B NOJIHOM COTJIaCHH C CaMOil NPUMHTHBHOW HHTYH-
uxel. AkcHoMa BbIGOpa, BCEro-Hapcero MNO3BOJAIOUIAA
paccMaTpUBaTh MHOXeCTBO Z 3/€MEHTOB, BLHIOPaHHBIX MO
OAHOMY H3 KaX{ZOTO MHOXeCTBa HEKOTOPOro ceMeidcTBa
HeNePCCeKAIOWMXCSl MHOXKeECTB, 3BYYHT HACTOJBKO ecre-
CTBEHHO, YTO Ka)KeTcsl MOyTd TpuBHaJbHOWH. M Tem He
ME€Hee 3Ta aKcuoMa NpuBoxauMT K Napajyokcy banaxa—
- Tapcxkoro!

Bor nouemy okasancs CcoBepileHEO HeOOXOAUMBIM
KPUTHUECKUHA MepecMOTpP JOTHYeCKHX OCHOBAaHHH TEOpHH
MHOX€CTB, a BONpOC CYIICCTBOBAHHUA MaTeMaTHYeCKHX
«cozafaHuil» cTaj cepbesnoll npoGieMoil.

Ecnu, kak 3assun [lyamkape, CyllecTBOBAaTb — 3TO
TONIKO ObITb CBOGOAHBIM OT NPOTHBOpEYHH, TO Yy Hac
HeT APYroro BBIXONd, KpOMe KakK HAayuHTbCA YXKHBATbCH
C HEeNPUATHOCTAMH BpOXEe HEeH3MEpHMLIX MHOXECTB HJIH
pas6uennii banaxa — Tapckoro. . :

§ 12, Eume o TEOPHH BepOsiITHOCTE#H

HuTatelb, HaBepHoe, 3aMeTHI, UTO aKCHOMB! aAlHTHBHOCTH H 1O~
noJiHelNs;, AeXallde B OCHOBaHHM TEOPHH BePOATHOCTell, cosnadat0T
¢ akcHoMaMmH Mephi. ClieoBaTeNbHO, BEPOSATHOCTH — STO He UTO HHMOE,
KaK Mepbl, a TCOPHS BepOATHOCTEN — pasfieNl TEOPHH Mephl.

QOco3nanue 3TOro OGCTOATEALCTBA, CaMOro Mo cefe [JOBOJBLHO
TPHBHAJLHOTO, MMENO Cepbe3Hble ¥ BecbMa rAyGOKHe NOCHENCTBHS.
Bo-nepBuix, 6Aarofaps 3TOMy TeOpHst BeposiTHocTefi Gbiia BBeneHa
B paMKH MarTeMaTH4YeCcKOf CTPOTOCTH W CTala «peclekTalenbnOf».
Bo-BTopuiX, uTo ropasmo BaxHee, 5TO CWIbHO Pa3lBHHYJO ee rpa-
HHUBl H MO3BOJIWIO CTaBUTL H pellaTh COBepUIeHHO HOBble 3apaun,
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B § 9 Mul He yTOUHSIM, KOHeUHOe HiH OeCKOHeuHOe MHOMKeCTBQ CO-
GhiTHH HMeeTCs B BHMAY B 4aKCHOMe ajjHTHBHOCFM. B wuacrosuee
BpeMA MPUHATO RONYCKATb GeCKOHeuHOe MHMOXKECTBO COObITHA, T. e,
paccMaTpHBATL C4eTHO adduTusnyio Mepy, ubo 3To no3Boaser ofpa-
THTBCA K 3a7a4aM, CBA3AHHBIM C OeCKOHeuMBIMH ROCJIeLOBATENbHO-
CTAMH HCHABITAHHA.

CuetHan aARHTHBHOCTb HYXHZ NaXKe B CaMbIX NPOCTHIX caydanx.
Ecou, nanpumep, nBa ueloseka A 1 B no ouepenu Gpocator KaXawli
cBOIO MouteTy (cuauana Gpocaer A, morom B, 3atem cnosa A H T. .},
TO MOXHO CTaBHTb BOAIPOC O BEPOATHOCTH TOrO, YTO HEPBLIM, y KOro
Buinafer rep6, okaxerca A. 3to MOoXer cAyuuThcs AuGo npH mep-
BoM Opocanuu, au6o mpud TpetbeM (ec/u nepBbie ABa pa3a BuRajger
peiretka), au6o npH pATOM H T. 1. Takum obpasom, paccMaTpHBae-
Moe cOGLITHe pas/iaraercs #Ha GecKOHeunoe YHC10 HCCOBMECTHMBIX CO-
Guitvitl. Eciin moueTul «uectnble», a GpocauHs iHe3aBHCHMBI, TO BEpO-
ATHOCTH COCTAB/SAIOIHX COOBITHA paBibl

| 1
79 2_3t '2_5't vees

H Mbl f10Jy4yaeM HCKOMYIO BEPOATHOCTb B BHAE

1 1 1 2
2+23+25+...---3,
NpH YCAOBHH, YTO NPHMEHHMA AKCHOMA CYETHOH aJAHTHBHOCTH,

Paccmotpum Temeps Takyio 3anauy. JlomyctHM, uyTo Mh A0ArO
Gpocaem «yecTHyio» MoOHery, MpHueM OTAc/ibHble Gpocauus HC3aBH-
cumul. Kaxkosa uacrora suinapgeHus rep6a? Muryuuis nonckassisaer
HaM, UTO B OTBeTe AOKna noayuuthca 1/2. Ho uto 3rvo-o3Hauaer?
Koneurio, naxe npu oveup GoMblIOM uHCIe Gpocaunfi rayno Guiio Gbl
OXHA4Th, YTO TO4HO B NMOAOBHMHE ClYuaes Bbliiajer rep6, a B HPYrof
n0/0BHue peilleTka. SIcHO, 4TO MMeeT cMBICA MCKaTh (opmyiy, KOTO-
pas BuIONHAETCS JAHWDL 8 npedese, Kozda aucao Gpocanutl cTpemurea
K Oeckoneunocru. :

Onno yrteepxiente TAKOro THNA ObLIO YCTAHOBJEHO eliie B pam-
Xax teopuu Jlaniaca; ono sBisercs ClencTsHeM Teopembl Myaspa —
Jlansaca, o kotopoit rosopuiocs B § 9.

TlycTs € — HeKoTOpoe NONOKMTENbUOE UHCAO, H HYCTh Pa(8) —
BEPOATHOCTH TOTO, YTO YACTOTAa BHINaieHWs repGa npu n Gpocauusx
oranuaercs or 1/2 Goabine uem ua €. Torpa ps(e) crpemMuTCs K HY-
Ji0, €CAH f CTPEMHTCA K GECKOHENHOCTH!

lim p, () =0.
n->oo

Idta rteopema (nokasaHuas Bnepssie $I. Depuyaiu u uspectHasn
NOJ Ha3BaHWeM 30KOHA GOAbWuX ulces) YCTaHaBAMBAeT CJeAylo-
iee: KakoBo Obl HH GBIJIO (NONOXKHTENbHOE) €, BEPOSTHOCTL TOTO, YTO
OTKJ/IOHEHHEe 4aCTOTHl OT BEPOSATHOCTH NPEBOCXONUT €, MOXHO CAIATb
CKOJIb YFORUIO MaJlof, B3fIB A0OCTATOYHO GOJIbIIOE YHCAO HCIBITAHHHA,
OGocuosanue 310ro 3aKoHa € TOUKH 3peHHst TEODHH Mephl TPHBHAMbs
HO (HO Kpafivedt mepe 10 Tex nop, NoKa Peyb upeT o GpocaHun
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MOHeTH); BOCKOJIbKY HHTepecyioiiue Hac coOLITHSI COOTBETCTBYIOT KO-
HedHbIM MHOKECTBaM.

Onnako TYT Xe BO3HHMKaeT Gofiee CHOXHEIE BONMPOC: KaKQBa Be-
pOATHOCTH TOTO, YTO YacTOTa (B Rpepelie mpu CTpeMsillemca K Oece
KOHEYHOCTH YHCJe HCUbiTaWu#) ReficTBUTENHHO paBHA '/o?

B KauecTBe HpPOCTPaHCTBAa BHIGOPOK 2 MB BLIHYXAEHH B 3TOM
cliyuae pacCMaTPHBAThb MHOXECTBO 8Cex OGeCcKOHeytblx CHOB BHAA
TPITP...; nac HHTepecyeT MHOXeCTBO A, cCOCTOsmee H3 Tex CHOB,

ANst KOTOPLIX .
lim .——-——k” 0 _1

nyo0 R 2’

rpe ko (I') — aucio Gyks I' cpean mepBuix n GyKs ciiosa.

Usmepumo nu MHoxectBo A (T. €. MOMXNO Jii NMPHANCATH eMy
Mepy, COMNIacOBaHHMYI0 € 3ajaHHeM Mep oJleMeHTapHuX coGbITHA)?
Hauie TpeGopauue cueTHOM afAMTHBHOCTH ofecmeunBaeT NOJAONKUTENb-
HHA oTrer Ha 5ToT Bompoc. Kak Moxmno B 3Tom yOGeautscs?

. Jlns mocTpoeHHsi HCKOMOM Mepu HyXHa COBOKYMHOCTb 3/MEMeH-
TapHHX COOBITHA, BEPOSITHOCTH (Mepbi) KOTOPHX M3BeCTHH HAR 3a-
Jlatbl; TaKyio COBOKYNHOCTb AOCTaBAfieT HAM 3JdeMeHTapuas (¥ Kaac-
cuyecKas) 4aCTb TEOPHH BEPOSTHOCTEfL.

daemenTapitie COGHITHS COOTBETCTBYIOT MHOXKECTBaM CJIOB, B KO-
TopuiX (UKCHpOBaHL NepBhie m GykB (m =1, 2, . ..). Bepostuocts
TAKOro coGLTHSI B MPEANONIONKEHUH, YTO MOHETA YecTHasi, a GpoCanis
HesaBucumbl, pasia 1/2™. Ilocratouno am <¢GoraTa» MUIOMKECTBAMH
TaKast COBOKYNHOCTDb, YTOOH NlaTh HaM BO3MOXXHOCTb MpHIHCATH MEpy
MHOXecTBy A? . '

ConocraBum Sykse I uudppy 1, a Sykse P —undpy 0. Toraa’
MBl MOXeM «3aKogHPOBaTb> KaXKAoe CIOBO HEKOTGPOHl HOC/enoBa-
TeJAbHOCTDIO HyJiel u epuuul, ckaxem 10110...; Takyio nocieaoBare/in-
HOCTh B CBOI0 OYepeAb MOXKHO paccMaTpPHBaTh Kak 3anuCh B JBOWY-
HOM ~CHCTeMe CYHC/IeHls HeKoToporo AeACTBHTENIbHOTO uucAa f, 3a-
KJouennoro mexay 0 u 1. TakuM cnoco6OM MOMKHO YCTAHOBHTH COOT-
BETCTBHEe MeXAy nefiCTBUTeNbHbIMM uHCJAaMM f, Takumy, yto 0TI,
¥ OecKoHeUHBIMM CHOBaMHM M3 JABYX GyKB. DTO COOTBETCTBHe MOXHO
CAG/IaTb B3aUMHO OAHO3HAUMHIM, €C/IW pa3 H HABCETHAa YUIOBHTHbCH,
Kakoe H3 ABYX OECKOHEUHbLIX J[BOMYHLIX MpelACTaBAEHHH BbOHpATh
_B TeX cayyasX, Korja Takofi Bompoc Bo3HHKaeT. Hampumep,

1/,=001000 ... u 1/,=0,00111...,
H B 3TOM CAyYae HeO6XOJMMO CHEeJaTh KAKOHR-T® BHOOP.

HMcnonb3oBanne ABOHUHON CHCTEMB! AMKTYETCH He TOAbKO CO0O-
paxenusiMu npocToTh ). Pellaiomlnm 3aech CAYNKHT TO OGCTOATE/]b-

!} Bocnoas30BaBINACH TPOWUHOX CHCTEMOM, MHOXKECTBO Gecko-
HEUHLIX CJIOB M3 ABYX OYKB MOMHO 6bino Gbl 0TOBPa3uTh B KAHTO-
POBCKOe COBepLICHHOE MHOMXKECTBO, KOTOpOe HOAYYaeTcsi M3 HHTep-
Baaa (0, 1) BuSpactisaumem cmadalia ero cpepueil TPeTH (HCKMOuast
KOHUEI), 3aTeM CpeAHHX TpeTell (CHOBA 32 MCK/IOUEHHEM KOMIOB)
ABYX OCTaBLIMXCA HHTEPBajioB M T. 4. 10 GeCKOHEYHOCTH.
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CTBO, UTO, KaK JMerko NpPOBEPHTb, SJAeMeHTapHhle COOHTHS OTOGpa-
XKAITCA NpH STOM B OTPE3KH, AJMHE! KOTOPLIX PABHHI COOTBETCTBYIO-
UM BeposiTHOocTAM. B caMoMm pene, onpejefieHdbit Bhifop nepBuiX
m GYKB CHOBa COOTBETCTBYeT 3a/laHMi0 TiepBuX m ABOMYHBIX uudp
MICTA, @ MHOXECTBOM HNEHCTBHTEJbULIX uHCeJ, nepBHe m LHp KO-
TOpHIX hHKCHPOBaHUHl, ABJAETCSH HATEPBAN

(H2"m, (1 +1)/2")

(amunnt 1/2™), rpe I moxer pasusartbes 0, 1, 2, ..., 2% —1 B 3aBB-
CHMOCTH OT TOro, KaK WMeHHO BLOpaHb! LuUpHL.

Takum o6pa3om, Mepa B MpOCTpaucTBe BHIGOPOK §2 Bcex Gecko-
HEYyHHIX COB M3 ABYX OYKB NepeXxoluT B ofuiuHyio Mepy JleGera Ha
murepBaje (0,1), a Haxoxpenue BepoOSITHOCTH TOTO, UTO

. Ra(0) 1
nl:;rc:o rn 2

BHKBUBAJEHTHO HaXOXJAEHHIO Mepbi JleGera MHOXeCTBA TeX YHCej M3
gutepsaia (0, 1), xoropule B CBOeM [NBOHYHOM Da3/IOXKEHHH HMEIOT
aCHMIOTOTHYECKH OJMHAKOBOE HHCJIO Hyjel u epuinl ‘). :

B orBere momyuaercs 1, u MoMHO cKa3aTk, YTo ¢ BepOSITHOCTHIO
| vactora BHlilafenus repGa B GeckoHewHoH NMOC/e10BaTeNbHOCTH He-
3aBHCHMBIX GpocaHuii ueCTHON MOHeTH paBHa 'fz. ]

3ta TeopeMa HOCHT Ha3BaHMe YCUAECHHOZO 3AKOKA GosbUIUX QU-
cen: ee otkputie (B 1909 r. Omunem Dopenem) 3sHamenyer co6oil
Hayajlo HOBO# 3Pkl B Pa3BHTHH TeOpHH BepoATHOCTEl.

Ycuneunuifi 3aKoH GOMBIIMX YMCeJ MOCTHIVIa CyAb6a BCceX BelH-
KOX OTKpHITWA B MaTeMaTHKe: ero CyuieCTBeHHo 06o6munH B pace
LINPpWIH, YTO IpHBETO K HOBLIM 3ajayaM M CTHMYJHPOBaJio MOHCKH
HOBHIX MeTO#OB. DTO bl MepBHA cepbe3Nbli W OTBAMHLIA HIar, Bbi-
BOAsILUME W3 Kpyra Ipo6ieM, yHaClepoBaHHMX or Jlamiaca, m 3TOT
HIar CTal BO3MOXHBIM JMIIL Glarofaps pa3BHTHIO TEOPHH Mepbl
TlociienHee e B CBOI Ouepesb CTaN0 BO3MOKHLIM TOIBKO MOTOMY,
YTO MATEMATHKH NPHOGIIWINCH K $i3bIKY TEOPHH MHOMECTB,

TIpocTpancTBO BCeX GecKOHeuHnIX IOCAenOBaTelbHoCTell H3 Hylied
H eQuHHL OECKOHEYHOMEPHO B TOM CMbICTE, YTO AJist OMHCAlHA KaX-
ROiT ero «ToukH» TpeGyerTcs GECKOHeuHO MHOro' «Koopaupar», Mu 3a-
MHMaMHCh MOCTPOEHHEM B 5TOM [POCTPaHCTBe CYETHO AMMTHBHOM
Mepul, KOtopas Oblla Obi «eCTeCTBeHHOR» C TOUKH 3peHHs 3anaud
O He3aBHCHMBIX GpocamHsaX 4ectHo#t MOHeTH. Jta TOYKa 3peHHn Hes
MellIeHHO NOJCKa3biBaeT pacimpelile Ha Oojee 00line GECKOHEYHO~
MepHbie RPOCTPAaHCTBA, B KOTOPHX KaXJas KoopauHaTa cama sB-
JISieTCA 5IeMEHTOM Hexkgroporo Gojiee ofiuero, uem {0, 1}, muoxecTsa
M paxXe Heobs3aTelbHO mpepcraBisier co6oil uHcto, @Ouwan Teopus
He3ABHCHMBIX MCTHILITaHH MoXeT OubiTe cHOpPMYNHpPOBaHa B TEpMHHAX
TaKk HasbiBaeMbIX npoussedenufi sep B TaKHX GeCKOHEUHOMEPHHIX
IpOCTpaHCTBAX. . . .

0 MaTeMaTHYeCKOe BOOGpaXieHHe Ha 9TOM He OCTaHOBHJIOCH.
Ono npuBeso K MepaM B MHOMecTBaX KpuBniX. IHauGonee H3BecTHaA

') Mul yxe ynomuuaan o6 sroit 3agaue B § 10,
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¥ HHTEpeclas H3 TaKHX mep Ovisna BBeacHa B Hauaie 20-x rojpoB
Hop6eprom Bunepom B CBsidu C Teopued GpOYHOBCKOTO ABHIKEIHS.

C Tex mop maTeMaTHKH HALWIH HOBble HEOMKHAAHHBIE NPHMElCHHR
mepsl Buiepa B coBceM, Kasajioch Gbl, He cBA3aHHBIX ¢ Hell 06aacTiX
cBoeii Hayku. Hanpumep, sbisiciiunoch, 4to Mepa BHuepa MHOXKecTsa
KPHUBBIX, HCXOAAIUIHX M3 HEKOTOPOIl TOYKM p UpOCTpAHCTBA M AOCTH-
FalOMHX B UCKOTOPLIl MOMenT BpeMeHn Tpexmepnoit obaactd R,
paBHa 3/EKTPOCTATHYECKOMY MOTEHNHANYy B TOUKe p, NOPONKAEHHIOMY
TaKHM paclipefenenyem 3apsana, NPH KOTOPOM rPaHHNA «IIPOBOAHHKZ»
. R sBnsiercs sKBHNOTeHUHANBRON NOBEPXHOCTHIO ¢ noTeHunanom 1. Ho
BhIYHCJIGHHE TaKOIO MOTellHaNa MOXHO KIacCHUeCKIMH METOAAMH
CBECTH K peleHHio HeKotoporo auddepenuuaspbroro ypablieRus; TeM
CaMblM YCTaHOBJEHNAa CBSi3b MEXAY K/AACCHYECKHM aHAAU30M H Teo-
pueRt mepbl. B sTOoM panpamaenun yXe MHOroe ciaenano 1 eie 60:1b-
iie geaeTcu ceiyac, Ha mopore 70-x roAos!).

§ 13. I'pynnet ¥ npeobpaszoBanus

OquuM H3 caMblX BaXXHBIX, IVIONOTBOPHBIX H BCEOODB-
eMJIIOIHX MAaTeMaTHYeCKUX NOHSATHH fBNseTCA MNOHsTHE
epynnbi. JT0 MOHATHE yAOOHQ BBECTH B CBA3H ¢ HOIlls-
THeM Nnpeobpasosarus MHOXECTBa B cels.

ITycte S — kakoe-To MHOXKeCTBO; 1104 mpeobpasopa-
HHeM [ MHoXectBa S B ceGsl MOHHMaeTCsi HEKOTODbBIH
cnocob conocraBneHHst Ka>KAOMY 3/eMeHTy p MHoOXe-
CTBa S eQUHCTEENHO20 3JIEMEHTA [(p) 3TOr0 MHOXKECTBA;
f(p) uasuiBaercs o6pason ssremenra p npu npeobpaso-
saHuu f.

Ecan f(p) = p npu kamdon p, ro [ — roxoecrsennoe
npeobpasosanue. Ecnu npeoGpasosaume f(p) B3anMiio
OIHO3HAuHO, T. e. f(p) = f(g) BcAKHA pas, Koraa p=+ ¢,
TO MOXXHO ONpe/eNHTb 06paTHOE npeodpasosanue | ':

" (@=p, ecmn g=f(p)
Hnaue rosops, oGpasom 3neMeHTa g npu npeobpasopba-
nun [~ sBnsieTcs TOT (eAMHCTBEHHBIE) 3neMeHT, o6pa-
30M KOTOPQrO CJAYXKHT ¢ IpH npeoGpasosanuu f.
Ecnu saganbl gBa npeoGpa3oBanus [ H g MHOXeCTBa
S B cebst, TO MOXHO ONpeesUTh HOBOe mpeoGpasoBanHe

fg, xaropoe nonyyuTrcs B pe3y/abTaTe NOCIEAOBATENBHOTO
BLINOJIHEHUA CHauana g, a 3ateM f. Mluaue roopd, oGpa-

1) Amepukatckoe H3nanMe HHMrH Bullio B 1968 r, — [lpux.
nepes.
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N

30M 3JeMeHTa p npu npeo6pa3oBaHuu fg cayXur obpas
npu npeobpasoBanuu [ oGpasa npu npcofpasoBauuy g
3TOrO 3JE€MEHTa, T. €.

fe(p=1gp).

Kpoume Toro, Moxuo onpegenirhb fpeoGpa3opanue gf:

gf(py=g ([ (p)),

‘npuuem gf, Boobuie roBops, He cosnadaer c fg.

Takum o6pasom, onepauusa kKomnosuyuu npeodpaso-
BaHu#l (t. e. B3sTHA [g uan gf) HexommyTarusna, On-
HaKO 3Ta onepauus AccoyuarTusHa:

(Fg) h=1(gh)-

OTO MOXHO NpPOBEepHTb, B3AB KaKOH-HUOYABL 3JeMeHT. p
. MHO)KecTBa S ¥ yGeauBiMCh B TOM, YTO ero o6pasbl npu
npeoGpasoBauusx (fg)h u f(gh) cosnanaior.

ToBopat, 4ro (xoHeunas uJAH GecKOHeyHAdA) COBO-
kyn#octe G npeoGpasoBanuit obpasyer epynny, ecinu
BLINIOJIHAIOTCA CJefyiouine YCJAOBHA:

1. Bmecre ¢ Ja06uMu IBYMS npeoépasosaﬂnﬂmn f
ng cosoxyrmocn, G conepXHUT U HUX KOMMNO3HUHIO [g
(u, Koneuno, gf). - -

2. ToxpecTBenHoe npeoGpaszoBanye npuHamiexut G.

3. Bmecte ¢ KaxjabiM npeoGpasoBanueM [ COBOKyMN-
Hoctb G comepxXuT U o0paTHOe K HeMy npeoBpasoBanue
—1

Ecnu MHOXecTBO S KoHeuHO, TO Jio6oe B3aNMHO Of-
HO3HauHoe Npeobpasosanne ero B ceba CBOANWTCH XK H3-
MEHEHUI0O nopsdka ero saeMeHToB, Takne npeoGpasoBa-
HHs1 HasnIBaloTca nodcranosxkamu. Ecad S cocTout us n
0GBEKTOB, TO YHCJO PA3JHYHBIX NOACTAHOBOK paBHO nl =
=1.2.3 ... n. O6o3uauast 3TH OOBeKTH uuciaMu I,
2, ..., n, Gynem samuchHBaTh MOACTAHOBKY [ -B BHAe

f—-( 1 2 3 ... n )
CAKY @ @) ... f))
rne f(k) —o6pas k npu noacranoske f. flcuo, 4ro ecnu

i %], To f(i) #f(j) (nockonbry f-— B3aHMHO OAHO3HAU~
Hoe npeolpasoBanne muoxecrsa S B cebs).
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Bor, manpumep, wecrs (3!=1.2.3 =6) noacrauo-
BOK MHOXECTBA H3 TPeX 3JIeMEHTOB!
"3
3 1]

PR A

2

1
(123 (1'23 (123)
f3=23_1’f4“312’f5=321'
3ameruM, UTO fo—'romnecmeuﬂoe 'npeoépasosaﬂne;
xpome Toro, fo=fi=fr=f, (T e fil=f,1" =1, “=fs)
fafs = fos ffr-fz, f4f1-—f5 H T. a1 Jng wecrd MOACTaHO-

BOK fg, ..., [; MOXHO BHINHCATh TaKylo TabJHuy yMHO-
XKeHHs: :

AR
ot oy F | Fo | fo | fay s
AR ER]
AR
Bl Rl B a]nl|n
AR R
A R A

rd

pynabl nomcranoBox Gbliu BuepBhle BBefeHbl AGe-

~JgeM # T'anya B ¢BSI3u ¢ UX BHIAAOUMMHCA paboTaMHu 1o

paspeminMocTn anrebpaudeckKux ypaBHeHHH B paauKa-

aax. Hekotoprie upen, neXailpe B ocHOBe 3THX pabor,

HACTOJIBKO BaXKHLI H- HACTO/ILKO OTBEYal0T AYXY aJjrebphl,

YTO Mbl NIpHBEAEM 37ech HX KpaTkuil 0630p.
PaccmorpuM xyOuyeckoe ypaBHeHue

B+ax®+bx+c=0.

Ono wuMeer TpH, BOOGWE TFOBOPs, pPasJHYHBIX KOPHS
X1, X2, Xa. Koadppuuuentst a, b, ¢ Brpaxalorcst Yepes sTH
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KODHH 10 H3BeCcTHHMM (opMynaM

== —(xl +X2+X3),
b = X%+ XoX3 + %3%),
C= — x|x2x3u

Oyuxuua  F(xy, X, X3) HasHBaeTcst CUMMETputeckoll,
€CNH ee 3HayeHHe He MeHsfeTcA NpH Ji060fl moacTraHOBKe
apryMeHTOB Xy, X3, X3. Takum oOpasoy, KoapdHuHeHTH!
KyOHYeCKOro YypaBHeHHSI SBAAIOTCA CHMMeTPHYECKHMH
¢yuKuHaAMH ero Kopueit. ITpousBonbHas ¢yHKHMA- Kop-
He#l, BooGle roBops, He Gymer cuMmerpHyecKoir. Ecre-
CTBEHHO TOCTABHTL BOMNpPOC: NPH KaKNX NOXETaHOBKAaX
OHa He MeHsieTCR?
Hanpuwmep, ¢byukuus

A = (%, — x9) (%, — X3) (o — x3)

He MeHsieTCst NPH IOACTAaHOBKaX fo, f3 H fi, a NpU ocTanb-
HBIX NMOACTAHOBKaX MeHfAeT SHaK.
. O®yuxuus
(I) = alxl -+ Qo Xo + 3X3

MeHnsiercs, BooOle roBops, NpH JIOGHX MOACTaHOBKaX,
Kpome fo. ' ' :

PaccMoTpuM NOACTaHOBKH, OCTaBAAIOIMe HeH3MeH-
HOW HeKoTOpYio 3afanuyio ¢yHKuHIO. Onu 06pasyiot nod-
epynny, T. e. MOIMHOXeCTBO FPYNIL BCeX MOACTAaHOBOK,
KOTOPoe caMo siBasercsi rpynmo# (uHade rosopsi, TOA-
rpynna comepXKHT TOMAECTBEHHYIO NMOACTaHOBKY fo, BMe-
CTe ¢ KaXanMH f; u f; et npunamnexur fif;, u, Kpome
TOro, OHZ COAEPKHT oGpaTHHII K KaXKAoMy H8 CBOMX
3JIeMEeHTOB).

Honyctum Tenepn, 4TO HekOTopblit MHorouneH ¥ HH-
BapuaHTey OTHocuTenbHO noarpynnsl (fo, fs, -fu), ocras-
asiolied HeHaMeHHoR Qyuxuuio A. Ml poxkaxeM, uro
rorna ¥ uMmeer BHJ

W= A(x), %3 %3)+ B(x;, X2 x3)A,

rne A u B — cummerputeckue MHOTOUNEHDL.
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Hame npelAnoJoxeHHe COCTOMT B TOM, 4TO AJs 6Ce€X
X1, X2, X3

W (x1, %, x3) =¥ (x5, %3, %)) ="¥ (x5, %, %p);
MO3TOMY, 3aMeHsIfl X; Ha Xz, @ Xz HA Xy, NOJAyUaeM
W (xg, x1, %) ="V (x;, x3, x) =¥ (%3, 13, PANEENE
Kpome TOro, MOXKHO CYHTaTh, yro (BoOOWte rosops)
v (%2, %15 x5) 7= ¥ (xy, x5, X3),

160 B NMPOTHBHOM chayyae pyHkuus W Onlia Obl cuMMeT-
pHYECKOH, a Halle yrBepXeHHe — TPHBHAJbHbIM (AOKa-
3biBaeMOe COOTHOLIEHHE BHINOJAHAAOCH G6bl npun B = 0).

Hrak, muorounen W(xy, xs, x3) — W (xs, X4, X3) He pa-
BCH HYJIO TOXAECTBEHHO, HO NpHHKMaer 3Hauedue 0 npu
Xy = X{ N NOTOMY 0eAUTCA Ha Xz — X;. AHAJIOTNYHO MOXKHO
NoKa3aTh, YTO OH JAE/NHTCA TaKxKe Ha Xy — X3 U Xz — X3 H,
cnenoBartenbHo, Ha A. Takum o6Gpasom,

Wy, ko, x3) — Wy, %1, x3)= B (%, Xp, X3) A,
a MOCKOJIBKY

W (kg x1 %a) =W (xy, X3, %) =¥ (x5 %, x,), .
TO H : .
¥ (xh Xoy x3)_\y(xh X3, x2)= B('xh Xay X3)A,
W (x;, x, x3) — W (x3, x5, x1)=B(xy, %, 7{3) A.

Orcioaa BuaHO, 4T0 B He MeHsdeTCs npH MORCTAHOBKAX fi,
fo u f5, a Tak kaK fi = fifs ¥ fs = fof1, TO Mb 32KnIOuaeMm,
4yT0 B He Mensdercd NpPH 8cex NOACTAHOBKaXx H, CjeloBa-
TENbHO, eCTb CHMMeTpHuecKas QyHKuHus.

Anajornyno jokasbiBaercs, 4To W (xy, Xo, x3) — BA
— CHMMeTpHYecKas GYHKUMsA; 0603Hauas ee uepe3 A, Mul
nosyyaeMm tpeGyeMoe NpeACTaBJeHHe

W= A+ BA.

MBI OCT2HOBHJIMCH CTONb NOAPOGHO HA BBIBOAE 3TOrO
YacTHOTO pe3ysbTara NOTOMY, YTO B OCHOBe 3TOr0 Bbl-
BOJAA JIEXKHUT HeoObIUafiHO MOUIHAsA U MJIOROTBOPHAN HAEN:
MOXKHO MHOTOe Y3HaTb O CTPYKTYpe HEKOTOphbIX Onpeje-
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JeHHbIX 00BeKTOB, HCCenys TOJbKO HX nosederue nod
delicTsuem HekOTOpoOL epynnel npeobpas3osanull.

Hanpnmep, B (H3HKe H3y4YEHHe TPYNIbI npeoﬁpaso-
BaH#il, OTIIOCHTENLHO KOTOPbIX MHBApHAHTHHI CHJbI, CBA-
3bIBAIOUIHE BMECTe aTOMbl B MOJeKyJje, NO3BOJifeT che-
JaTb AaJeKO MAYLlHe BHIBOAH O NOBEAEHHH CIEKTPOB
MoJieKya (cKaykeM, OODBJACHHTb TaK Ha3blBaeMble npa-
BHJ1a or6opa). B o6mnpHOM HOBOM MHpe 3/€MEHTaPHbIX
yacTuy, Za)ke He 3Has OCHOBHLEIX B3aHMOAeHCTBHI, MOXK-
HO NOJYuHTh r1y0OKOe NpeJCTaB/ieHie O NOJIOXKEeHHH BeC-
HleHi, ecJH MNOCTYJMPOBATbL CHMMETPHIO OTHOCHTEJbHO
HeKOTOpO# Tpynnbl npeobpa3oBanuit (BCIOMHHM B CBA3M
¢ 5THM O cayuae ¢ rpynnofi SUs, nonyuuBlieM IIKHPOKYIO
H3BeCTHOCTb !)).

BepHeMcs k aare6panueckHM ypaBHEHMAM H INOKa-
HKeM, KaK Hall¥ paccyKIeHHs NPHBOLST K JOKasaTeb-
CTBY Pa3pelliiMOCTH KyOuYyecKOro ypaBHeHHH B pafMKa-
aax. Ilycrb

1, V3 .
O==35T 73 b
TdK 4TO — :
0)2= -—_l__.._V._‘g_i,
2 2
o=

Pacemorpum dyukuiio ¥ = (x; + 0¥ + o?x3)% B 3ame-
THM, YTO OHa He MeEHfeTCa NPHM NOLCTAHOBKAX f3 H fi.
B camom Zene, npumenss K wueil f3, Mbl nojayuaem
(%2 + ox3 + 02x)2 = 0d(xy + ox;3 + 021)2 = ox, +
4+ o?xs + x1)3.  Chenpopareabno, (X1 + oX + 02x3) =
A(xy, X9, X3) + B(x), X9, Xa) A, H MOXHO IIOKa3aTb, YTO

, B u A? Bbipaxaiorca B BHJe MHOTOUIEHOB OT a, b
u c. Taxum obpasom,

xl+(DX2+0)2X3=VA+BA

') ABTOpBl MMelOT B BHAY TeopeTHueCKoe NpeAcKasaHde 3siemed-
TapHOfi YaCTHIE OMera-MuHyc-GapyoH, CHeJaHHOE HAa OCHOBE MaTed
MaTHUECKHX COOGpaXKenHii, CBA3aHHLIX C H3yuenHeM MpeicTaBleHufl
rpyunst SU;, ¥ NOATBepKAeHHOe 3aTeM OTKPBITHEM 3Tof YaCTHUBL
TionpoGuee 06 atom cu., nanpumep, . Hx. I a it c on, Matemaruka
B (H3MYCCKUX HAYKaX, B 6. «Matematika B COBPEMEHHOM Mupe»,,
H31-Bo «Mup», M., 1967, ctp. 111—127. — [Ipun. nepee,
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3ameuas, uT0 dynkuusa (x; + wire -+ ©X3)3 TOXKE HE Me-
HAETCA NPH MOACTaHOBKaX f; U fi, noayuaem

8, == —
X+ @, 4+ oxs=V A+ BA , R

rie A u B cuosa BHIP2XKAIOTCHA B BUJAE MHOro4JeHOB OT

KO3 QHUMEHTOB ypaprenus. [TOCKO/LKY, KaK 3aMeueHO
BHILIE, .

X+ %+ xg=— 4,

MOKHO paspeillitb 5t ypaBHEHUS OTHOCHTEJIBHO Xi, X2,
X3 M NOJNYUHTD dopMyJsibl, cOfepKallne KyGHuecKHe H
KBaJpaTHbie KOPHU, CiieflyeT NIOMHHTb, 4TO MHOTOUJIEHOM
OT KO3pduunentop gpaserca A2, mostoMy camo A yxe
BKJIO4aeT B ceGa KpampaTHbiil KOpeHb.

Ecan nponenars B ssoM BHAe nepeuncicHHBlE Ome-
paumn, noayuarcs uspectnbie ¢opmyns Kapaawo, or-
KphitHie B 16-M Beke. B 10 BpeMs CBA3b MeXKy asre-
6panuecKuMH YPapHeHusiMM W TPYNNIaMH npeo6pasobaHuil
Obina ewle Heus3BectHa. YcTaHOBJIEHHe 3TON cBsA3M ['anya
W AGeneM pacKphsio ABMXYLIME TIPYXHHH CHeNaHHBIX
3aJlONTO 10 HUX OTKPHITHHl M HAaBeNO HAa MBICAb O BO3-
MOXHOCTH DaCHpocTpaneHHs ITHX MeTOZOB HAa YpaBHe-
HHf 4eTBEPTOH H BHICIUMX CTeneHef. '

" BeARYIO' NOACTaHOBKY 71 06BEKTOB MOXHO IpEeLCTd-
BUTb B BHJE IIPOH3Benennna TpaHcnozunuit (r. e. noupcra-
HOBOK, MEHSIOUIHX MecraMH ABa 06beKTa H OCTaBJSIO-
IMHX OCTa/NbHBIE Ha mecre). XOTH Takoe NpeACTaB/IEHHE,
BoOGu1e FOBOPA, He eXUHCTBEHHO, OfHA M T4 Xe' nojacra-
HOBK2 H€ MOXKET pasparatbCf ¥ Ha YeTHOe, U Ha Heyer-
HOe YHCJIO TPAHCNO3uuMi. DTO NPUBOJAUT K €CTECTBEHHO-
My pasje]eHHIO NOACTAHOBOK Ha 4eTHoble (COCTOAlLIMe U3
UETHOr0 HYMCAA TPAHCHOSMNMI) M HeweTHble (COCTOAlHE
H3 HEYEeTHOTrO uMcna Tpancnosuuuit). Bee uernpie mox-
CTaHOBKH (COCT2BASIOMWME NOJOBHRY .BCefi TPYINMb) OG-
PasyioT TaK Ha3BIBaeMyl0 SHAKOMePEeMEHHY/O MOATPYNNy.
B cayuae n =3 3vo noxcranosru fo, fs, fi. Oynkums, Ko-
TOpas He MEHAETCHd NpH NOACTAaHOBKAX W3 3HAaKONepeMeH-
HOH MOATPYNIbL, CHoa mMeer Buf A 4+ BA, rie A u B —
CHMMeTpHUecKHe QyHKuuH, a A ecTb NpoU3BeNeHHe BCeX
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pasHocTelt x;— X;:
A= (xl - x2) (xl - xa) R (xn— xn)'

Tenepb MOXHO mMONLITaTbes HailTH QYHKUHIO (MOROCHYIO
dyHKUMH X; 4 00Xz 4 02X3), KaKad-TH60 creneHb KOTOPOR
He MeHseTCA NpH MNOACTAHOBKAX H3 3HaKollepeMeHHOH
noarpymnel. Ilpr n =4 MoXHO HaliTH KBaJAPaTHYHYIO
DYHKIHUIO OT Xy, X3, X3, X4 KYyO KoTOpoi o6aamaer 3THM
coiictBoM. OfHaKO npH n 2> b Takux Qyrkyull ne cyuje-
CTBYeT, H 3TO ABJAETCA NEPBHIM yKasaHWeM Ha TO, 4TO
YPaBHeHH: CTeneHH Bhillle YeTBEPTOH HepaspelunMbl B pa-
aukanax. JlokasatenbcTBO TOro, 4TO He cyniecTByeT
yEKuHY, CTeneHb KOTOPO#H He MeHseTcR NpPH MOJACTAHOB-
Kax U3 3HaKonepeMeHHOM NOArPYNNH, ONHpaercs r0A46K0
Ha CBOHCTBa IPYNNbl NOACTAHOBOK Gojee ueM UeTHpex
00'beKTOB.

B KauectBe HaMOCTpPaUMM THOKOCTH W MHOTOCTOPOH-
HOCTH NOHATHH MNOACTAHOBKHM M TPYNnbl MOACTAHOBOK
paccMOTpHM BKpaTue npo6GseMmy KiaaccubUKanuu IpaBuir
GpakocoueTanusi B IepBOGHITHHX obulecTBax. B pesyanb-
Tare OUYEHb HHTEDPECHHX MCCJAefOBAHWHA HECKOJBKHX Ilep-
BOGLITHHIX NJieMeH (BbINOMHeHHHX, TJAaBHLIM 006pasoMm,
JleBu:llltpaycom ¥ ero coTpyaHMKaMHu) 6bljl OTKPHT ches
Aytomyfl HaGop OGIIHX npaBHI:

(1) Kaxnaomy wjeHy mJjeMeHH NpUIHCHIBAeTCH Onpe-
JeseHHbIH Opaunbtd Tun, ¥ TOJLKO HHINBHAYYMAM Of«
HOTO ¥ TOTO Ke THNa paspeliideTcs BCTynaTb B Gpak.

(2) Tun unpuBHAYYMa OOHO3HAYHO OTPENENSIETCS €ero-
NOJOM H THUNOM ero popuresefl.

(3) Ecnm nmBe poauTenbckue Nape NpHHANIEXKAT
K pPa3sHHM THNaM, TO HX CbIHOBbsl (H COOTBETCTBEHHO HAO-
yepu) ToXKe NPHHAATeXAaT K PasHbhM TUIIaM.

(4) 3axoH, paspellaloUiNi HJM 32MPEUIAIOUNH MYyX-
ydHE JKEHWThCH Ha pPOACTBEHHHUE, 3aBHCHT TOJABKO OT
BHZa PONCTBA; B 4aCTHOCTH, MYXKuMHE He pa3peliaercs
KEeHHTbCA HA CBOel cecTpe.

(5) Has nobHX ABYX HHAMBHAYYMOB MOXHO YKa3aTh
T2KHX HX NOTOMKOB, KOTOpPbIM paspeliaercd BCTYNATh
ApYyT ¢ ApyromM B Gpak. '

SlcHo, uTO 32KOHH O6paKocoueTaHHs ONpeAensioTcs,
BO-NIEPBLIX, TeM, CKOJbKO GpayHHIX THNOB fj, f3, «usy Ip
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ucrnosib3yercd B JaHHOM ofmiectse, ¥, BO-BTOPHIX, 3a-
JaHWeM TOpaBWia, NO3BoJsioniero onpejendrb tan S(f)
(cooTB. D(f)) cbiHa (CooTB. mouepH), ecad ! — THN po-
pHTeNel.

IMpasuna (2) u (3) nokasuBator, uto S(¢) u D(f)
ABJAIOTCA NMOJACTAHOBKAMM, 2 K3 MepBO# 4yacTH NpaBuna
(4) cnenyer, uro Jub6o S(¢)(D(f)) cosmapaer c { npH
no6oOM ¢ (T. e. ABAACTCA TOXOeCT8eHHOU no0cTaHO8Kol),
aubo S(¢) (D(t)) oramuaercs or ¢ npu awboM ¢ (Takas
NOJACTAHOBKA HasbiBaeTca no4xofl). jlanbHefinwiee pac-
CMOTpeHHe TIpaBuJ GpakocoyeTaHus NPUBOAUT K BHIBOAY,
"yro S U D caepyer BbiGupaTh Tak, YTOObl MOpPOXKAaeMas
MMH [pPYNIa COCTOS1a TOJNBKO H3 TOXIAECTBeHHOR moj-
CTAQHOBKHM [ ¥ TOJNHBIX MOACTAHOBOK ¥ Obuia TPAH3UTUG-
Hod, T. e. A1a n00OLIX f; ¥ {; cofepKana TaKylo MOACTa-
HOBKY P, uto P(t;) = t;. Hanpumep, B obutectse Tapay
S(¢t) =t, a D({) onpenensierca Tak:

i L 1yt
D=(l 2 3 4>.
te t, t 1
3aMmeTuM, uTO

A 14) _ (tl ty b t4)
D2=(l , D¥ = D4=In
t3 14 tlAtg t2 t3 t4 tl ’ .

4, CJlefOBaTeNbHO, rpynna cocrour u3 I, D, .D? u D3
B npyrom nepBoObiTHOM ofiiiecTBe TAKKe MCIOJb3YIOTCA
yeTbipe OpayHbIX THna, HO S U D onpepensiorcs caexyto-
MM obpasom:

S _ (t’l t2 t3 t4 ) D ( tl tg- ts t4>
= N .= -
s 4, 4 & t, 3 b 4
H3yuenue rpynm nogcTaHOBOK MPHBEJIO K NOCTPOESHHUIO
o6weit 1 abcrpakTHoil Teopuu rpynn. AGcTpakrHoil rpyn-
noit Ha3bLIBAETCA MHOXKECTBO 3JeMeHTOB fo, f1, f2, ... € 3a-
JaHHON B HeM OHHapHOH omepaumeil, comocTaBJsiowel
KaxkJlofl mape 3JieMeHTOB f; ¥ [; OfHO3HA4HO ONpeneseH-
HBIH TpeTuil 3jeMeHT f;+f; TakKe aBasOWMicA 3/TeMeH-
tom aroli rpynnsl. [Ipu 3toM npegnosaraercs BbINOJHE-

HYe CAeAYIOWNX yCcaAoBA:
L. (Feefs)ofn = foo (Fiofr) (acCOUMaTHBHOCTD).
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2. CywecrByer eIMHCTBEHHbIl HelTpaAbHbld IAeMEHT
fo, TaKoH, 4TO fosfi = fisfo = f: npu 0GoM i.

3. Jsig BCAKOro 3JeMeHTa fi nmeercs e JMHCTBeHHbIH
‘JleMeHT [; (ero MHOrXka HashIBaioT 06paTHbIM K 3NeMeH-
1y fi), Takoi, 4To
' fi'fi=7i'fi=f0~

Jlaske omnpejefdenHnyio aGCcTpakTHO TFpynny MOKHO
npeAcTaBasTh ceGe Kak HEKOTOPYIO Tpynily NOACTaHOBOK.
~ Hanpumep, ecin 3JeMEHTbl TDYIHbI MOXKHO BbINHCATD

B onpexesexHoM mnopaxke fo, fi, fa ..., TO KaXzOMy fi
MOYKHO MOCTaBHTb B COOTBETCTBHE MOACTAHOBKY

( fo fy 2 )

fi'fO fi'fl fi'f2

HerpyaHo NPOBEPHTb, 4TO MOACTAHOBKE, COOTBETCTBYIO-
uias aJeMeHTy fif; ABAACTCHA KOMIIO3HIMel MOACTaHO-
BOK, COOTBETCTBYIOUIMX 3/ieMeHTaM fi 1 f; (c yueroM
nopaika), H, C/e0BaTe/bHO, HCXOAHAA rpynna u OTBe-

o

yaoUlasn e Trpynna NOACTaHOBOK Hepas/iHuHMbl (n3o-
MOpOHEL).

HMckyccTBOo MaTeMardyecKkoro 0Ka3aTesbCTBa 4acro
COCTOMT B HaXOX/eHHH NOAXOAsUledl CXeMsl, B paMKax
KOTOpOil JKOKa3BIBaeMbift ¢aKT CTaHOBHTCHA IIOYTH OH4e-
BuAHbiM. Marematnieckoe TBOPHECTBO BO MHOTOM 3a-
kJioudeTca B NOHCKax Takux cxeM. Mmorpa ux HaXoAAT
B GoraroM MHpe MarepHajbHBIX 006beKTOB, HHOTAA XKE
(1 aro camad BbiCIIafn tdopma TBOpUECTBa) HX IpUALY-
ubiBaloT. Hepeaku H Takue Clyuau, KOraa ynaerca mo-
HSITb, 4TO M3yyaeMoe fiBjeHHe YK/IafblBaeTCs B yxe cy-
HleCTBYIOILYIO CXeMy, BBEeIAEHHYIO paHbllle COBCEM s
apyrux neneit. (Korza kakas-HuGyIb cXeMd NOBTOPAET-
¢ B Pa3HbIX KOHTEKCTaX, OHa CTaHOBHTCAH reopuel U ee
HauuHAIOT M3yuaTb yXKe paau Hee camof.)
~ TlpexpacHoi WJIIOCTPAnUel CyXHT NpuMeHeHHe no-
HATHA Fpynnbl B 3/eMeHTapHOM TeOpHH uyHuCel. Paccmor-
puM, nanpuMmep, TeopeMy BunabcoHa: ecan p— npocroe
uneao, o (p— 1)1+ 1 (1. e 1.2...(p—1) + 1) &e-
autca Ha p. (Ecam, ckaxem, p=7, TO (p—D'+1=
e= 721, a 3TO 4MC/IO, OUEBHHO, AEIHTCH Ha 7.)
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B ¢opMysmupoBKe 3TOH TeopeMbl HET HHKAaKOro Ha-
Meka Ha CBfi3b C TeopHeft rpymn. OnHako CymecTsyer
NpOCTOf Crnocab CONOCTaBHTbh KaXKAOMY NPOCTOMY WHCAY
HEKOTOpPYIO TPynny — TaK Ha3blBaeMylo epynny sblde-
708 no modyatwo p. Ee sneMeHTamM aBasiorcs uyHcna 1,
2,3 ..., p—1, 2 6uHapuan onepayHs ic. ONpeAeAAETCA
Tak: .

ioj=ocraTok OT jenenus [.j Ha p,

‘Tae i-j— o6ulynoe ymHoxkenHne gucesn. Hanpumep, B cay-
qae p =7 «rabautta yMHOXKEHHA® AJs STOH TPyNIHl BH-
LASAMAT T2K: '

1|23} 4]5]6
SR REERERERERE:
2 le2]lalela]a]s
Jd31%]s 5] 1|4,
sfaef1|s]2|6]s
"5; 5|8 |1]6]4]2
ER KRR EREREREE

Hertpyano npoaepmb 4TO onepamm o (yMHONKeHHE MO
' MOAYJO p) YAOBAETBOPAieT BCEM HeOOXOAMMBIM YCJIO-
suaM. KpoMe Toro, sta Fpynna xommyrarusua, T. e.

' foj=jol.
PaccMOTpHM Tenepb BHIp2KEHHE,

(102030 .., o(p—1D)Y=
=102030 ... o(p—1)e102030 ... o(p—1).
' i . ) I
. BBy 'KOMMYTATHBHOCTH Mbl MOXeM MePeNucaTh 970
npousBeNienne ‘B TAKOM NOPALKe, YTOGH [OCIKE K2XAOrO

sneMenta .u3 1 cronn obparsnt k memy swement us Il.-
Torga scHo, MTO

(102080 o0v ofp=d)P=1;
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#Haye rOBOPS, KBajpar saeMenta lo2o...0(p—1) aB-
aAsiercss HeliTpanbHHIM 3jementoM. Ho ecam k— rakoit
* SNEMEHT rPYNNeL, 4T0 Rok =1, ro kB2—1 = (k—1) (kR +
"+ 1) menmrcs Ha p. Hocm.npxy 1<k p—1, orciona
caenyer, uro nubo k=1, mbo k=p—1, 1. e.

102080 ...0(p—1)=1mmm 102030 .., o(p—=1)=p—1.

Ecan B npousBesennu 102030 ... 0(p—1) MH cHOBa
YMHOXKHUM KaXIMHA 3JeMeHT Ha ofpaTHHIA K HeMy, y Hac
OCTaHeTCHl TONbKO p — | — eAMHCTBeHHHIH, Kpome 1, ane-
MmeHT, oOparTHHii caMomy cebGe. CnegoBarenbHO, I 20
03e...0(p—1)=p—1, a 370 4 ecTb, B C/ierKa 3aMa-
CKHPOBaHHOM BHJE, YTBepKaeHHe TeopeMh BuibcoHa.
Cronsi0 TONBLKO NpHAYMaThb TPynny BHIYETOB.NO Mo-
OYNI0 p, KaK OHa MNpHBeJa K APYTHM (QaKTaM TeOpHHU
uyucen. Hanpumep, wumeercss mnpocras TeopeMma, yTBep-
XKAaiouiag, Yro B KOHeYHOH rpynne (ne 06s3arTesibHO KOM=
MYTaTHBHOH), COCTOsIleH H3 g JEMEHTOB, KaXInA 3Je-
MEHT, YMHOMXEHHHH g pa3 caM Ha cels, Aaer HeATpasb-
HEIfL SJEeMEeHT:.

fi'tl""'f§=f0- .
& pad

npumenua 3Ty TeOpeMy K rpynne BHYETOB IO MOAYMIO p,
cocrosmei U3 p— 1 9JeMeHTOB, MH NOJyYaeM JIs II0-
Goro k (1<k<p—1)

Roko ... ok=1,
. p-lpa3~

T. e. k1 —1 pgenurcs Ha p. DTO M3BecTHas Teopema,
Bhicka3anuag ®epma B 1640 r. FHlousThe rpynnu mosso-
MHJIO_YCTaHOBHTB ee TeCHYJO CBA3b ¢ Gojiee MOsfnel Teo-
peMo#i Buabcona.

B reomerpun u B (H3HKe MH CHOBa BCTpedyaeMcs
¢ nonsrtHeM rpynnsl. I'pymny- cocrasasioT npeoGpasoBa«
HH#, COXpamfiloHiHe PACETOSIHHS W, yrau (ABUXKEBUs).
Hpeoﬁpasoaaﬂna NpOCTPaHCTBA-BPeMEHH, OCTaBASIONIHS
HHBaDHAHTHHIMH «CBETOBhIE KOHYCHI»

x—xF+ -y + =2 =c(~- 1P,
4#
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obGpasylor rpynny JlopeHua cnenuanbHOM TEOPUH OTHO-
CUTEJNBHOCTH. '

®emnke KieltH B cBoefi 3HaMeHHTON IpJaHreHCKOH
nporpamme npen.noxmn paccMaTpuBaTh TeOMETPHUIO KaK -
M3yyeHue HHBApPHAHTOB onpelleieHHHX rpynn npeobpaso-
Bauui. Taxk, no Kiefiny, eBKJIMIOB2 reGMeTpHs — 3TO
u3ydeHHe HHBapHMaHTOB CPYNMBl, TOCTOsIIEH M3 mepeHo-
COB, MOBOPOTOB M TeX e mnpeoGpa3oBaHHil, cONPOBO-
XKJaeMbHX OCeBOH CAMMeTpHell; NpOEKTHBHA® reomet-
pHsi — H3yYeHHe HHBAapHAHTOB TPYNNbl TaK Ha3bIBAEMBIX
NPOEKTUBHBIX peo6pa3oBaHuil U T. A,

[MnonorBopHOCTD TAKOH TOYKH 3peHus oGbicHAeTrcs
TeM, yro anrebpanueckue cBOfCTRa rpynnsl npeobpaso--
BaHU{, OCTaBJIAIOUINX HHBapHAHTHOH HEKOTOPYIO Mare-
MaTHYecKyIlo CTPYKTYpY, OTPaxaloT MHOrHEe CBOHCTBAa Ca-
Moii aToit cTpykTyphil).

Ponb nousitua rpynne B coxspemenuoﬁ MaTeMaTHke
TPYAHO MepeolleHHTh. BO Becel 3TOH Hayke HeT yrosika,
B KOTOPOM TaKk HJIM HHAaye He oumylmianock GH 3aMeTHOe
BAHsIHAE TEOPETHKO-TPYNNOBHX coobpaxenuli. Hecmorps
Ha CKPOMHOCTb MCXOIHBIX aKCHOM, TPYNNLI IPUHECAH HAM
OrpoMHble MaTeMaTHuyeckHe GorartcrBa, M emie GosblliHe
COKpOBHINAZ OCTAIOTCA NOKa cKpbiThiMu. Teopus rpynn —
OJ¥H W3 Haubojee aKTUBHO H3yuaeMHX pas3fie/ioB Mare-
MAaTHKH, H He NPOXOIMT, NOXKanyi, HH OAHOTO AHN, He
npUHOCAUIEro OTKPLITHA KaKOro-HUGYAb HOBOLO pe3yiib-
TaTa WM HOBOTO NPHUIOCKEHHS 5TOH TeOpHH.

-§ 14. Tpynnbl romonornii

CoBceM [pYTYI0 CHTyamlHio, TLe INOHATHE TpPyNNbl
MrpaeT pellaiollylo pojb, MbBl BCTpeYaeM B TOMOJIOTHH,
3neck MBI MOXeM 1aTh JMIIbL caMoe 6Gernoe aeMeHTap-

1) TpenmyurecTBa TaKOf TOURHM 3pEUHA WCTOML3YIOT AaXe NpH
HCCAefOBaHHUH 2O6CTPAKTHBIX TPyIN, .KOrAa U3yyaloT HX am'omopqms-
Mul. Asromoppusmosm rpynnst G HasbiBaeTCsi npeobpasoBaHue | 3TO#H
rpynnul B ceGs, coxpansdiolliee rpyniopyio onepauuio, T. e. 06/aanalo-
mee TeM CBOKCTBOM, 4To [(p* qg’ = f(p) +f(q) naa mobux p, g = G.
Aa'romopqmsmu mo6of 3apanuofi rpynnel G camu oGpasyioT rpyuiy,
€BOWCTBA KOTOPOW OTPAXKAIOT MHOTHe IayGOKHe CTPYKTYpHbie CBOR-
CTBa ucxognoj rpynnst G.
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HOe BBeJlcHHE B BaKHHIH W WIHPOKO M3yyeHHM!l pasjen
TONMOJIOTHY, Ha3biBaeMblil Teopuell eomoao2ull.
OCHOBHBIMU TeOMeTPHYECKHMH MOHATHAMH 3TOH Teo-
pUH ABJAIOTCA CUMNAEKCHL U CUMNAUYUAAbHBIE KOMNACK-
cot, Tak, RanpuMep, TPEXMEPHBIN CHMIJIEKC — 3TO TeTPa-
3p,” AByMepHH — TpeyroJIbHUK; OTPe30K NpPeACTaBJseT
cofoil OXHOMEpPHHH CHMMJEKC, a TOYKa — HyJbMepHbIH
cuMniiekc. CuMNAHOMAABHEM KOMIJIEKCOM . HasblBaeTcs
COBOKYIIHOCTh CHMIJIEKCOB, TaKas, 4TO JIOOBEe HBa U3
HHX /160 BOOGUIEe He NMepeceKaloTes, AM60 HMeloT OOLAM

Puc. 10,

nenbil cuMIiekc MeHbluefl pasmeproctH. Hanpumep, co-
BOKYIHOCTb cHMIJIeKcoB Ha puc. 10,a aBaserca cum-
NAHUMANBHEIM KOMIUIeKcoM, a Ha puc. 10,6 —ue sas-
asercs, NOTOMY UTO TaM 1Ba TPEYrOJbAMKA MMeIOT 06-~
1iel JUiIb 4acTh CTOPOHH.

CuMITIeKC Ha3bIBAEGTCH OPUEHTUPOBAHHLIM, €CIH 3a-
LaHO Onpejle/ieHHOe yrnopsjouenne ero BeplwnH. [lpu
9TOM He Bce TakHe YIOPAZOYEHHs CUHTAIOTCH pPasiuy-
uoiMu. Hanpumep, cylllecTByer mecTs pasiuyHbIX CHOCO-
608 OpHeHTUPOBATb JABYMepPHHIi CHMILJIEKC — 10 YUCAY
[IOJACTAHOBOK TPeX €ro BepllWH; OIHAKO YNOpPsaoveHusd,
KOTOpbie MOXXHO NOJYYUTb OXHO M3 APYFOTO 4€THOL TMoOJ-
CTaHOBKOR (T. €. NOACTAHOBKOH, Pa3NOMHMMON B INPOH3-
BeJleHHe YeTHOTO YUC/Aa TPAHCNO3MIUA), CYHTAIOTCS 3KBU-
BaJeHTHLIMH., JInd TpeyroibHUKa UYeTHLIMU fABAAIOTCA
NoACTaHOBKU fo, fs W [i, W, c€eJOBaTeNbHO, . UMEIOTCH
TOAbKO OBe pasinuunbte opuedramuu. QueBupHo, uTO
HyJbMepHble CHMIUIEKCHI MOXHO OPHEHTHPOBATh JHlIb
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OfHHM CHOCOOOM, ONHAKO HaM yAOOHO CYHTaATh, YTO CaM
TOYKH MMEIOT [JBé OpPHEHTALHH. ' '

Ecnn cumnnekc opuentHpoBan (T. €.  PHKCHPOBAHO
HEKOTOpOe YHopsioueHHe ero BepliHH), TO M KamAbfl
‘€TO NOoJCHMIIJIEKC aBTOMATHYECKH CTAHOBHTCH OPHEHTHPO-
BaHHBIM (HMHAYLHPOBaHHaA opueHTauusd). OXHaKo Tipa-
EWJIO OpDHEHTAUNHM NOACHMIIEKCOB BHITJSAAMT HECKOJBKO
HEeOXKHAAHHO: NYCTb Py, P2, ...-— YHNOPAKOUEHHE BepIIHH
HEKOTOPOrO CHMILJIEKCa; TOrAa OpPHEHTALHS TpaHH, TIPo-
‘THBOJMEXKAHleR BepUIMHe pp, 3alaeTCH TeM e CaMbiM
ynopsiioueHHeM OCTaJbHBEIX BepiiHH, eCJH kB HEUeTHO, H
NPOTHBOMOJIOXKHA 3TOH eCTeCTBeHHOH OpHeHTalHH, ecJH
k verno.

1o OnpejiesieHue NPHMEHAETCA K CHMILIEKCaM JII0GLX
pasmepnocteit. Hanpumep, ecnu aasa terpasnpa, usobpa-
XeHnnoro Ha puc. 11, BriGpana opuenrauus (1234), 1o

1

3
Puc. 11.

Adst 3alUTDHXOBAHHOM TPaHH cJefyeT Oparb He OpHeH-
raunio (134), a opuenraumo (14 3), xoTopylo Mer 6y-
lem 3apHcHBarh Kak —(1 34). DTo npaBHJO M 3acTaB-
AifieT HaC NPHIMCHIBATL TOUKe ABe OpHeHTanuu. B camom
Aelle, OpHeHTAlMA OTPe3Ka (ONHOMEPHOIO CHMIJeKca)
(12) wmunyunpyer opuentammio (1) Touks 1, a opuen- -
~Tauma (21) HHIYyUHDYeT npowsononomﬂqu opHenta-
uuio — (1) stoit Toukm.

IBa opHenTHPOBAHHLIX cymrmexca nepecexaxoumeca
HO HEKOTOPOMY CHMUAGKCY, HMAYIHMPYIOT HA HeM [Be
OpHeHTAUHH, KOTOpble aubGo .coBnanaior, Ju60 NPOTHBO-
NO/IOACHHI.

Myers o, ofp, ..., 6!® — Bce  opHeHTHPOBaHHHE

k- -MepHbie C‘HZMFHIOKCBI H‘&KGTOPOI‘O CHMIVIHIHAJLHOTO
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KoMmiiekca K; k-MepHO#l nenbio HasuBaeTcs (opMasbHOE
BBIDAXKEHHe BHJA

ac‘k’+azo“’)+ v a0

m-m?
The a4y, Qz, ..., Om— LeJbie YHCJA *(TO0N0XKHTEeNbHbIE, OT-
punatesbHbie HJIH HyJab). Llenw omHo#t m Tolt xe pas-
MEpPHOCTH MOMHO «CKJAaAHIBaTb», CKJaAbBas Ko3dgu-
UHEHTH TNpPH COOTBETCTBYIOLIHX CHMIJeKcaX, H OTHOCH-
TEeJbHO 3TOf ONepanu# oHu 0o6pasyioT rpynmy.
Jinsi “k-MepHOTO OpHEHTHPOBAaHHOTO cHmmJexca off!

ero rpanuua A (o{?) onpeneasercs kak uenb
k=1 - k=1) = ¥
o+ o0+ ... + o= A (o),

rae oft=0 , ..., olt=1 = 910 (k— 1)-MepHble CHMIJIEKCH,
COCTan/sAONHEe T[EOMETPHUECKYI0 TpaHHIUy CHMIVIEKCa
o), pasTbie c OpHeHTauMel, HHIYUMPOBAHHON OpHEHTa-
uneit of®. Hanpumep, rpannneit TeTpasapa, u3o6paxen-
HOro Ha puc. 11, ABiasercs nenb
A —(123)-(1349H+(124)+(23 4.
Tpaumma A uwenn ao® +...+a,0®) ompenenserca .
dopmynoi _ & :
Alao®+ ... +a,6¥)=aA(c?)+ «, +a,A(c)

C yueToM cJeRyiouero npasuaa: ecia ofY u o) mepe-
cekalTcsa Mo HeKOoTopoMmy (k— 1)-mepHOMy cnmnnexcy,
TO OH MOABHTC B 3TOH «CyMMe» IBaxKJbl— OJHH pa3
¢ KoapunueHTOM a; H BTOPOH pa3-—c KO3DDHLHEHTOM
a;, B CJydae, KOTAa ero HHAYUHDOBaHHble ODHEHTALHH
cOBmafaloT, clenyer 6paTh KOIQOHUNHEHT a; + aj, a KO-
rla OHHW TPOTHBONOAOXHEL, 4;— a;. .

BeluncaHM, HamnpuMep, rpanumy nemH —(1 2 3)
—(134)+(124)+(234), koropas, KaK Mbi BHlle.le,
cama sBjsierca TrpaHHnei cummderca (1 2 3 4).
HMeeM .

-A(123)=—-23)+(1 3)—-(12),
~A(134)==-34)+(14~-(013),
A124)= @4H-(14)+(12),
A234)= (34)-@ 4)+(2 3),
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H, CAeAOBATebHO, HCKOMAs CpaHMLa paBHa HYJ0. D10
obuiee CBOHCTBO Ueneli, SBAAIOHIMXCA TPaHHHAMH; rpa-
HHUA TPaHUUBI PABHA HYJIO, T. €.

AA=0. -

PaccmoTpum Temepbh AJs HeKOTOPOro CHMIIHUHMAJBHOTO
KOMIJeKca COBOKYNHOCTb B, BceX r-MepHHIX nenei, sB-
asowuxes rpanunamy  (r -+ 1)-mepHbix nemne#f, H COBO-
KyNHOCTb Z, BCeX r-MepHBIX Henel, rpaHHIbI KOTOPbIX
paBHbl HyJ0 (TakHe yenu HaspiBaloTcad uukJaamu). OGe
3TH COBOKYNHOCTH HBJAIOTCA TPYNMNAaMH OTHOCHTE/bHO
C0XKeHHs, PUYeM TPYRila UHKJIOB Z, COAEPXHT rpynny
B, (nockoqbky rpaHuua rpaHdaubsl paBHA HYJIO, H, Chle-
IOBaTe/bHO, KaxAblfi ajgemeHT rpynnst B, comepxutcs
B MHOMECTBE BCeX r-MepHbIX uelefl ¢ HyJeBo# rpaHu-
uei). ’ : ‘

Bynem cunTath ABa UMKJAa 3KBHBAJEHTHBIMH, €CJH
HX pasHOCTb NMpPHHAAAEXHUT B, (B 4acTHOCTH, Bce 3je-.
MenTbi Tpynnst B, cuHTaloTcs akBHBaseHTHwiMH). Torma
MHOXKeCTBO Z, pa3obbercsi Ha wenepecexaroujuecs Kiac-
Cbl 3KBHBAJIEHTHEIX UMKJOB. (DTo uyacTHbil caywai o6-
Iero NPHHUHMIA «KJAAcCOB 3KBHBANEHTHOCTH», KOTOPBIA
mu nogpobHee obcynum B ra. 2.) Cymma ABYX KJaccoB
Cy u C, onpejiensierca Tak: NYCTh ¢; — HEKOTODPbIK UMK/
u3 Cy, a c— HekoTopbil unkn u3 Cy; torma C, + Co—
3TO KJacC, coAepxawmuin ¢y + ¢;. Kaaccel 3KBHBaJIEHTHO-
cT# 00pasyioT IPYNNMy OTHOCHTEJNBHO 3TOH HOBOW omepa-
UHH ciaoxKeHUsi (HeATPa/NbHLIM 3JEMEHTOM 3TOH Tpynmel
cayxKutT kaace B;); aro ¢pakropepynna rpynnel Z, no B,.
Ona ob6o3uauaerca

H" = 2,/5,

H Ha3bIBaeTCA r-MepHOll epynnol eomoso2ulli cAMIIH-
LiMaJbHOTO KOMILJIeKca,

PaccmoTpHM ABYMepHBIH CUMMJIHUHAJBHBIH KOMMJIEKC,
cOCTOSIMA H3 HeThlpex rpamell TeTpasapa, H3obpakeH-
Horo Ha puc. 11, ¢ Tako#i opuentanueit: (1 2 3), (1 2 4),
(134), (234). Mockoabky OH He COXEPKHUT TPexMep-
HBIX CHMILIEKCOB, Ipymna B, cocToMT JHIIb H3 HeHTpaJb-
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HOro 3JieMeHTa HyJb!) H, c/lefOoBaTe/bHO,
H® =z,
rae Z;—rpynmna UHKJOB, T. €. TaAKHX Lenel
a(123)+b(124)+c(134)+d(@234),
AN KOTOPHIX
Afa(123)+b(124)+c(l134)+d(234)}=0.
Kak u Brlille, HMeeM '
Afa(123)+b(1 24)+c(134)+d(@23 4=
=a(23)—a(l 3)+a(l1 2+ 4 —b( H)+b(1 2)+
+c@B)—c(l H+c(1 H+d(B 4)—d@ 4)+d@ 3)=
=(@+d)@2 3)+(—a+c)(l 3)+(a+b)(1 2)+
+(b—d) @2 4) +(—= b~c)(l D+ (c+d)(3 4)

Ilna toro utoGbl 3TO BHIpaXKeHHe ofpaliaJoch B HY.b,
AOJKHEL BBHIONHSITECSA YCJIOBUS
a+d=0, ~a+c=0, a+b=0,
b—d=0, —b—-c=0, c+d=0.
OTH ypaBHeHHs lie SBJASIOTCA He3aBHCHMBIMH: yPaBHEHHS
BO BTOPO# CTPOKe CJENYIOT U3 YpaBHEHUH NepBOii CTPOKH
(Hanpumep, cKJajgbiBasi [Ba ‘MePBLIX yPaBHEHUs TNepBOH

CTPOKH, Mbl TOJyuaeM TnoOc/jelHee YypaBHeHHe BTODOMH
cTpokH). M3 nepBhiX Tpex ypaBHeHHHA HaxoAum

b=——a, c=aq, d='-a.
I/ITaK, ,lIByMepHSlMH LHUKJAMH 34ech ABAAOTCA Leld BUaa
a(123)~—a(l24)+a(l 34)—a(34). "

[pynna Takux uenefl OTHOCHTEJBLHO CJOXKEHHSI HEOTAU-
4uM@ OT TPYNNHl LeJbIX YHCEeN H MOXKeT ObITb OTOXKJCCTB-
JeHa ¢ Hell, T. e.

2
H“:rpynna LeJBIX YHCEN MO CJ0XKEHHIO.
) MoxHo cyuTaTh, uT0 By — NycTOe MHOXKECTBO, HO YROOHee

paccMaTtpuBarb By Kak Tpynny, COCTOSMLYI0 U3 TpaHMUbl uenyd
0(1234), 1. e anemenra 0. :
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BoJee rpomoazume BHIYHCIICHHSA MO3BOJSAIQT YCTaHO-
BUTD, 4TO By =-Z, = rpynna ueabix YHces IO CJIOKEHHIO,
H, TAaKHEM oépaaoM,

H‘”—Z/B = TpUBHaNbHAS T[PyMNNa, eOCTOAmMAs H3
eNHHCTBeRHOro ajemMenta 0.

PaccMorpum Tenepb cHMINVIMIHANRHbII KOMIEKC, CO-
CTOAIUMA TOJbKO W3 TPeX OPHEHTHPOBAHHBIX rpaHed
(1 23), (124), (134) rerpasapa, u306parkeHHOro Ha
puc. 11. Tenepb o6e rpynoer H® u HW rtpuBHAABHbL
"Ka)Xpasi U3 HuX COCTOHT H3 OJHOTO HeHTPaJbHOrO 3Je-
MeHTa.

C npyro#t cropousl, rpynnsl romMosoruit ao6oro sam-
KHYTOrO BBIIYKJAOTO MHOFOIpaHHHKa, TPaHAMH KOTOPOro
CHYXAT TPEYIOJIbHHKH, COBNaNAlOT ¢ TPYNNaMH TOMOJIO-
Tui TeTpaspa.

OkasuiBaercsi, rpynmsl TOMOJOTHI xapamepuaylo'r
BHYTperHee YCTPOACTBO KOMIJEKCa, T. €. TO, KAKHM CIO-
cOOOM OH «COO6paH» M3 CHMIWIEKCOB. DTHM H 0GbiCHACTCA
HX BaXXHafl PO/ib B TONOJOTHH.

B rtononornn pBe reomerpuueckue Kompurypaunn
paccMaTpHBAKOTCA KaK TOXKIECTBEHHbIE, eCJIH MEeXJy HH-
M4 MOXHO YCTaHOBUTb HenpepbigrHoe B3aHMHO OIHO3HAYU-
'HOE COOTBETCTBHe. Takoe COOTBETCTBHE HAa3hBaeTcs 20-
MeoMOpGU3MOM, H MOMHO CcKasaTbh, YTO B TOIHOJOTHH
OTOXIECTBASIOTCA Te KOHQHIYDAUMH, KOTOpbie romeo-
mopdunt. Hanpumep, ¢ ronosoruueckoit TOUKH 3penus
TeTpasap H cdepa ToxpaecTBeHHH. Ecau HekoTOpasi KO-
¢burypauusi Honmyckaer CKOJIb YrOAHO <«XOpOiUyi0» afl-
NPOKCHMAUMIO CHMIVIMLHAJBHEIMH KOMILIEKCaMH, TO, KakK
MOXHO NOKa3aTh, Bce aNNPOKCHMHPYIOUIWE KOMIIEKCH -
HMEIOT OJHH H Te e TPynmnbl FOMOJOTHHA BO BceX pas-
MepHOCTﬂX‘ CAel0BaTe/IbHO, MOXKHO FOBOPHTb O Tpynnax
FOMOJIOTHH TaKuX KOH(UIypauHii. .

Baxxnan Teopema (Bocxomsaumias k ITyankape) yrsep-
JKAAeT, YTO romeomMopdnble KOHQHUIypauud HMEIOT OJH-
HaKOBble COOTBETCTBEHHble TPyNNbl TOMOJOTHII BO BceX
pa3aMepHOCTAX.

IpounarocTpupyem cka3aHHOEe OAHHM COBCEM INPO-_
cThiM npumepom. PaccmMoTpum IBe MIOCKHe KpHBbIe: npo-
CTYI0 3aMKHYTYK0 KPHBYIO, H300paKeuHylo Ha puc. 12,
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¥ KPHBYIO ¢ OZHOH TOYKOH CaMonepeceyeHHs (BocpMep-
Ky), H3oOpaxeHHyto Ha puc. 13. Slcuo, uto omk He ro-
MeoMOpOHBI (B CaMOM AeJie, eC/ YHaAHTb MI06YI0 TOUKY
NepBOft KPHBOfi, OHa OCTaHETCsi CBA3HOH, y BTOpOH e
KPHBOA eCTh TOYKa, a HMEHHO TOYKa caMollepeceyeHus,
OTGDOCHB KOTOPYIO Mbl HapyillAM ee CBsi3dHocTb). Ilo-
CMOTPHM, KaK OTpa)aeT TEOPHA TOMOJIOTAH 3TO pas-
nHUHe. )

IIpocryio 3aMKHYTy10 KDPHBYI0O MBI MoOieM MHpHGAH-
3UTb NPOCTHIM 3AMKHYTbIM MHOTOYTONIBHHKOM. T aKof

IS

Puc. 12 Puc. -13.

MHOTOYTOJIBHHK TIPEACTaBAseT COGOf ONHOMEpHBI! CHM-
nauuManbHEl Komnsekc (puc. 14). Ero rpynmoft romo-
aoruit H" Bcerma sBAseTcs rpynna nedbIX YHcea IO
CNIOKEeHHIO, HE3ABUCUMO OT uucsa cropon. Takum oGpa-
30M, OflHOMepHasi rpynna roMOJIOTHA NpocToft 3aMKHYTO#H
KpDHBOH €CTb Ipynna IejblX YUCE] MO CJAOKEHHIO.

Kpusyio B topme BocbMepKu yXKe Henbas NpHOAH-
BUTh MPOCTHIM MHOTOYrosbHHKOM. [l Tako#l KpuBOH
CHMINIHIHANBHOR aNlpPOKCHMAalHelt CJAYKHT KOMILIEKC,
H306paxeHubtit Ha puc. 15. Jlas Hero oxHOMepHas rpyn-
a TOMOJIOTHH eCTb TPYNNA YNOPROOUERKOLIL NAP YeAbix
uucep (a,b) OTHOCUTENHHO OMEpalHM CIONKEHUS, ONpe-
AeAeHHOA OOHYHBIM 06pa3oM, a HMEHHO

(a4, by) + (a2, by) =(a, + a3, b, +by).
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Drta rpynna oTHHYAETCs OT IPyNNbl KeJablX YHCes, H, cJe-
JIOBATENbHO, NPOCTasl 3aMKHyTasl KPHBasi He roMeoMopd-
Ha BOCbMepKe.

B T0 -Bpemsi Kak romeomopbunie KoHHLypauHH
HMeIOT OIMHAKOBBIE IPYINBl romoJorui, ob6paTHoe, BO-
o61ue roBopsi, He 8epHO IJsi Koudurypanui pasmepHOCTH
6ospmwe 2. O6mas npobiema onpepeseHHs, rOMeOMOp-
(HbI HJIH HeT 3afaHHble KOHPHTYPALHH BBLICIIHX pasmep-
HOCTe#l, OCTaeTCs HepeileHHOH.

6 5 _
Puc. 14. Pue. 15.

B srom maparpade Mbl pacCMOTpeJH BaKHbIH NpH-
Mep: TeHJeHIHH K aszebpausayun maremarusxu. OHa co-
CTOMT B TOM, 4TO AJIsi PeLICHHsI 3aJjay FeOMETPHH H aHa-
nM3a NoAGHpaloT H M3yvaloT NMOAXolsdllHe asnre6panye-
CKHEe CTPYKTYypbl (Hampumep, TPYIINbl); AHCKPETHbHlE H
kKoMGHHATOPHEIe IO CBOel MpHpone. DTa TeHJIEHIHST BeChb-
Ma XapakTepHa JJIsi COBPeMEHHOH MaTeMaTHKH; Mbl Bep-
HeMCsl K 3TOMY B IVI. 2, rae ofcynuM emle nBa TpHMepa.

§ 15. BexkTopni, MaTpHnBl H reOMETPHS

BaxHOHl H BecbMa XapakTepHOH JAsi MAaTeMATHKH
TeujeHLHel sBASETCSl B3aHMHOe NPOHHKHOBEHHE H [10-
caeayomas YHHOHKauus ee Ha BHI COBEpiEHHO pas-
nHUHbIX yacTefl. XOpOIIMM NPHMepPOM TOMY CJYXHT aHa-
JAUFHYECKas FeOMETpHsl, NosABHBillasics Onaaropaps [le-
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KapTy, KOTOpbili BBeJl B FéOMETPHI0 Koopaunarsl. DBene-
HHe KOOpAMHAT MO3BOJIM/IO, C OJHOH CTOPOHBI, OMHCHIBATDH
reoMeTpuueckde 00beKTHl (TakHe, KAK KOHHYeCKHE ceye-
: mm) npu nomomy apre6paHueckMx ypapHeHuii, a ¢ Apy-
roit CTOPOHBl, HHTEPIpPEeTHPOBATL aireGpantieckue ypas-
HeHHsi TeoMeTpHieckd . (CKaXkeM, paccmarpuBath ypaB-
HeHHe C JBYMs epeMEHHEIMH KaK 3ajaioiliee HEKOTOPYIO
KpuByj0). Orta CBfi3b MeXay anreﬁpou M TreoMeTpue,
okasaBmasicsi 0cOOeHHO IMIONOTBODHOH B mocjaefHee
ppemsi, 1 Oyner TeMofi Hacrosiuiero naparpada. Hanpu-
Mep, MBI YBHIAMM, KaK MOXHRO MHTEpNpeTHpPOBaTh reoMe-
TPHYECKH 3ajauy peilleHHsi CHCTeMBbl JIHHEHHBIX ypaBHe-
Huit. LleHTpanbHyio posib 3fech Hrpaer abGeTpakTHoe H
BeChbMa 3JICraHTHOEe MO CBOER NMPOCTOTE MNOHATHE JHHEN-
HOrO BEKTOPHOTO NPOCTPAHCTBA M JHHeiinbie MpeoGpaso-
BaHHsi TaK¥X MPOCTPAHCTB. BarkHbiM KOHKpeTHHM Hpex- -
cTaB/ieH¥eM JHHeAHbIX Npeo6pasoBaHHil cAyXKaT Tak Ha-
3biBaeMble MATPHULL DTH MareMaTHuecKHe O0ODbeKTHl (Mbl
onpepesauM u oOcyiuM HX B HacTosiieM Haparpade)
IBJSIIOTCSi ONHOBPEMEHHO M HepasfeAuMO Kak aJjre-
OpanyecKumy, TaK U reOMeTPHUECKHMMH H MOTOMY oObenu-
HSIIOT IBe 3TH RHCUMIAHHBL

Kak MH yXe noguyepKHBajM, BaXXHbiM HIESiM CBOH-
CTBEHHO HaXONMTH MpHMelielile B HEOXHAAHHbLIX obJaa-
CTAX, TaK OGCTOMT AeA0 H C MAesiMM JuHellHO#i anare6psl,
K KOTOPOM OTHOCSITCA IMepeyHc/eHHble Bbillle: TOHSTHS.
B nocaeayiomux naparpadgax Mo YBHAHM, KaK OHH Np-
MEHSIOTCS B CHEUHAJIbHOA TeOpHH OTHOCHTEJBHOCTH &
B TEOPHH MAPKOBCKMX lemeil — BaXXHOM pasaesie cospe-
MeHHON Teopuu BePOHTHOCTeH

IMpr nanbHeflilleM H3JIOKEHMH HaM HeCKOJbKO pa3s
MpeAacTaBUTCS CJyyafl YIOMSIHYTh NPOCTPAHCTBA pasMep-
HocTH Oosbille, ueM J; MOITOMY CTOHT HEHANOJIO OCTa-
HOBHTBbCSi ¥ MOJApoOHee OGCYAHTH 3TH OOBeKThl H HEKOTO-
pbie TECHO CBsi3aHHble ¢ HHMH BOIpOCHL.

BBemem mpekae Bcero MOHfITHe AunelnHo20 BeKTop-
Ho2o npocrpancrea. Jlas Hauasa paccMOTPHM OGLIYHYIO
osnockocTh. . Beifepem Ha Hefl pa3 u HaBceria HeKOTOPYIO
Touky O (puc. 16). C xaxaofi Toukofi P MAOCKOCTH MBI
CBSI3HIBAEM - HANPABACHHbUL OTpPe30K (8eKTop), BeRYUiHH
or ‘O x P. TakuM cnoco60M TOYKH OTOXKACCTBIRIOTCH
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c Bemopaun BBegeM teneps B MROKECTBE BEKTOPOB ABE
BayKHBIE ONlcpalH,

1. ¥MuoXeHHe BekTOpa Ha AeHCTBHTENbHOE HYHCJIO
(cranap) o onpeaensercs Tax: aP ecTh BeKTOP, AAMHA

P . .

{-1)p
‘ Puc. 16,

Koroporo B |a| pas npesocxozlm AJHHY Bemopa P npH-
ueM P npuHaJIeKuT Tof ke mpaMoft, uTo u P (Hano-
MHHM, YTO Im ectb aGconOTHAm BEJAHUHHA. qucaa a;
ckaxeM, |—2| =2, |2] =2.) Sror noBbit BekTOP Ha-
npapJieH B Ty e CTOPOHy, uTo # P, ecni ¢ > 0, u B npo~.
THBOIIOJIOXKHYIO CTOPOHY, ecan & < 0.

Puc. 17.

2. CnexeHKHe BeKTOPOB ompejenseTcss IO oébltmomy
HpaBRAy napajjienorpamma (phe. 17).

MoxHO NPOBEpHTDb, YTO 3TH ABE OCHOBHEIC ONEpaLHH
eﬁdla.amor CAeAVIOHIMMY CBOMCTBAMHU:

(a) P+Q=Q+P;

&) (P+Q) £R =P+ (Q+R);
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(c) cymiecrsyer. eauncrBenubit -Bekrop 0; Takoi, 4ro
ANSl KAXKJAOTO Bex'ropa P uMeer MecTo paBeHCTBO

. P4+0=P;

(d) mas Besxoero BeKTOpa P cymec'rBye'r eAHHCTReH~
HEMi BekTOp P’, Tako#, uto P/ + P = (;

(e) a(P+ Q) = aP+aQ; °

(f) (a+B)P =oaP + BP;

(g) a(ﬁP)—(aﬂ)P

(h) ()P=

Teneps (Kax 370 uacro HDeNaeTcsi B MaTeMaTHKe) MBI
MoxKeM 00paTdTh 3Ty NpPOUEAYPY H ONpeHeNHTb JHHEl-
HOe BEKTODHOE MIPOCTPAHCTBO KaK MHOXECTBO OGBEKTOB
P, Q, ..., B koTopoM ompefe/ieHH ONEpauHH YMHOKEHHS
Ha CKaJifip H CJOXEHMA, YAOBNAETBOPSIOUIHE NepPeUuHCIeH
HbIM BOCBMH aKCHOMAaM.

XoTs MBI NPHILIAH K STHM aKCHOMaM, paccMaTpHBas
BEKTOpbl Ha IJIOCKOCTH, OK@3a/oCh, YTO HM YJAOBJETBO-
PAIOT H TepXMepHbie BEKTOPH, a Takke OGBEKTH, Majo
noxoxHe Ha Bexkropu. Hanpumep, nunefinoe [BeKTOpHOE
NPOCTPAHCTBO OGPA3ylOT MHOTOUJEHB C JAeHCTBHTENb=
JHBIMH K03(HUHEHTaMH,  HeNephIBHble JeHCTBHTEIbHbIE
GyHKUHH, 3aAaHHEE HA OTpeske, a TaKXe MM, omnpe-
neneHHbie B § 14,

Tor dakr, uTo TakHe PasHbie OGBEKTbl, KAK BEKTODHI
Ha IJIOCKOCTH (MiH B NPOCTPAHCTBE) H HempepHBHbie
dyHKnuH, 06pa3yIOT JIHHEAHbIE BEKTOPHEIE MPOCTPAHCTBA,
CBHIETeJbCTBYeT O TOM, YTO akKcHombl (a) — (h) ompe-
NS0T CTPYKTYPY BecbMa ofmiero BHAa. B panpHefimem
. Mbi YBH/IHUM, YTO 3Ty CTPYKTYPY MOXHO 00OOraTHTb, BBOAS
AONOJIHHTEebHbIE aKCHOMBIL.

Ilokaxem Teneph, KaK MOXHO BBeCTH TOHATHE pas-
MepHocTH. [aa 3TOro cHavana onpeaendM INOHATHE Au-
Helinofi He3asucumoctu. Bekropsl Py, Py, ..., P; Hasbie"
BalOTCA NIHHEHHO HE3ABHCHMBIMH, €C/AH H3 JIO6GOTO JiH«
HeHHOro COOTHOUIEHHS

Py +eaPy+ .. +aPp=0
clefyer, 4TO o =0y ==...= o, ='0. VIHBIME cnoBamHy,

HH OJHH H3 BEKTOPOB P; He MOXer ObiThb NpeAcTaBieH
B BHJe nuueliHore sumpaskenyn (iuuefmofi KoMGHHALHY),
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cofepKANIero TOJNBKO OCTaNbHble BEKTOPbl paccMaTpH-
BaeMoOH COBOKYHHOCTH. : :

JluneiliHoe BeKTOpHOe HNPOCTPAHCTBO HA3KIBaeTCs
fi-MEpHLIM, €CJH B HeM CYIHeCTBYIOT 1 JHHCHHO He3aBH-
CHMBIX BEeKTOPOB, HO He cyujecrayer cosokynHocru n + |
AUHELIHO He308UCUMbBLY BEKTODOS.

Ecin sMHeliHOe BeKTOpPHOE NPOCTPAHCTBO N-MEPHO,
TO n JHHeHHO He3aBHCHMBIX BeKTOpoB Py, Py, ..., P,
Ha3HBaWT ero 0asucom. DT0 03HauaeT, uFo J1060H BeK-
Top P.. paccmatpuBaeMOro NPoOCTPaHCTBA MoOXeT -ObITb
eJIMHCTBEHHbIM 00pa3oM MNpPeACTaBJeH B BHIE JUHeHHOH
KOMOHHaUHH BeKTOpOB Py, Py, ..., Py .

P'=alP|+a.2P2+ cee +anPn.

Ecan BbidpaH HeKoTopuifi 6a3Hc, TO KaxJIoMy Bektopy P
OHO3HAYHO A COOTBETCTBYeT YmOpsANoueHHbIH HaGop n
cKanapos (o, g, ..., @a), H OGpatrHo. Basuc Hasbl-
BAIOT TaKM¥e CHCTeMONA KOOPAHHAT, a YUCJIA Gy, Og, ...
..., On— KOOpDAMHATaMH BekTopa P.

JIuneiifioe npeoGpasosanne T BeKTCPHOro MpoOCTpaH-
cTBa B ceGsi — 3To 0ToGpaxeHHe, KOTOPoe KaXXAOMY BeK-
Topy P craBuT B cooTtBerctBHe BeKtop I (P) Toro xe
NpOCTPAHCTBA, NPHUEM TaK, YTO BBIUIOJHAIOTCA CJAefylo-
LiMe YCJIOBHA! :

T(P+Q)=T(P)+T(Q),
T (aP) = oT (P).

Hcnonbays 06asuc (cHcTeMy KOOpAMHAT), KaXXHOMY
JUHEHHOMY Npeo6Gpa3oBaHHIO MOMKHO OJHO3HAUHO CONO-
CTaBUTb KBAJApPaTHYIO TaGJIHILYy UHCeJ, HA3LIBAEMYIO MAT-
puyeii. TlokaxeM, KaK 370 chenaTh. Boibepem HeKoTOpHIf
Gasuc Py, Py, ..., P, u paccMOTpUM «npeoGpas3oBaHHbIE»
BekTopnt T (Py), T(P2), ..., T{Pn). IlockonbKy Kamabifi
H3 HHX fiBAAeTCs JIMHeHHO# KOMOWHAlLHeH BeKTOpoB Ga-
3HCa, Mbl MOXEM HAIHCATh: -

T(P) =t Py+tPy+ ... +1,P,,
T(P2)=t2|Pl+th2+ oo +t2npn,

T(Pﬂ)=tnlpl+t02p2+ e +tnnPno
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Takum oGpasom, JuHeliHOMY INpeo6Gpa3soBanuio T coOT-
BeTCTByeT (ONHO3HAYHO, eCM (HKCHPOBAH HEKOTPPHIH
0asuc) martpuua yxcel :

tn fp e tn
T = t2] t22 .o tzn

'tn.l. ) tn2 - . ,'tnn )
Ilyctb S — npyroe JuuefiHoe NpeoGpasoBanug paccMat-
pPHBaEMOro NpPOCTPAHCTBA, U MycTh MaTpHua NpeoGpaso-

BaHHSt S OTHOCHTeNbHO BhGpanHoro Gasuca P, P, ...
ev.y Pn MMeeT BHI

Sit Sye ees Sip

§ S ees S
S=| S Sz 2n

Sut Spz <+« Sun

TIpenmosiokuM, YTO BHIIOJNHAETCA CHayana npeodpaso-
panne T, a 3atem S. O0befurenHoe JeilcTBHE IBYX 3THX
npeoGpa3oBaHuii — uX KoMnosuuusa ST — cHOBa, Kak Jer-
KO BHIETb, BIsIeTCS JHHeHHHM npeoOpasoBannem. Hpe-
o6pasoBanuio ST cooTBETCTBYeT (OTHOCHTEJIbHO TOTO XKe
Gasuca P;, Ps, ..., P,) MaTpuna, sjeMeHT KOTopo#i ¢
uagekcoM (f, &) (1. e. CTOAIMUA Ha TNepecevyeHHH i-i
CTPOKH U k-ro cToa6ua) Bhipaxaercs ¢opmyJioi

Subip + Sigtor + oo & Sinbue = 121 Siftipe.

Ecau B3dTh KOoMNo3uuuio npeodpasoBanut S u T 8
o6paTHOM mopsike (T. e. cHavaia BHIUIOJHHTL S, a 3a-
teM T), 10 (i,R)-# 37eMEeHT MAaTpHHb, COOTBETCTBYIO-
mweh TS, Gyner-uMerh BHA , -

. n
tySipttinSor+ oo FEnSur= 121 AT

3To BhipaxeHue, BOOGile FOBOPS, OTJAHYAETCH OT NMpeAbi-

n
RYWero 3} st .
=t
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Takum oOpasom, Komnosuyus JuHeHHBIX Opeobpasp-
BaHUA COOTBETCTBYET. ONpefeJeHHON B MHOXeCTBe MaT-
pHIl oNlepaltvy, HA3bIBaeMON YMHONEHueMm MaTpHU.

ToxnaecrBenHoe mnpeoGpasdoBanue [/ npeacTaBiaseTCst
(3 moGom 6a3nce) TaK ' HasblBaeMOH ezmﬂnqﬂoﬁ HaH

TOXJAECTBEHHOH, MaTpHleH

10 0...0

0‘1 0...0
0 0...01

- MoxHO nombiTaTbCst ONpeAeNuTh NpeobpasoBaHHe, 00«
patHoe K T, KaK Takoe npeoGpa3osaHue, KOTOPOe B KOM«
nosuuud ¢ T HRaer ToXxKAecTBeHHOe NpeoOpas3oBanue I,
OnHako He Ans BCAKOTO JHHeliHOTro NpedGpasopannus T,
cymectsyer o6parHoe. IlpeoGpasoBanus, -He HMelouHe
0GpaTHOTO, XapaKTEpH3YIOTC TeM CBOHCTBOM, YTO OHH
aHHYJHPYIOT HEKOTOPHIA HeHyneBofl BeKTop (1. €. oGpa-
30M 3TOTO BEKTOpa NpH peoGpa3’oBaHHM CAYXKHT HYyJie-
Bo#i BekTOp). MHbiMu caoBami, JmHe#iHOe npeoGpa3oBa~
uue T umeer obpatHoe. T-! (4 MpPUTOM eIHHCTBEHHOE)
TOr4a M TOJbKO TOTAa, Koria u3 paselcta I (P)=
caenyer, uto P —nyaesofi sekrop. Takue npeoOpa3oBa-
HUA Ha3LIBAIOTCA HEBHPOXJAeHHbIMH. KoMnosuuMs ABYX
HEBBIPOKACHHBIX NpeobpasoBaHUM eCTb CHOBa HEBHIPO-
XKIeHHOe NpeoO0pasoBaHHe; HeBLIPOKJAEHHLIE NpeolGpase-
BaHHfl COCTABJIRAIOT TPyINNy.

OG6cyftum noapoGHee cayyad [AefiCTBHTEJNBHOTO ABY-
MEepPHOTO JIHHEeflHOTO BEKTOPHOrO NpocTpaHcTBa. BuiGpas
pa3 W HaBcerza 06asHC, .Mbl CMOMKEM OTOXAECTBHTH BEK-
FOPbl C YNOPSALOUCHHLIMH .N1aPaMH (a1, a2) HeficTBHTEND~
HBIX YHCeJN, a JuHeAHbe rnpeoépasoaannn—-c (2 X 2)-

MaTpHIaMH
( ty fnz)
t2l t22 !

ree Ty, ..., fog — JeficTBHTENbRBIE uMCIa. YTBepXK-
nenne, uto . mnpeoGpasosanwe T HmeeT ofpATHOE,
PaBHOCHJIBHO YTBEPXAEHHIO, YTO CHCTeMa JIHHEHHBIX
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YpaBHeHH#
tiai + tpey =0,
leal + 122(12 =0
HMeeT e{MHCTBEHHOE (TPHBHAJALHOE) pellleHHe oy = o = 0.

U3 aunefinofi anareGpol H3BECTHO, YTO MOCjeflHee MMecCT
MECTO TOTAAa H TOJbKO TOTAA, KOTAA

fuby = Iyt # 0.

Uucno f1tes— f21f12 "Ha3nBaeTca onpedeauresem (W
derepmunanron) marpuubl T H o603HaUaeTCA Tak:

. t t
t"t”""tlztm,=det1‘= i 12

ty l»

Moxno mnokasaTe, uto o6patHas matpuua 71! umeer
BHJ ' '

. _ba by
-~ dtT ~ detT
- tay oty

T detT det T
H, TaKHM 00pasom, :

T"'T—TT"-—.I-—<I 0)
- SN0 1)

MoxHO ¥ - pacnpocTpaHHTb INMOHATHE ONpeNesHTeNs
Ha. n-MepHuIT cryual® u o6o6mute Qopmynay obpaTHOM
MaTPHUH Ha MaTPHHL ROpAAKa n? MCXOAHBIM TOJUKOM
K H3YYEHHIO TaKOr0 poja BONPOCOB NMOCTYXKEJIO JKeJaHHe
HayYHTbCs pelllaTth CHCTeMB 22 JHHeAHbX ypasuenuﬁ cH

HEH3BECTHLIMH O, 02, ..., On ')t

by F o+ oo 0, =Py
by +tog0o+ ..o +l0,= ﬁzy

& ¢ e e o ° v ¢ ¢ o

tnlal + tn2a2 + c e + t,man = ﬂn- N .

1) Mu Hapmeemcst, uTO uuTaTeAb He GyZeT BO3MYUIEH HaluM OT-
Ka30M OT TPaRHUHOBHOTO OGO3HAUGHHS «HEHSBECTHBIX®» BeAMuHn GyK-
BaMu ¥, y H 2. Xora uwacto Takme 00603HaueHHs YROGHW, OHH HH
K 4eMy He 00A3HIBAIOT; B KOHie xoﬂuon oﬁosnaqenaa-s'ro TOABKO
o6osnayuennsn! :
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Ons n=2, 3 u Aaxe 4 HEH3BECTHHIE O, O, ... MOXKHO
3aliicath KaK OTHOINEHHS ONpeJesIeHHbIX aJjrebpaHue-
ckux ¢opm, colepxammx f; 4 P;, Ha BUA AOGBOJLHO
FpOMO3AKHX. MOXKHO ROragartbCs, a 3aTteM M J0KasaThb,
YTO

detT,

e ="getT ?
rae Marpuua T, mosyuaerca us T samenoét k-ro cToi6-
ua cronbuom (Bi, P2, ..., Bn). [Ipu 3TOM onpepenurens

o6utefi (n X n)-maTpuusl
ay Qy ...

A= Ay Gy ... Gy

A Qp ... Qp,
BLIYHCASCTCA MO cefyiomeMy npasuay. [lycrts

(1 2 3 ... n>.
n=\. , . ,
iy dp i3 ...,

— HeKoTopasi MOACTaHOBKa HHAeKcoB 1, 2, ..., n. Bo-
nuilleM Npou3BeneHHe

-
* a”lazgzasia ces a,,,n

H BO3bMeM €ro €o 3HakKoM -+, ecid MOACTAHOBKA ; 4Yer-
Ha, ¥ CO 3HAaKOM -— B NPOTHBHOM cJyuae.

(Kak rosopusioch Bbille, BCAAKasi NOACTaHOBKA npen-
cTapisierci B BHAe NPOM3BeAEHHA TpaHcnosuyud, T. e.
NOACTaHOBOK, MEHAIOUIMX MecTaMd IBa 9JeMeHTa U He
H3MEHSAIOUHMX OcTanblbiX. XOTA TaKoe [peACTaBIeHUE
naHHOH MOXCTAHOBKH He eRHHCTBEHHO, OHO BCerja co-
HepXKUT b0 TOJABKO YeTHoe, Ju6O TOJbKo HeuyeTHoe
4lCcNo TpaHcnosuuui, B NepBoM cnyyae mopcTaHOBKa
Ha3biBAETCsl YeTHOH, BO BTOPOM — HEUEeTHOI.) B

Onpenenmenb paBeH CyMMe BceX TaKHX HpOH3Be-
JdeHuli, B3ATHX C COOTBETCTBYIOIMHMH 3HAKaMH, NPHYEM
CyMMHpOBaHHe NPOH3BOAHTCA 1O BceM nl MOACTaHOBKaM:

detA= g (sgn ) arx (azn @ ‘s Oun (nh
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rre sgnm = +1, ecin = yetHa, U sgnn = —I, ecan xn
HeuerHa, a n(l), n(2), ... oGosnawawr iy, iy, ... -

Beenennbiit TakuMm crnoco6oM oOnpeiefHTeNlb BHICTY-
nmaeT Kak HeKMi anarebpavuyecKMH MOHCTP, CO3ZAHHBIA
FIaBHbIM 00pasoM JJAf TOro, 4To0B pellaTtbh CHCTEMH
JuHeliubix ypaBHenu#l. (IIpH BHUHCAeHHHM onpefennTe-
JeH pelXKo MOJb3YIOTCA HENOCPeACTBEHHO OfpeAe/eHHeM.
Hmeercs o6mwupHaa JnuTepaTtypa, NOCBAIUEHHAS CBOM-
C¢TBaM oOnpejejuTe/Nell H MeTodaM HX Bbuucienus.) On-
HaKO B TEOpUH JHIIEAHBIX BEKTOPHLIX NPOCTPAHCTB OlIpe-
JelMTeI MOXHO pacCMaTpuBaTh C OcJee eCTeCTBEHHOH
reoMeTpHYeCKOH TOYKH 3PEHHS.

B camom pnene, nycts Py, Py, ..., P, — Hekorophlii
6a3uc Halllero BEeKTOPHOIO NpPOCTpaHCTBa, a I — jmHed-
Hoe npeoOpasoBaHue 9TOoro HpocrpaHcTBa B ce6a. [lycrnb
Qi Q2 ..., Qu— npyroii 6Gasuc. HuTepecHo y3sHuaTth,
KaK MeHAIOTCA NPEACTABMCHHA BEKTOPOB M MATpHIL NpH
nepexojie oT oxHoro 0asuca K apyromy. ITocKOJbKY Bek-
topel P; oOpa3yioT Gasuc, BeKTOpH Q; BHIPaKaloTCA B
BHIle JuHeHHbHX KoMOHHAuui P;:

Qz-‘d;1P1+d;2P2+ eew +di Py Edlipj-

NOSTOMY MePexoid OT OAHOro 0asuca K APYTOMY MOXKHO
onHCaTh MaTpHUeR
dll dlz * e e dln
D - d2l dﬂ * .. dzn

dy dy ... d,,

C npyro#t CTOpoHbI, NOCKO/MIBKY Q; TOXe 06Gpa3syior 6a3uc,
Mbl HMeeM

n
Py= 121 ¢;1Qps
FAie YHC/A C;; COCTABAAIOT MATPHLY

Ciu Cr2 «ee Cp

C — 021 022 L 02,1

Caut Cn2 o++ Cpy
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MoxHO NPoBepHTH, UTO .
CD=DC=1,

orkyaa D = C-' u C= D!, 1. e. marpuust C u D B3a-
uMHO oOpaTHHl. Hrtak, n ausefiHnIX KoMOMHauu# Gasuc-
HbBIX BeKTOPoB caMu o6pasytor 6asuc Torja H TOJBKO
TOrAa, Korjla CoCTaBleHHad W3 HX Kos(p¢puuHenToB Mar-
puna D HeBHIDpOXKAeHHa, T. e. Korja cyuecrsyeT oGpart-
Hast efl Mannua D', uau, uTo pPaBHOCHJABLHO, KOT'Aa
det D 0. :

- Tlycte Tenepn

tl.l tl2 L tln ’

T = t2l t22 R t2n

tnl tnz A tnn

— MaTpHLa, OMHCHIBaiolas JHHEfHOe NpeoGpasopanue T
B Gasuce Py, P2, ..., P,, Torla MOXHO MOKa3aTb, 4TO
MaTpHua '

¢™'7C = DTD™

onmuchipaeT TO e mpeoGpasopanue T, Ho yxe B Gasuce
Wiy ceey Qn'- ’

Anre6panveckn marpuunt CTC (rme C npoGeraer
Bce (n X n)-MaTpulpl, uMelomHe oGpaTHble; TakHe Mart-
pHUW Ha3bIBAlOTCH HEBBIPOXK/JAEHHBIMH) MOTYT BHEIIHE
OueHb CHJIbHO OTJIHYaThCA OAHA OT Apyro#. Ho mockosb-
Ky WU36eCTHO, UTO 20MeTPUYECKI OHH OMHCHIBAIOT -00HO
u TO sice NHHefiHoe npeoGpasosatve T, ecTecTBeHHO AY-
MaTh, YTO OHH JOJIKHB HMeTb HeyTo obmee. B uactHO-
CTH, BO3HHKAaeT BONPOC: HeJb3fl JH NOCTPOHTb H3 3Jje-

_ MEHTOB MAaTPHIbl TakKHe BbipaXKeHHA, KOTOpbie He H3Me-
RAIOTCA (MHBAPUAHTHH) NPH YMHOXeHHH 3TOH MaTpHUH
cnpaBa Ha C u cnesa ma C-!. OkasmeiBaerCs, onpelenu-
TeNnb ABJAETCA KaK pPa3 TaKEM BbIPajKeHHeM:

det(CT'TC) = det T, ’

H, C/IEOBATEbHO, OH CBY3aH C npeoGpasoBanueM 6HYT-
pernum o6pasoM. Ho torna mosmxeH cyllecTBoBaTh CIO-
€00, Mo3BONAIOUHA BBecTd HOHATHE ONpPeJeNHTENS JH-
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HeflHOro npeoGpa3oBaHud, He oOpamasch K CHCTeMe KO-
opaunar (6asucy). Takoh criocoG AEHCTBHTENbHO Cylle-
€TBYET H COCTOHT B CJIEAYIOLIEM.

Cunayasia noiTaloTca Halith (HymneBoH) BeKTOp E, ko-
Topuil mnpu mnpeoGpasomsanuu T nepexoautr B AE, rge
A —ckanap. Vinaue rosopd, HIIyT BeKTOpHLIE peHieHHS
ypasHenua TE =AE, E 0. MoxHo nokasartb, YTO B
n-MepHOM BEKTOPHOM MNPOCTPAHCTBE CYILECTBYIOT f JIH+
HeitHo He3aBHCHMbIX Bekropos Ej, ..., E, Takoro BHIa.
Oun Ha3piBalOTCA COOCTBEHHbIMI 8eKTOpAMU TIpeoOpa3o-
BanHa T, a COOTBETCTBYIOUIHE CKalfiphl A, +.., Ap Ha:
3bIBAIOTCS COGCTEEHHOIME 3HAYEHUAMU.

slewo, 4to B cHcTeMe KoopfmHat E;, E, ..., E,
npeoGpasosanue® T ONHCbiBaeTC MaTpHUed O0COOEHHO
MpPOCTOr0 BHAA, 3 HMEHHO — AHArORaJbHOH MaTpHIeH

MO 0L, 0
0 2 0...0

0 0 2;3 ) 0 ¢
{0 0 0 ... 4,)

Ee onpesenurtelb paBeH NPOH3BEACHHIO AMATOHAJbHHX
"3JIeMEHTOB!

detT=Ay -2 ... A

QSTO BEIDA)KEHHE H MOXHO CHHTATh a.rxre6panqecng o
peleliendeM onpefenuTens. DTO 4UCAO, OTBEYAIOLIEE Mae
TPHLE, OTPaXKaeT HEKOTOpble Ba)KHellIHe CBOACTBA OIHs
chipaeMoro e mnpeoGpasosanusi. HanpuMep, nHHefiHO8
npeobpasosanse I uMeer oépamoe TOTA2 W TOJBKO TO=
raa, korga det 7T Q.

Hanswe B 3TOM maparpade MH emme BEpHEMCA K OM«
peie/nTeNAM, HO CHAayajla Mbl JO/BKHBI HAJEJHTb HAle
JIHHefiHOe BeKTOpHOe MPOCTPAHCTBO ele ONHOH CTPYKTY-=
poii. ’

Ho cux nmop MH He ynmoTpeG/a/ju Takue Cl/IOBa, Kak
paccrognue HI¥ Y204, HCKAIOYas JHWL TO MECTO, rie
onpeneaanocs npoussegenue aP. (Ho naxe u tam Ges
3TOTO MOXHO GblI0 060MTHCH. MblL MOT/IM Gbl ONPENie/HTD
nP pns matypansHbiX n Kak ymmy P+ P+, .+ P
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(n pas), a —l—P—KaK BeKTOp ), KOTOPLI IPH CAOKEHUH
¢ caMuM coéon n pas paetr P. TakuM cnocoGoM MOXHO
6b110 GBI onpenemma—— P nas HaTypaﬂbe{x m u n. Pac-

nosaras HOCJAe 3TOr0 onpefencHHeM rP aas nmoJoxu-
TeJbHBIX PallHOHAJbHHIX 7,. MBI MOIJIH Gbl OllpefiesiHIb
— rP Kak eAMHCTBeHHBIi BeKTOp, KOTOpH NpH Ciroxe-
HHH ¢ rP paer 0. Yrto6b pacnpocTpaHHTb 3aTeM 3TO
onpejeneHHe Ha [AeACTBHTEJNbHble YHCJA, HYXHO Obli0
6bi BOCHOJIb30BATLCA MPOUEAYPO#, KPaTKO ONMCAHHOM
B § 8, rae MH rOBOPHJIH O pacUIMPeHHH CHCTEMBl Pailvo-
Ha/MbHBIX YHCEJ JIO CHCTeMbl BCeX JeHCTBHTEbLHBIX yH-
ceJ.)

Bcnomunm, Kak o6Gpanjailorcsi ¢ MOHSTHAMHE paccTof-
HHA H YIJia B aHaJHTHYeCKOfl reOMeTpHH Ha NJIOCKOCTH,
Cravyala BHIGHpAlOT ABe ' NeplNeHAHKYJAAPHble NpAMbe
(ocH x ¥ y) H Kaxpnofi Touke P NMPHRHCHIBAIOT KOOpPAH-
Hatel X H y (puc. 18). 3artem, ucnoab3ys Teopemy Ilu-

y
A Plxy,y,)

Az, .y,)

4

Puc. 18.

¢daropa, AOKa3HBAlOT, YTO pacCTOsiHHe MeXAY TOYKAMH
P(x1, Y1) u Q(x2, y2) 3apaercs dopmy/ 01

d(P, Q=V(xa— )+ — n1).

[MpuMenss npaeusio KocHHycoB (HeGoabloe 0GoGieHHe
TeopeMbt l’Imbaropa) NOKashnBaloT, YTo yrosa 0 Mexmy
OP u OQ MOXHO HalTH o q)opMyne

.

x|x2+!/l!/2

Vit Vai+ii

cos 8=
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Kocunyc yrna mexpy orpeskamu AP u AQ, rae A—
TOYKa C KOOpAUHATAMH Xg, Yo (puc: 19), Haxoputcs no
HECKOJbKO Gosiee Q0L popmyne

(21 = x0) (%2 — X0) + (51 — 50) (92— %)
V(xi = x0)2+ (91 — 9012 V (x2 — x0)2 + (2 — 40)?
Tenepb Mox#o noneiTatbess o6paTuTh OGHIYHYIO HPO-
Hexypy W paccMaTtpuBath 5TH QopMynbl Kak onpepede-

HHA paccroanua H yraa. [Ipy stom BO3HHKalOT ABe mpo-
6JaeMBbl. :

cos 0=

Q(z,.Y,)

Puc. 19,

1. TTockonbky 3t doOpMyNbl OTHeCEHBI K HEKOTOPO#
BLIOpaHLON CHCTeMe KOOpAMHAT, ClefyeT NPOBEePUTb, YTO
OHU He MEHAIOTCH IIPH nepexope K JPyro#t cucreMe Koop-
oUHaT TOro Xe Ttuna. Muave ropopd, B3fB Bpyry1o cu-
creMy (puc. 20) B32HMHO IeEPMeH MKy PHbIX oceft x’
¥ y’, B KoTopo#l Touka P uMeer KOOpAHHATH xl, -’/1' Q-
KOOpAHHATH X5, Y W 0—KoopmuHaTHl xj, y;, Mbl
KOJIKHBL NTOJIYUUTh

(= 5f o+ (= o= (e =) + (o= 01

aHaJlOrHYHOe TOXZECTBO NOJIKHO MNONYYHThCH U3 ¢op-
MyJbl 215 cos B.

2. Kax onpefiensieTcsi KOH2PYIHTHOCTb TFeoMerpuue-
CKuX ¢uryp — NoHsiTHe, Hrpalolllee NEHTPaJbHYIO pPOJb
BO BCEM NOCTPOEHYH-FeOMEeTPHH?
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DTH xBe npo6aeMB TECHO CBA3aHLl, H pellieHHe BTO-
POi H3 HHX HOYTH aBTOMAaTHYECKH NPUBORHT K pellieHHo
nepBOH.

' B ocHOBe NOHATHS KOHCPY3HTHOCTH JIEXHT HHTYHTHB-
HO® NPeICTABNCHHE O HECTKUX OBUNEHUAX, T. e. LBHKE-
HHASX, He USMEHSIOWHX METPU4ECKUe COOTHOUWIEHAS B reo-
meTpuuecknx ¢urypax. TouHee, . KeCTKHe [IBHKEHHA —
9TO NpeobpasoBaligd, COXpaHAIOUIME PaCCTOSHHSA. H YFJbL,

-

y
P(x,y)

(x%.y;)

XY
7N\

. Puc. 20.

" MoxHo NOKa3aTh, YTO BCSAKOe npeobpasoBaHHe, CO-
XpaHsionlee PacCTOAHHA H KOCHHYCHl yIVIOB, HMeeT BHJ

x" = ayx + aypy + xo,
Y = ayx + any + o,

fay ap\
_ A=( 1 12) '
ay; Qp» .
TaKoBa, uto A’A = I; yepes A’ snech o6o3Hauena TpaHC-
NOHHPOBaHHAs MaTpHUA

rhe MaTprua

A'-—.(a“ am)

= ",

G Q2

T. e. MaTpulla, nOAYyeHHas H3 A OTpaxKeHHEM OTHOCH-

TeJIbHO. IIaBHOA AHArOHAJH (nnymwen H3 JIEBOTO Bepx-
Hero yr.na B npasuﬁ HIKHHT),
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MoxHuo npoBeputs, 4to det A paBen auGo + 1, auGo
— 1. Ecan det A = — 1, To npeobpasoBanre A (x0T oHO
H COXpaHfeT pacCTOAHHA H KOCHHYCHl YIVIOB) HE OMHCbI-
BaeT KecTKoe [BiKeHue IJMOCKOCcTH. Tak, nanpnmep,
npeobpas3oBanHe , :

X =x, .

Yy =-—y

eCTb CHMMeTDHSI OTHOCHTeJIBHO OCH X, COXpaufiomas &
H c0s0, HO MeHAIOINas OPHEHTAUHIO Ha NPOTHBONOJOXK-
HyI0 (BpailleHHe NPOTHB YaCOBOH CTPEJKH NePEXOXHT BO
BpailileHHe MO 4acoBofi cTpedke H Haobopor). BooGiue,
moGoe Takoe npeoOpasoBande A c¢ detA =—1 obpa-
waer opuedraunuie (puc. 21).

Puc. 21\.-

HTaK, KeCTKHMH JIBHX{GHPIHMH AABJAIOTCA npeoﬁpaao-
BaHHA BPIJIa

L4

' =ayx+ a3y + X0,
y=%ﬁ+%ﬂ+%

ana kotophix A’A =1 ndetA =

OxasbiBaeTcs, 49TO Nepexon K pryron (npﬂmoyro.nb-,
HOH) cHCTeMe KOOpAMHAT onHChiBaercs HopMyJaMH TOro
ke OOHIEro BHAA, YTO H XKeCTKHe ABMXKeHHHA, W, TaKHM
obpasom, mpoGyeMa 1 pewieHa,

Temepb, KOrfa y Hac ecTb f8HOE U KOHKPETHOE Ofpe-
AeJeHHe KOHTPYSHTHOCTH, Mbl LOJ/IKHH CBA3ATh €r0 C eB-
KJIKIOBBIM NOHATHEM KOHIPYIHTHOCTH.

EBKNiz He OTPeieNsieT KOHTPYIHTHOCTb H He FOBOPHT
HaM, Yro 9Te Takee. Bmecyo ¥TOro OH JHIED NMepeuncaAneT
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(B dopme akcuoM) cBoicTBa, KOTOPbIMU OHa 00AXCHA OG-
4a0aTb, uT06H COOTBETCTBOBATb HHTYHLHH.

Ha ochose stux m mpyrux akcuom (Bkaioyas 3name-
HHTHIA NATRUA MOCTYJIAT, YTBEPIKARIOULHI, YTO Yepe3 TOY-
Ky, He JIeXaIuyio Ha NpsMoifi [, MOXHO NMPOBECTH OAHY H
TOJIBKO OfHYy npsiMylo, napajjienphHyio [) MoxHO GbLIO
Obl moKkasarh Teopemy Iludaropa, onHpasicb TOJbKO Ha
MOHATHE KonepysuTHOCTU. OHO TaKoe NOKa3aTeNbCTBO
- REMOHCTPHpyeTCcSl Ha pHc. 22; KBagpaT, MOCTPOEHHbIA Ha

.

a

Puc. 22,

THNOTEHY3e npsiMOYTrOJbHOTO TPEYroibHHKa, M durypy,
COCTaBJ/IEHHYI0 H3 KBajgpaToB, NOCTPOCHHBIX Ha Karerax
(MeHbLIMA U3 HEX OPHAOKEH cBEpPXy K GoJbiiemy), Mo-
KHO .pa30uTb Ha nATb B32HMHO KOHFPYSHTHHIX vacTel
(ueTbipe M3 HUX TpemCTaBAAIOT COGOM KOMHH HCXOXHOTO
TPEYTO/IbHHKa, a maTast — HEKOTOPHIH KBAApar).

UTo0bl noayynTh W3 .3TOTO HEYUCAOB020 BApHAHTA
teopems! Tludaropa usBectHblil wuci0e0d Bapuant 2 =
= a® + b% nowagobuTCR TeOpUs U3MePeHUus, KOTOPYIO
TOMe MOXHO MoCTPOHTL HAa OCHOBE aKCHOM, He BKJIOYai0-
IHX YHCed Kak takoBblX. MIMeHHO 31ech y TPEKOB BO3-
HHKJH TPYAHOCTH C uppaunouanbﬂb}'mu yHCcJIaMy, 0o-
CKOJIbKY aKCHOMBI, KOTOPbLIMH OHH NOJIb30BAJHCH, NO3BO-
JIaJIH CTPOHTD TOJMbKO PAaLHOHaJbHBIE YHC/IA.

- Tor dakr (BpiTexatonnit n3 Teopembl [Tudaropa), uro
THTIOTEHY3a paBHOOe {PEHHOTO NPSAMOYTOJNLHOTO TPEYroJib-
HHKa HeCOH3MepHMa C ero KaTeToM (HPpPaiHOHAJbHOCTh

Hucaa V2), ABHJICH /ISl TPEKOB HCTOYHHKOM Fiy6okoro
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oropuenusi. Cefiuac Mbl 3HaeM, TG A/ MOCTPOCHHs MOJ-
HOW TeODHH H3MepeHHSs, KONYCKAIIeH Hapaly ¢ pauno-
HaJMbHBIMH H HpPalHOHa/JbHbie UHCAA, HYXKHa HoBas
BecbMd TOHKAaf AKCHOMA — TaK HasbiBaemas QKCuUOMA
HenpepbieHOCTU. EBRIMA.H TPEKH NPORYCTHJH ellle Leayio
TpynIy akcHOM, Ha3biBaeMblX akcHoMaMu nopsgka. OHu
OTHOCSITCS K TaKHM MOHATHAM, KaK <TOYKA JIEKUT MEXKAY
HBYMs APYTHMH TOYKaMi», «1yy OA nexut mexay asy-
M5l APYTHMH Jydamh OP n OQ» u t. n. BuipaxaeMbie
HMH CBOHCTBa HACTOJNBKO HMHTYHTHBHO OYeBHJHBI, YTO HX
NpOCTO He 3aMeTHJH, U 3TO HeyxauBHTenbHO. OIHAKO BhHI-
YHCAHTENbHAs MalunHa HecMocOOHA <«YBHEETb», JEXHT
JIM MaHHas TOUKAa MeXAy ABYMs JAPYTHMH, H el NOJIKHO
ObiTb «CKa3aHO», Kak 06pamartbcs ¢ MOHATHEM «JIEKHT
MeXny».

3gech cHOBa HeoOsi3aTesNbHO -3HATh, UYTO O3Hayaer
«1eHAaTh MEXIY», ecllH HMeeTcs] JOCTATOYHO NOJHDIH Me-
pevyeHb CBOHCTB 3TOr0 MOHATHA.

Hraxk, cregyer nposepuTh, YTO Hama anre6Gpanyecku
onpejieNeHHast KOHTPYSHTHOCTb o6najaer BceMH cBOfi-
crBaMi, noctyaupoBduHEIMH EBkaugom. Koas ckopo 310
CLEJaHO H KOJIb CKOPO MPOBEpPEHbl BCE APYTHE aKCHOMBI,
Mbl NosyyaeM MOJHYIO anarebpaunveckylo (HJIH aHAMHTH-
YeCcKYio) mM00eab MIOCKOH eBKJIHEOBOA reOMEeTpHH.

Tenepb yxe Jerko WarHytb 3a Mpefesbl ABYX H3Me-
peHnii, u Jyuue BCECr'O CHeJIaThb 3TO B PAMKAaX TEOPHH JiH-
HeliHbX BEKTOPHbIX NpocTpaHcTB. Enuacrsennoe Hosoe
IIOHATHE, KOTOpOe AJAS 3TOro motpebyercs, — 3TO MOHS-
THE CKaaApHO2o npoussefenus o (P, Q) ABYX BekTOPOB.
P u Q. OHo BBOgHTCA NPH FIOMOIUM AKCHOMbI, yTBep-
Xpawoueft cyllecTBOBaHHe BeJHUHHBI o (P, Q), ob6aagaio-
mel TaKHMH CBONCTBAMH: .

(a) o(P,Q) ectb cummerpuyeckas . OuJanHefHas
¢yukuua ot Pu Q, 1. e. 0 (P, Q) =0 (Q,P) u

o (P, aQ+ﬁR) ew (P, Q) +po (P, R);

(b) o(P,P)>0, npnqu ®(P, P) =0 ToabKO TOrAa,
korga P = 0.

INokaxkemM, 41O zmymepnoe BeKTOPHOe NPOCTPAHCTRBO,
B KOTOPOM ONpENeJiecHO CKaJsfpHOe NPOH3BENCHHE
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(P, Q), obraxaiomee yxasaHHbBIMH CBOFICTBAMH, MOXHO
NPeBpPaTHTh B MOJAE/b €BKJIHWAOBOA MIOCKOCTH,
PaccMoTpum ABa JMuHellHO He3aBHCHMBIX BeKTopa Py
H P, Kak HeTpyZIHO J0Ka3aTb, MOXHO HAiTH TakHe JH-
HeitHble kXoMOuuaunk E, u E; BekTOpoB Py U P;, uto

o(E, E)= ‘D(Ez; Ey)=1,
@ (El’ Eg) =0,
Ilns moxasatenbcTBa HyMHO BOCIOJNB30OBATHCA TEM, UTO

-MJISl IAHERAHO He3aBHCHMHIX BEeKTOPOB Py M Pz uMeer Me-
CTO HepaBeHCTBO -

(P, P (Py, P))—a?(Py, P3)>0.

910 omna s ¢opm H3BecTHOTO HepaBencrsa IllBapua.
Haiinennoie tak E; u E; ToXe 06pasylor 6asuc; fo-
aTomMy .
) P=xlEl+ylE2’
Q=x,E, + yE,,
H MHB TIOJyyaeM A
0 (P, QY= x.%3+ YY)2-

OnperennM Tefepp KBaApar PAcCTOSHUS MeXAy BCKTO-
pamu. P 1 Q dopmyaoit '

- d2(P, Q)=(0(P'—Q: P;'Q)’
a KOCHHYC yraa Mexay P u Q — dopmyioi.
. ' @(P, Q) .
Veo(P,P)Vo(Q Q'

MBI BePHYIHCE K OGLIYHEIM GOpPMYIaM IJOCKOR aHAJHTH«
4eCKO# reoMeTpHH. ' '

Teneps ME MoxeM ONpeieNHTb n-MEPHOE eBKJHIOBO
NPOCTPAHCTBO KaK n-MepHoe OellcTGUTEAbHOE BEKTOpHOE
NPOCTPARCTEO co cKaaaphbim npouseedenuen o(P, Q),
o6.radarowum yxasannowmu dbuste ceoiicreamu (a) u’(b).

JKecTkHe ABHKeHHS — 3TO nepeHOCtl M AuHElHble
npeobpasosanus T (1Mo aHalloTWH HasbiPaeMbie Bpaile-
HHAMH), COXpaHAIOlIHe CHaJApHOE TPOH3BeJICHHe

cos0=
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¥ opHeHTauHio, 7. e. Takwe, uto detT = 1. (To, wro
detT = x1, caemyer u3 paBenctBa (TP, TQ) =
= a(P,Q).)

Bpaumenns u nepeHoch 00pasyior rpymny, H, caepys
Dpananrenckoii nporpamMe ®ennkca Knehima, MoxHO
CKa3aTb, YTO €BKJHIOBa FeOMeTpHA (B NPOCTPAHCTBE Jio-
Goft paamepﬂoc-m) ecTh usyueHHe TeX CBOHACTB FeoMeTpH-
YeCKHX ¢uryp, KOTopble HHBApHAHTHbl OTHOCHTEAbHO
3TOH FpyIIMmH, :

Iepenoctl u Bee HeBblpo}KlIeHHbIe JHHeHHble npeo6-
pasoBaBus (T. e. npeoOpa3oBaHus, HMeIOlIHe eIHHCTBEH-
Hoe 0oGpaTHOe) Takxke 0GpasyioT rpymny, ropasmo Gonee
o6mupHyio, uYeM eBKauaoBa. CBOficTB, MHBapHaHTHbIX
OTHOCHTEJIBHO 3TOH IpPYNNbi, MeHbIIe; OHH WBAAIOTCSH
npeAMeToM TaK Haabmaemoﬁ agpunnoii zeomerpuu (co-
OTBe)TCTBleIuaﬂ rpynua HaspiBaercs adgunnod rpyn-
noh

B ajdunnohn reomerpuu He CyllleeTByeT cnocoba pas-
JIHYaTh OKPYIKHOCTD H 3JIMIC (MM IBa 3JUIHNCA MEXLY
coboft), NMOCKONLKY OKPYKHOCTH MOXKHO HepeBeCTH B -3J1-
aunc ap¢pupHbiM npeobpasoBanHeM, & 3aKOMHHIM Mpef-
MeroM aQHHHOH reoOMeTpHH ABASIOTCA . TOABKO T8
CBOfICTBA, KOTOPHle NPH TaKHX NpeoGpPa3OBAHUAX He Me:
HAIOTCA. G.zmaxo runep6osa ¥ 3JIMAC PA3AUYAIOTEA: ITH
KpHuBBle He NepeBOAATCH o;ma B . apyryio acdduuHbIM
npeo6pasoBaHyeM.

[poexTuBHasn TeoMeTpHs emie Gojee «IPHMHTHBHAN,
Mockonrky OHa H3yuaer CBONiCTBAa, WHBapHaHTHbIE OTHO-
CHTeNbHO NPOeKTUPOBaHUTA, B Helt He PasAHuaIOTCA JakKe
3anunc U runepbona: obe 3TH KpPHBHE ABAAIOTCH KOHH-
YeCKUMH CEeUCHHSIMH, ¥, C/Iel0BATENBHO, HX MOXKHO MOy«
4YATH OJHY H3 npyroﬁ NpH TOMOLIH HPOEKTHPOBAHHA,

Bosppamasice K n-MepHOf. eBKIMIOBOf FeoMEeTpHH,
coelaeM B 3aK/MiOUYeHHe HeCKONIbKO 3aMeuaHui. '
Oycrs Ey, E,, ..., En —oproHOpMHpOBaHHUbLIK 6as3uc,

T. e. :
m(Ei, E“)=l i=1 2, LY ] n’
o(Ey, EN=0, i%].

Unpivu crosamy, opmnopmnposannuﬁ 6asec eCTb MHO-
KECTBO 1 63AUMHD OPTOCONAAHOIK (IEPIEHAHKYNA PHbIX)
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+
e0UHUY by BeKTOpos. CymiecTBoBaliie Takoro Gasuca

BOMXKHO 6BITb M MOXeT GbIThH HOKa3aHo. DJeMeHTbl Ta-
KOro 6asuca JuHeHHO ye3aBHCH MbL.

Enuspunni Ky6, nocrpoeruntit Ha Ey, Eg, ..., En,
€CTb MHO)KECTBO BeKTopoB '

P=xlEl+ ._.. +ann,

TaKHX, yro _
0<x1<1, i=1,'2,...,n.'
<Ipamoyronbupif napaJjjelienuien», HOCTPOCHHBIN
b Eg, ooy By — 310 MHOXEeCTBO BeKTopos P =
=x5E 4., + xE, TaKuX, 4To
0<x<a, 0<x,<ay ..., 0<x,<a,
Ob6nem

. TaKOro napaJsesfenunesa Mo ONpegeJeHUI0
PaBeH ayq5... 0y (B yactOCTH, O6BEM ENUHHYHOTO Ky6a
paBeH 1),

Hpunucas o6wemy «MPSIMOYTQJIbHLIM MapaJielieny-
TIE[laM», MBI MOXEM npn MOMOILH AKCHOMb aJUIHTHBHO-
CTH (4 akcnOMbl AononHeHHs) pacnpocTPaHHTb MOHATHE
o6beMa (naH, TOYHee, n-mepHON Mepwl JleGera) Ha uin-
POKYIO coBOKymHOCT, muoxects. Ha camoM fene, kax
MOXHO noKa3saTb, BHGOp.BEJHYHHBL Q103 .. dn B KAYECTBe
06beMa 1pAMOyroMboro napaldenelHNeNa — 3TO XHH-
CTBEHHbI} BOSMOXHBI BLIGOP, COBMECTHMEIH C (2) axcn-
OMOH apnuTUBHOCTH, (b) Tpe6oBanuem, uTOGbI KOHTpY-
SHTHble MHOXeCTBA wMenm oOMHAKOBHE Mephl, H (C)
YC0BHey, HYTOGBl 0Ghem. M3MEHSJICH HENPEPHIBHO IPH
H3MEHeHuy AJUHB CTOPOHBI. ‘ o ~ _
- PesynbTate JmHeinoro npeGpasosarus T Hamero
SANHHYHOrO Ky6a Mbi monyuyuM Rapasidenemufes, KOTO-
PEI, BooGlle roBops, Gyner ye “CKOCBIM» (T. €. He mps-
MOyroapueiM). Ero o6nem okassiBaercs paBHuM det T,
FA€ 3HAK + nau — 6epercs Tak, YToObl BCe BBIpa)keHue
GBLIO [010XKHTeNb iy,

Oobule, B pe3yaprare MuHelHOTO npeoGpasosanus T
HEKOTOporo MHOXecTsa Q moayuaercs MHOXectso T (),
M€pa KoToporo pasna npouspeseHHio Mepn Q Ha detT
€ MOOXOAgWNM SHAKOM: -

m(T(Q)) =+ det T - m(Q).
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Taxum obpasom, cTpannas ajdrebpanueckas opma
: E sgn J‘El'm“)tzﬂ(z) “ee l'm-g(n),
1 ’ .

K KOTOpO#l NPHBOAHT pellcHHE CHCTEM JHHEHHBIX ypaBHe-
Hufl, BHICTYNACT B HOBOM, B BbICLIefl CTemneHH NpHBJeKa-
TeJbHOM, FeQMETPHUECKOM CBeTe. A

Muorue csolicTBa onpexenutesel, XOTOpble BbiBO-
AATCa ¢ 60JbLIHM TPYAOM INpH INOMOLLH pasHbX Malln-
NyAAUHA ¢ MarpulaMH, CTAHOBATCS NQUTH OYEBHAHBIMH,
K&K TOJABbKO OHH HOJIYUHJ/IH FeOMeTpHueckoe HCTONKOBAHIE.

YnomsiHeM B KadecTBe IpHMepa Teopemy (KOTOPYIO
Mbl B 3TOM naparpade HCCKOJILKO pa3 HesiBHO HCOJb30-
BAJH) O TOM, YTO OIpeNCJHTENb NPOH3BEIelHs ABYX Ma-
TPUIL paBeH NPOU3BEREHHIO HX OnpejesnnTene:

det(TS)=detT - detS.

AnreGpanueckoe [OKa3aTeJbCTBO TPYROCMKO H 3aTCM-
HAIeT CMbICA TeopeMEbl, ['eoOMeTpHUeCKIl Ke 3TO yTBEpKie-
}Jiie OMEBHHO: OHO YCTaHaBJAHBaeT, UTO HCKaXKeHHe 06b-
€Ma, BBHI3BAHNOC MOCJHEA0BATEIbHLIM BBITOHCHHEM HBYX
AHueHHbIX Npco6pa3oBanuii, paBlio NPOH3BEAEHHIO HC-
KaxeHu# npu xaknoM u3 Hux. OnHaxko He caeidyer Ay-
MdTb, YTO MOXHO MO.JYYHTb 4TO-HHOYAb «3afapoM». Teo-
pema 06 ompefe/nTe]e NPOH3BEACHHS CTAHOBHTCH Oue-
BHAHOH TOJBKO fl0CA€ TOrO, KAk joKasaHa Teopema o6
HCKa>KeHHH: :

m(T(Q))= x=detT - m(Q),

a Ta TeopeMa He ABASETCH HU OYEBHAIIOH, HH C/MLIKOM
npocroit! .

IMporus reomerpuueckoro JOKa3aTeJbCTBA MOXIO
BBIABHHYTb TOT ROBO, UTO HpeX/e UeM cfelaTh Cro Bpa-
8YMHTeJLHBIM, PHXOJAHTCS BBOAHTb CJAHIIKOM MHOTO MO-
CTOpOHHEro marepnaza. B camoM fese, K 4eMy BCe 3TH
fi-McpHbLle napaasie/enuneibl H HX 06bCMBbI, CCJH TEOpeMy
MOXHO J0Ka3aTbh 3JeMeHTapHbiMH (NycTh H HECKOJABKO
YTOMHTENbHBIMH) 2JAre6paH4eCKHMH BbIKJAJAKAMH?

Hy urto X, 11a Takne BONPOCHI Hesb3s OTBETUTb. Jlorii-
"eCKH J0KA3aTCAbCTBO €CTb 0KAa3aTeabCTBO, W Cnpasel-
NHBOCTb TEOPEMbl e 3aBHCHT OT TOro, KakHM crocobom
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ona JoKasasa (OPH YCNOBHH, KOHMEYHO, UTO CTPOrO CO-
6/104a10TCSA JTOTHYECKHeE PaBHJIA UIPbI).

Ho ¥ cuacTsio, Kak Mbl HEOAHOKPATHO NOJYEPKHBAJH,
MaTeMATHKA — 3T0 6OJbllie, YeM yucrasd JOTHKA., «Apo-
MaT» TeOpeMbi BO MHOTOM 3aBHCUT OT KOHTEKCTa, B KOTO-
poM oHA POPMYIHPYeETCH, JaKe eCAH 9TO He OTpaXkaercs
Ha ee HCTHHHOCTH. VIMeHHO- KoHTeKCT NO3BOJAET OT/IH-
¥HTb NPeGJeMy OT FOJNOBOJIOMKH, a CTPOHHYIO TEOPHIO —
OT cO6paHHA CaAydafiHHX qmmoa.

§ 16. CneunanbHan Teopus OTHOCHTENLHOCTH
KakK npuMep reoOMeTphueckoro noaxoza B thnsuke

IMokaxem reriepb, Kak, MOAMGUUUDPYS H 06o6LLasn He-
KOTOpble NOHATHA, PACCMOTPEHHbie B fpeAbiylleM apa-
rpadge, MOXHO MaTeMaTHYECKH NOCTPOUTH ClelHaJbHYIO
TEOPHIO OTHOCHTENBHOCTH.

Cneuuanpiiasi TeOPHS OTHOCHTEJIBHOCTH SHHUITelina
BOSHHK/A M3 XeAAHHS LPUMHPHTL HHIOTOHOBCKYIO Mexa-
HUKY € BOJIHOBOH TeopHel cBera,

Koporko ropops, AuJeMMa coCTosJa B c.nep,yromeM.
B HbLIOTOHOBCKOA MexaHHKe Bce HaG/UOAATeNH, ABHXKY-
lHecs OAMH OTHOCHTENBHO J[pyroro NpAMOJHHENHO H
paBHoMepHO, paBHOHpaBHbl. Ecam y Kaxmoro H3 3THX
Babmoaartesell uMeerca 6JOKHOT, B KOTODOM OH 3allHChl-
BaeT pe3yAbTaThl CBOMX Haémoneuuﬁ H u3MepeuHi se-
Xauuveckux ssfenuill, ¥ ecau 5TH 3anncH NO3LHee Cpas-
HHBAIOTCH, OHHY OKAa3bIBAIOTCH BO BCEX -OTHOWIEHHUSIX HIAEH-
THYHBI MH. _ .

‘C Ipyrofi CTOPOHSHI, .B :BOJHOBOA TeOpHH cBeTa TPeGo-
 BaJIOCh HaJHyHe cpeflbl, B KOTOpo# cBer mor Oni. pacmpo-

CTPaHATHCS, H ‘CYLIeCTBOBaHMe TaKo#l cpelbl, Ha3BaHHOH
«CBETOHOCHEIM 3(hHPOM>, CRelHafbHO IIOCTYJHPOBAIOCh.
C s¢upon cBaAsbBaNach NPefNOYTHTe/ibHAS CHCTeMa OT-
cuera, M, Ka3anoch Obl, ROMKeH 6pl CyLiecTBOBATH CHO-
€06, TO3BOSIOLENH oéﬂapymm‘b npn IIOMOLIIH CBETOBBIX
CHTHAAOB paBHOMEpPHOE JBHXKeHHe HAGJIOKATEAS] OTHOCH-
TeqibHO 3®Hpa. B yacTHOCTH, MOXKHO 6bl10 HALEATHCA 06-
HapYXKHuTb - [BHXeHHe 3eMau CxBosp 3¢up, CpaBHHBas
BpeMsi, 3aTpaueHHOe CBETOBBIM CHUTHAJOM Ha TO, YTOOHI
npoiity nyrh ! B'HANPABJEHHH 3TOro ABYKEHHH, a 3aTeM
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o6paTHO, B TakoH XKe DYTb B ABYX B3aHMHO HPOTHBOMNO-
JIOKHBIX HANpaBJEHHSAX, HepHeHNUKYNAPHBIX: IBHIKEHHIO
3emmn. Xorfl 3Ta pasHELA BO BpeMeHH BEIPAXKaeTcs
BecbMa MaJiofl BeAHUHHOH! mopspgka (v/¢)? (rme o — CKoO-
pocTs 3eMJIH, a ¢ — CKOPOCTb CBeTa), €e MOMKHO OhLIO
Obl H3MEPHTb DNpPH TMOMOLIM XOpOLIero Hmepgwepome‘rpa.

Takoit sxcnepuMent Obln npoBeflen B 1887 ¢, Maii-
KelbCOHOM H Mopian H HpuBenl K OTPHUATEALHOMY pe~
dynvrary! OrpruarenbHbli HCXOX IKcMepuMenta Maii-
KelbcoHa — Mopan nosepr H3HKY B KpH3HC, KOTOPbIf,
f1o-BuALMOMY, OBlJI NIOJIHOCTIO paspellied aumb 8 1905 r.,
Korna JiHumTeAn cQopMysHpoBaN ChenHaNbHYIO TEOPHIO
OTHOCHTEJIBHOCTH, o '

OiHIITeH NpejJIOKKUJ COXPaHUTh HPHHIMI paBHO-
npaBHOCTH Halmoparenell, NBHXKYLWIHXCA ONUH OTHOCH-
TeAbHO JAPYroro npsMoJHHeHHO H paBHOMepHO ([pHH-
UKD oTHOcHTenbHocTH). Ho oH npelnioxHuin Takke pac-.
CMaTpHBaTb pe3yJbTaT 3KcnepmMeHTa Maiikeabcona —
Mopan kak HOBBII 3aKOH, YTBEPXHAIOUIHH, UYTO CKO-
poOCTb pacnpocTpaHeHus cBeta B Bakyyme (C) Ana BceX
3THX Habalofaresieil ONHHAKOBA. .

Uto6er 06LeAMHUT B FapMOHHYHOE IeJoe NpPUHILHI
OTHOCHTE/IbHOCTH W NPHHLHN TOCTOAHCTBA CKOPOCTH .CBe-
Ta, NoTpeGoBajcA TAy6OKHHA NepecMOTp NpeAcTaBleHHi
O TIPOCTPaHCTBE H BpPeMeHH. YNOBHTb, B 4YeM TYT AeJo,
JieTue BCETO, BOCHOJb30BABLUINCh MeOMEeTPHYECKHM MORXO0-

"AOM, JIpefsioKeHnbiM "'epManoM MHEHKOBCKHM.

Ilycts S — npsiMoyrosibHas cHCTeMa KOOpPAMHAT, a
S’ — npyras Takas CHCTeMa, ABHXYIIAsCH OTHOCHTENbHO
NepBO# NPAMOJIMHEHHO H PaBHOMEPHO ¢ NOCTOAHHON CKO-
POCTbiO U B MOJIOXKHTEJbHOM HanpaBJieHnn ocH X (puc. 23).
Iycrs, nanee, O — nabniogarenp, HeNOABHKHBII OTHOCH-

STeIbHO cHcreMbl S, 2 O/ —Ha6monareiib, HellOABUKHLN

oTHocuTeapno S’. Kaxawbifi #3 3THX nabaiogateneii AMeer
cBoft stadon Myusbl. [IpeacraBum cebe, 4TO B KaXKAOA H3
3TUX CHCTEM HMeeTcs MHOMKECTBO CHMHXPOHHO HAYLIHX ua-
COB, - paCNOJOXEHHHX HACTOJNBKO IVIOTHO, HAaCKOJbKO 3TO
norpeGyercs. T
BesakoMy co6eiThio nHabaionatenr O moxeT colocra-
BHTb (yNMOpAZOYEHHYIO) YETBEPKY AeHCTBHTEJbHBIX UHCEJ
(%,y,2,t), nepsble TPH H3 KOTOPHIX YKa3mBalOT, 2de Mpo-
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{30110 5TO CoObITHE, a HOC/ellee — Koeda OHO NPOHU30-
mwjao. To xe cobuite mns uabmonatens O’ Bulpasutcs
apyroft detsepxoil uncea (x',y’,2’,1’), noJyueHHHIX MPH
NIOMOILH €20 3TaNOHA MJIHHBI H €20 4acoB. :

BosuukaeT Bonmpoc: xak cBsidaubl MexIy coGoit nse
STH UeTBEPKH MHCEJ?

Ecnn BcTaTh Ha HbIOTONOBCKYIO TOUKY 3peHHs H CUH-
TaTbhb Bpems aGCOMIOTIILIM, TO Yachl B 3THX JBYX CHCTeMax

z li

~

’

y
Puc. 23

MOXKHO claendTb CHHXPOHIIBIMH H TOTAA

* =t
Kpoue toro, Mbl, OueBHAHO, NIOAYUHM
¥y =y,
2=z, ‘
x'=x—-—vl -

Takoe npeo6GpasoBaniie KOOpPAHHAT X, ¥, 2, | B KOOpAHHA-
o X', y’, 2, 1’ HasniBaeTcsy npeoGpasoBanuem [anunes;
BCE 3aKOHbl KJaCCHUECKOH AMHAMHKHM HHBapHaHTHLI OT-
HOCHTe/1bIIO 3TOoro npeoGpasoBanus.

Onnako, ecnn HaGawopatens O NpousBes BCIHbIILIKY
ceeta B Touke (0,0,0,0) (xoTopas mo uauleMy Npeamno-
JIOKEHHIO fiBAfeTcss oOwell Anst OBYX paccMaTpHBaeMbIX
CHCTEM), TO QPONUT BOJHBI IBHXKETCS B NMpOCTpalCTBe NO
3aKOHY :

x2 + y‘Z +,z‘l = Ci!tz.
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Hab6aonas pacnpocTpatenue 3TOr0 cBeTOBOTO CHrIa-
Na, O’ pomken, cornacio diHWTEANY, NOAYYHTL TO Ke
camoe ypaBHeHne B KOODAHHATAX CO WITPHXAMH:

x12 + yl2 + 212 — 021«(’2
HO 3TO HECOBMECTUMO C npeoépasoeanuem Tasunes.

. MonuiTaemesn namn Takoe npeobpa3oBaHue KOOplIH-
Hat X, y, 2, tBx,y, 2, ', npn Kotopom

xIZ + y12~+ 212 = ¢ t12
BCSIKHH pa3s, Koraa
X2 4 y? + 22 = 22,
Tlpexsne Bcero, no anasoruy ¢ npeoGpasosaninem I ann-
ftest, JONMYCTHM, 4TO 3TO HOBOe npeoOpa3oBaltie TOXKEe JH-
Helno!). 3aTCM MOXHO YAOCTOBEPHTbLCS, YTO Ha CaMOM
feJe UMEeT MeCTO TOXACCTBO
X2y 2% — U =g 2 2 — U2
H 4TO, KaK H paHbllle, _
Yy =y, =z
Haxkonen, MoXHo noxasaTb, TO
x, = anx + all)l
V= @y x -+ ayl

(1. e. B Buipaxkeuus ana x’ u't’ ue Bxoaar y H 2}, IIaJlee,
nas ecex x n t

72— 22 = (ayx + a)pt)? — €2 (Qg)x + agl)? = x2 — 2,
H, C/IeAOBATE/IbHO,
2 209
aj, —c'ay =1,
2 202 e 2
Gy —Cay ¢

2 -
a,,Q)3 — €y 09 = 0.

HaGmopaatens B cucreMe S, BHAS, Kax ABHXKeTCA Haualo
cucreMnl S/ (¥ =0,y = 0,2’ = 0), naxoant, uto x = vi,
T.¢. 13 paBeHcTBa X’ = 0 sbirexaer pasenctpo X — vt = 0,

) Ero anneinOCTL MOXHO 06OCHOBATH MHOFNMM CHOCOGAaMb, HO
Mbl he GyAEM 34eCb 5THM 3aHMMATLCS,
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[Mockonbky x” ectb NuHeRHas KoMOuuauus X u ¢ (T. e
x’ = aux + apl), oTCI0AA CleAyeT, YTO

=y (x — vt),

re y MOXEeT 3aBuceThb (K Ha CaMOM AeJje 3aBHCHT) OT .
Torna

a, =y, ap=—Yu,

OTKY/la NPH NOMOUIH TPOCTHIX BHIKAAAOK NOJydaeM:
l o f—
ay ==+ - V¥ -1,

— Y 1
=+ 7"V =1

- S S,
Y= Ty
Has ¢’ naxopum Bblpax&e}me

— y’v 1
VY —-lx= 1/72—:va
rae 3Hak Buﬁnpaerca TaK,-‘lTOﬁbI npH yObBaHHH BeJsH-
YdHH v/¢ noaydanacb ¢opMmyiya, Bce Gosee 6GiH3Kaf K
tdopmyse ' = ¢t npeo6pasoBanus [anuaes. Haxouen, no-
c/le PAfia CTaHAaPTHHX YNPOMEeHHU , ToydaeM

N N
= =g T

t’=——————-__l._(t——v—x).

- VI=(ofc) c?

dT10-— He 4TO HHOE, KaK Npocrefimias GopMa H3BECTHHX
npeoGpaszosannil Jlopeuna. Jas toro utobs x’ u ¢ Guan
ReHCTBHTEJbHHMH YHCIAMH, AOMKHO BHNOMHATbLCA Hepa-
BEHCTBO U << ¢. B 3TOM ¥ COCTOMT OAHH M3 IJIaBHLIX NPHH-
HHUNOB TEOPHH OTHOCHTETbHOCTH: OTHOCHTEeJbHAst CKO-
pocTb HaGJiopaTeNsi He MOXeT RpeBuIaThb CKOPOCTb
cBera. ' '

Onno u3 naubosnee NOPasuUTeNbHBIX CAeACTBHE ¢op-
Myn JlopeHila — OT1IOCHTENbHOCTE 0AHOBPeMeHHOCTH. Co-
6bITHsl, KOTOpHe HabamofaaTeab O 3aperHcTpupoBasn Kak
OAHOBPeMeHHble (OAHO M TO Ke f W pa3HHe x), HE NOKa-
KyTCA TaKMMH Habmopatedio Ol
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Tecro cBfizawbl ¢ 3THM H APYTHE, He MEHee YIHBH-
Te/lbHEE CIEACTBHA — JOPEHUEBO COKpalleHHe 3TajOHOB
LJHHBl B «PACTAXKEHHE BPEMEHH>,

Honyctuwm, uto nabmopareser O OoTMeTHN HA- cBoefl
OCH X 1Be TOYKH (,xl,. 0, 0) u (xz, 0, 0) H. Hallea pac-
CTOSTHHE MEKAY HHMH:

[=x;—x].

Ha6aogarens O, mbltasice H3MEPHTb 3TO paccTOsiHHe,
Mor Gbl HORPOCHTL CBOUX NOMOLIHHKOB 3apPECHCTPHPOBATDH
'B HEKOTODbIi onpedenenHsll MOMEHT 8pement ¢ (TIOMOIL-
HUKH, Pa3yMeeTcsd, HMEIOT B CBOEM PpAaCHOPSIKEHHH CUH-
XPOHHbIe Yachl) KOOPIHHATH X (B chHcTeMe S) TOuek, OT-
MeyeHHblX HaGaoparesem O, IToMowHuKH coobuiat emy
pe3yJbTarThl:

= VT~ (vfc} %] +vt,
= V11— (zJ/c)2 Xy + 08,

H HaGmO,u,aTeJIb O BLIYHC/HB PacCcTOsHME MeXay TOouka-
MH, HOJYYHT

£y— k=Y 1= (vfc} (xj—x7) =V I~—(vfc) I,

T. €. BEJHUHHY, MEHbUIYIO, YeM Han,u,eHHaﬂ nabawonate-
Jgem O]
Anasrornuno;. OKa3hHBaeTCs, YTO JBHXKYIIHECS YacH

H}lyT MelseHHee. (cHOBa B l/l/l—(v/c)Z pas), uem
yachbl, HCIOJBHXKHbIE OTHOCHTENbHO Hab/loxatens.
~®yunnaMmeHTajbHas BaXKHOCTb npeo6pasosanufi Jlo-
PEHIA IOKOHTCH Ha INpPHHIHKIE, YTBepXKAaIOneM, YTO 6Ce
BaKOHbL (u3LKL COANCHOL ObITO UHBAPUAHTHOL OTHOCUTEAb-
HO 3Tux npeobpasosanuiit). Xota 3To NpoCTo Apyras

1) Jlas npocToThi Mbi paccMaTpuBaeM 3/eCh TOJIBKO BECbMa YacTs
HLifl cayyall mpeo6pasoBaHuit Jlopenua, a uMeHHO npeo6pa3oBanngd,
CBA3bIBAIOLIHE CHCTeMB! ¢ O6IUedl OCbIO X, KOrZa CKOPOCTb HalpaBjera
Blonb 3Toft obmeit ocn. OnHu 06pasyior TOAbKO He6ogbUIylo MOA-
rpynny TaK Ha3biBaeMON OAHOPOAHON rpymnoi JlopeHua, cocrosuleft
113 BCeX JIMHeHHBIX Tipeo6pa3oBaHuil, OCTaBJAWWHMX HHBAPHAHTHON
(popva x2+ Y2 + 22 — 22, @e3 ROMOJHHTeNbHOTO Tpe6OBaHHMA, YTO
y'=y u 2’ =z [logpa3ymMeBaercs, KOHEYHO, YTO 3AKOHp QH3HKH
ROMKNb ObiTb HHBAPHAHTHBI OTHOCHUTEAbHO 3TOA Gokblied TIpyMiLl.
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dopMyIMPOBKA TPUHLMMA OTHOCHUTENBHOCTH, OHa YcTa-
HapJHBaeT rAy06OKy ananoruio Mexay (PH3HKOM M reo-
MeTpHeH. , . .

Kak eBK/IHI0BA reoMeTpHusa eCTb H3ydeHue TPYNNb H-
HeflHbIX 11Pe06pasoBanuti, ne H3MeHAOUHUX eBKJAHIAOBLI
PacCTOHUA M YTJIW, Tak u PH3NKA eCTp H3yueHHe HHBA-
puantos rpynnst Jlopeina, 0THOCHTENbHO KOTOPO#R HuBa-
puautha dopma X’ + 42 + 22— 242,

Ananorns craioButca ewe Gonee NOPASHTENbHOR,
€C/H CpaBHHTL TVIOCKYyjp reOMeTpHIO 4 ABYMepHOe mnpo-
CTpaliCTBO-BpeMa (X, {).

B nniockol eBKIugosoii reomeTpun Bpauienns CHCTe-
Mbl KOOD/MHAT OMHCLIBAIOTCH TAKHMH MaTpHIAMH

ay  apy
A= :
Qg A/,

uto A’A =1, rre A’— tpancnounposannas matpuua A.
MoxHo nokasats, uTo Bce TakHe MATPHULbLI HMEIOT B

cos 9 sinﬁ)
?

A= A 0)= .
(©) ~—sin® cosO
rle 6 MOXKHO OTOXIECTBHTbL C yIJIOM, Ha KOTOPuI# HOBO-
pauHBaeTCs CHCTEMa KOOpAMNaAT.
Marpuua, onpefenseman npeoGpasosauuem Jlopenia
(B manuom uacTiOM ciyuae), HMeeT BHA

(L ___ v ] .
‘ V—I——-UW V1= (v/c)? |
I - 1 *
UevT=Gor V1= (o/c)? l

Ecnu Bmecto X, £ 4 ¥/, ¢ g3ate x, ict u ', icl’, TO npeoB-
pasoBaHHe NMPHMET Buj
. X = e e Lg—ict)
Vi = (v/c)? ( c. !
; | iv . N
lCt’z—\“::—-—____: ”“x'*‘l(:t)
V(o) ( c
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H emy GyJeT COOTBETCTBOBATb MaTpHIA

[ : ! _ Rid l
| Vi=(ve)? ¢ l/l—(v/C)2 |
£
J

|_io 1 i
| Vicwor  Vi-(or

Ho Moxno naliTe raxoe geficTBHTeJblioe 9, 4TO

1

Slnle=—l&h0=—-—-——_—__—l____-——-—. )
i ¢ ¥1—(v'e)?

cosif=cho=

Torpa matpuua npusmer sujg ;

( cosiB sindid’

—sin 0 cosie)

H COOTBETCTBYIOm[ee lpeoGpasoBaiiiie MOXKHO TpPEACTaB-
JaaTb ceGe Kak BpauieHHe HA «MHHUMBIH® Yroa «CHCTeMbi
koopaunar (x,ict)». (Msl gomknsl npeaocTepeub uiTa-
TeNst, YTO BCe ITO— IIPOCTO TePMHHONOTHA, KOTOPOH ne
ClefyeT IIPHIHMCHIBATb 1IHKAKOTO MHCTHYECKOIO CMbI-
cna,— Belb OHa BBefelia eIMHCTBEHHO N/1fl TOro, uTOOH
HOAYEPKNYTh aladoruio MeXJAy eBKJIWIOBOIl reoneTpHed
H TeopHeil OTHOCHTEIbHOCTH.) '

Yro6u nolsaTh, Kakyio NOMOIUbL oKa3sbizaeT obpaie-
HHE K reoMeTpuu nph (HOpMYy.IHPOBKe (GH3HUECKHX 3aKO-
110B, PaCCMOTPHM BKpaTIie siBJA€iIHe yNPyroro CTOJKHOBe-.
nus. Ilyctb 1Be martepHadvhble TOYKM Macc m U M nsu-
KyTcs (B cHCTeMe S) BIOJb OCH X C MOCTOAINBIMH CKO-
poctaMu # it U TaK, YTO MPOHCXOMHT yNpyroe CTOIKNOBC-
1HE.

Uro6ui onpenesnTb CKOPOCTH u; ¥ U, mocje cToaKIO-
BCIUA, B KJaCCuueCKONl AHlIAMHKe TIpHBAEKAloT JBa

3axona:
(a) sakon coxpailenus UMIy.Jnca

mu+ MU = mu+ MU,;
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(b) 3aKOH COXPaHEHHS 3HEpPrHH -
—mu2+ MU= mu2+ MU2,

W no croakHOBeHHA, W MOC]AEe HEro 3JeCh CYHIeCTBEH-
Ha JNHIUb KHHETHYECKAas 3IHeprus, MO3TOMY COOTHOUIEHHE
(b) BbIpakaeTr 3aKOH COXpaHeHHsi MOMHOH 3Hepruu. Ilo-
Jaarag p = m/M, Mui 3JeMeHTAPHLIMK a/re6panyecKHMH -
BbIKJIaJKAMH BHIBOAMM, UTO pelleHHSIMH ypaBHeHH# (a)
u (b) asasiorca nubo uy = u, Uy = U, aubo

u, U=-2_,-2=ly

U= Ty prl

p—1 ~ 2
p+1 “F p+1
[TepBoe pewieHHe COOTBETCTBYET C/yuaro, KOrAa YacTHILbI
BOOOLe He CTa/JKHBAIOTCSA, MO3TOMY HAaC HHTepecyer
TOJILKO BTOPOE. :

[Toustre maccel — oueHb ToHkoe nonsithe. Ha camowm
Iesle CYUIECTBYIOT TDH 'Pa3/IMuHbIX TIOHATHS: Macca Hc-
NOJb3yeTest '

(a) kKak Mepa «KQJIHUECTBa BELLECTBA»,

(b) xak mepa «conporusneHus H3MElieHHAM COCTOf-
HHS L BHIKEHHAS,

(c) xak rpaBHTaUHOHHLIN «3apaf».

B cBsi3u ¢ (@) roBopsiT o0 cobcTeennodl macce, ¢ (b) — 06
" unepyuasvyol macce, ¢ (C). — 0 2pasuTAYUGHHOL macce.

B knacchyeckofl JHHAMMKe 3TH TPU IMOHATHA He paa-
anuaior. Mol cefiuac GyaeM HPOCTO CUHTATh, UTO UMeeTCA
HEKOTOPHIH CNOCO6 NPUUHCHIBATL «KYCKy» BellecTBa He-
KOTOPOe 4HCAO (B HEKOTODbIX €JHHHI[aX), HAa3pBaeMoe
ero colcrgennoli maccod, W YTO B IPHBeJEHHDIE - BblIUE
3aKOHH COXPaHEeHMs MMIYJIbCA H SHEPrUM BXOAAT HMEHHO
3TH cob6cTBeHHBle Macchl. Kpome Toro, Mbl npeanonoXxnm,
yto COGCTBEHHas Macca COXPaHseTcsi BO BCEX Q)usuqe-
CKHX Hpotieccax.

Tenepr MBI MOXeM YGeAHTbCS B TOM, 4TO HM COXpa-
HeHHe MMINYJAbCa, HH COXpaleHWe IHEPTHH B TOM BHAE,
B KakoM OHH CHOPMYJHpOBAHLI Bbllle, HE SBAAIOTCA 3a-
KoHamu ¢usuka. B camom gmene, nabawoparens O, naxo-
JAUIMACH B CHCTeMe S’, paccMaTpuBas ONHCAHHbBIA Bblllie
Npolecc CTOJNKHOBEHHS, HafleT, u4TO AO CTOJKHOBEHHS
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CKODOCTH ‘GbiNH PaBlibl ’

;. u—v s U~y
u 1o , U 1 T U !
- —F -

B TO BpeMf KaK Noc/e CTOJAKHOBEHHS OHH CTaslH
Uy~ Uj—-v -
=22 §— L2

ct c?

Urobbi Obl/i0 NOHATHO, Kak NOJMydaeTcHd, Hanpumep, ¢op-

MyJaa Aas 4/, 3aMeTHM, YTO B CHCTEMe S CKOPOCTb &

paBHa Ax/At (cMemennio Ax, AeleHHOMY Ha Bpems - Af,

3a KOTOpOe MPOH3OWIO. 3TO cmemenne). B cucreme S’

Mol HMeeM U’ = AX'[At, rae Ay’ u A mnonyuenmbl u3

Ax u At npeoGpa3zopanuem Jlopenna. CneraaTebeHo,

Ax—vAt _ u-0 —

uv

- SArkAL -

u =

Tenepb yxe HETPYAHO MPOBEPHTb, UTO
mu 4+ MU’ %= mui + MUY,

1 9 1 Ve 1 I ! 72
-Emu +—2-MU 2 = —Q—mui"’—i——z—MUl .

[locMoTpHM, KaK HAes HUBAPHAHTHOCTH NpPHBOAHT K
noaxoaduied MOAH(QHKALHH B8aKOHA COXDAaHEHHS HM=
nyJabca.

B kaaccuueckoii u3HRe CKOPOCTH ABHXKYLIEHCS ya-
CTHI(bl €CTb BEKTODHAsl BeJUYHHa, OnHCblBaeMas B Nps-
MOYTOJIbHOH CHCTEME KOODAHHAT X, Y, 2 TPEMSA KOMIOHEH=
TaMH Ug, Uy, Uz

C TOUKH 3peHus TEOPHH OTHOCHTENHHOCTH MHDY npn«
Cyla 4eTbiPeXMEPHOCTb, IAe POJb YETBEPTQro H3MePEeHHS
HrpaeT: BpeMs. C. Apyre#l CTOPOHbI, APOCTPAHCTBEHHbIE H
BpEMeHHbIE NepeMeHHhie CBA3aHbI MeXAy co6oi npeoG-
pasoBaumsiMu Jlopenua. [losToMy BEKTOpHbIE BENHYHHHI,
paccMarpHBaeMbie B TEODHH OTHOCHTEABHOCTH, XOJIKHDI
OuiTh «4-BeKTOpaMus», T, €. 00beKTaMH, KOTOPbIE B KaX-«
IOi CHCTeMe OTCUETa ONHCHIBAIOTCA YeTbipbMA KOMNOHEH~
TaMy '

Wy, wy: Wan Wy
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a

NPHYEM 3TH KOMIOINCHTR NPH Hepexole K APYToH cHcTe-
Me OTCueta npeobGpasyloTcs Tak Ke, Kak KOODAHHATH X,
Y, 2, L, 1. e. no popmysam Jlopenuwa. Mnave rosops, B cu-
creme S’ KOMMONEHTH BEKTOPA @ MMEIOT BHA

— wx—th
Vi=(vjc)’
Wy =Wy, Wy=Ws,
= (/) w, +w,

O T = o

wx’

Tenepe noaskna 6LTh HOHATHO, HTO 1€ CYLLECTBYET
crioco6a MonoAuUTb 11a6op Uy, Uy M U, UETBEPTOH KOMIIO-
"HeHTOl u; no Kakoro-uuOyIw 4-BekTopa. B camom gene,
ecad Onl Uy, u,, U, t, OblAM KOMIloHenTaMm# 4-BeKropa
B §’, T0 y-koMnonenta B S’ yoBieTBOPAIa Obl YCIOBHIO

=,
C apyroit cropousi, 1, RoaXKHa Go1a Gbl GbiTh Yy-KOM-
nonenTofl obniunoi (KAaCCHUECKONH) CKOPOCTH, H3MEpeH-
HOM B cHcTeme S’, u, caeloBarensbiio,
b= Y=
¥ 1—uyjet W

BONPCKH TOMy, UTO 1, =u,. 31O BTOPOE yC/IOBHE NOJY-
YaeTcs, eCIM BCUOMIHTD, YTO Uy = Ay/Af, rae Ay — cme-
lienne B nanpasaenny ocH y 3a Bpema Al TlomoGueim
Ke o6paszom .

Ay Vi=@wielAy V1= (vic)? uy

W= = Mol Ay T<oujd !

KakK M 3aMcuelo Bbiflle, g

C Ipyroii cropombl, Kak Jerko NPOBEPHTb, UeTbipe
yuena ’ ’

Uy . uy Uy e .
Vi=(we?’ Vi<@ao?  Vi-@e? ' Vi-@ir '
rie u?=ul+ u‘j + u2 — KBaApaT KJIacCHYECKOH CKOPOCTH,

yHe ABASHOTCS KOMIOHEHTAMH HeKOTOpOro 4-exTopa.
(310 Bmpaxenne nist 4-CKOPOCTH MOJCKA3bIBAETCH TEM
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GhakToOM, uTO I KaXaoro 4-BeKTOpa W BblPaXEHHe
w?} + w; + wl—¢'w] OCTaeTCA OAHMM H TeM Xe B JiO-
Goit nopenueroi cucteme orcuera.) Bosee Toro, ans cko-
pocTelt u, Majapix 0O CPAaBHEHHIO CO CKOPOCTbIO CBera ¢,
1IpoCTpanCTBeHHbe KOMHOHEHTbl Haulero 4-pekTopa CBO-
AATCS K KOMIOIENTAaM Uy, Uy, t; OOLIYHOR CKOPOCTH.

Teneps Mbl MOXKeM onpenenuts 4-HMNynsC Kak 4-cKo-
.POCTb, YMHOXKeHIlyl0 Ha cOBCTBenHyiO MacCy m; TakpuM
o6pasom, ero KoMIoHeHTaMH BynyT

muy muy muy mc
Vi—@ic® ’ Vi=@ic) ' Vi=(ujc)r ' V1-(ujc)?

Urax, nosiBuacst co6.1a3H 3aMeHHTb KJaCCHUECKHHA 3a-
KOH COXpaHenHsi MMIlyJbCa M SHEPrHH 3aKOHOM COXpaue:
IHA PENSITUBHCTCKOrO 4-HMIy/bCa. DTOT PenATHBHCTCKUM
3aKOH MHOTOKPAaTHO NOATBEPMAANCT 3IKCNEPHMENTOM —
OKOHuATeNbHBIM CyAbel Ji000H (H3HUeCKOR TeopuH;
OXNAKO AJsi Hac 3jxech HauboJgeé NpHmeuaresnen cnocob,
NOCPEACTBOM KOTOPOrO FeOMeTpHYeCKHe COOGpaKeHus
OTKPLIBAWOT NyTb K FJAyO0KOMY ONHCAHHIO qmsnllecr(ou
peasbHOCTH.

Yrto6bl OueHHTh BCIO T1YOHHY 3TOTO BHOBbL OTKPBITOTO
3aKoHa coxpanenns 4-MMHYyJAbCa, NOCMOTPHM, UTO MOXKIIO
H3BJeYb M3 COXpaHeHHs UeTBepTOH KOMIOHEHTH.

Ecnu ornoutenne u/c mano, 1o (npubianxento)

u? 1

1 —_ 2 1 2)
~ + = + us).
me (1 9 ) . (fnC m

c?

H )

mc

VT =(ufc)®

Mgl y3HaeM 3pmech BeaHuHHy —2—mu?— K/1aCCHUECKYIO KH-

HeTHYECKYIO 3Hepruio. B kJaccHueckoii TPaKTOBKe fIBJIE~
WA CTOIKHOBEHHA COXpaHeHHe 3HEPTMH H COxpaHende
HMIyJbca BHICTYNANd Kak ABa COBepUIEHIIO Pa3HbIX 3a-
kona. I'eoMeTpus ¢BA3ana BoelHHO JABa 3TH 3aKoila cO-
xpauenns! Ho aro euie ue Bce. B dopmyny

me 1 1
—————— A (m02 "lt’ - mu2) I
Vi- (u/c)? c 2
- - 1
KpOMe KJaCcCHUECKOH KHHETHYECKOU ISHepruu —2" muz,
BXOAUT elle CoBepuUicliHO 11OBLI SHEPFETH'{QCKHﬁ yJjen
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me?, D10 3HaMeHHTas SUHIOTeAHOBCKass 3IHEPTHA MOKOM.
U xora mnaa TOro, 4TOOBI IIOHOCTBIO TOHATH €€ CMBICT
H OUEHHTH ee POoJib, TPeOyeTcs NoApoOHHW (H3HYeCKHH
aHaJju3, HEBO3MOXKHQ He YHUBHTbCS TOMY, 4TQ HajHyHe
3HEePrud NOKOs B NPHPOJe MONKeT OhThb 00HapPYKEHO NpH
NOMOLIH TeOMETPHH. .

§ 17. ﬂpeobpasosanm, NOTOKY H 3PrOAHYHOCTH

ITpeanomoxuM, 4to E — eBKAHJOBO NPOCTPAHCTBO, a
T — B3anMHO .OfHO3HAUNOE TpeobpasoBaHHe 3TOTO NPO-
CTpaHcTBa Ha cebs, T. e. oTOGpaKeHue, nepesBoasimee E
CHOBA BQ BCe NpocTpaHcTBo E. BblﬁepeM HEeKOTOPYIO TOU-
Ky p H PACCMOTPHM TOUKH

™" (p), T=* (p), p T(o) T2(0)s oevr T(0)s -

Kax Bener ce6s arta (KoHeuHass maM GeckOHeuHas) ro-
CleJ0BaTeAbHOCTL ToYeK? F3yuewne Takux mnocaenoBa-
TeJNbHOCTEH COCTaBJsfeT SAAPO TEOPHH 3SPTOAHYECKHX
csodcTB npeoOpasopannui. Huke MH BKpaTuUe, Ha npu-
Mepax, OXxapakTepHayem BO3HHKAIOLHe 34€Cb BONPOCHL.
HonycruM, 9o £ — eXUHHYHbIA KY6 HAM eJHHHYHBIA
‘ap B TPEeXMEPHOM IPOCTPAHCTBe, 3aNOJHEHHBIH He-
CKHMaeMOH JKHJAKOCTbIO, 0Opasyioumlefl CTalHOHApPHHIN
norok B E. [loTox HasbiBaercs CTalHOHapHHIM, €CH B
KaXJIo# TOUKe NDPOCTPAHCTBA HANpaBJeHHE W CKOPOCTD
ABHXKEHHS] He 3aBHCAT OT BpeMenu. Eciu 3alaH TakoH
HOTOK, MOXRO paccMOTperh npeoGpasoBanue 7T (p}, rae
p— mobasi TOYKa Halllero NPOCTPaHCTBa, ONpeResieHHoOe
Tak: T(p) ecTb NO/MOMKEHHEe UACTHUH KUAKOCTH, HAXO.Is-
inefics B HaHHLIH MOMENT B TOQUKe p, Yepe3 OLHY CEKYHAY.
Yro6bi ysHaTb NOJOXKEHHe UCXORHON YaCTHUH Yepes ABe
CEKYHABI, HYXXHO TOJbKO HahTH Touky I2(p), H, BOOGILLE,
NOJOXKeHHe YaCTHIB Yepe3 n CeKYHHA 3alaeTc TOUKON
Tn(p). (CroBa «onHa CekyHma» O3HAYalT 34eCb, KOHElU-
HO, IIPOH3BONbHYI0 eAnHHIY BpeMenu.) Ilpexnonaraercs,
YTO NOTOK HECXKHMaeM, T. €. eC/id NIPOHU3BOJIbHAsA MONOG-
nactb A B E umeer o6beM m(A), to muoxecrso T(A)
TOYeK, 3aHHMaeMblX 1O NPOWECTBHYM eXHHHLb BpeMekil



IPUMEPBE 143

YaCTHIAMH, HaXOAMBLUIHMHCS IepBOHayaJbHO B A, HMeeT
TOT Ke 00beM;

m(T(A))=m(A) st cex A

Takne noToku mayuaiorcs B rEAPONEHAMHUKE, HO OHE
HI'PAIOT BAaXKHYIO POJib M B OOWefl TeOPHH AHHAMRUYLCKEX
cicreM. TaM OHU TOSBIAIOTCA B CBSI3H CO CJeRyiomled
HHTepDpeTalnell 3ajauy Mexanuky, Ecan 3agaus auHaMu-
uecKasi CHCTEMa, COCTOsIIlasl U3 7 MaTePHAJbHBX TOYEK
B TPeXMEPHOM INPOCTPAHCTBE, HauaJbHble MNOJOXKEHHS
3THX TOYEK M HX HMMHOYJbCH, TO BCIO CHCTEMY MOXHO
ApeNCTaBHTh OAHOH TOYKOH Or-MepHOro npocTpaHcTBa
(norpeGymoTCa TpH NPOCTPaHCTBEHHBIE KOOPAHHATH H TPH
KOMIMOHEHTHl MMNYJAbCa AJA KAXAOH H3 n TOuek). I1po-
CTPaHCTBO 3THX TOUYEK HaabiBaercsi (ha3OBBIM NIPOCTPAH-<
CTBOM paccMaTpHBaeMOfi cHCTeMbl. Beauuunbs H Hanpass
JIEHHS] CHJ1 MeXJy TOouYKaMu (KOTOPhle MOTYT 3aBHCeTh,
HanpEMep, TOABKO OT B3AHMHBIX PACCTONHHH MexIy
HHMH) 3a/ai0Tcq MaTeMaTHuecKd. C TeueHHeM BPEeMEHH
KOOPAYHATH H HMOYJbChl H3MEHSHOTCH B COOTBETCTBHY
C YPaBHEHHAMH JAMHAMHKH; 0pH 2TOM Kaxpasa «basoBas
TOYKa» JBHKeTcs B (a30BoM npocrpascrsBe. TaknM o0e
pasoM, Mbl mOJiyyaeM TOTOK B 6r-MepHOM MPOCTPAHCTBE,
Kax noxasas JluyBuiib, Bis KOHCEPBAaTHBHBIX NHHAMHs
YECKHX CHCTEM 3TOT MOTOK HECXKHMaeM, T. e, COXpaHSeT
o6beM B (pPa3oBOM {IPOLTPAHCTBE.

TepMuH «KOHCepBATHBHAA» O3HAHAET NOCTOANCTBO
3lepryd, a 3TO B CBOIO Ouepellb O3Hauaer, YTO HeKOTOpasd
onpejieieHHas QYHKUHA KOOPAHHAT ¥ HMNYJbCOB OCTAET«
e NOCTOSIHHOH BO BpeMmst s10ro AsHKeuus. CrepoBa-
TeJbHO, Ha (Pa30BYI0 TOUKY HaJiaraeTCs OrpaHHuYeHHe, CO«
CTOfILIEE B TOM, YTO OHa J0JIKHA HBHraThCA N0 HEKOTOPOH
NOBEPXHOCTH 'E noctosHHON 3Heprud (HashBaeMofi Hep-
reTHYecKOfi MOBEPXHOCTBIO), B 3BOJNIOUHA AHHAMHYECKON
CHCTeMbl onpellefiseT MOTOK HAa 3TOH NMOBEPXHOCTH.

Coxpanenne 0oGvlMHOrO O6beMa B TOJHOM ¢(a3oBOM
npocTPaHCTBe UHOyyUpyeT COXpaHEHHe HEKOTOPOH KOp-
PEKTHO (XOTA K JIOBOJBHO CJIOXKHO) ONpEAENeHHOH Mephl
Ha 9HepreTuyeckoi NoBepxhoctH. CiegoBaTeNbho, A%
6osbluoro ceMeiicTBa, NOAMHOXKeCTB A 3IHepreTHyeckoi
nosepxHOCTH £ cymiecTByeT cUeTHO aiAHTHBHAs Mepam,
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TaKas, 4To

m (A) = m (T (A)).

Ha6moaas 3a (pasosoit Toukoit uepes 1, 2, ..., 1, ... ce-
KYHJ, Mbl NpHAEM K HTepalusiM coxpaumomero Mepy mn
Ha L npeoGpasopauns 7. .

Baxiasi rHnotesa, cq;Opmynnposalmaﬂ BNepBble
BoabumaiioM,. cOCTONT B TOM, uTO «B ofulem cayuae»
(T. e. 4y 601bIIKMACTBA AHHAMHUYECKHX CHCTEM) Tpaek-
TOpHs (Pa30BOfl TOYKH C TeuelHeM BpeMeHH HPOHNAET ue-
pes BCe TOYKH 3HEPTeTHYECKOR NOBEPXHOCTH. B aToM
3aKjaioyaJjach nepBoHaualbnas <«3projluyeckas THMOTe-
3a». BcKope cTano NOHATHO, YTO 3TO HEBO3MOXNUO, NpH-
YeM HEBO3MOXKHOCThL OblJa JOKa3aHa Ha WHCTO TOMOJAOTH-
WecKOfi OClioBe: «XpHBas» (7. €. B3aHMUO OMHO3HAUHbH
obpa3 6eckoneuHON nNpsiMOil) le MOXeT NPOXOAHTL Yepe3
BCE TOUKH 3HEPreTHYEeCKOH IIOBEDPXHOCTH Pa3MepHOCTH
k> 2. Opnako nepBoHava/ibHO cgopMyanpoBanHas rCli-
noreza Obija CJAHILKOM CHJbHOH: Aks UeJsed 60abuMa-
HOBCKO!l CTaTHCTHYECKO!I MeXaHHMKH XBaTHI0 Oul H 6ojec
caaboro cBoilctBa. B uacrHocTH, AoctatouHo Oblio Ohbl
YCTallOBUTh, UTO «B O0lleM c/jyuae» KpuUBas A0JKHA Npo-
XOIHTh MPOH3BOAbLHO 6JIH3KO K Ji060H TOuKe 3HeprerH-
ueckoli nosepxuoctd E. HMupiMH cja0BaMy, RocAefoBa-
TeblocTh ToueKk p, T(p), T2(p), ..., T"(p), ... nomxua
ObiTh naorrnodi B E. Xoresoch 6bt y3HaTh, Tak JH 9TO 4711
MHOFHX MWAH jaaxe A8 <«GOJbIUMIICTBA» COXPAHAIOUUX
o6ven npeoGpazoBanuil T.

CymectBoBanine npeoGpasosanuii T, coxpaHsiouyx
o6beM H 3projHYeCKHX B yKasauHOM -Bblllle CMbicje, Obi-
J0 yCTaHoBJeHo. Bulio gaxke nokasaHo, yro 1rpeobpaszo-
Bauhs, le obnajawiine 3THM' CBOACTBOM, B HCKOTOPOM
KOPPEKTHO ONpeeJEeHIOM CMBICAe ABJAAIOTCH HCKAOUH-
TEAbHBIMA CPeAH BCCX Npeobpd3oBanuil, coXpaHsiomHx
mepy. Ha camom aene Moo nokazaTh GoJbiue: moche-
AOBATEJbIOCTh HTEPALHH TOYKH HE TOJbLKO MJOTHA B NpO-
CTPAlCTBe, 110 H PABHOMEPHO .JIOTHA. DTO aCHMATOTHUEC-
CKH_DaBHOMEDHOE MOBE/eHHe N0C/aeN0BATeAbIOCTH TOUEeK
p, T(p), ..., T"(p), ... MoxHo onpeneautr TaxK. Pac-
CMOTPUM MHOXKECTBO A meput m(A) m nomeiTaemcs, na-
4aB ¢ HEKOTOPOH TOUKH p, HAHTH 4acToTy, C KOTOpOil ee



v

" IIPVIMEPD 145

Wtepanuy nonaxawT B A. DTy uactoTy «llonanaHdii» B A
MOXKIIO CHKATO BHIPA3uThb B CHMBOJIHUeCKO! 3anHcH. Onpe-
ACJAUM X2aPaKTePHCTHUECKY0 QYUKIHIO %4 (p) MHOXKeCTBA
A, nonmaras ya(p) =1, ecam p npuxannexur A, H
%a(p) = 0 B.mporuBiomM cayuae: Torna Hckomas uacrora
Aas ntepaunit or 1 no N sainuuiercs B BUae

=
-

% (T (P));

i=

i

9proAnueckas teopemMa yTBep)KAaer, UTO B npejeje MpH
N — oo 1711 MOUTH BCeX TOUEK p («MOUTH BCEX» B CMbICJE
Mepbl m) 3Ta uacToTa paBila OTHOCHTE/IbHOH Mepe obaa:
cth A

.

i A
Zm(T p)>—ﬁ§b§

i=1

k. J1. Bupkrod nepBuiM n0KaszaJ, uTo paccMaTpu-
BaeMblil npefe cysjecTsyer Ajsa noutH Bcex p. Iloannee
Obljio I0Ka3aHo, UTO A8 MHOTHX MpeoOpPascBaHUil 3TOT
npenen neiicTeuteabHo pasen m(A)/m(E). Ha camom
JieJie MOXIO [10Ka3aTh, YTO B HEKOTOPOM onpellesieHHoM
cMbICde 60abwuncT80 coxpansiomnx obbeMm npeobpaso-
Banuit o6sanaet 3THM CBOMCTBOM.

HTtepaunounuiii npotecc HMeeT CMBICT M TOTAQ, Koraa
orob6paxkenre T (KOHEUYOI'O MHOXeCTBa [esbiX uHCe]
B ce6d, WM HenpepuiBlioe oTOGpaxKelHe oTpe3ka B cebd,
HJIH HenpepbiBHOe 0TOOpaKellle n-MepHOTO MpPOCTPaHCTBA
B cebs1) 1e sBAsieTCs B3aUMHO OANO3HaYHLIM. B Takom
cJayyae ropasno TpyAHee ONpeAeNdThb CBOHCTBA lOCIeAO-
BaTEJLHOCTH HTEPaLUil OTALIbHBIX TOuek. MmMetoTest mpu-
Mepbl, Korna o6.ux MOBeAeliMH ellle UTO-TO M@XKHO CKa-
3aTb. BosbMeM, ckaxeM, oToOpaxenne untepsaaa (0, 1)
na ce6s, onpenensemoe popMyaoitx’ = f(x) = 4x(l —x).
I'padukom 3Toft (yHKUHH CAYXKHUT napaboaa; paccmar-
pupast utepaunn GyuxinH [(x), Mb GyneM noJayuathb
IIOTHHOMB! BCe 00Jiee BBLICOKOH cTenmelnd, rpadHru Koro-
puix OyayT HMeTL BO3pacTalollee UHCAO MaKCHMYMOB N
MHIMMYMOB. B 3TOM caydac MOXIIO [0Ka3aTb, 4TO
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3

[OCJe0BaTe/IbHOCTh HMTepalufl, HauHHaloulasacsa ¢ NouTH
KaXXJ10# TOYKH, NIOTHA Ha BceM. HHTepBane (0, [).

[To cuacrnupoil cayyaiinoctn o6 3TOM HpeoOpasosa-
HUM MOXHO CKasaTh -ropasgao 6GoJblue. Ilomaras x =
=sin?0, wmm noayvaem f(x)=4sin?6(l —sin®6)=
= sin220. CaejnoBaTenbto, orobpaxenue x B 4x(l —x)
5KBHBAJIEHTHO 6ONiee nPoCTOMY OoTOGpakeHHio & B 20.

. Onnaxo B ofuieM ciayuae jaake AJi NPOCTHIX ajare6-
pauueckux OTOGpaXkeHH CBOHCTBA HTePauuil ONpPeReNHTh
" [OCTaTOYHO TPY/AHO.

Crenyer saMeTHTh, YTO SPrOAHUECKYIO TEOPEeMY MOXK-
HO PacnpocTpaHHTb H Ha oToOpakeHHs, He SIBJIAIOLIHECH
B3aHMHO OJHO3HAYHLIMH, €CJH CJI0Ba <COXPaHAOHIHE
MepYy» HOHHMaTh B TOM CMbICAE, UTO Mepa «HpooGpasa»
MHOXKeCTBa A (T. e. MHOXeCTBa, KOTOpOe npeoGpasyercs
B A) nomxHa 6biTh paBHa Mepe A. ‘

'Sprommecxaﬂ TeopeMa AJAA He B3AHMHO OAHO3HAUHLIX oro6pa-
JeHHH HaXOZUT Hopasute/bHoe NpHUMEHEHHE B TEOpHH HenpepbBHUbIX
npobeil. TlycTs x — nekotopoe JedcTBHTebHOR yuCHo Mexay O u 1
Yro6ul NpeAcTaBitTb X B BUIe Heﬂpepb!BHOﬁ leOﬁld, noCTynium TaK,
PasaemuM | Ha yueao, obpaTHoe K X, W 3amuilieM sto ofpaTHoe K X
YHCAO-B BHAe CYMMH O/Xaflllero K Hemy IH€JOTo YuCAa @ M He-
oTpHHATeABHOH ApoGu x|, 3aTeM MpodenaeM BCe TO XKe caMoe
¢ yucnoM X3 H GyneM mpoZO/MKAThH STOT mpolecc JO GeCKOMeHHOCTH
unM DO Tex fop, lioka oH He sakouutcs (MocjeAHee npousoftaer
B TOM CNyuae, Korjga X — panHOHAJbHOE qucno).

Harnpumep,
’ 7 _ 1t 1
2t 21 4 1 1
T 1+ i7 1+E I+ 4+_L
4 4
HIAH H
— 1 1 1
Ve+1 2+4(V2—1) o4 L
o V2 +1
- = l = )
2+ 11
2+

1

2oy
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ANropuT™ pasfoeHHs UHCAA X B HENPEPHBHYIO ~ApoGh MOXKHO 3a-
NHCaTh TaK: AYCTh

| 1

—=a X, =+ . 84

x 1 1y x 2+ X3 B T4
TOrAa

1
.
as + .-;

ap +

“ag+

.0npéenennm Teneph oToOpaxeHHe I uHTEpBana (Q,1) na cebn
dhopmynoi '
Tx =..l_..[l.]'
X x

. 1 : 1
[%]-—mmxaﬁmee K - HeJoe YHCAO, He INpesocXopsllee R
Torga : . ‘
a@=[+] w=a@n a=-amm, ..,
. B :

H Mbl CHOBA HMEEM JeJ0 C HTepauHsaMH oTobpaxenns 7.
IpooGpasom uurepBana (a,b), rae 0<a<b <1, ssasercs
o6beANHEHHEe GeCKOHEYHOTo MHOXKeCTBAa HHTEpBAd0B

(e e) = =e) (5 559)
1+b6* 14+a/’ \2+b"' 24+a/)’ \3+b" 3+a)'"""
Ioaoxum, no onpepenenuio, Mepy uutepsBasa (a,f) pasnoft

8

1 1+f 1 - [ dx

Tog? %8 THq “TogZ J T+x'
a !

- -

MOXKHO NpOBEpHTb, YTO TOTAA Mepa HHTepBana (4, &) okasbiBaercs
paBHOfl CyMMe Mep HWHTEpBAajNOB, COCTABJIRIOWKX ero npooGpas, OT-
CiOfa CHeJlyET, UTO ec/lH ONpeNeAHTh Mepy m noLMHoXectsa A HH-
Tepsana (0,1) dopmynonr -

1 dx

m (4) = log2A 1+x "

T0 npeoGpaszoBanne T GyjaeT COXpaHATH 3TY Mepy. 3aTeM MOXKHO §o-
Ka3aTb, YTO NpHMeHHMa sprojHucckas Teopemd. Ilpm stom monay-
yaeTcA, HanpHMep, CJeLYIOIHNA pe3yabTaT:

Ias moutn BcAkoro X (B CMbICAe MepH M, WIH, UTO PaBHOCHb-
HO, B cMbicie ofbiyHOl Mepnt JleGera) udcrora, ¢ KoTopofi nedoe
YHCI0 £ NOABARETCH B NOCJAEZOBATENbHOCTH @i, dp, ..., PABHA

1 { (k+1)2
w7 e ()
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DTOT pe3yAbTAT BLITEKACT H3 3IPrOAHYECKON Teopemu B NpHBe-
Reiioit Bhille (POPMYAHPOBKE, eClu CunTATL, uTo £ — nntepsad

1 1
(0, 1), A——mnep}aan (l +— pyrang) l+f)’ T. €. MIOXeCcTBO

BCeX X, AJIs KoTopuix a;(x)= Rk, a mepa m — onpeje’ennag Boille
Jorapudmuyeckas Mepa.

Mbi octauosuaich €roab NOAPOGHO Ha 3ITOM UPHMEpe jad TOro,
4TOGLI Clle a3 MpPOAEMOHCTPMPOBATH UYJO PELIHTeJbHOTo BMeilia-
© TeAbCTBA TEOPHH, BO3uHKUICH B OAHOM KOWTeKCTe, B HIOH, COBCp-
Henno ¢ HuM He CEA3ANHBH, Dprolnyeckas Teopns, NOABHBLUIAACH
Gaaropapa nonwtkaM DBodbumana NOCTaBMTb na COJAMAIYIO OCHOBY
KHHETHYECKYIO TEOPHIO ra30B, lialiL1a fIpUMeHeHHe B TCOPHil leppe-
puiBibIX apobeit.

§ 18. Eme 006 urepaunu u KoMnosuuuu otoGparkeHui

Hpoctefiummn oToGpakennaMm n-Mepiloro esKaNL0Ba MPOCTPal-
CTBA B cebsi aABAAIOTCA JHBeliIble upeoﬁpa:&osamm
Kax Mbul Busean B § 15, takue npeo6pasosanust HMelOT cleny 0-
wuit obmiuft Bua:
T AT N SRS

in’ X pr
x;=t;,1.\'l+t22x3+ von %,
3=t31xl+tdlxz+ i +t3_.txn,

LI L T e Y

X, tmx,-f-tn,x + o x,,
rie f;j— feficTBHTeabHbe uncia, Kak u panblie, ofoslaunM Mat-
puny KosdpHunento uepes 7. Ocobenso BameH n wuHTepecen ToT
cayuaif, Koraia Bce uHcaa f;; NOJONKHTEbIL M, TOUHEe, ieoTpHua-
teqabHsl ). Takue MaTpHlbl BCTPEYAIOTCH BO MHOCHX NPUIOKEIHIAX
B anreGpe, TeopHH Bepomuocren, TEOPHH  paciipedefenns dacTui
B cHCTemax npn uennof peaknuH, TaKHX, K&K CHCTeMbl HEHTPOHOB
B PE3aKTOpaX, H B MaTeMaTHYECKHX MOJesX, NpHMenseMblX B 3Ko-
HoMuKe. Ecan T — nosoxkutenbHas MAarphua, TO JerKO NPOBEPHTD,
YTO BEKTOPLI, 3aNOJHSIOUIHE <«HOJONKHTEbIbIT OKTaHT» n-MepHOro
RPOCTpaHCTBa, ofpeflensieMuifi yciaoBusmMu x,2=0, x>0, ..., x, =0,
.

1) TlooKHTeIBLHOCTh 31eMEHTOB MaTpuunl T He ABAAETCA BHY-
TPEHHHM» CBORCTBOM Jannefinoro npeobpasosaunns, u6o v Apyro#i ciu-
cTeMe KOOpAHMHAT €ro MaTpHlLid, BooGUle roBops, TepsieT 3T0 CBOHCTBO,
Oarako MOXKNO BUyTPeHnHM 006pa3oM OMpejeaHTb <«NOJONKHTE/bloe
npeobpa3opatiue» Kak npcoOGpasoBate, nepeBoAsidee B ce6a HCKOTo-
poe 3ajlaHioe HeorpaHHyelnHoe BbINYKJIOe MIOXKECTBO (Ha3blBaemoe
«oKTantoM»), Torpa MoXto noKas3aTb, WTO CYULeCTBYeT CHCTeMa Ko-
OpAHNAT, B KOTOpOH paccmaTpusaemoe ipeoOpasosaiiie npeAcTaB-
JAeTCA MATpHuell ¢ HEOTPHUATENbUBIMH 3JeMeNTaAMH,
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nepepoAsTca npeoBpasosanvem I ciloBa B BEKTOpn H3 TOro XKe
OKTaHTa. ‘ .
PaccMOTptiM Telepb NOBEPXHOCTb eANHHUIOR chepul B HAlleM
UPOCTPAHCTBE H, B YACTUOCTH, ee KYCOK, JCKallHii B NOAOKHTENb-
HOM OKTaHTe, T. ¢. MBOXecTBO C BCex BEKTOPOB (X1, Xz, ..., %n),
KOMUOHeNTb! KOTOPLX HEOTPHLATEAbHL § YA0BJICTBOPSIOT ypaBHEHUIO
xf+xg+ .ov + x5 =1. Onpeaeauv apyroe npeopasoBaiue S TaK:
BAf BEKTOpa X, /JeXallero B [OJ0XKHTEJILHOM OKTauTe, 0003HauuMM
uepes X* Kpatuslit eMy elHHHYmbit BeKTop u noJoXum S(x*) =
= (T(x))*. [Ipeobpasosanne S nepeBoauT B cebs uacTp EAHHINMY-
noit cdephi, Jexaliyio B NOJONKUTEJAbHOM OKTaliTe, — MHOXECTBO,
TOMOMOTHYECKH 3KBHBAlenTHOE (n— 1)-mepnoMmy ky6y. (B cayuae
ABYMEpHOTO [OPOCTPAHCTBA 3TO AYra OKPYKHQOCTH — TONOJIOTHUECKH
TO Ke camoe, UTO OTPe30K; B TPEXMEpPHOA CJAyyae 3TO <BOCLMYLIKa»
cdepbl, TONO.IOTIRIECK! SKBHBAICUTHAA KPYry, H T. 4.) Mu yxe ycra-
HOBH/IM paiublie, uTo lenpepbisiioe OTOOpaxeHue n-vepunoro Kyba
IAH lWapa B cefsi MOMKIQ HUMeTh HEMOABIKHYIO TOUKY (Teopema
Bpayspa o nenoapuxknoh Touke). Caeposatebio, #a paccMarpupac-

MOil yacTu cxmununoi  cepbl A0TKHA HANTHCL TaKas TOUKa Xg

\noS(x:)=x;. 3 onpeaeneHus npeoGpasosaHus S BHAHO, UTO
TOTZla B MOJOKIITEIbUOM QKTaHTe HMeETCsl BEeKTOp Xo, KOTOpbiil nepe-
BoauTca npeodpasosamier 1 B BeKTOp, KparHbii camoMy cebe, 1. €.
Takof, uto T (xo) = Axo. Tax mb yGexiacmcs B cyllecTBOBalHM cOG-
CTBEHHOTO BEKTOPA Xo H COOTBETCTBVIOULErO eMy COGCTBEHHOrO 3Ha<
"eHHs A auiefinoro npeoGpasoBanust 7. MoXHO TaKKe A0Ka3aTb, XOTA
3TQ W TPYAMCE, 4TO A4S MATPHU CO CTPOTO NOJONHTRJAbIBIMH 3TeMeH-

TAMH TAKOl MCKTOp eAHNCTBEH 1 YTO ecan Hauatp ¢ HOBOro BeK-
TOpa X u3 MOJO0XKATEIbIIOH 064aCTH npocTpaHctsa # o6pasosatsb
nocreaosatesbnocts x, T(x), T2(x), ..., T*(x), ..., T0 3TH BEK-

T0pbl GyayT CXORUTLCSH MO HANPABAGHUIO K STOMY CJAHHCTBEHHOMY
coGCTBCHIOMY BeKTOpy. DTa Teopema, *nokasanxas snepBoie @Ppobe-
HIIyCOM, HMECT MHOr0 HHTEDECHBIX NpHIONKelril.

MaTprus € nHCOTpHUATELHLIMH  3JEMEHTaMH, NOXaayfl, HaH-
60.1¢e LIHPOKO HCMOJIL3YIOTCA B TEOPUU MAPKOBCKuX leneft. (Mapkos-
CKHe ey — 3T0 0606ileHHe NOHSTHS He3aBUCHMbIX HCHbITAHUN.)

YacTo OniBaeT Tak, 4TO CHCTEMA, KOTOpAs MOXKET HAaXOAHUTHCA
B 41060M 13 COCTOSHHM Sy, S2, S3,. ..., B Opoiecce csoefi 5BOJIOIHH

- IEPEXOAHT H3 O0AHOTO COCTOAHHS B /APYyroe, npuuem 3T HePexoAbi
npoucxofsiT cayuaiiuo. "MoxHO cumTaTh, uUTQ MNEpeXof 3aHHMaeT
spemsa 1. Ilepexon H3 cocTOsiHHS §; B COCTOSIHME §; HMEET BepoAT-
HOCTb (OCHOBHAS, HJH OJHOLIAroBas, BEPONTHOCTb NEpexoja)

p”=Prob {Si —>s; 3a Bpems 'r};

BPH 3TOM MNPEeANOJaraercs, uTo «CJ0XKHasg» BEpPOATHOCTb, COOTBET-
CTRYIOHIAS M0CJICA0BATEABIOCTH N NPOCTHIX MEPeXON0B (KaXAbii H3
KOTOPLIX NMPONCXOANT 33 BpeMs T)

Si—>51l7—>5i2—>.-.’—>5i —>S],
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paBiia NPOU3BEAEHHIO COOTBETCTBYIOUIHX BEpOﬂTHOCTeFII

PigPijiy oo> Pip_ e . _
370 . «MYJAbTHIJIHKATHBHOE Npe/No/ONXeHHe» cocTasiafeT OCHOBY [o-
HATAA MApKOBCKO#A uenH. .

Uto6s NpHBECTH NpHMep MAapKOBCKOW 'Llenu, PacCMOTPUM ABe
ypubi. I # II, B KoTopsix Kak-To pacnpefencHbl 2R 3anyMepoBaHHBX
mapos. Kaxapie v ceKyHA Mbl CydafiHO.BhIGHpaeM HEKOTOpoe 4YHCAO
or 1 5o 2R (7. e. KaXanift pa3 BbiGOp Kammoro u3 2R umcesn umeer
BepostiHocTt 1/2R) H NepeMelllaeM Ilap C 3THM HOMEpOM R3 TOM
YpHbI, B KOTOpO# OH HaXOLHACH, B IPYTYIO.

MoxHo cuwtaTh, YTO COCTOsIHME 3TON CHCTEMM olMCHiBaeTcH
yucaom f wapos B ypHe I. Toraa Bo3MoXub /uMilp mepexoant
¢=>i—1 gau i—i+ 1, ¢ TeM uckmouenHeM, yto npu [ =0 BO3-
MOXeH TOAbKO nepexog O0-—>1, a npu i = 2R — TobKo Hepexon
2R - 2R — 1. fIcHo, uro ofHOlIAroBsie BepOATIOCTH Nepexofa paBHbi

p;; =0 (ecnu j==i—1, {+1),
Py, - = /2R, i
Py, 41 =1 12R;

«MYJIBTHIVIMKATHBHOE NpeANoNoXeHNe» CJelyeT W3 He3aBHCHMOCTH
HOCNEeA0BATE/ILIIBIX BHTATHBAHHA uyHcea ot 1 1o 2R.

Ara mopens Gulia npepsoxena IMayaem u TartbaHol DpeHdpe-
cramu B 1907 r. pas Toro, uTo6bi NMpOHMMIOCTPHPOBATL HEKOTOpbIE
JOrMyecKHe TpYAHOCTH, BOIHHKAWIIHe Mpy NONLITKaX .NPUMHMPHTL OG-
paTHMbie BO BpeMellH 3aKOHbl AHHaMHKH C HeoOpaTHMOCTbio Tefjlo-
BBIX NpOLCCCOB, BHITEKAIOMWEN 113 BTOPOro 3aKOHA. TepMOKHHAMHKH.

K 5Tofi mofienr Mbi BepHeMCA B I, 3, a noKa npofo/KuM obllee
oficyKerue NoHATHA Uenu Mapkosa.

Kak BbiTeKaeT M3 MYJAbTHIIHKATHBHOTO MPEANONONEeHHA W aK-
CAOMBl aJJAMTHBHOCTH, BEPOATHOCTh TOro, YTO CHCTEMAa, HAXOJHB-
Wasncs NepBoHaya/bHO B COCTOAHHH §;, OKaXeTCA nocde 1 NepexoloB
(r. e. uepes BpeMs AT) B COCTOAHHM §; paBHa (i,.f)-my siemeHTY
B-if Crenewy MaTpHubl P BeposTHoCTell mepeXxopa. B camom pene, 37Ta
BEpOATHOCTh paBHa CyMme o &cem iy, iz, ..., in—] BEJMYHH BHAA
PuPiiy v Py i

a 9to H ecth (4, [)- saemeHT Matprub P, Hrak,
Prob {s, >s,; 3a Bpems nt}=(i, j)-i saemedr B P,
Tle
Py Piz e
Pa P2z ee. |

L ) . ¢

P =

-

Baxuo NMOMHHTb, 4TO YMHOMXeHHe MaTpHu (H, B YaCTHOCTH, Bo3Beje-
HHe MaTpHUbL B CTeNeHb) GBUIO BBEAEHO B HeMOCPeACTBEHHOH CBA3H



MTPHMEPHI 151

¢ KOMIO3HIHEN -IHHEAHHX Npeobpa3oBaHuil #, B 4aCTHOCTH, HTepa-
UMAMH OfHOro JuHefiHoro npeoGpasoBaHus. 3AeCh K€ Mbl CTadKH=
BaeMcs-C oflcpaliHeR! BO3BeNeHHA OTOOpaXeHMs B CTeNEHb M. B CHTya-
uuy, He HMelowied Hudero obmiero ¢ To#, KoTopas noGyausaa Hac
BBECTH H H3YUHTb 5Ty omepanuio, Ho pas yx Taxoe uymo cayuuiocs
(a omo chydaeTcs uailie, ueM Mbl MOMIH Obi 0XHA4ATH), MOXHO
B [I07HOR Meépe BOCMOJAb30BATHCA HM H NPHMEHHTh K H3yueHHIO Map-
KOBCKUX Lencil Bech apceHasa MOMYy4YeHHpIX B anrebpe u TeoMeTPHU
CBEJeHHA O MaTpuuax. .

C npyro# cTOpoHB, MOCKOABKY RpHMepLl MApKOBCKHX Hemed 4a-
CTO BO3HHKAIOT BHe MaTemaTuk (uanpumep, B (H3HKe), MH NOAYy- -
YaeM 1OBbIC NHCTOYHOKH HUTYHIMIM, KOTOpHiE MOryT MOACKa3aTh, KaK
ofpamarbes ¢ sagauam, Kacalowumucs Hrepannu matpun. Tak, se-
aywias obmwas Tema (B JaHHOM ciyyae Tema HTepauku) cOamXKaeT
" M cBA3niBacT pauee pasobmeHubie o6sacTd HCCAeoBaltMs X Ge3mep-
HO/l B3anMilON BHIrOZE.

Urepauus — sT0 mpocrefiliufi npuMep KOMIO3HHMH OTOGpaxe-
Buil, Korpa GepyTcs TOJbKO KOMOO3HUWM OTOGpaxeHHs (uad Qynk-
nuu) ¢ camum coBofl. omycTHm; yTo 3ajamm ABa npeoGpasoBaHus

* S u T nexortoporo muoxectsa E B ce6a. Bumecto rpynnH, nopoxaeit-
HOH HTepauMsAMH, pacCMOTPHM BCEBO3MOXHle npouasefenus S u T,
a umenno T2, S2 ST, 82T, STS, TST u 1. p., a TaKxXe obpaTHbie HM
Hpeofpasosanusa T2, S-2, ,.. u Bce KomOuHanuu puaa TS~! wgu STt
uwin TS-'T u 1. p. Kopose ropops, paccMoTpum nodHyio rpyuiy, 1o-
POXASHHYIO ABYMA: npeoGpazoBanuamu S u I. Uncno snemeHToB 9710it
TDYRON NHO-DPEXKHEMY CYeTHO, OAHAKO B HEE MOryT BXOJAHTb 3ie-
MEHTH BeCbMa pasunoobpas3noro BHAA. -

MoxHso poKasaTh, YTO, MCXOAS M3 [BYX B3aHMHO OZHO3HAMHBLIX
HenpepoiBibIX DpedOpasopanutt T u S orpeska B cebsa M paccMaTpH-
BAf BCEeBOZMOXNKHHE HX KOMMR3HEHH, MOXUO ROAYUHTL BCIOAY RJAOT-
Hpil Kaace ilenpepLisHbIX NpeoBpa3loBanuil oTpesxa p cefs. Munmu
C0BaMH, €CJH .3afaHH. MPOM3BOJNbHOE HeNpeplBHoe mpeabpa3oBas
Hue R 4 uucao € >0, 10 HaitjleTcs NpOH3BeleHye P, CoCTaBjeHHOe
U3 KOHewymoro uucja upeoGpaszesaumii T, S, T n S-!, Takoe, 410
[P(x) — R(x)] < & masa Bcex X, T. e, qw6oe senpepsisHoe npeobpaso-
BalHe MOXi0 CKOIb YrOJHO TOulo ANIPOKCHMHPOBATH Npeolpaso-
BauVAMH Hallero K.aacca,

AnanornuHasi Teopema CHpaBejdHBA W JAA NPOCTPAHETE BbIC-
upx pasmepHocTei: ecid E ecThb n-Mepuas cdepa, TO MOKHO HaTH
KOnedHoe YHCI0 (B ACHCTBUTENBHOCTH HOCTAaTOYHO YeThipex) romeo-
mopduaMoB E Ha ce6a (romeoMop(H3M — 3T0 B3aMMito OJHO3HAYHOe-
HenpephiBROe oToGpaXKeHHe Ha ceff), TaKMX, uTO OpH [OMOWLH HX
KOMITOIHUHA MOMKHO CKOJb YFOAHO TOUHOQ anMpOKCHMRPOBATH /060H
sapannpiil romcomopusm. JokasaTeabcTBO 5TOi TeOpembl TAKOBO,
YTO TPYAHO CKasaTb, KaKMMH cBoOficTBaMu 00/1a1aiOT 3TH TOMeOMOp-
¢u3mbi. Bbisio Obi MoAE3HO MOKa3aTh, HalpuUMep, 4To 3TH TOMEOMOP-
Gu3vpl MoxXio BHOGpaTh M3 Kiacca BCiopy AHbdepeHHHpYeMbX OTO-
Opamenuii (ecan G KoMmy-HHOYABL yaasoch 3To cAenath). B rakom
ciryyae Goiia Gbi pelleHa OflHa H3 OCTAIOWMXCA A0 CHX HOP OTKpPH-
TBIMH Mpo6JieM TONOJOFHH: BCAKUA JH FOMEOMOP(OHIM n-Mepioro
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npoCTPAHCTBA MOKHO aNOpOKCHMIUpOBaTL AH(depentnpyeMuiMi 1o-
MeoMOphHUIMaMH. :
Cuaeayet nofuepkiyThb, UTO 3Ta 3aJaua aNNpoKCHMauHy Kacaercs
roMeoMOpP®HIMOB, T. €. B3aUMHO OANO3HAUHBIX [1CHPEPLIBILIX OTO-
6paxenuit. Ecnii nie Tpe60Barb B3aUMHOI OAHO311A4IOCTH, TO OTBET
Oy4er 10I0XKHTedbHLIM, HOO Besikas HenpepbiBiaf (ynKuns B 3aMK-
HyTOlf 06JacTH n-MepHOro ipocTpaHcTBa 1lo TeopeMe Behepuitpacca
MOXeT GblTh ,aNMPOKCHMUPOBAHA MHOrOWACHOM, 11, Cie]0BaTebIo,
BCAKOE HelpepuiBiloe OTOGparKeHHe MOMeT OutTh ainpOKCIMHPOBAHO
I GepelnnpyeMbiM. )
Ellle 11€CKONLKO 34712y, KACAIOUUXCA KOMIO3uikii 0TOOpamenni,
NOKaXyT, KaK GBICTPO MOKHO AOCTHUb rpanuy Heussectoro, [lyeth
E — ¢pKAHAOBA M110CKOCTL, PaceMOTpUM IpYymily Beex CoMeoMOphHs-
MOB, NMOJYY2IOWHXCA NyTeM KOMMOO3HUMI romeoMopdnsmos BHAZ

x,=f(xy y)! xl=xy
’ “ I
y=y y'=g(x, y)

OxasuiBaercs, .11060R romeomopdusn X = @(x, 1), ¥ =$(x,¥y)
MOKUO anfHpOKCHMUpOBATH deMeHTamn Hamiefi rpynuw. B cayuae
pa3MepitocTn 3 u GoJec aHadOriuHule 3ajaud ewle he peifenl, Ha-
NpuUMep, B TPeXMEpHOM 1ipOCTPAlNCTBe MOXHO B3ATbL 10POK/AIOUKE
otoGpaxkeuns B Buae %" = f(X,4,2), ¥ =y, 2' =z u Apa ana’iormy-
fibiX Wam pacemotpeTh rpynny G, NOPOKeHiyio BCeMi [OMEoMOpdu3-
Mamu Buga X' = [(y,2), v =g(x,2), Z =h(xy). B oboux cay-
qafx BOMPOC O TOM, AMIPOKCHMHPYeM J1H IPOH3BO.bibIl FOMEOMOPHUIM
n-MepHOro APOCTPANCTBA roMeoMop@liaMaMy pacCMATPNBAeMOro THIA,
BCe eille OCTAeTCs OTKPBITLIM. .

B sakaiouenue ynomsties HeaaBiile 1PEKpaciibie Pe3yJbTathl
A. H. Koasoroposa u B. WM. ApHosbaa no npeiactasieinio Hpoms-
BOABHLIX LefiCTBHTEIbHBIX HeNpephiBiibiXx (yukRuuii 2w060r0 uucIa
nepeMeHlitiX B BuAe Cylepnodnuuil noAoOHLIX Ke OynKuiii, no yxe
TOAbLKO ABYX #epeMeHubix. OKaswiBa€Tcs, lienpepbiBHbiC Gyukunn
MHOTHX MNepemMeHHbIX MOXHO Ile HPHOAHKENHO, a TOYHO BbLIPA3UTDH
B BiHJe CyNeprnosdunii b KOHeYHoro uucia (yukuuii AByx nepe-
MelllIblX, Hanpumep:

f (%1, X2, X3, xg) = by (ha (X1, X3), B (x5, x4))

F=hy (hy (hs (1, x2), Ba (x5, %4))) -

HAU
HT A

§ 19. Jlerko au goka3atTh o4eBUAHOe?

B stom maparpade Mbl morosopuM noapobhHee 06 OT-
HOUIeHHsIX MEXAY 3JeMelTapHOH HHTYHUHeH ¥ MareMma-
THUECKOH CTPOroCTnio. Mpl BO3bMeM NPUMEpbl TIJaBHBLIM
06pa3om M3 TOMOJIOTHH H MOIILITAeMCsl Ha HHX NOKa3aTh,
K4K TeOMeTpHYeCKast HHTYHUUS [103BOJIAET B Ollpefeder-
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HHIX Cayuasix o6HapyXHBaTb MdTeMaTHuYecKHe -(dakTul,
KOTOpble MOKIIO J0Ka3aTb JHIUb AP IIOMOLIH TUIATEJAbHO
pa3paGoTaniibix M HHOrZa Oueilb CJAOXKHHX Mertoaos. C
APYrofl CTOpPOIibl, CYIECTBYIOT HHTYHTHBHO 11PaBAONOL006-
Hble YTBepXKIEHHA, KOTOpLIe He gepHbt, XOTs HAaHTH ONpo-
BEprawipe HX NpHMEPbl JKOBOJILHO TPYAHO.

Oana n3 BaXHHIX TEOPEM TOMOJOTHH eBKJIHAOBOI
IJIOCKOCTH YTBEPIXKIAET, YTO APOCTast 3aMKHYTas 'KpHBan

Puc. 24. Kakue TOUKH TVIOCKOCTH JACHKAT
BHYTPY oOJaacTH, orpaunyenyodl 3sroil
KpuBOH, a Kakite BHe Hee?

JNeJUT MNJOCKOCTb Ha f[Be ~06JaCTH — BHYTPEHHIOD H
BHEIIHIOW MO OTHOWUEHHIO K 3TOW KpuBoil. [Ipocras 3am-
KHYTad KpHBas— 3TO B3@HMHO OANO3HAYHbLI HeNpepbiB-
Hbifl 06pa3 OKPYKHOCTH, T. €. HA OKPYXKHOCTH OnNpese/eHno
HelipephiBiOe 0TOOpaXKeHne, TaKoe, YTO ABYM Pa3/JTHUYHLIM
TOYKAM OKPYXKIIOCTH COOTBETCTBYIOT JBE pa3JIHUHBIE
TOYKHM maockocTH, Torma MiioKecTBO TOueK ofpasa pas-
deasieT IJIOCKOCTb, T. €. HAa MJOCKOCTH CYILeCTBYIOT ABa
HEMepeceKaoMUXcyl MHOXKECTBa TOUEK, KOTOpHle Hedb3s
COeXUHUTL AYro# TakK, uToGbli.oHa Ie fepecekajga 3TOT
06pa3 (kpHBYyI0). DTO yTBepXKAECHHE Ka’KeTcss cOBepileii-
HO OUEBHAHLIM, OHAKO CTPOro J0Ka3aTb €ro He Tak yXK
11ipocTO; BOEpBble 3TO yHajoch chelarts Kamuany JKop-
naity. B camom Jjene, eciy KpHBAas OYeHb CHABHO H30T-
nyra (puc. 24) nam jgesaer MiOro BHTKOB NMOAOGHO TYrO
H4KPY4YeuHoH ¢nupadd, 17O Ha INa3 JOBOJbHO TPYAHO
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OT/HMHTL BHYTpeHHIOIO obaacts or BHeluHeii. (Ha cenb-
CKMX sipMapKax paHbille npejiaranach TaKad Hrpa: 3a-
KPYYHBAJH CJIOKeHHble BABOe GeueBKY WM KOXKaHHI pe-
MEHb ¥ COeJHHAJH: BMECTe KOHUH; 3PHTeNb AOJKeH Obld,
BOTKHYB KapaHZall MeXAy IBYMH CMEXHBIMH KYyCKaMH,
‘yrajartb, Cae OKaKeTes KapaHAall —BRYTPH MJH CHa<
PYXH, Korfa peMeHb: Oyger facnpsmaed. fcHo, yTO He-
YeCTHHIH: JeMOHCTpPaTop BCeTZa MOT BLIMTPATb, COENHUHUB
KOHLb TeéM WJIH HHHM CI0CO60M.)

.O6beKT THRA «NPOCTON 3aMKHYTOH KPHBOR» OJIMUET-
BOPAET MNOHSTHE, HE HACTOJbKO sicHOe B CBOefl MoJHOM
OGIHOCTH, HAaCKOJbKO MPO3PAYHbl NPHMEPHI, MOPOLHBILHE
ero, H60 sTH npuMepbi B GOJBLUIHHCTBE CAyyaeB Npen-
CTaBJASIOT OGO BHINYKIHE HIH JHIlb YMEPEHHO H30-
THYTHE JHHUH. MBl BepHeMcst K 3TOMY B IjaBe 2.

Bor ewe onHa Teopema, KOTOpas MOXeT NOKa3aThCs
OYeBU/IHOfI M KOTOpPYIO, OJHAKO, COBCEM HEJErKo J0Ka-
aatb. Ilonbitaemca npelcTaBuTh ceGe HenpepLBHOE pac-
npeneneHHe BEKTOPOB Ha MOBEPXHOCTH cdepni, T. €. MPH-
KNEUTb B KaXJo#l TOYKe coepol «oporenbxnﬁ OTPe30K
(PHKCHPOBAHHOA MHHBI, KacaTeNbHbI K Chepe H. Hanpas-
JEHHHH TaK, YTOGH MPH ABHXKEHHH MO cdepe Hanpasie-
HHA H3MEHA/HCh HenpepuiBHO. OKasbiBaeTcs, 3TO HEBO3-
- MOXHO: cdepy wuenb3s «npHyecaTo»! Ha Helt Bcerma
HafifeTcsi HEKOTOpasi TOYKa, B KOTOPOIl BEKTOD YXKe He
Oyner KacareAbHHIM, — TAK CKa3aTb, <«MaKymikas. 3t1a
HEBOSMOZKHOCTb CJE/lyeT . H3 TOMONOTHYECKON TeopeMHl
- Bpayspa: mas BCakOro: HeNpephIBHEIO HpeoGpa3oBaHus
cheprr B cebs AHOO CYMIECTBYET Mapa HeNOABHIKHBIX TO-
yeK, JEGO HEKOTOPas TOUKA NMEPEXOAUT B AHAMETPAJIBHO
naporuBononoxHyo. HeposmoxHocrs «npuuecats» chepy,
Kasanoch Obl, COBEDIIEHHO OYEBHIHA MHTYNTHBHO, OTHAKO
He HM3BECTHO HHKAKOTO MPOCTOrO H B TO Xe Bpems noJ-
HOTO JOKa3aTe/bCTBA 3TOrO (hakTa. ' '

Paccmorpum apyryio Teopemy o cdepe. lonycTum, uto
-KaxXaoi Touke cdepbl NOCTaBAEHH B COOTBETCTBHE [Ba
HeACTBHTE/NbHBIX YHCJIA, IPHYEM 3TO COOTBETCTBHE Hempe-
PBIBHO; HHave rOBOps, Ha MOBEPXHOCTH cdepnl onpeje-
JieHBl ABe NEHCTBHTE/blbie HeNpepuiBHbIE ‘QyHKIUH f1(p)
u f2(p). Torma cyiiecTByer no KpaliHeli mepe ojHa ToYKa
Py, Taxkas, 4To B Hell M B aUameTpaylbHO NPOTHBOMOMOK-
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HOW eif Touke p, 06 QYHKUMM NPHHUMAIOT OXHU H Te XKe

311ayeHuq.
fi (o) =T, (Po)s
fa (po) = F;(Po)-

B xayecTBe TakKHX (yHKUHH. MOMKHO paccMaTpHBaTh,
CK4XXeM, TeMNeparypy M AaBJeHHe B KaxJoH TOUKe mo-
BepXHOCTH 3eMian (cuuras ee cheprueckoft). Eciu mpeg- -
NONOXUTDb, YTO 3TH (PYHKWHU HEOPepbIBHBL, TO HA 3eMmJe
IOJKHA HaWTHCh Takasi TOYKa, rje TeMnepatypa u [aB-
JeHHe TaKHe e, KaK B [JHRAMETPaJbHO TIPOTHBOHONOZK-
"HOH TOuxe. DTa TeopeMa HMeEET HECKOJbKO 3a06aBHBIX
CAelICTBHEH; OJHO M3 HHMX H3BECTHO 0N HAa3BaHHEM «TeO-
pembl 0 GytepGpoje ¢ BeTunHOf». Ecau 3ajiaHul mi0Gbie
TPH Tesa B MPOCTPaHCTBE, TO CYLIECTBYET IJIOCKOCTb,
pasbuBalolias Ka)kJoe M3 HHX Ha JBe paBlOBEJHKHe Ya-
cTH.. (OTHMH TellaMH MOTYT GbiThb JOMOTb XJe6a, CroH
M4acna M KYCOK BeTYHHBb,— OTCIOJa H HIeT HasBaHHe
TeopeMbl.) Hamernm BKpaTile KOKa3aTesbCTBO 3TOH TEO-
peMbl, ONupaiolieecs HA TeopeMy 'O HHaMeTPanLHO Npo-
THBOHOJIOXKHBIX TOYKaX (KOTOPYI0 HOKa3aTh He TaK Mnpo-
cT0). PaccMoTpuM OpHEHTHPOBaHHbIE MJIOCKOCTH B PO~
_CTPaHCTBe, T. €. INJOCKOCTH, IJSi Ka:KIOH H3 KOTOPBIX
olipefieIeHO HampaBJeHHe «NONOKHTENLHOH HOpMasH»
K NJOCKOCTH. ‘B TakoM cayuae MHOXKeCTBO «Hanpasie-
HHA» NNOCKOCTeH, YKa3biBaeMbiX BHIOOPOM «MOJNOKHTENb-
HOfl HOpMaNH», 3afiaeTcs KaK MHOXKecTBO Jyuyel, Tpoxo-
AAIIHX yepe3 LEHTP HeKOTOpol (HKCHPOBAHHOH cdepol.
Aty chepy Mu Hazosem chepoll Hanpapaeruil. B no6om
BLIGPAHHOM HaNpPaBieHHM MOXKHO IPOBECTH MNAOCKOCTb,
pa3fensiollylo NepBoe W3 TpeX TesJ Ha DaBHOBENHKHE
yacTu. (D10 MOXKHO BLIBECTH M3 TOTO, UTO 4acTd, Ha KO-
TOpBIE TeNO AEAHTCA MJIGCKOCTBIO (HKCHPOBAHHOTO Ha-
IpaBieHusl, HENPePhIBHLIM 06pa30M 3aBHCAT OT MOJIOXKe-
nus nuockoctd.) IlocMoTpum Temepb, Kak pa3obbeT 3ra
NA0CKOCTb fBa ApYrux Tejqa. O6osHayuMm uepe3 fi(p).
Pa3HOCTh MEXAY O6beMaMH <«IOJOXKHUTENBHOH® H «OTPH<
uaTeLHON» uyacTeld, Ha KOTOpHe OHa pa3obbeT BTOPOE
TeNn0; 3[4ech «HOJOKMUTENLHOH» CcuMTaeTcd YacTk Tena,
pacnonioxeuast ¢ TOH CTOPOHB OT MJIOCKOCTH, KOTOPYIO
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yKa3biBaeT <«IOJOXHUTe/bHAsi» nopManb. (Pasymeercs,
TEJ0 MOXET HaXOAHTbCsI WEJIHKOM MO OAHY CTOPOHY OT
NJIOCKOCTH, H TOTAA Pa3HOCTb GyAET PaBUATHLCH MOJHOMY
06beMy Tela, B3SITOMY C HaAJAEXKAlIHM, 311aKOM.) Auago-
rHUHO onpenessiercst GyHruwis f2(p) mast Tperbero TeJa.
OTu ABE QYNKUHH Onpejenenbl U lEenpephiBhbl B Kamnoﬁ
Touke P cdephl nanpasnemm Cnenosaresblio, cy

BYeT TOUKAa, B KOTOPOH OHH MPHIHMAIOT TE XKe 3Ha‘leHI/lﬂ
uTO ¥ B AHAMETPaNbilo MPOTHBONOJOXKHON Touke. Ho npu
fepexone K AHAMETPAJbHO NPOTHBOIOMOKIILIM, TOUKAM
06e PyHKUHH, KAK CAEHyEeT M3 HX ONpeAeNeHnst, MeusiloT
3HaK, H6O NPH STOM MEHSETCsI OPHEHTALUS fessiiied nio-
ckoct. [10CKONbKY enMHCTBEHIIOE YHC/AQ, PABHOE CBOEMY
orpuuanuio,— 310 0, OTCIOEa ciexyeT Hallle yTBepkKAe-
HHe,

’
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TEMb!, TEHAEHLUHH U CUHTES

Beposrtho, Hanbosee mopasHTenLbHast yepra MaTeMa-
THKH KaK HITE/JIEKTYaJbHON NMHCLHANHHBL — 3TO TPOMa~«
noe pasuoo6pasue npobaeM, KOTOPLIMH OHA 3aHHUMAaercs.
Hanpumep, 3anaua o yHcIe Cnoco6oB pa3MeHa pojjapa

K 3aflaya NOCTPOCHIHS 172 UHPKYJeM H JuHelKol Ka-
KYTCH OUeHb NaJTeKHMM, H HEBO3MOMHO He YAHBIATHCA
TOM ray6OKOM CMBICIOBON CBA3H, KOTOpasi CYIECTBYeT .
MeX{1y HHMH,

D10 pas3HooGpasye NPOGJeM coueraeTcs € OTCYTCT-
BHEM YCTKMX KDHTEpHEeB, OYepUNBAIOLIMX ApeaMer Mare-
MaTHKH, [O3TOMY 31eCh UDPE3BbIYaliHO TPYAHO AOGHTbCA
CKOJABKO-HHOGYAb MOMHOrO cHHTE3a K yHubukanud. [pu-
XOnHTCA, KPOME TOrO, OCTeperarncsi yHHOHKaIUH CTOMD
obllel, 4To OHa yxKe~ctafia Obl TPHBHAJLHOH, H H3beratb
C/HIIKOM 2KECTKOT'0 CHHTe3a, KOTOpblil OrpaHHuMBafn O
6yaywuit pocr ¥ passurie nayku. Crenyer ynoMsiHYTb,
YTO eNHHCTBEHHas 33 nocCJeflHe TOAn cepbe3Has Io-
MbiTKa NpPeACTaBHUTb BCIO MAaTeMATHKY B LEeNIOM C €AUHOM
TOYKH 3peHHsA, MpeanpuHAras rpynnoil bByp6Gaku, nox-
BEPra.1ach KPHTHKe ¢ 06eHX 3THX no3uuuil).

- Ho cepenunst 19-ro BeKa 6bii0 MaJjgo CO3HATENbHLIX
MNONBITOK, HAMpaBJEHHBIX Ha AOCTHXEHHE CHHTEe3a HJH
yuHbHKayHH. KOHeuHo, cyllecTBoBaan «Daementhbi» Ei-
Kauna — Haubosec MOJHBIA CHHTE3, H JIeKapTOBa anyasu-
THYECKass reoMeTpHsl — aubo.ee paspaborauHas VHii-

1) TTo noBoay o6IWMX YCTaHOBOK Ipynnbi ¢panily3cKHX MaTeMa«
TIKOB, NUINYMMX NOA KOJAeKTHBAbIM ncesolimom H. Byp6aku, cm.,
nanpumep, knury H. By p 6 akn «Oyepku [0 HCTOPHH MaTeMaTHKH»,
M., WJ1, 1963, crp. 245—249. O rpynne Byp6akir cM. cratbio [1. Xaa-
mowa «Hukonali Byp6akus (c6ophux «MaTemaTiyeckoe npocseile-
iwe», Bbin, 5, M., dusmarrus, 1960, crp. 229—239). —[lpum. ped.
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tpuxanua aixre6pol ¥ reOMeTpHH; OXHAKO MaTeMaTHKH
uocne HbloToHa OblMH CAHIIKOM 3aHATH, C pPanoCThio
YCTPpEMHBIIMCH K HOBHIM HAJsM, KOTOpble OTKpPBUIH UM
aJaropuT™Mbl AM(depeRnHaabHONO W HHTErPaJbHONO UCYH-
CleHYs, U y HHX NpPOCTO He XBATajJO BPEeMeHH HABOAHTDL
NOPALOK B CBOMX OBICTPO pPaCIIMPAIOLIHXCS BJANCHUAX.

3aTeM HaCTynu/aa peaKuus W MOSBHJAACh TEHJACHIUSA
K OopraHu3aiuy J0OHTHX 3HaHHi, KOTOPas NMPOROJIKAeT-
ca o cux nop.- OpHol u3 MPHYHMH 3TOM MepeMeHbl GbiIO
TO, YTO «TEJA0» MaTeMaTHKH OUE€Hb CHJIbHO BbIPOCAO U NO-
Tpe6oBasach KaKaa-TO CHCTEMa XECTKUX cBsi3ell, 63 KO-
TOpOH OTHAE/bHbIE €r0 YacTH OKa3aJHuch Obl MOJHOCTLIO
pasobmennbiMi. Kpome TOoro, MaTeMaTHKOB HayuHa/ja
6ecnoKOHTb He CBA3aHHAasl HUKaKMMH OrpaHHYeHUAMH HH-
TYHUYsi, KOTOPOfi He MpensiTCTBOBAaAM CTaHZApTH, Haja-
raeMblie GopMaNbHON cucTeMOd. ‘

Koraa-to MopeNb CTporoctH, cosgaHsHas EBKIUAOM,
6nl1a Henpes3oiaeHHod. OaHako MO Mepe TOro, Kaxk Ma-
TeMaTHKaM OTKPBIBAJCH MOCTOAHHO pacCUIHPAIOIMACSA N0~
TOK npobJieM, HX KPHTHYECKOE YyTbe 06OCTPUJIOCH, 4 JIO-
rugeckoe ¢rajo 6oJiee TOHKHM H TOYHBIM.

Ins mareMmarnka 18-ro Beka 70T $akT, uTo IpocTas
3aMKHyTas KPHBas pasfeifer NJOCKOCTb Ha ABE YacTH,
Gl HACTONBKO OUEBHJEeH, YTO eBa JH 3aCITyKHBAN
ynomuranus. Ho B 19-m Beke JXopmam, yrosuBwminii, B
Yyem 3Hechb TOHKOCTb, YXKe MOMKTAJCH, XOTS H He BIOJIHE
ycnemno, xokasath -3toT ¢axt. (Ilo-Hacrosmemy npo-
CTOrO JI0Ka3aTe/bCTBA Teopemm )Kopp;aﬂa O KpUBBIX HET
Aaxe H ceityac.) .

Martematuk 18-ro wmu nagana 19-fro Beka no/ab3o-
BaJCsl MOHSITHEM MpOCTOR 3aNMKHYTOH KPHBOW YHCTO HH-
“TYHTHBHO. Ko spemenam YXopaana nom IMpocToil 3aMK-
HYTOH KDHBOH CTaJH MOHHMATb pPE3yAbTaT Henpepovls-
HO20 83QUMHO OOHOBHAUHO20 OTOOPANCEHUS OKPYICHOCTU,
[TockosibKy OXPYXXHOCTb, OYEBHAHO, pasfeseT IJoC-
KOCTb Ha BHYTPEHHIOIO M BHEUIHIOO 06/1acTH, ICHO, Kasa-
Mock Gbl, YTO W HEMPEePHIBHbI B3aHMHO OJHO3HAYHBIf 06-
pa3 OKPYXHOCTH 006f3aTe/ibHO COXpPAHHT 3TO CBOHCTBO.
BeposiTHO, 3TO MNpPEACTaB/AeTCS HaM CTOMb OUEBHAHBLIM
noTOMY, 4YTO MBI Haze/seM HeNpephIBHOCTb BCEMH BU-
JaMH CBOHCTB. IMockonbky Halla HMHTYHUUSI He TOJBKO
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«MHTAeTCA®, HO ¥ - JUMHTHpyeTcss (DH3MyecKo#l pealb-
HOCTbIO, CJI0Ba «NPOCTast 3aMKHyTass KpHBasi» BHI3HIBAIOT
B BOOGPaXKeHHM CPaBHHUTENbHO TVIafIKyl0 KpPHBYIO, BO3-
MOXXHO, ¢ HECKOJIbKHMH OCTPBIMH BbICTyNaMu, —B Xyz-
IIeM cJyyae HEYTO BpOAE KpuBOH, H300pakKeHHOH Ha
puc. 25. : o

Oxnako «HelpepbiBHUbfi B3auMHO OZHO3HAyHLIH 06pas
OKpPYXHOCTH» (¢hopmaisvHoe onpepeneHue NPOCTOH 3aMK-
HYTO! KpHBOH) MOXKeT QKa3aThCsl COBepLIEHHO «IHKHM>

Ay

Puc. 25. )

MHOKecTBOM, Hanpumep, 370 Moxer 6biTh KpuBas Gec-
KOHEYHOH INJIMHW HJIH, ellle XYxKe, KPHBas, He HMelolas
KacaTeJdbHOH Hu 8 OOHOL U3 CBOHX TOuek! .

Hepswrit "npmaep TaKoH KpuBofi pan BeitepuilTrpacc; oHa OnuCH-
BaeTcs NapaMeTPHUeCKUMH YPaBHEHHAMH

x=sin0,
R
T ' y=2'—§1,7cos3"6~.
n=l

Scuo, uto x — HenpepuiBias ¢yuxuus or 0, Bocnonssopapuinck
TeM, 4TO KOIQOHUHENTH 5 BeCKOHEYHOTO PsAa, ONpeAeIAIomero ¥,

y6biBalOT €O CKOpOCTbIO TeOMeTpHYecKol nporpeceud, a cos 370
Bcerfa 3akgaiouen MeXAy -—1 u -1, MOXHO NOKa3aTh, 4To Y — TOXe
nenpepriBEan ¢yukuua or 0. Taknm o6pasom, ecin O meuserca or 0
no 2;, To cooTBercTsyiomas Touka (x(0),y(0)) HenmpepniBHO ABH-
Kerc BAObL HeKoTopo#l KpnBoi. Jlna Toro yrobu 3Ta KpHBas kMena
KacaTelbHyl0 B HEKOTOPOfl TOuKe, COOTBETCTBYIOLIEH KaKOMY-To 3Ha-
yennio 0, MOMKHBI CyWecTBOBaTh oGe NpousBoadme dx/dO u dy/do.

Beitepurrpacc noxasan, uro dy/d® ne cymecrByer Hu npu Ka-
Kom 0. HdoxasaTe 9To He/erKO, OGHAKO HETPYAHO 3amOA03PHThb, HOO
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dopmanbnoe (mouncHuoe) ‘Andpepeininposaine pana Aas Y NpHBO-

AT K paRy
00 3.n
Y
i
2I(2) sin 30,

n=t

KOTOpHIfl pacxodurca npi Beex (Kpome "CYETHOTO MHOXKeCTBa) 3Haue-
usx- 0. .

Or6pocus TpeGoBaHUe B3aUMHON OZHO3HAUHOCTH, MO-
)XHO MOCTPOHTD (MepBbiM 3TO clenas [leaHo). nenpephis-
ublit 06pa3 oTpeaka (T. €. KpUBYIO, NpaBja, He SIBJRIO-
ulylocsi mpoCToi), 3anoaHfouMii kBaipar. Iloaymas o
TAKHX HATOJOTHYECKHX CO3JZaHHAX, MOJYyudioUiuX IpaBo
Ha CYIleCTBOBAHHE, €C/AH IOCTYAMPYeTCs O1Ha TOJBKO
HeNPEPLIBHOCTD, lauHHaeWwib MOHHMAaTh, nouemy JKop-
RaHy MOHAaZOOHIOCH AOKA3biBATbL CBOIO TCOPEMY M MO-
yeMy ee KOKa3aTedbCTBO COBCEM HE NPOCTOC,

Has «raafkHX» Kp#BbiX, K KOTOPBIM KacaTedbHYIO
MOXHO TIPOBECTH «IOYTH» B KAXKAOH TOuKe (T. €. B KaxX-
ROH 32 HCKTIOYeHHeM caMoe 0O.blice KOHeUHOro UHC14
TOUEK), TCOpeMa ‘/Kopﬂana JA0Ka3biBaercst 11aMHOTO
Jerye.

Jluwb okono 1830 r. mousitua nenpcpbmnocrn raag-
KOCTH H UM NOAOOHBIE HOJIYunIn §0.1¢ce HAH Melce ACHBE

onpeflefieHHst; A0 3TOr0 WMH MOJb30BAAHCH ledopMab-
" HO, a HHOTAA H BeccHcTeMHO.

Hanomuuwm, uto cepeansa 19-ro Beka siBniach Haua-
JIOM HOBOH 3pbl B MarteMaThKe, KOTOpasi XapaKTepusyer-
CA PaCTyIyuM HEAOBepHeM K HHTYHLHY, He [OJIKpenjeH-
HOM JOKas3aTeNbcTBaMM, H YCHIAMBLUHMHUCS [a1eXKEaMH
Ha moruky. B pesyabrate marematika CTPEeMHTCSI Bbl-
rsaeTb 6ostee CTpoOroii, Gosee GopMasbHOIl, uepnaoien
"KPHTCPHH M MeTOXBt BHYTP! camont ce6si. Huuro e npu-
HUMaeTCA Ha BEPy, W HHYTO He MOXKET u3bexarh Tmia-
TeAbnOd nposepku. Jlaxe EBkaug Obla 10ABeprHyT Hc-
4eprbiBaIOMIEMy JOTHYECKOMY aHaJH3y, 1 B CO3AaHIOM
HM  BEJHKOJENHOM COODYXKEHHH OGHAPYMKU.HCh Tpe-
wuasl. Hanpumep, EBkaup npeweSper uenoit rpynnof
aKCHOM, HeOOXOAUMBIX AJsi GOpMaTH3aAUHH NOHATHA «Jjle-
JKATb MCXKAY», — TAK HA3bIBAEMbIMU aKCHOMAMH NOPSA-
Ka. TH aKCHOMB Ka3aJuch CTO.1b OYEBHAHO H CTOAb TPii-

'
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BHAJbHO «HCTHHHbIMHY», UTO. EBKJHA H "e€ro HoclexoBa-
TCJH CUHTAJH HX camo coboi pasymeiounmucsa. Oaunako
nofHas GpopManu3anys O3Havuaer, uTo FeOMeTPUH MOXKIO0
YUHTb CAENOro ¥ Aake BbIYUCAHTENbHYIO MauluHy. MHuo-
rue paccyxpienus Eskauga onupaiorcs Ha HCNOAb30Ba-
ltHe TOro, UTO HEKOTOpas TOuKa [) Ha npsaMof, nposejeli-
Hof uepe3 Toyku A H B, NeXHT MexJy 3THMH TOYKaMH,
CranpnapTHoe JOKa3aTelbCTBO paseHctsa yraos CAB u
CBA B pasnHoGenpesHoM Tpeyroiniuke ABC (AC = BCy
HOCTPOEHO Ha TOM, uTo H3 C OonycKaercs nepheHaukyIsp
ua AB; on nepecekaetr AB B Touke D, u pJist 3aBeplIeHust
Jl0Ka3aTtebCTBa TPeGYyeTcs TONbLKO YCTAaHOBHTb, uTO D
JeHT mewdy A u B. DT0 HEBO3MOXKHO «OObACHHTb» HHU
CJIENOMy, HH BLIUHCJIUTENbHON MallnHe, He (GOPMaiH30-
BaB NMOHATHE «JeXaThb MeXay». Bonee noanywo akcudma-
THKY reoMeTpud gan B 1899 r. T'uanbepr B CBOHX 3Ha-
MegnToiX «OCHOBaHHAX reoMeTpHU»!). :

[TonaTHe uHcna Takke TNOABEPIVIOCH TILATEABHOMY
aHaJH3y, yTO CHOCOGCTBOBAMO Pa3BHUTHIO HOBO# aarebpul
H caMOH JIOTHKH.

B pesyabraTe MaTteMaTHueckast anrefpa crana Tew,
yeM OHAa INaBHbIM OGPa3soM SBJsIeTCS ceHyac: yueHHeM
0 TakHx aOCTpaKTHHIX CHCTeMaX, Kak TpyNNbl, KoJabKa,
noas. PaccMOTpHM ClenyoWui npuMep, NOKasuiBaloUIni,
4YTO TaKoe PacCYXAEHHE B CTHUJE COBpPeMeHHOA anarelput
H KaK 3TOT CTHJb MPOHHKAET B'T¢ BETBH MaTEMAaTHKH, KO-
TOpbie TPAJHLHOHHO CUHTANHCh TaNeKHMH OT ajresphL

Haynem ¢ mpennosoxenns, uTo Mbt 3HA€M, UTO TaKoe
nenbie yucaa (MOMOXKHTENbHbIE, OTPHLATENbHbIe H HYJb).

Ilensic uHcia MOXKHO CKJAApbiBaThb, BuiYHTATH (T. €.
B HX 067aCTH pa3pelluMbl ypaBHeHHs BHAa @ + X = b)
¥ YMHOXAaTb. STH oRepalini Haj Le/bMB-unehaMn o6na-
" NalT CAERYIOHHMH CBOHCTBAMH:

1) Daxe akcuomMatHka T'Hiab6GepTa MOXeT AOCTaBUTH TpeGosa-
TCJABHOMY JAOTHKY ROCTaTOYHO [OBOJOB AMA GeCNOKOHCTBA, B MepBYio
Ouepeilb H3-3a AKCHOMbl HeNpepblBHOCTH, BXKAIOUeHHON T'uibGeproM
B CHCTEMY aKCHOM. 3Ta aKCHOMA, yCTAHABJMBAIOULAR B3aHMHO OJHO-
3layHoe M COXpansiowlee NOPSIAOK COOTBETCTBHE MEXAY TOuYKamu np-
MO M JIeCTBHTELULIMH YHCAAMY, CPa3y e NEepeHOCHT B reOMETPHIO
BCe TPYAHOCTH, CBA3aHHBIE ¢ 11eCUEeTHOCTbIO MHOMKeCTBa ACHCTBHTE/b-
HIBIX yHced.
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1) a+b=10+a;
2) a+- (b+c) (a+b) +c
3) ab = ba; -
4) (ab)c-a(bc), : -
b) cymecTByeT OAHO M TOJBKO OFHO LEJ0Ce YHCIO,. a
HMeHHO 0, Takoe, 410 a + O = a a4ag mO6Oro HeJoro a;
6) CyllecTBYeT OJHG H TOJbKO ORHO LeI0e YHCAO, a
HMenno |, takoe, urto a-1 = a ansn moboro nejnoro a;
7) He-cymectByer Aejuresell Hyas, T. €. H3 ab =0
cienyer, uro auGo a =0, aubo b =0 (aubo-a = b =0).
- Hdanee ans mocTpoeHus Kaacca PALMOHANBHEIX YHCE
AOCTYNAIOT ciaeayiouiuM obpasom.
PaccMoTpuM BCe yHOpAAOUYEHHble NAPH UENHX YHCel,
B KOTOPBIX BTOpOE YHCJO OTJAHYHO OT HyJsd, W HA30BeM
EBe napul (a; b) u (¢; d) axsusarenTHOIMU: (A, b) ~
~ (¢, d), ecau ad = bc.
OnpenesieHHOe TaK OTHOLIEHHe IKBHBAJNEHTHOCTH 00-
Aafaer CAcHyIOIMUMH CBOHCTBAMH:

(a) (a, b) ~ (a, b) o (pe(leeKCHBHOCT‘h);.
(b) us (a, b) ~ (¢, d). caeayer (c, d) ~ (a, b)
(CMMMETDHYHOCTE) ;

(c) u3 (a, b) ~ (¢, d) u (c, d) ~ (e, [) caenyer
" (a, b) ~ (e, ) (TpaH3HTHBHOCTD).

Csoitcta (a) u (b) KayTCs HACTONBKO MPOCTHIMH,
uTo He TPEGYIOT MOSICHEHHHA; (C) Caefyer u3 CBOHCTBA
7) pume. B camdm nelie, U3 ad = be u ¢f = ed monyyaem
(YMHOXas MepBOE DaBEHCTBO HAa €, a BTOpOe—Ha a)

ade=bce ¥ cfa=eda,

otkyaa bce = cfa, wan (be — fa)c = 0. Caegosarennbto,
Jau60 ¢=0 u TofRa a=0 u e =0, NOCKOJAbKY ba&O
d # 0, nubo be = af.

Paccmorpnm Teneps BechMa O6wWiHA NPHHLUAN, LIH-
POKO NMpHMeHsieMblfi B MaTeMaTHKe.

Tlycts S — HeKOTOpOe MHOXKECTBO OODBEKTOB @, B,
Y, ..., CBA32HHBIX HEKOTOPbIM GHHapHLIM OTHOWIEeHHeM R,
peq).ﬂexanHmM (¢Ra mnsi BCex &), CHMMETPHUHHIM (H3
aRp cneayer BRa) u TpansutuBHEIM (M3 aRf u PRy
caegyer aRy). Toraa S pasbusaercs Ha monapHO He ne-
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peceKkalolliHec KJacchl, TaKHe, YTO OOBEKTh H3 OFHOTO
¥ TOTO e KJacca CBASaHH OTHOMICEHHEM R, a oODbeKkTH
H3 pasHhIX KJacCOB — He CBA3aHAL

Ilycts, Hampumep, a, B, y, ...— MHOXeCTBa,’a oRp
O3HA4aeT, UTO MeXJY 3JeMEHTaMH o H 3JleMeHTaMHu f
HMeeTcsd B3aHMHO OIHO3HAaYHOE COOTBETCTEHe. Tem ca-
MbIM MEXAY MHOXECTBaMH .ycTaHaBJHBaercs GHHapHOe
OTHOWIeHHEe, KOTOPOe, OUEBHAHO, ped feKCHBHO, CHMMeT-
pHYHO H TpaH3HWTHBHO. COBOKYIHOCTH BCEX MHOMKECTB
pacnafaercs Ha HellepeceKaloUIHeCHd KJAACChl, COCTOALIHE
H3 MHOMXECTB OJHHAKOBOH# MOIIHOCTH.

Ya#itxen u Paccenn onpeensioT KapaKHadbHEe YHCAa
KaK KJacchl MHOMXECTB OXMHAaKOBOH MOIEHOCTH. Tak, uH-
CJI0 «TPH» — 3TO KJacc BCeX MHOXECTB, COCTOALIHX H3
Tpex aJeMeHTOB, Ny (aJjed HyJb) — KJlacC BCeX CUETHBIX -
MHOXeCTB H T. 4. XOTS OTOXRECTBJICHHE 4HCeA € COOT-
BETCTBYIOIIMMH KJaccaMH 3SKBHBAJEHTHOCTH — 3TO YiKe
JOBOJILHO BHICOKAA cTefleHb aBCTPaKUHH, HEKOTOpbie pa-
TYIOT 33 TO, YTOGH HMEHHO TaK BBOJHTH WHCHA B MJaR-
IHHX KjJaccax HIKOJEL

BosBpamafice K HallkM YHOPAJOYEHHHM NapaM, MH
BHJHM, UYTO, HOCKOJNLKY OTHOLIEHHE SKBHBAJICHTHOCTH ~
oGnagaerT TpeMsi TpeOYeMhIMH CBOHCTBAMH, MHOXKECTBO
Bcex Nap TaKxe pachajaerca Ha HelepeceKaolHecs
«KJlacCht 3KBHBAJEHTHOCTHY.

OroxnecTBuM ynopsaouesnyio napy (a, b) (b+0)
¢ Apobuio afb; Torna BBelleHHOE OTHOIIEHHE SKBHBAJIEHT-
HOCTM BBIpaxKaeT He UTO HHOe, KaK YCJOBHE paBEHCTBA
npoGedi. Ilpu sTOM MHOXKECTBE BceX YHOPsAOuUeHHLIX Hap
pa3fuBaeTCA Ha KJacchi SKBHBAJNEHTHOCTH, B KaXJLH H3
KOTOpHIX coGpassl Bce ApobH, npedcrasasnouue OqHO H
TO XK€ PalHoOHaJBHOE UHCHO,

Ho MoXHO AH Tak roBOpHTb, KOTZAa Mbi elle He
ONpemeNu/H, 4TO HNOHHMAETCH NOJ pALMOHAJNLHLIM UH-
ciom? Henwssi; opHako NOCKOJLKY HA CaMOM JeJie Mb
3HaeM, O YeM HJAeT peub, Mbl MOXeM CHeNaTh BCe 3TH
paccy:eHHs COBEPIICHHO 3aKOHHHIMH, 0TO¥JecTeus pa-
UHOHAJIGHBE YHCJA C COOTBeTCTBYIOLIMMH KJIacCaMH 3K-
BuBasieHTHOCTH. MHEIMH caoBamu, payuonasvusle qucaa
cyTo no onpedeseHuio KAOQCCO. IKEUBAAEHTHOIX Mexncdy
co6oii nap yeavix “uced.
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ITycTb r 1 s — palyoHaabible YHCHAd, T. €. 7. (a Tak-
e I §) eCTb Kiacc 3KBHBAJNEHTHBIX nap. L

Urd6bi onpefteuTh HX CYMMY r -+ S, BO3bMeM HeKo-
TOpYio mapy (a, b) w3 r (Tak HasbiBaeMblil TIpeJCTaBH-
Teslb KJAcca r) u HeKoTOpywW napy ¢, d) H3 s H no-
crpouM napy (ad + be, bd). (3amerum, urorad + bc—
5TO YHCAUTeNb, a bd — 3HaMeHaTedb APOGH, MOJYUeHHOMH
cnoxeHueM a/b u c/d nmo obbluubniM npapuaam.) Toraa
r + §—3T0 kaacc nap, dKBuBadeHTHHWX nape (ad + bc,
bd). Moxer nokasarbCs, YTO 3TO ONpefeseHHEe 3aBHCHT
ot BbIGOpa npeacrasutenedt s r 1 s. OXHAKO MOKHO MpO-
BepUTb, uto ecau (a’, b’) — apyras napa H3 r, T. e
(a, b) ~ (&', b"), unu a’b = ab’, u (¢, d’) —napa us s,
TO :

(@’d" + b'c’, b’d’) ~ (ad + bc, bd)

H, CAefOBaTenbHo, napa (a’d’ + b'c/, b’d") npunannexur
KJaccy r+s. ApanoriyHo MOXKHO OMNPeNeNHTb rS Kak
KJ1acc, conepxamuit napy (ac, bd), rae (a, b) —napa us
ra (¢, dy —wuss. :

A Kax OO6CTOMT 1en0 C HCXOAHBIMH LEJBIMH YHCaIaMu?
Ony Teneépb BHCTYNAIOT B HECKOABKO 3aMacKHpPOBAHHOM
dopme KaK Knacce, cofepxkalude napsl Buia (a, 1).
"Huaue rosops, uenoé uncio @—3to Kiacc nap, IKBH-
BaleHTHHIX Nape (aq, 1).

YpaBHeHue ax = b ue BcerAa PaspelliiMO B LeEJBIX -
uncaax (Hanpumep, ypaBHeHHe 2X = 3 He HMeeT LeMbIX
_petleluit); B o6nactH ke palHOHAJbHBIX uUHCeaA IMpH
a# 0 OHO Bcerpa umeer peileHne. B camom gene, X —
3TO NPOCTO Kiacc map, SKBHBAJeHTHBIX nape (b, a). Bo-
Jiee TOro, oGoe ypaBHeHue rx =8, rae r +0 u r, s —
pauHoHafblibie 4yHcna, paspellHMO B PalHOHANbHBIX YH-
caax. : :

To, uTO Mbl cpetami, MOKHO OXapaKTepH30BATh Kak
8A0CEHIE MHOXeCTBa LelblX UHCeq B OOJbliee MHOXe-
CTBO (a HMeHHO B MIHOXKECTBO DALHOHANbHBIX gHCel),
IpHUEM TaKHM cnocoGoM, uTo B 3ToM GosbileM MHOXe-
CTBE CTa/Ja BO3MOXXHOI onepauua AejleHHa (ResleHHe Ha
HYJb, KOHEYHO, rckaiouaercst). [Ipu TakKOM BIOXKEHHH MBIl
COXPaHH/IN LeJiple ygcsMa H onepaudHd Hag HHMM H B TO
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Me BpeMf pasyMHbIM 06pa30M PACpPOCTPAHUIN 3TH One-
pauMy Ha BCE PaLHOHAJbHBIE YHCJA.

© Hrax, mbi onucaan obuyio GopMasbuyio cxeMy pac-
MUPEHHs CHCTEMBl 0GbeKTOB, B KOTOPOH MOXHO BbINOJ-
HSTb ONEPAlUM CJAOXKCHHS M YMHOMKEHHS, B CHCTEMY, B
KOTOPO# CTaJi0 BO3MOXKHHIM ellie H JZeleHue. [Tpu stom
O0BeKTaMH Heo0f3aTebHO NOJIKHBl ObiTh LeJble YHCJA,
a CJI0KEeHHe H YMHOXKeHHe — 3T0 HeoGa3aresbHO OGBIY-
Hble apuMeTHyeckHe onepauuu. Bce, uro TpeGyercs, —
9TO BbillOJIHEHHMEe TPHBeIeHHbLIX Bblle ycaosuil 1) —7),
kakosot 6ot nu Obiau ob6vextor u onepayuu. Ha camom
Aefe HEKOTODbie U3 3THX YCJOBHH H3JHLIHH, TAK, MOXKHO
oboiTuch Ge3 ycaoBusi 6). C Apyroil cropoHbl, ycjaoBHe
7) BeCbMa CyHIeCTBEHHO. .

IMpounmocTpupyeM Tencpb NpeHMYyllecTBAa HALIero
topMabHOrO MOAXOAA HA APYIOM NpHMepe,

B kaueCtBe 00bekTOB OyleM paccMaTpuBaTh Henpe-
poienble gynxyuu a(t), b(t), ... pehicrsutenbHol Iepe-
meHnon f, onpepenennbie Npu 0<7f <<oo. Cuoxenne
onpenelinerca oObMHpIM 00pa30M, 8 B KayeCTBe YMIHOKC-
uns OGepeTCcs TaK HasbiBaeMas C8epTKa:

t t

a*b=.[a(i—'r)b('r)_d1:=J.b(t——r)a(r)dr=b*a,
- 0

0

Hanpumep, ecan -a(l) =1 u b(f) =1, 10 axb =12
et a(t) =1 u b(f) =sint, o axb =t—sint, u 1. 4.
CrouT OTMETHTb, 4TO CBepTKa c a(f) = | sxkBUBaJeHTHA
nHTerpHpoBanuio ot O fo f. TakuM crnocobGoM Tpancyen-
JenTHAA oONepaunHsn HHTETPHPOBAHHA nNpHoOperaer «0G6-
JAHK» aazebpaudeckoti onepanui yMHoxXeHHs. M, kak Mbl
NOKaXKeM B HeCKOJLKHX MOCJAenyOIHX aGsanax, Habaio-
naemas 34eCb aHAJOIHA OTHIOAb HE ABAAETCd TOJbKO
«sHeliHe». Onepauus CBepTKH 4YacTO BCTPeyaercs B
pasHbiX BOJIPOCAX YHUCTON M MpPHKJALHONH MareMartHKH U
NOTOMY WIHPOKO H3yuaniacb. JlasHO OblIO 3aMeyeHO, uTO
'BO MHOTHX OTHOIIEHHSIX CBepTKa HamnoMHHaer oObluiioe
YMHOXKeHHe.

B camoM. jeJie, MATeMAaTHK JIerKO MPOBEPHUT CBOlCTBA
1) —5). Cpoficteo 6) ne eninojHserca (hHo, KaK ynomu-
Hajoch Bbllie, 3TO HH HAa YTO He BJHAET); CBOHCTBO 7)
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MOHO Jl0Ka3aTb, HO 5TO YK€ OTHIOAb He npocto. Cpoii-
CTBO 7) 06biyHO XapaKTePH3YIOT CIOBaMH: B MHOMKECTBE
‘HeTIpePHIBHNX (GYHKIHH OTHOCHTENBHO ONepailiH CBEPTKH
HE CYLICCTByeT Aen#Tenecil HYJS. ‘

Jlanee MoxHO NMOCTYNHTL B -TOYHOCTH TaK Ke, Kak
‘Bbilde, M paclUMpHTL pacCMaTpHBaeMOe MHOMECTBO
DYHRUMA o MHOXECTBA KJaCCOB 3KBUBAJICHTHHIX 1A
-pyHKuMit, cnenaB TakMM CHNOCOGOM YpaBHEHHE 4 %X =.
‘BCerfla paspeiuMbiM B Npejesiax 5Toro GoJbiiero MHo-
JKeCTBa.

Tlpu stom amanoramMu paumMOHANbHBIX YHCEJ OKa3bl-
-BaIOTCA ONpefedieHHBIC OHEPATOPH, MO €yUIECTBY .COBNA-
-Aaioine ¢ TeMu, KoTtophie BBest OauBep XeBucaHx And
peilenusl gupefinbix AMGdepenLHanbHbIX ypaBHEHHH,
BCTPEYAIOIIMXCH B TEODHH 3JEKTPHUCCKHX. LleNel.

Hanpumep, ypanuenne
¢
f x(t)dr=1, 130,
H .

He MMeeT pellenHs, aBAAOUWlerocs HenpephiBHON dyukunen ot {. Oa-
HaKo OPMaNbHO MBI MOXKeM HanucaTh

-

x—-—{ﬁ, i

v

rae {1} — dynxuus, npunumaomasn 3navenue | npu seex ¢ == 0. oz
RefieHHeM NOHMMaeTcsi, KOHEUHO, #He OObiyHOe JeqeHHE, a OnNepalHs,
obpaThan cBeprke. Torna i
¢
f(v)de
{1} {1+f} 0
xsf = *] = - =
A (1 i ( R Bl
TaK YTO X~ 3TO' IPOCTO ONEPATOP YMHOMEHUS HA HUcA0 1,
B3ap.6onee ofmee ypasnenne
¢

Jax = -f-x(t)-dt=a(t),
0

MOXHO MOKA34Th, ¥TO X ecTb ONEPATOP S, PABHH CyMMe anepartopa
Auddepennnposanns D u oneparopa a(0) 4, The a(0) = suave-

{3’
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HHe GyHKunMH @ npH £ = O:

-

sa=Da+a(0)%§—;

OGo3snauas yepe3 p onepaTop HHTErpHpOBAHMS
¢

pb= fb(t)dt=lth
0

MOXKHO TIPOBEpPHTD, YTO
Sp=ps=TOXKAECTBEHHHH onepaTop,

(sp)a=(ps)a=a
s moGoit nudhepeHHpyeMOi GpyHKUHH a.

ITpu rakom cnocoGe ompegesienus paGora ¢ onepa-
TOPaMH CTAHOBUTCA COBepPIEHHO AaHAJOTHYHON MaHHIy-
JAUKAM -¢ OOBIYHEIMH JPOGAMH; CledyeT TOJNLKO IOM-
HHTb, YTO 37eChb YMHOXEHHe-—3TO ONepaiusl CBEPTKH.

OToT cnoco6 BBeneHHs ONMePAaTOPOB 1O AHAJIOTHH C
BBEAEHHEM DalHOHAJbHbIX YHCEN NPHAYMAaH CpPaBHHUTENb-
HO HENAaBHO MOJIbCKHM MaTeMaTHKOM . SfHoM Mukycun-
cknM. Mcnonb3oBaiine e onepaTopos aJjs GOpMasibHOTO
petleHHsa  AuHeRHBIX pau¢depenHuMadbHBIX  YpaBheHuH
OBII0 H3BECTHO YXKe NaBHO; HA¥aJO 3TOMY NMOJOXKHUI, Kak
MHl yxe ynoMmunajau, XesHcalin B Komile 19:ro Bekal).

INonxox MuxycurcKkoro K onepaTopHOMY HCUHCJIEHHIO
XesHcaiila — OTJIHYHKIA TpHMep TOrD, -YTO MOXHO Ha-
sBaTh anare6pausantiefl MaTeMaTHKH. DTO DPOAYKT TeH-
IoeHiuuM, nauapllefica B 19-M Beke u mpojonmxarouielics

1) Hekoroprle H3 CoBpeMedHHKOp Xem#ca#iZla KPHTHKOBA)H ero
3a HCpOJb30oBaHHe (opMajbHBIX npHeMOB Ges HCHOFO MOHUMaHMa HX
cojepxanHa U cMbicaa. [OBOPAT, 4TO B OTBET CBOHM KPHTHKaM XeBH-
callg Kak-to ckasak: «JlonXeH JH . OTKa3aThCs OT XOpoulero ofena
JHUIL’ NOTOMY, YTO He NOHHMAIO Npoueccop mumesapedus?s Ilono6-
HEIM 0Gpa3oM MOXHO OblIO 6Bl KPHTHKOBATh IMECTHK/IACCHHKE, KOTO~
pBLA YUHTCA NONB30BaThCs APOGAMH, He YOHHMad Jiexameil B OCHOBE
TCOPHH,

Mu ocrasoBHAHCH HA 3TOM NOTOMY, 4YTO 3[4eCh XOpoulo BHAHA
Ojia M3 CHAbHBIX TeHAEHLUHH COBpeMEHHOH MaTeMaTHKH: HILHOpHPO-
. Barb H orBepraTh Bcé, uro He (QOpMaAH30BAHO JIOrHYECKH.
ViMenno sra renmenmitua (HaudHaloOmlasi NPOHNKATh B HaualbHoe H
cpearee ofydenue) B GOJbinOH CTemedH OTBETCTBeHHA 3a pacTylllee
OTHeNeHde MaTeMaTHKH OT (pu3ukH. DusMK, NPHMEHHIOUIN{ -MaTeMas
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B HallK AHH C neOyBanof cuaoft u Hanopom — MOROTHATH
MATEMATHKY TOA “11a6710HbI, 3aroTOBAEHHBIE a6crpam-
HBIMH anreépanqecxnmn CTPYKTYPaMH.

HauGonee 3amerubiil ycnex anrebpansauus HMeJaa
B TtonoJorku. IlpuMepoM MOXer CJOYXHTb CO3KaHHAHA
DmuaeM ApTHHOM TEOPHS KOC.

- Tlycrb Iy u lp — aBe napanieibHHe H OXHHAKOBO Ha-
npaBjieHHble TpsMble B npocrpaHcrBe (cM. puc. 26; una-
npaB/eHud NPAMBIX YKa3aHbl CTPENKAMH).

p’ ”z Ps Pl. .
,l
. 4
at Qz ﬂ3 0.
Puc. 26.

Bribepem n pasiuunbix touek Py, Pi, ..., Pn Ha [,
. 3aHYMepOBaHHBIX B COOTBETCTBHE ¢ HaNpaBleHHeM [;
aHaJioruuHo BolGepeM n touek Qi, Qz, ..., Qn na L. dasn
NPOCTOTH W ONPeNeACHHOCTH Mbl 6y11eM BCIOAY CYHTATD
n=4,

Kaxnasn touka P; coefiHeHa C HeKOTOPO# TouKoh Qj
KPUBOIl ¢; 3Ta KpHBas MOXer H3ruGartbcs H 3aKpyuH-
BaTbCs B NMPOCTPAHCTBE, OXHAKO Mbi TpeGyeM, utolhl ce
NPOCKUMA HA MJOCKOCTb, ONpPEAEeNsieMYyi0 HNpSMbIME [{ U
{5, Obl1a MOHOTOHHOMH, T. €. YTOGH HNPH ABHAKEHHH TOUYKH
R Bmoawb atol mpoeknuu ot P; o Q; ee paccrosHue ot
npsaMo# [y MOHOTOHHO pOCJO.

He ponyckaercs, urolb Kakue-HHOyAb ABe KpHBbIE
NepeceKanuch B NPOCTPAHCTBe; B UACTHOCTH, ABe KpHBble

" THUCCKHE METOAB!, BNOJHC MOXeT NOMOXKUTLCA Ha BHYTPEHHIOK CO-

r12COBaHHOCTb CBOHX MOCTPOEHHIT H, YTO CamOe BaiKioOe, Ha COBNaje-
Hilc TOJYYeHMBIX Pe3YJbTaTOB C SKCHEpHMEHTOM. ﬂonoﬁuo mecTH-
KiaccHuKy, od OyideT pal BOCHOJb30BAThCS PALMOHATLHLIME YHCJA-
MH, lle 3Ham BO BCEX MOAPOGIOCTHX, KaK HX MOMKHO OOBbegAHHTDH
B (popmanbnylo cHCTeMY, M, NoloGHO Xemucafiny, Oyaer cuactius
JKOHIVIHPOBATL ONEPATOPAMY, He NOKHAasCh, KOFAA JOFHKA AaCT eMmy
paspeuteHue na 370,
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He MOTYT KOHUaTbCs B OgHOR u TOi e Touke Q; Ha
pHCyHKe, uTOObl 1OKa3aTh, KakKas H3 KDHUBHIX «Bbillle»
APYroi, Mbl NpepoiBaeM B COOTBETCTBYIOLULEM MeCTe. HpO-
SKIHIO TOH H3 HHX, KOTOpasi «HHIKE».

. Bce, uro mbl Aetaqd A0 cHX mop, GbLIO ONKMCaHHeM
00'beKTa, KOTOPbIA MOXKHO ObiJIO Gbl Ha3BaTh CRAETEHUEM.

Urobul olpegednTb KOCY, Mbl [0JIKHBL €lle - BBECTH
kjaacc degopmayudl, KOTOpbie, XOT H CNOCOGHB CAMBIM
pCLINTENBHLIM 00pa30oM H3MEHHUThb- BHEWAHUL Bud CHjeTe-
HHsi, COXpaHsIOT, OJHAKO, €ro CYIeCTBEHHLIE 4epThl,

Sru nepopmauuu o6Jaagaior cne,u,yxomumu cBoficT-
BaMU:

(2) npaMble /y v [ ocraloTes NMapafeabHLIMH U OJH-
HAaKOBO HaNpaBJeHIIbIMHE, XOTS PacCTOosiHie MeXAy HHMH
MOXeT KaK YTOAHO YBeJHUHTbCA MJH YMeHbHIHTBCS,

(b) tcuku P u Q MOryr Kak yrogHO NMepegBHIaThCH
BIOJIb COOTBETCTBYIOLUMX TMpsiMbIX, OANAKO HX IOPALOK
coxpaHsercs;

(c) HMKaKWe JBe KPUBLIe HE MOTYT IlepeceynCsi B Npo-
tecce gedpOpMaUHH: OHU «HCPA3PbiBHBIY»,

(d) KpuBBe MOTYT Kak YrOZHO pacTATHBATbCA MHJH
CKUMATHCA, ONHAKO AJs HMX NpOeKuuit Ha NJOCKOCTb
(/y, ) coxpaHfercsi yKasaHHoe Bbillic CBOHCTBO.MOHO-
TOHHOCTH. ) '

ITy cBoficTBA CTAHYT COBEPLICHHO MOHSITHBLIMH, €C/H
npeacTaBuTh cebe, uTo i ‘M- [p — XKECTKHe CTeDXKHH, 2
KpuBble ¢ — HGKHe pesyHOBble LUHYpPbl, KOTOPble MOMXKHO
KaK YrOAHO PACTATHBATS.

HasoBeM ARa cnjleTeHHs] IKBUGAACHTHbLMY, eClH ORHO
13 HHX MOXKHO NMPEBPATHTb B APYyroe IpH NOMOINY Je-
(popMauyH, yLoBACTBOPAIOUIEH MEPEUHCAEHHLIM Bbille ye-
THIPCM YCAOBHAM. DTO OTHOWEHHE 5KBHBAMCUTHOCTH 06-
jJajaer OCHOBHBIMH CBOWCTBaMH pedJ/eKCHBHOCTH, CHM-
MeTPHYUOCTH M TPaH3HTHBHOCTH; CJENOBATENbHO, BCE
CleTeHWst pacnajalorcss Ha MONMapHO He MNepeceKalo-
1Hecs KJacchl 3KBUBAJEHTHOCTH.

Koca — 310 n ecrb Takol Kjaacc 9KBHBAJEHTIOCTH.

TnaBuas npo6aema Tcopun KOC — pa3paboTarh Mpo-
uefypy (ajaropurm), KoTopasi NMO3BOJIMT pelilaTh, COBHA-
[AI0T WJAH HEeT ABe KOCH (HJM, 4TO TO JKe CaMoOe, JKBH-
BaJleuTiiht HAH HeT ABA CIJIETeHHA).
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dra 3ajaya OTHOCHTCS K FeOMETDHHM, TOYHee K BEeTBH
TeOMeTPHH, M3BECTHOH MO HAa3BaHMEM TonodoruH. Tomo-
JIOTHIO . MOXHO ONpefesHTh KaK YYeHHEe O TeX CBOHCTBaXx
TeOMETPHYECKHX KOHGMIypaluil, KOTOpHEe He MeHSIoTCH
(uuBapuauTHE) NPH ONPENE]IEHHOTO BHIA HEnpepoleHbix
medopMauusx. Pemaercs ke sra 3apmaya HMCTO aJire-
GpauueCKHMH CDEACTBAMHU: NyTeM ONpENe/eHHs HEKOTO-
pofi crenMadbHON TPYNIbi K OTOXIECTBICHUS Ka)KJLOPI
KOCBI C 9JIeMEHTOM 3TOi [PYIIMNEL

B / \
— L\

4 6 4y g
Puc. 27.

Yro6bl NoKasaTh, Kak 3TO Aejaercs, onpenemnvx CHa-
yaja OnepauHio KoMRO3uYyuL Koc. '

Tlycrs A u B — nge Kocw (s o6eux n = 4); arobbl
nocrpouth Kocy A.o B, spibepem no onHoMy cnnereﬂmo
u3 A u us B (puc. 27).
. Tlpamble, TOukH W Kpusbie ans A 0603HauHM yepes
(111 121 Ph P2, PS’ Pi’ Qio QZv Q3s Q&s Cy, 02» C3, 04) a IU"I
B—qepea (l lé, Pl PI Pr / '— Qg,s 2' 'c 02’
LANAS

ponedopmupyem B rtak, urobbr maockocts (I, ')
cosnana ¢ MAoCKocToio (I, l2), a npamasa /[ — c npAMoON
I; (BKaoO4as OpHeHTauHIo); No3aGOTHMCS elie O TOM,
yToOn [ M [] Jexann no pasHble CTOPOHBI OT la.

I'lpononxmm ue(bopmaumo H no6beMca TOro, uTolbl
Touka P{ coBnana ¢ Q;, Ps—c Q. ¥ 1. a. Ilocae atoro
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otOpockM (coTpem) [], a 3HAUHT, H [y «CBA3aB» MNOA-
xonAuwkyM obpasom KpmBue ¢; B c;. Ilonyuennoe cmie-
TeHHe H €CTb HPEACTABHTENb KJI4aCCa, ONpPelesIoliero
Kocy A o B.

Mpocroit npumep KoMmmOsHUMM KOC INoKasaH Ha
puc. 27. B arom npumepe Ao B = Bo A; onmnako, Bos
o6ilie TOBOPH, 3TO PABEHCTBO He BHUIOJIHIETCS.

TeM He MmeHee onepauus KOMHOSHuHH KoC accoyua- -

- TUBHAQ:
(AsB)oC=A0(BoC)

H CYHIECTBYET eIHHCTBeHHBII elHHMYHbIi 3neMeAT | —
TPHBHAJbHAA KOCA, NpenCTaBJeHHAA Ha puc. 28.

) L3 by Py
4
1
R
4 . a, 4,
Puc. 28, . )

Herpyauno 3ameruts, uro aasa aw6oi Kocsl A

Ael=IcA=A.
Besxas xoca A umeer Takxke eXMHCTBEHHYIO 00paTHYyiO
A“', T. &. T2KyI0 KOCY A7 uro

Ao A=A A" =].

Yro6u no maunoh koce A mocTpouts kocy A”', mo-
CTATOYHQ NOMEHATb MECTaMH CBOHCTBA «Bbillie» H «HH-
®Ke», a NMeHHO, ecii B A KpuBas ¢; NPOXOAMT Bblle Cy
T0o B A”! OHA JO/XKHA NPOXOAHTL HHKE, H HaoGopoT; BCe
0CTaJIbHOE He MeHSeTcs.

Takum 06pasoM, Mbl BHIHM, YTO OTHOCHTE/BHO ofe-
PallMH KOMIO3HLHH KOChi 0Gpasyior rpyniy.

B 3roit rpynme uMeloTcs Tpu 3jeMenTa (TpH KOCbl),
KOTOpble BMECTE €O CBOMMH OOpaTHBIMH MrpaloT OcobeH-
HO BaxcHylo posb. OHM TpexncTaB/ieHbl Ha pnc. 29 (Mo~
JKHO IIPOBEPHTb, 4YTO, HaTpuMep, Ay Ay = Ay
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3rta BaxKHas POJb COCTOHT B TOM, uto mobas Koca
MoxeT OBITb NpelcTaBJena B BHIE Komnosnunn STHX
«Gasncnblx» Koc. ,

7 .'/ TTY
ya UL

Ay Ay Ay

\ N A
AN VA \

Hanpumep, ciljicrenne, npuseAeHHoe Ha puc. 26, Mo-
KHO nedopMipoBaTL TaK, YTO oNO OYyAeT BHITJAALETH,
kak Ha puc. 30. TlyHKTHpHAs JIHHHSL Ha 3TOM pHCYHKe

a, a, 0: a, 2
. Puc. 30.

npoBefena Aast TOro, 4yToObl Jerde ObIIO yBHaeTh, 4TO
coomercmyxomym KOCY MOXHO 3aNHCaTh Kak

A] o Az © Aa.
i ~ ~1
O603HayuM 3JCMelThl Al , Az , As COOTBETCTBEH-

Ho uepe3 By, B2, Bs. B stux o6osnauennsnx kaxjoe cnie-
TEHHC BbIPa’KaCTCA «CJAOBOM>» THHA :

A2°Bl°Bz°B3°A3°A|.

JBa cnhetenusi 3KkBHBaNCHTHbI TOTA2 (M TOJNBKO TOTAA),
KOTrla COOTBETETBYIOLIHE «CA0Ba» 1IPeACTaBaaioT OOUH U
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101 e 3nemeHT rpynisl. Hanpumep, 410 By u Ay o By —

pasHble €J0Ba, HO OHH MPEACTaBJASIOT OAHH H TOT Me

3JIEMEHT TPYNNbl, @ HMEeHHO, elHHHYHDIH aneMenT 1.
Kpome OYeBHNEIX coomome}mn N

(a) A A2°BZ—A3°BJ—I

MexAy Tmopoxialoulumii OykBamu (HJIH 00pPA3YIOUIME
FPYOIE) UMeeTCs ellle TOJABKO OfHO COOTHOUICHHE

(b) A]°A3=A3°Al.

JpyrumM He3aBHCHMBIM (OOTHONIEHHEM MOTJIO Obl TOKa-
3aThCfl, HampuMep, COOTHOHIEHHe B,o B3 = B3« B, oa-
HaKo ero MoxHo -BbiBecTH M3 (a) n (b).

Tenepp MOXHO 3a0biTh 0 KOcax u C(bOpMyJIPlpOBaTb
3alauy "B YHCTO ajrefpanueckux TepMHHaX: 3afana lie-
KoTopas rpynna, nopoxiaemas (IecTblo 06pasyloLIHMH
Ay, Az, As, By, B, Bz, yA0BIETBORSIOLIHMH COOTHOLIEHHSIM
-(a), n (b); cyulectByeT JH aNLOPHTM, YCTAHABJAHBAIO-
WIMA NpeicTaBifIOT JH [Ba CJ0BAa OMH H TOT Xe 3Je-
MEHT TPynnbi?

dns Koc npu a060NM 71 TAKoH airopHTM H3Bectel H
cpaBHmeano wecnoxkeH. OdHako TecHO cBfi3aHHasi C
atoi npobaema kaaccuQUKalUKH Y3708, XOTH H NPHBOAHT
K POACTBEHHOf PaccMOTpEeHHOfl Bhillle 3ajfaye 3KBHBA-
JIEHTHOCTH CJIOB AJS 2HAaJOTHYHO NOCTpOeHHOH rpynn,
L0 CHX NOp OCTaeTcs HepelleHHOR.

Teopusi Koc HiJOCTpHpYeT ABa BaXKHbIX ofcrositedn-
cTBa.

Bo-nepsbix, ona mnoka3ssiBaer, YTO 3ajpaua, OTHOCA-
mascs No CBOEH NpHpoIe K OGJIacTH Henpepsi8HO20o, Mo-
Ker OBITH YCMEHIHO pellella MeTOJaMH JHCKPETHOro H
kombHHaTopHOro Xxapaktepa. (Hpyro#i nomoGubiii npu-
Mep — HCnoJib3oBaHHe KomOunHartopHo#t Jsemmbl  Ulnep-
Hepa B JoKasaTelbCcTBe TeopeMH Dpayspa o HenmoaBHXK-
HOH TouKe; ¢M. § 6 1. 1) -

Bo-Brophix, 3agaua moxer notpe6osath H306peTenHd
HOBOA CHMBOJIHKKH HJH HOBOro (opmaninbHOoro annapara.
Ecan’ 6b1 Teopus rpynn Obina Henssectna, Moriao Gul
CAYYHTBHCA (XOTS 3TO B BLICIIeH CTelleHH MaJOBeposiT-
HO), uTO €e TpHAYMaJn Oui ClelHaJbHO ANf pelieHHs
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fApobaeMbl kaaccHPUKALHH KOC HAW APYrod mnomobHoi
3ajavum. :

B stoM u coctonT MmaTemaTtHyecKoe TBQPUECTBO —
JH60 MOHATbL, YTO K AAaHHOH 3ajaye NPHMEHHM Yxe Cy-
wecTBYIOWMi annapart, aH6o H306pecTH HOBBIM.

ITpu Bcem ckaszanHOM Bbille, eciu Obl noTpe6oBanoch
Ha3BaTb OJHOrO-eJHHCTBEHHOTO 4el0BeKa, paboTH KOTO-
poro Haubonee pemnrenbHBM 06pasoM NOBAHMAAH HA £O-
BPEMEHHbIH AyX MaTeMaTHKH, TO GOJBIUHHCTBO TOJOCOB
NouTH Hapepusika cobpan Gut I'eopr Kanrop. K cepeanne
19-ro Bexa nakon/ienne MaTephasa JOCTHIJIO B MareMa-
THKe TaKHX pasMepoB H TaKoro pasHooGpasus, 4ro Ha-
.€TaJ10 BpeMsi o6paTHTbCS K CHHTE3Y M NepecMOTPY OCHO-
BaHni. Tak pogmnace MarteMaTHuecKasr TEOpHS MHO-
KeCTB, ¢ OAHOH CTOPOHB, M TEOpPHS MaTeMaTHUYECKHX
cHcTeM (MatemaTHueckasi JOTHKAa, MeTaMaTemMaTHka) —
¢ Apyroi. : - B

B wactrocrn, MatemaTHKH cTanu ¢ Goabuieii Orpet-
CTBEHHOCTBIO OTHOCHTbCSI K BOTIPOCAM CTPOZOCTH TpH
.BBEIE€HHH NOHATHH W TNMOCTPOEHHH Ao0KasartenbcTs. Ilpo-
BOIHMOS C 3TOH TOYKH 3peHHs HCCJAeAOBaHHE OCHOBAaHHH
aHann3a (McuucAeHHd OECKOHEYHO MalhiX) K NONbITKH
fIOHATEL CMBIC] CHCTEMBI 1€ACTBHTENBHBIX YHCEd H YCTaHO-
BHTb OOUlke coiicTBa (QYHKIMA OT HHX NpHBeNH K 3aja-
4aM, NOJOXHBHINM HAa4alo COBpPeMeHHOH TEOpPHH MHO-
HKECTB H COBPeMEHHON MaTeMaTHYecKo# JOoruke.

Bennkne ananutnkd n reomerpbl nocie Hbiotona
‘(nanpumep, Bepuymmu, Ditnep, Janambep, Jlarpanx)
06.121a11 NouTH Ge30MWHGOYHBIM HHCTHHKTOM, GopMyaH-
pys B€pHble TeopeMul H AaBas NpaBH/bHBIE NOKa3aTelb-
ctBa Ges Teepioi onopbi Ha ¢(opMajbHBiE CHCTEMBI H
6e3 TOYHOTO coBIIOeHHS CTaHAAPTOB JOTHUECKOR CTpo-
roctd. Bpsan ax MoXHO coMHeBaThbcsi B TOM, YTO MaTeMa-
THYECKAs uHTyuyus (cAyXa Trenuio) obecnednpaer Ta-
KYIO ACHOCTb ¥ TaKoe eAHHCTBO, YTG OHA MpeJBOCXHILAET
a1060i1 cneunanpubiii GOpMaNH3M H Aenaer ero NpakTH-
YeCKH H3JHILHHM, -

Kaxosa npupoaa u kakoB HCTOUHMK MAarTeMaTHYecKoil
HHTYMIHH — 35T0 npoGneMul ¢HI0COGHH H TCHXOJNOTHH.
BeposTho, B nanekom Gymymiem, Koraa craHer fojee no-
HATHBIM YCTpO#CTBO HEpBHOH CHCFeMB H MO3Ta dYeJo-
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BeKa, HeKOTODBIfi CBeT MpOJbeTCH H Ha TaKHe BOHPOCH.
Ecnu oxaxercsa, 4TO XapakTep JIOTHYECKOTD MHHIICHHSN
B MaTeMaTHKe B OOJbIIOH CTeHeHH ONPefelfiercs 3THM
YCTPOHCTBOM B HaXOAUTCA NOH €ro BJAHSHHEM, TO, BO3-
MOXKHO, CTaHeT ficHee, TOYeMYy HHTYHTHBHAS MaTeMaTHKa
AONYCKAeT CTOJIb €CTeCTBEHHYIO ¢>opmanu3amuo HpH‘{eM
[0 CYUIEeCTBY €IMHCTBEHHHIM CriocOGOM,

Kak cosparenb J06oit BenHKO! HOBOH Teopun, Kan-
TOp HMea NpelwlecTBeHHUKOB. Yxke [anunelt samerus,
4TO HATYPAIbHLIX HHCEN CTONBKO Xe, CKONbKO KBaZpPaToB
‘HaTyPaNbHBIX YHcesa, FNOTOMY HTO. MeXAY 3THMH ABYyMs
MHOXKeCTBAMH MQ)XHO yCTAaHOBHTH B3aHMHO OJHO3HAyHOE '
cooTBercrBue. JI)xopnaso BpyHo sBHO cuMtan ¢uaHue-
ckHe 06bekTh OeckoHeudnMH. OAHAaKO TOMbKO B cepe-
Jsune 19-ro Beka .marematukn Boabuano, Beiiepmrpace,
Henexkusa u norukH Byab, ge Mopral i HeckKONbKO NoO3-
aHee Dpere u Ileano nmoctaBHIH BORPOCHI H TMOCTPOHIU
CHCTEMHl, BOINENHINE B COBDPEMEHHOe 3JaHHe TEOPHH
maoxkectB. Ho cpoeit monnoft oGuiHOCTH ¥ pasMaxa 3Ta
TeopHs AOCTHTIa Nuilb“6Jarogapsa Kautopy.

Kantop BBEN MHOXecTBa HeOPMAaNLHO M He HCNOJIB30-
BaJ AN YCTAHOBNEHMA HX CBOHCTB HHKaKOH AaKCHOMATH-
k4. OH HOAOKHA B OCHOBY MOHSITHE B3aHMHO OZHO3Hau-
HOTO COOTBETCTBHS, 4 B KauecTBe MPHMEpPOB paccMaTpH-
BaJ MHOXECTBA, ¢ KOTODBIMH B TO BpeMs CTAaJKHBAAHCH
MaTeMaTHKH B CBOHX HccaefosaHusax. K obwuM wupeam
€r0 MpHBeJO, INO-BHAMMOMY, H3yueHHe Do Dypbe.
OH 3aMeTHJ], 4TO MHOMKECTBO. BCeX LEJBIX YHCEJ, MHO-
JKeCTBO BCeX palHOHAJbHHIX YHCeN H MHOXKECTBO BCeX
anre6panyeckux 4Hucea HMeEOT OJIMHAKOBYIO MOLHHOCTH,
T. €. MeXJ]y HHMH MOXHO YCTaHOBHTb B3aHMHO OJHO-
3HayHble COOTBETCTBHA. 3aTeM Obia ycTaHOBJieH BaHeH-
muh - pe3yasbTaT: MOLIHOCTh KOHTHHyYMa JAefCTBHTENb-
HBIX uuces 6OJbIle MOLIHOCTH CYeTHOrO MHOXecTtBa. OH
OblT NOKa3aH C MOMOIIbI0 3HAMEHUTOTO JHArOHAJbLHOIO
Metoga KaHtopa — mpocTOre, HO CHIrpaBIiero BechMa
BaXXHYI0O poab BO Bceli Teopud. 3aTeM MNOcCaefOBatH
paboTel, MOCBAMEHHBIE CTPOEHHIO TOUEUHBIX MHOXKECTB M
HOBOMY co3xaHuio KaHTopa — NOpAZKOBLIM  yHCAaM.
B stux pa6orax copépKamuch Havasa TOHOJNOTHH TO-
YEYHbIX MHOJKECTB, -TEOPHH OYHKIMI JefcTBHTEAbHOM
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nepeMenHoil, [0CTPoelHe TPAHCPHHHTHBIX HOPSAKOBBIX
yHCesl, KpHTHYECKOe Ofcy:KIeHHe OcHoBaHHH nH(depen-
HHANbUOTO HCUMCAEHH (C OTKa3oM oT OecKOHeYHO Ma-
A6iX), KPHTHUecKoe M (uiocodckoe (Ckopee ueM aKCHO-
MaTndecKoe) o6Cyx/ietiHe NPRPOLEI Konﬂmyyma H OCHO-
BaHHH MaTeMaTHKHM BOobine.

K konuy cBoero tBopuectsa Kautop npuien K Apy-
THM BaXHbiM BbIBOAAM, KyJbMHHalHell KOTOPHIX SIBHAACH
nocTaioBKa npobJeMbi KOHTMHYYMa. ['py6o rosops, 3Ty
3HaMeHHTYI0 npoGaeMmy KanTopa MOXHO cidopmyanpo-
BaTb TaK: CYLUIeCTBYeT JH MHOKecTBO, 6oJiee MOLLHOE,
yeM MHOMXECTBO BCeX leJbIX YHCel, HO MeHee MOILHOe,
YeM MHOXeCTBO BCeX JeHCTBHTEeNLHBIX uHcen?

Teopnss MHOXKeCTB passupaiacb B J€HCTBHTENbHOCTH
Nno ABYM Pas/IHYHBIM HampaBJeHMSM, XOTd, K CYACTBIO,
B MbllJednH Kantopa onu 6biin TecHo OObelHHEHbI.

Oano Hanpaenenue paspabaThiBalo TNOHATHE MOIL-
HOCTH M JApYyIHe NOHATHS YHCTO abCTPaKTHoim 06pasoM,
T. e. Ge30THOCHTeNbIIO K NpHpPOLe pacCMarpuBaeMbiX
MuoxectB. Bropoe kacanoch TeueyHBIX MHOXeCTB Ha
npsMoi, Ha NJAOCKOCTH HIH B MHOTOMEpHbIX eaxnnnoabm
npPOCTpPaHCTBaX.

Tlepsbiil - MOAXOR BCKOpE CAMACH € JOTHKOM; BTOpOH
K€ NOpPOAHJ TOMOJOTHIO TOYEUYHBIX MHOXECTB H MpHBe1
B KOHIle KOHIIOB K BecbMa IJIOAOFBOPHOH Teopun ab-
CTPAKTHBIX NPOCTPAHCTB, MOJOKHB Haualo BecbMa BaX-
HOH TeHAEHUHH K TeOMETpH3alluH MaTeMaTHKH.

ITokazkeM Ha OpUMepe, UTO Mbl lia3biBaeM reoMeTpH-
3apnelt MaTeMaTHKM. PaccMoTpuM CHauaJja uKMcla BHAQ

€ g €3
7ttt

rae Kaxjoe e; — aubo 0, au6o 1. Uro6st usbexkars mo-
BTOpPEHHs HEKOTOPBIX YHCeN, HalpHMmep :

1 1, 0 0 0 1 1,
=gt twt .. =gtmtwt...
yCA0BMMCH HCNONDB30BaTh B NOZOOHBIX cayuasx To u3
ABYX TpeaCTaBJIeHHH, KOTOPoe OKaHuHBaeTCH OeCKOHeu-

HOR TOCACA0BaTENAbROCTbIO HYJACH (T.' . MepBoe H3 Bbi-
NHCAaHHBIX Bblllle NMpencTapdenmii uncaa /o). 3arem pac-
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CMOTDHM MHO)KCCTBO YHCeJ1 BHAZ
2[’] 282
ERE L

$lcHo, uro 3TH nBa MHOXKeCTBA HAXOAATCH BO B3aHMHO
"OlHO3HAUYHOM COOTBETCTBHH M, CJ€0BaTe/bHO, HMeEIOT
OJIHY H TY ’Ke MOLLHOCTb; OHH Ja{e HMeloT OJHH H TOT
JKe TOPANKOBBI THII: eCTeCTBEHHOE B3aHMHO OAHO3HAY-
HOe COOTBETCTBHE MeKJAYy HHMH COXpaHsleT NMOPALOK TO-
yeK B 000UX MHOXKeCTBaxX (T. €. OTHoWleilliie «60onbHIe HJIH
_paBHO»). Tdxkum o6pasom, a6CTpakTHO 3TH MHOXKeCTBa
Hepa3JHUYHMEL, XOTSI KaK TOYeyHble MHOXECTBA Ha IMps-
MOl OHN Ka)KyTC COBEpLIeHHO Pa3JHylibiMH.

ITepBoe MiioxecTBO — 3to Bech otpesok (0, 1), Bk.o-
yas' éro KOHUbl, a BTOpOe — 3HAMEHHTOe KaHTOpOBCKOe
* MHOXKECTBO, KOTOpoe mnoJgydaerca H3 ortpe3ka (0, 1) Boi-
fpaceiBaHHeM ero OTKpHITOfl cpegHell TpeTH (T. €. BcexX
TOuEK MeX1Y !/3 M /3, KpOMe caMHX ITHX TOUEK) M 3aTeM
noc/ael0BaTeNbHbIM (JI0 6ecxonequcm) BLIOpaChIBailHeM
. OTKPBITBIX CPEIHHX TpeTedl OCTABUIHXCA OTPE3KOB.

Kautoposckoe Mii0XKeCTBO, XOTA H HMeeT MOLUHOCTb
KOATHHYYMa, OueHb pa3pexennoe. Ouo Huzde He NAOTHO
BHa otpeske (0, 1), T. e. KaxAyi0 He NPHHALIEKANULYIO
CMy TOYKY MOJXKIIO OKDYXHTh HHTepBaJOM, TOXe He Co-
ICpKAUWHUM TOUCK KaHTOpOBCKoro Muoxectsa. Ilonstmo
Huz0e He NHAOTHO2O0 MHOXeCTBAa I[IPOTHBONOCTaB/AETCA
IOHATHEe MIIOXKeCTBa, 8ci00y HAOTHO20 B HNTepBale.
MHoxecTBO 1HA3HBAWOT 8CI00Y NAOTHbIM B HEKOTOPOM
WHTepsase, eClH KaucOobii \I0OAHUTEPBAJ COAEPKHT XOTH
6l OAHY TOUYKY (a cJienoBaTelbHO, GecKOHeyHo MIIOTO
Touek!) 3TOro Muoxecrsa. Paudonanbubie uucna Me-
xkay 0 u | obpasyior BCIOAY NJOTHOE MHOMXKECTBO B HIii-
tepBase (0, 1), ¥ BCce Xe 3TO MHOXKeCTBO, OyAydn cyeT-
HBIM, HMeeT MCHbBINYI0O MOUIHOCTb, YeM KaHTOpOBCKOC
MHOXeCTBO.

Hrak, Mbl BHAHM, YTQ OAHO MHOXKeCTBO MOXeT OHITb
MOULHBIM, HO pa3pCiKCHBBIM, a Apyroe— cKyIHBIM, HO
IJIOTHEIM. $ICHO, uTO 3Jech liepel HaMH [Ba COBepUIEHHO
pasnbix nousatHs. Kapannaneioe uHcao, HAR MOIHOCTD, —
sto0 0fo6uienne TOHATHST KOAUHECTEA 3IAEMEHTO8; OHO
CBsi3alo €O CYeTOM, B TO BpeMsi KaK pPaspexeHnoCcTh
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¥ [VIOTHOCTb CBSI3aHbl C PACNOAONCEHUEM 8 npocrpaucme
H TIOHATHEM <«0aH30CTHY.

O6benunss 3TH nBa NOHATHSA, MOXKHO NOJYYHTb BIO-
JHE YAOBNETBOPHTENbHOE ONpefeNeHHe <MaJbiX» MHO-
XeCTB. MHOXKeCTBO Ha3BIBAIOT MHOXCECTBOM nepsol Ka-
Te2opuu («MalbiM»), ecsih OHO sBvsieTcd o0beJHMHEHHEM
, (ne GoJiee ueM) cueTHO20 4licAQ Huzde He NAOTHLIX MHO-
sicects. TIpn 3TOM M MHOXKECTBO PalMOHAJbHBLIX YHCEN, H
KAHTOPOBCKOEe MHOXECTBO OK#3biBAIOTCSl «MaJIbIMH»: nep-
BO€ — NOTOMY YTO OHO CKYIHO,- mopoe-—nowomy L)
paspexeHHo.

Ho tenmepb MoxHo mnofitu ropasno nanbme. “Ipoana-
JIM3NPOBaB MOHATHE WNJOTHOCTH, JierKo OGHApYXHTh, YTO
Ha caMOM jJiejie 3Aech «pafoTaeT» MOHATHE OKPECTHOCTU
Touku, oboblawiliee MOHATAE HHTepBaaa. B cBow ove-
pelb B OCHOBY ITOTO IOHATHSI MOXHO MOJOXHTb TMOHATHE®
paccrosnus. {MHTepBan ¢ meHTPOM X; MOXHO omlpefe-
JIHTb KaK MHOXKECTBO TOYEK X, PacCTOsiHHe KOTOpHIX 10
Xo He NPEBOCXOINT HEKOTOPOTo 3aJaHHOTO MOJOKHTEb-
HOTO uncsa 8; B MHOTOMepHBIX TPOCTPAHCTBAX TaKHMM
criocoboM B KauecTse aHAJOTOB WHTepBaja BBOAATCA
apsl.)

OkasuiBaercs,, YTO J1f MHOTHX Leleil cyllecTBeHHbI
Wb TPH CBOMCTBR PaCCTOSHHSA:

(a) -paccTosiive MeXAy 4 ¥ b HeOTpHLATEJbHO; OHO
PaBHO HYMiO TOTAA H TOJBKO TOTA3, KOTAA 4 H b coB- -
napaior;

(b) paccrosnHe oT @ xo b paBHO pacCTOSIHHIG OT b
0 4, :

(c) PacCTOSIHHE MeXAY a H b He TIPeBOCXONHT CYMMHI
PaccTOfHHH OT @ 10 ¢ ¥ OT b 10 ¢, KaKOBO OBl HH GhLIO
¢ (TaK Ha3bIBaEMOe HePaBEHCTBO Tpeyl‘OJIbHHKa).

PaccMoTpuM, HanpHMep, MHOXECTBO C Bcex Hemnpe-
pBIBHBIX qayHKLmn LefCTBUTE/IbHON IlepeMeHHOH I, ompe-
nenennbix npu 0 <f <L 1, Ecau 3ananbl ase TakHe QYHK-
unn a(f) w b(f), To «paccroauue» mexnay HEMH 6(a, b)
MOJKHO onpelelHTb GopMyaoh

d(a, b)= gax la@®—b(@)|;

JeCKO BPOBEPHTD, UTO NPH 3TOM BHITIOJHAIOTCA OCHOBHbIE
yc.ndmm @), (b), (c).
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Tenepp MHoOrHe uHCTO aHaJMHTHYeCKHE (GAKTH 0. He-
_TIPePHIBHEIX (YHKIHIX MOXKHO BHPA3HTh B PeOMeTpHUe-
CKuX TepMunax. Hanpumep, sHaMeHHTYIO Teopemy Beitep-
miTpacca O TOM, YTO BCAKYIO HenpephiBHYIO' (yHKUHIO

MOXHO C NpPOH3BOJbLHOH TOYHOCTBI) NPHOJIH3HTL MHOTO-’

WIeHaMH, MOXHO c$OpMY/JHpPOBATh NMO-HQBOMY, CKAa3aB,
4TO MHOXKECTBO MHOTOY/IEHOB BCIOAY IIJIQTHO B HPOCTpaH-
ctBe C HenpephBEBIX (PYHKUHH.

Takie na BHj YHCTO CHOBEeCHBIe NPe0GPasoBanUA Ofi-
* HUX NPEUIOKEHHUA B JpyrHe OKa3aJuch 4pe3BhIYaiiHoO 110-
JIe3HHIMY KaK MCTOUHMKYM HOBHIX (TeOMeTpHYeCKHX) OfT-
KPbITHIT H HOBBIX IpobJjieM.

[IpuMepoM MOXKeT CJAYKHTb 3aMeYaTe/bHBI pe3yib-
tTatr banaxa o ToM, 9TO HempephiBHHE (QPYHKIHH, HMEIO-

nMe NpOU3BOZHYIO XOTH OBl B OfHOM TOUKe, ‘06pasyior

B npocTpaHcTBe C BCeX HENpepHIBHHIX (PYHKUHH MHONKe-
cTBO NepBo# Kateropuu. VIHNMU cIOBaMH, HellpepHBHHE
Hurge e auddepenuypyemule GYHKUIHH — 3TO BOBCE He
Kaxkue-HHOYAb NATOJNOTHYECKHE CO3AaHUA; ITHM CBOM-
cTBOM oGJajaer nofaganoujee GOALUMACTEO HENPEpPHIB-
HbIX pyaxuud. (B camoMm nede, rakne Qyrxuuy o6pasyior
MHOXeCTBO BTOPOIf KaTeropwH, T. €. JONOJHEHHE B
«pa3peXKeHHOro» MHOXKeCTBa NepBofl KaTeropHu.)

BeposiTHo, emie Gosee 3aMeuyaTesNbHO TO, UYTO Jerue
JOKas3arTh, 4TO <«GOJIBMMHCTBO» HENPepHBHEIX (yHKIMI
Aurge we OuddepeHUHpYyeMH, uYeM IMpPHBECTH IpHMep
‘x0Ts1 6l ogHOM Tako¥k GyHKIHE 1),

Takum 06pd3oM, NoHsATHE MHOXKECTBA NepBOM KaTero-
puH CTaJO MOIUHLIM CPEACTBOM ROKA3aTeabCTBA Cyliie-
CTBOBaHHS OnpeleseHHHX MaTeMaTHIeCKHX 06beKToB.

PasenTHIO aKCHOMATHYECKOTO MeTOofa CHOCOOGCTBOBA-
JH He ToJbKo ¢ynlameHTanbHBie pabornl Kantopa, HO #
HeKoTopbie Apyrne MOTHBH. OTKpbITHE HEEeBKJ/HIOBHIX
reOMeTpPHI u JajbHelllee HX DPA3BHUTHE HaJIH TOJUYOK K aK-
CHOMATHYECKOH TPAKTOBKe FeOMETPHUECKHX CHCTEM, OT-
JHYHBIX OT €BKJHMAOBOH TIeOMETDHH, BKJIOHasg H TaKHe
riy6oko paspaboTanHbie -CHCTeMbl, KaK T[POEKTHBHAM

') Amanornuso, serse Ao0KasaTh, 4TO <«OOJBHIHHCTBO» AefCTBH-
TeNbHLIX YHCEN TPaHCUEHNEHTHH, 4YeM TMOCTPOMTH XOFg OH - O1HO
TpaHcuenaenTnoe tucao (cp. § 4 ra. 1). — lpum. ped.
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reoMeTpus. Y.nomsHyras suinie pabora I'nanbepra ® pa-
60TH “aMepHKaHCKHX reoMerpoB, nanpumep Bebuiena, .
npujiaJjy HOBBIA HiiTépec W Pa3Max HCIOJb30OBANHIO aK-

CHOMAaTHYeCckoro Meroja B ApYTHX pasfiesax Marema-

tukd. PaGorst [leano no akcHoMaTH3aUHR apu@MeTUKL U
Bynsa no akcHomarHzauuu anre6pbl MHOXKeCTB pa3BH-
BaJKHCch TNO CYUlECTBY napdJjje]bHo HCCNeROBaHHAM [0
aKcHOMaTHuecKHM ocHoBauusM reoMerphu!). [locae co-
3lalifisi TEOPHH MIOKECTB MOXHO M Jaxe HyXuo 6bA0
NOAyMaTh O M[OCTPOEHHH CHCTEMbLI AKCHOM AJd Bcelt Ma-
remarukd. TaKue NONBITKH MOOULPANHCHL 3JeraHTHOCTHIO
aKCHOMAaTHYECKOro METOLa W ero YChelllHbIM MNpHMele-
HMEM -B OTAEJbHHX obaactax martemaTuku. M pehcrsu-
TeNbHO, HCCNeJoBaHusA, fofobunie paboram ¥Yafrtxega
Paccena?), Bo wmiiorom o6fi3aHBl CBOMM MOfiBJeHHeM
OlILITY, HAKONJIeHHOMY TIpH paboTe ¢ aKCHOMAaTHUECKHMH
CHCTEMaMH B HeEKOTOPHIX pa3fielax reOMeTPHH, apHdpMme-
THKH B anre6phi.

I'unb6epT BHIABHHYA- CBOIO BeJHKYIO fIporpammy — 3a-
NOKHTh AKCHOMAaTHYecKHH (yHIAaMeHT, Ha KOTOPOM MOX-
HO /6bino 6ul GasupoBarh M06ble MareMaTHUeCKHe HCC/e-
RoBaHHA. JTo He O3HAuAeT, UTO CYLIeCTBOBAJO elHNONy-
IlHe 10 NOBOAY AONYCTHMOCTH HJIM cMbiclia BCeX akcHOM!
B uvacrnocTH, HeKOTOPble MaTeMaTHKH CUHTAAH AaKCHOMY
BbI6Opa [10403PHTENbHON 1, NO-BHAHMOMY, HellpHeMJIeMOH
H3-3a €e CTPaHHBIX H, Kasajgoch Obl, MapafoKCaNbHbIX
cneacreufi. (Mst yxe ynmomuuanu o6 ogHoM TakoM mnapa--
nokce — pa3breHHH cdep pasHbiXx pajHycoB Ha OJHO H
TO € KOHeuHoe YHCJO NoNapHO KOHIPYSHTHHIX MOAMIIO-
xecrts.) Jle6aTul no noBody poaH H CMbicJa 3TOM aKCHO-
Mbl TIpoJoaXKaNHCh H B Hauale 20-ro ctonerus. Crenycr
CKa3aTh, 4TO HA MPOTAXKEHHH BCeM HCTOPHH MaTeMaTHKH
NOCTOSHHO TIPOHCXOAHNO OTKPHITHE HOBLIX 06beKkTOB, 00-
JafanuiHx CBOACTBAMYH, KOTOpble B TOT mepHol Obiu
LEMPHUBBIUHBIMH A MaTeMaTHYeCKOro MulnJjesud, 310

') Otn paboTel nNpeAllecTBOBAJAHW BO BPEMEHH HCC/CNOBAHHAM
A. Tuabbepra (1 Tem Goaee O. BeBaena).— Hpum. peo. .

?) Hwmetotca B BUAY ¢ynaamenTanbhibie «[Ipununns matema-
tuku» (Principia mathematica, 3 Toma, 1910—1913) A. H. Vafrxe-
Ra #u b. Paccena —onii0 H3 NepBbiX COYHHCHHI N[O OCHOBaNUH#M
MmateMaTHRY. — [Tpum. ped.
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clyyanochb faxe H 6e3 npuMeneHHs AKCHOM, YCTAHABJH-
BaoWHux (nogo6iio axkcHoMe BLiGOpa) CylilecTBOBaHME
«HEKOHCTPYKTHBHEIX» 06bekToB, [lpouecc obobuierns B
MaTeMaTHKe OueHb YacTO HaYHHANCS HMEHHO ¢ TaKHX
«yAMBHTENbHBIX» OTKPHITHA. MX JjOrAueckHe creiacTsHs,
KAKHMH OBl CTPAIINEIMH OUM IIH Ka3aJHCb B MOMeHT 3a-
poxJenus, B KOIille KOHIOB NPHHMMAJHCH H HAaCTO OKa-
3bIBaJIHCb OCHOBOR HOBHIX cHcreM. Hlkoaa unTynnuouu-
CTOB, NMepBOHAUaJIbHO Bo3raasgasemas JI. bpayspowm, a 3a-
TeM liekoropoe BpeMma A. JleGerom u I'. Beiiaem, npita-
Jacb OTPAHHYHTL MaTeMaTHKy 60Jee KOHCTPYKTHBHBIMH,
WJIH «OllepallHOHANLIBIMUY, cHcreMamu. OnHako rpoMai-
110e GOJIBIIHHCTBO MaTeMaTHKOB He OTBepraer akcHOMY
BhiGopa.

IMporpamma T'uanbepra o3nauana Bepy B MNOJHOTY
lekoel BceoObeMaionlefi aKCHOMATHUECKOH CHCTeMbr JJs
Bceli mareMmartiku. Pa6orn Bepuaiica, ®penkens u doi
Hefimana yiXe 3anoxuniayn npouilbifi dyHIaMeHT akcHOMa-
THYECKHX OCHOBAHHil TEOPHH MHOXECTB H MareMaTHue-
cKOil JIOTHKH. Moxuo 6uljio HajesaTbes, HTO BCe HMEIO-
lilHe CMHICJ Mpo6JeMbl B TAKHX cHcTeMaXx (B HPHHIHIE)
paspenruMul. :

3arem B 1931 r. I'énennr ony6ankoBas CBOIO €TAThIO
«Ober formal unentscheidbare Satze der Principia Ma-
thematica und verwandter Systeme I» (O dopmanbuo
licpaspellluMbix mpensoxenhax Principia Mathematica n
poactseriibix cHcerem 1). I'py6o rosops, ero peayabrat
cOCTOfAJ B TOM, YTO B JI06OH AocTatouHo Gorarof cucre-
Me aKcMOM (Ha caMOM geJe— JocTaTouHo GoraTtof,
utro6n BKJAKOUaTh B cebs apudMeTHKY) MOXKi#HO chopmy-
JHPOBaTh NPENJONKeNHsi, KOTOPble HMEIOT CMBICA H TeM
He MeHee HepaspellMMbi BUYTPH JaHuofi cHcreMbl. Bosee
TOro, HEKOTOPbie H3 3THX MNpelNoXKelHii OKa3bBaloTes
BEPHBIMH, HJIH «HCTHHHBIMH®, B CJe[yIOlleM CMbicJe: OHH
HMEIOT BHJA YTBepXJAeHHH O TOM, 4TO BCe HeJbie YHCIa
o6JagaioT onpeleNeHHLIMH AapH(pMeTHUECKHMH CBOHCT-
BaMH, BLIIIOJIHEHHE KOTOPbIX MOXKHO NPOBEPHTb A KaXK-
JIOTO KOHKPETHOTO YHCJa.

To, uTo «ucTHHHOE» NpeldoxKenHe OhiBaeT HegOKa3ye-
MBIM, MOXHO MPOHJNIOCTPHPOBATH TAKHM NPHMEPOM.
PaccMorpum npepnokedne: 044 6CAKO20 HATYpPalblOrO
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n umeer mMecto hopMmysa - .

1424 ... +n=LEED

‘OGbIYHO 3TO JOKa3EIBAIOT, NPHMeEHSs aKCHOMY MaTeMa-
THYECKOH UHIYyKLHH, KOTOPAS TJIACHT: eC/Id HEKoe yTBep-
Kaenue S(n) o0 HaTypaJbHBIX® YHCJAX CIPABEAJHBO AJA
n=1 u ecau u3 cupasemnuBocTH S(m) cienyer cmpa-
Begusocts S(m + 1), To S(n) BepHo misa ecex n. dra
aKCcHOMa TO3BOJSIET HaM YCTaHaBJHBATH HEKOTOpble
npensioXeHns, Kacaiouuecs OeCKOHEYHOro MHOXKECTBa
O0bEKTOB (B JAaHHOM CJyYae-— HATypajabHBIX YHceJ), He
fpoBepas uX OeCKOHeYHO MHOTO pa3, uro 6Guijio O, pa-
ayMeeTCsi, HeBHINOJHHMOH 3agadeil. Ecan 6bl B HallieM
pacnopsKeHuu e GbJIO aKCHOMB mmyxmm, TpeAsioxKe-
HHe, YTO 048 Kaxcdozo n

i
1424 ... +n=2dtD

2

Hes1b3s OblJIo Obl [0Ka3aTh, K60 CpefH BCEX aKCHOM apHp-
METHKH H JIOTMKH GOHQ AUULG AKCHOM3 UHAYKUHH I03BO-
JasieT EeAaTh YTBEPHKAEHHS O Bcefl GeCKOHeuHOH COBOKYI-
HOCTH HATYPAJbHEIX YHCEJ. '

MoXKHO' 6blJI0 Obl MONBITAThCH COPOCHTH SIPMO HHAYK-
IHY ¥ pacCyXJaTh TaK: ec/d Obl AJIsi HEKOTOPOIo 7 CyM-
ma | +2 + ...+ n He pasuanace yucay n(n 4+ 1)/2, 1o
cymecmosano O HauMeHblllee Takoe 7; OHO .HE MOIVIO
6n paBHATBCA |, MOCKOJLKY Hallie YTBepMAeHUE IJf
n =1 BepHO; HO OHO He MOTA0 66 GbITh U Goabiue 1, UGO
forma MOMHO Oblio Obl TMOKasaTb, uTo n— | ToXe HC-
KAIOUUTENbHGE YHCHO, a 3T0 TPOTHUBOPEYUT TOMY, YTO
n-— HauMeHbIliee M3 TAKUX YHCEA. ¥YBH, 3TO paccyxKie-
HHe OCHOBaHO Ha NPHHUHUNE, YTBeP:KAAIOIEM, YTO KaX-
Jloe HelyCToe MHOXKeCTBO HATYpaJbHBIX YHCEJ HMeeT Hau-
MCHBILUHY 5J€MEHT, a 3TOT NPHHUHI PAGHOCHUAEH AKCHOME
HHIYKIHY.

HTak, 6e3 akcHoMbl HHAYKLHH npor:'rble apudmeTHye-
CKHe YTBEDK/ACHHA BpoAe

{424 ... +n=n0tD

2
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Raxe HeCMOTDPA Ha TO, YTO OHH CHCTHHHEIY, HeAb3sl GblI0
6Ll BHIBECTH U3 OCTAJbHHIX AKCHOM; MOMKHO CKa3artb, 4TO
6e3 akCHOMB! HHAYKUHH apHdMeTHKa Obina. 6bl Henoaxol.
I'éneny noxasal, 4To Ha caMOM Jefie BCAKAS KOCTa-
TOyHo OoraTasi CMCTeMa aKCHOM SBJAETCS HENOJHOR H
He MOXKeT GHITh CHEJaHA MOAHON ROGABJCHHEM HHKAKOTO
KOHEYHOTO YMC/Na HOBHX aKCHOM. . .
Honpo6Ho oeTaHOBUTHCSA - 3JleCh Ha HOKAa3aTelbCTBE
Fénens: HeBO3MOXKHO, OXHAKO MBI MPHBELEM €r0 KPaTKHi
o630p. I'énenp 3aHyMepoBas BCe AOMYCTHMHE MATEMAaTH-
YeCKHe MNPeJIJIOKeHHs, B KOTOPLIX HCNOJBL3YIOTCA Npeany-
caHHple CUMBOJIH H NPpABHJIA OMepaluil JaHHOH CHCTEMH;.
TaKHe NpelaoxeHns o6pasyor cueTHell knacc,  Fépenb
NpUIHNCAT KaXKAOMy M3 HUX ONpefeleHHOE ILeJ0e YHCIIO.
Takum' CocO60OM Kaxa0e MareMaTHYeCKOe MpeAoKeHHe
6LIJIO CBRIEHO K HEKOTOPOMY YTBEPKAEHHIO O LENHX YHC-
adx. Ilpy nomomm npomecca, aHaJOrHYHOrO AUAroHalb-’
noMy Merony KaHnropa (ynomsuyroMmy Boime), I'épens
B paMKax paccMaTpuBaeMoOil cucteMbl chOpMyaupoBaj
npejJioxenne, KOTQpoe HeAb3si HH H0Ka3arb, HH OHPO-
BEepPTHYTb CPeACTBAMH CaMOil 3TOf CHCTeMmBl. (3Ta Teo-
peMa npHMEHHMAa, PA3yMeeTcs, TOAbKO K HenpoTusopedi-
BbtM CHCTEMAM, T. €. TAKHM, B.KOTOPHX HeJb3sl. [OKa3aTh
TIPOTHBOPEeYHBOe yTBepKAeHHe THHA | = 0.) ’
Uro6bl MOACHHTHL UYYTh NOJHee, KaKHe HAEH JeXKat
B OCHOBe KOHCTPyKIHH ['énensa, Mbl JONKHH cHayaja 06-
CYRHTb NOHATHE POpMaAAbHOL cucTembr. PopManbHad cH-
cTeMa COCTOHT H3 KOHEYHOrO MHOKECTBA CHMBOJIOB H KO-
HEYHOrO YMCJIA [PAaBHJ, 1O KOTOPHIM 3TH CHMBOJH MOXKHO
00beIuHATL B GOPMYyAB HJM TpeAjoxenusa. Herkoropwe
H3 3THX NpelJOXeHHil pacCMaTPUBAIOTCA KaK aKCHOMBI;
HOBTOpPHOEe NPHMEHEHHe NPaBUJ CHCTEMHl fO3BOJITET NO--
JyyaTb BCe HOBHle B HOBHeE JOKadyeMHe NpelJioxKeHHd.
JlorasarenbCTBO HEKOTOPOrO KaHHOTO TpeAJOKeHHS
(bopMynbi) npemctaBisfer €000 KOHEYHYIO HOCAENOBAa-
TEJILHOCTh ([eNOYKYy) NpefoKeHHHl, HAYMHAIUIVIOCH C
ORHOH M3 axKCHOM H 3aKaHUMBAIOLLYyIOCs TPeOyeMbIM Tped-
Joxennem. Kaxjaoe HPOMEXKYTOUHOe INpERNOKEHHe H3
3Tol IeNnOYKH JHOO fABAAETCH AKCHOMOH, JHOO BHIBOIUT-
¢s1 Tipy NOMOILW NPaBUJ/ JaHHOH CHCTEMBI M3 NpejiliecT-
BYIOUIUX NpeRJIOKEHHI. .
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Ozxako npeRJoKeHHe, yTBep:Kjawouiee, UTO HEKOTO-
pas nocneoBaTeNbHOCTb HOpMYN 0Gpasyer (nau ne o6-
pasyeT) [OKa3aTeNbCTBO Hekoelt (OPMYJsl, yKe He
siBASeTCA NpPCJJOKEeHHeM B caMoif 3Tofi HOpMasbHOM CH-
creme. DTO NIPERJOKEHHEe 0 cUucTeMe; TAKHE NpeANOKeHHs
00bIMHO Ha3bIBAIOT METAMATEMATULECKUMU.

Heo6xonuMo TUIaTeNbHO pa3juuaTh MATeMATUYECKUe .
W MeTamaTemarudeckue npepioxenns. Hapyilenue storo
yCJIOBHSl IPUBOJHT K NMapajpokcam. Cambiil panHHit U3 HUX
npHHajeKUT ODnumennay Kpurckomy, BbICKa3aBlUEMy
yTBepXKJeHUe «BCe KPHTAHe JIKelbl», XOTOPOe, OYEBHAHO,
He MOXKeT ObITb HH HCTHIHBIM, HH JOXKHBIM. _

Ina namux ueied Baxuee CERYIOUHA BapHAHT 3Ha-
menntoro napanokca JKioas Pumapa.

HaszoBeM ¢GyHKUMIO [, onpegeneHHyio AAS BcexX 1eoT-
pruuatenbHbix ueibix #=0, 1, 2, ... 1 NPHAEMAIOLLYIO
HEOTPHLATEAblIbiE LeJbie 31aYeHUs, BbIYUCAUMOU, eCan
aas Jforo n CymecTByeT HeKoe NpeRnHcalhe, COCTOsI-
ulee M3 KOHEYHOrO YHC/AA CJIOB H TO3BOJsIOLlee IOCpel-
CTBOM KOHEUHOTO -UHCJIA W1aros BbluMCAnTb f(n) (1. e.
3HaueHHe { TpH 3afaHIOM £n1); 370 NpeXnHcanHe MOXKeET
3aBHCeThb (M 11a C2MOM Jie/le MOUTH BCEra 3aBHCUT) OT 7.
Jlerko BHZeTb, UTO MHOXECTBO BCEX BbIYHCIMMbBIX (YK~
uuit cuerno. CiemoBatenbno, BCe BBLIUMCAHMbiE OYiK-
UMH MOXKHO DAacNOJOXHTb B BHie NOC/AEA0BATENLHOCTH
fio for far oo '

Onpenenum Tenepb Hosylo QyHKuHO g Hopmyoi
gm=f,(n)+1.

Oiia Me BXONMT B Lidly NOC/EA0BATENbHOCTb, MOCKOIbKY
npH n = 1 oHa oTaHYaercs Or fi, NpH A = 2 —OT fz HT. I
CiieoBaTesibiio, OHA HE 8bIUUCAUMA.

C npyro#i CTOpOuH, fCHO, UTO 01la BblllPICJIHMa,.TaK
Kak [ (n) BoluucAHMA, a npu6aBus 1 K f, (n), Mbl nony-
vaeMm g(n). '

HcTouHnK 3TOrO napajokca AOCTATOYHO fCEH: T0-
crpoenie QYHKUHH g CyllecTBEHHO ONHpaercsd ila ynops-
jgouetine QyHKUHH f amMp 37d GYHKUMH OMHCHIBAOTCA
B PAMKAX HEKOTODPOH CHCTEeMbl (nanpumep, apHPMCTHKH ),
0Jl1aKO HX ynopﬂnoqeuue—sro yxKe Meramaremarive-
cKan onepayus.
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Tenepyr npencraBuM cebe, 4TO MeTaMaTeMaTHUYECKOE
npejJjioxKeHHne «m eCTb 3iaueilMe, KOTOpPOe INPHHHEMAaeT
n-9 QyuKUUS NOC/Ne0BaTeIbUOCTH [y, fa, ... B TOuKe n»
yaanoch ‘KaKuM-HUOYAb o06pa3oM -nepeBecTH B YHCTO
apudmeTHUECKOe' MpeNIOKeHHe, T. e. NpelsiOkeHHe, 3a-
KOHHOe B Mpejllenax paccMatpuBaemoft cucTeMmsl. Toraa,
€C/IM 3Ta CHCTEMa@ HEeNpPOTHBOPEUHBA, NPeNiOKeHHe O Bbi-
YUCUMOCTH g GyneT ilepaspeuiuMbiM.

Y Témens Bo3HMKNA BedMKas uiest NepeBeCTH METa-
MaTeMaTHueCKHe MpelsoXKeHus B NpefoOKeHus apudme-
THKM, TaK CKa3aTb, OTPpa3uTs HUX BHYTPb (OpPMasibhOil
cucreMbl. [Ipu 3TOM mOsiBMAACH - BO3MOXKHOCTb CBOGOAHO
KOMOUHHPOBATb BHYTPH CHCTeMbl MaTeMaTHYECKHE M Mo-
TaMaTeMatH4yeCKHe TPENTOXKeHHA, U BONMPOCH, KOTOPbie
npu 06biuHOM XOJe COOLITHH MPHUBOAHIM K Tapajokcaw,
npeBpaLiajHCh NPH TaKOM OTPaxeHHH B Hepaspeulumole
npec)/zoo/cenun.

Heckonbko ¢/10B 0 ré1e/ieBCKOl HyMepaliH.

B dopmanpHoii cucteMe, BKAlOYaloOUlel B cebs apmbmcmxy, top-
MyJla COCTOMT H3 HeKOTOporo (HKCHPOBAHHOTO Halbopa 3MAKOB, Ta-
KHX, KaK => —3HaK HMAJuKalwH, O—uysab, V — Joruueckoe
«nau», (—aepasi ckaGKa, a TaKXKe 4UCA08bIX NEPEMEHHHIX X, Y, 2, ...
(BMECTO HHX MOXHO HOACTaBJATh HEOTpHUATENbHble Leble Yucaa),
NPONO3UYUOHANDHOLX NEPEMEHHBIX P, ¢, T, ..., 38MEHSIOUIUX BbiCKa-
sbiBaHNs (NPeRAoXeHHs), W npeduxaTHoix nepemennsix P, Q, R,
(BMECTO HHX MOXHO NOACTABJAATb TAKHE NPEIHKATHl, KaK «KOMMO3H-
LHA» HAH «6OMbIe yeM»).

MoxHo 060fTHCE 1€CATHIO (bMKCHpOBaHlIblMH 3HaKaMi; HM TipH-
nuchidaioTess Homepa ot | mo 10 (ckaxew, snax => moayyaeT ho-
Mep 3, 3naKk 0 — Homep 6 u T. A.)..

UncnoBblM NepeMeHHBM COMOCTABISIOTCA MpOCTbie YHcaa, GOMb-
mde 10 (ckaxem, x nonyyaer somep 11, y — nomep 13 n 1. 4.); npo-
[HO3HIIHOHANbHBIM TEPeMCHHBLIM NPUITICLIBAIOTCH KBaApaThi TNPOCTHIX
yHces, Goabmwux 10 (Hanpumep, p uMeer nomep 112, g — nomep 132
H T 11) HaKoHell, {IpefHKaTIIbiM MepeMCHHbIM COOTBETCTBYIOT KyOH
npocThix uHces, Goapiyx. 10.

Qopmyna noiyuaer 1oMep no NpaBudy, KOTOpPOoe Jyullle BCEro
ToACHUTH Nla npuMepe, Pacemorpim dopmyay :

(x> (x=sy) V (x> sy),

KOTOpas yTsepXiaeT cjedylollee: ecad X Godblle, deM ¥, To Jdb0 X .
cAefyeT HelocpeacTselitio 3a y (1. e. x =y 4 1), an6o x Ooabitle,
yeM YHCAO, caelyioiiee iemocpeicTseliio 3a y. drta dopMyna co-
nepxur 19 cumBoaos: (, x, >, 4, )=, (L % =.84.), V., (, x,
>, S, 4. ), nNpHueM IeKoTopbic M3 [iMx (ckaxeM, X wuau s)
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nosropsiiorcs. Bo3bMeM mepBoie 19 MpOCTHIX uHCEN, BO3BeAeM. Kax-
0C 13 HHX B CTENEHBL, PABHYI0 HOMepy COOTBETCTBYIOULErO CHMBO/A,
1} TEpeMHOXHM HOJyYeHHble yHcaa. HafiienHoe TaK uHcno

98 % 31 % 51 % 718 % 119 % 133 X 178 X' 19 x 235 x 207
% 8113 % 37% x 412 x 433 x 47" % 53!%° % 577 x 6113 x 67°

n Gyner rémenesckum HoMepoM 3tod dopmynst. Untartemo cienayer
3aMeTHTb, 4TO NeBOH CKoOKe ( NpHmHCAHO uHCJO 8, mpaBoii CKOOKe
) —uHcao 9, 3HAKy V — uHCA0 2, 3HAKY S— UHCJAO 7 H WpegHKaty
> —nuneno 133, :

IMocneposarenbHocTb GopMyn (KOTOpas MOMeT COCTaBIATH A0-
KasarenbcrBo) Fi, Fs, Fs, ..., Fm nonyusaer réneieBCKnii HOMep

G G
2% % 3% % ... x pSm,

TAE Pm €CTb m-e mpocroe umeno, a Gy, Gi, ...—Trénenenckue
HoMepa cooTBeTcTBeHHO dopmyn Fy, Fy, ... .

Takum crocoGoM Kaxnmod ¢OpMyne HAH NOCTAEAOBATENBHOCTH
GOpMy/l CTaBHTCA B COOTBETCTBHE eNHHCTBEHHOe HATYPaNbHOE WHC/IO.
He Bcakoe HarypambHOe 4HCIO sBNAsIETCsl TéQeNeBCKHM HOMEPOM, HO
BCAKHH TEfeNCBCKHA HOMep OOHO3HAUHO QUpefesifieT COOTBETCTBYIO-
Iee BbipaxeHHe. DTO CIeAYeT H3 TeoOpeMu! O eIHHCTBEHHOCTH pas-
JNOXeHHs Ha TMPOCTEle MHOXHTeNH: Avis Hedoro uHcna, Gomemiero 1,
CyMeCTBYeT eRHHCTBEHHbI (c TOUHOCTHIO ;0 MOpANKa) CHOCOG 3a-
nEcaTh €ro B BHAe NPOH3BEJEHHs CTenmeHeil NPOCTHIX. WHCEN.-

3aMeTHM, UTO MeTaMaTeMaTHueCKoe MpeloMeHHe «(X > y) ecTb
HaganpHas 4acTh QopMyam (x> 4) = (¥ = sy) V (¥ > sy)».oTpa-
Kaercs BHYTPb CHCTeMbl, MEPeXOis B 4HCTO apH(MeTHYeCKOe npen-
noxXedHe: réTenescKuli foMep GOPMyNE! (X > V), paBHui

< 28 % 3 x 5% % 718 x 115,
ABNAETCH OeauTesem TEHeNeBCKOTO HoMepa MOJHOM GOPMYNBL

T'éneneBcKHe KOHCTPYKIHMH, BOOOLIE TOBOPA, NPHBOJAAT
K NPeAJIOKEeHHAM BHYTPU CUCTeMbl, NOMYyCKAIOIIHM TOJ-
KOBaHHWe KaK NPeNJIOXeHHs o cucTeme. Bhille MBI roso-
punH, YTO TakHe NPENJIOXKEHHs MOTYT, ecM He NPUHATDL
Mep NPerOCTOPOKHOCTH, IPHBECTH K napagokcas. I'énenn
NOKa3aJj, Kak NPHHATHE TAKHX Mep HpeBpalaeT 3TH Na-
PAaZOKCH B Hepaapewuumole npedsONceHus.

[MousaTHo, uto OoTKpHiTHEe ['éness mpou3seso peBodio-
1MIO B MaTeMaTHueckoi-Joruke. OHAaKO OHO HMeJO H ro-
pa3no Gosiee cepbesHbie NMOCHENCTBHA, OO MOBIEKAO 3a
coboil riy6oKoe H3MEeHEHHe ¢uaocodckoro B3rAfAA Ha
MaTEeMaTHKY B HENOM,
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Yto6ul OLEHHTb 3TO, CAELYET MOHNTH, HUTO TémesieB-
CKHe HepaspellnMble NPeANOKeHUs He ObliM KaxHMH-TO
TaiHbiMH, M3BECTHRIMM JAHWL NOCBAILGHHBIM, yTBepKie-
AUAMH, CTOSIIHMH TAe-TO JalleKo B CTOPOHE OT IAaBHOTO
pycna MaTtematukd. HanpoTus, unes nymepauuu nosso-
Jauna (popmymﬁaosazb X B TepMHHAX OuUOPAHTOBOLY

YpasHeHui, KoTopbie BeKaMH GbiNH BhOJHE «OlaroHame-

peHHHMH» ‘'00beKTaMy UHCTO MaTeMaTquﬂKHX'HCCer}I,O-
BaHR.

ILuoq)amoBbmu HA3BIBAIOT oDObIUHLIe anrefpauyecKue

"ypaBHeHUsi C OJHHM HJIH Gonee HeH3BEeCTHBIMHU, nJA KOTO-'

PBIX HUIyTCH pelllenus B LleAbIX YHCJAX.

C nuodaHTOBLIMH ypaBHeHHSAMH CB3aHbl MHOTHE H3-
BeCTHble HepellieHHble 3anayd. BeposTHo, camas 3name-
HHTas u3 HHX — Teopema QDepMa: nmpu n > 2 ypaBHeHHe

xn-+yn=zn

He HMeeT peilleHdsi B Leabix uuciax. IIpu n =2 cyme-
CTBYET {0ECKOHEUHO MHOTO TAKMX pelleHHH — 3TO Tak Ha-
abiBaeMbie nubaroposs Tpoitku (3,4,5), (b, 12, 13) u 1. &
Kymmep noxazan Teopemy Pepma .xas -3 << n << 100;
TIO/IY4EHO TaKXKe MHOr0 POJICTBEHHBIX PESy/bTaTOB.

BosmoxHo 1y, 41O 313 NpobieMa Hepa3peilnMa B cy-

HeCTBYIOLIEH cAcTeMe MATEMATHKH?
* Tako# Bofipoc He Mor Obl H BO3HHKHYTb 10 TOTO, K&K
I'énenb crenas CBoe OCHOBOMOJAraioiiee oTKpniTHe. Baa-
roxapa I'€nemo noruka Gbljia WMOAHATA CO CBOETO IpH-
BLIMHOIO ‘MeCT2 B OCHOBAHMAX MAaTeMaTHKH M BKJIOUena
BO MHOTHE TOBC¢AHEBHBIE ee NPO6IeMBl.

Cyuiectsylot,. BooGuie TOBOps, ZBa BHjAa MaTeMaTH-
YeCKHX [O0KA3aTeJbCTB: JK3HCTEHLHAJIbHBIE M KOHCTPYK-
THBHble. B riaBe 1 Mbl paccMorpes npumepb 060HX TH-
nos., Tak, MOXKHO BOCHOJIb30BATbC KAHTOPOBCKHM MeETO-:
JAOM H I0Ka3aTb CyUleCTBOBAHHME TPaHCUEHIEHTHBIX YHCe,
He TNPHUBEAS HH ONHOTO NpHUMepa, 4 MOXHO NPHMEHHTH
KOHCTPYKUMO JIHYBUAAA M TOCTPOUTH Lienbili Kiacc KO-
KpeTHolLx TPaHCleHIeHTHBIX YHCes.

[logoGubim e oGpa3oM MOXHO C MOMOIILIO "MeTOAa
HOKA3aTeNbCTBA OT NPOTUBHQZ0 'YCTAHOBHMTH, UTO BCAKOE
anrebpauueckoe ypaBHEHHE CTENEHH 7 -C KOMIJIEKCHHIMH
KosppulneHTaMy HMeeT XOTA Obl OAMH KOMIJIEKCHBIH
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KOpelb; OJHaKO OT TaKOro J0Ka3are/bCTBA Masio fMpPOKY,
eCJM MHTEPECcOBATbCA UMCJeNIbiM 3HaUeHHEM 3TOrO KOPHsL.

Drta BO3MOXHOCTB J0Ka3biBaThb CyLlecTBOBanHe 06b-
eKTOB 0e3 HeoGXoAuMocTH npedoasAnTs HX — OJlHA M3
caMbiX 3aMETHBIX OTJHYHTENbHbIX YepT MaTeMaTHkd. On-
HaKO YHCTO SK3HCTEHUHANbHbIE paccyxaelus npu csoboa-
HOM "'HX HCMOAb30BAHUU NO3BOJISAIOT JOrOBOPUTHLCA AO Ta-
KHX Beuwie#, KOTOpbie CMYTAT KOT'O YTOAHO.

Mol yXe ynoMHHA/IH, UTO HEKOTOPLle COBCEM HEBHII-
Hbie aKCHOMBI, BpoJie axCHOMBL Boi6opa (ecau 3azasa co-
BOKYRHOCTb HENMEPEeXPLIBAMOMINXCA HEMyCThiX MHOXECTB,
TO MOXHO OOpa30BaTb HOBOe MUOMKECTBO, BbibUpas 1o
O/LHOMY 3JIEMCHTY M3 KaXKAOTO MHOXKecTBa JAalROH COBO-
KYynHnoCTH), MO3BOJAIOT JOKa3bBaTb CYLIECTBOBallMe
OueHb CTPaHHLIX OODBEKTOB (HampuUMep, HEU3IMEPUMbIX
MHOXKECTB), PE3KO NPOTHBOPEUAIINX HALlel WHTYMUHH.

Iloxany#h, eauHCTBeHHOe METONOJIOTHYECKOE pPa3Ho-
rjacme Ccpead MaTeMaTHKOB KacaeTcsl WX OTHOLIeHUS
K CYyuwecTeosanuio MateMaTHuecKux o6bextoB. Onnako
Bce 6e3 HCKNIOUeHHsl COTJACHBL, YTO AA20QUTMblL, UIH KOH-
CTPYKTUBHblE Npoyedypol, BeCbMa BaXHbl U 3 (eKTHBHHL.

HaunGonee o6muit a1ropuT™M MoXHO OnpelenuTs B Tep-
MHU3X TaK Ha3biBaeMblX pexypcHBHbIX Pynkuui. Bmecto
3TOrO Mbl ONMHUIlleM OJAWH HeTpHBHAJLHBbIH YacTHbIH ajaro-
PUTM B HajeXJe, YTO 3TO 11O3BOJIUT BBLIIBUTb CYLIECTBEH-
Hble YePThl BCEX a/JATOPHTMOB.

HamumM npumepom 6yaer anroput™ Epkaupaa ang Ha-
XOXKJAeUHs LEeJOUHCAeHHbIX pellleHUil AHodaHTOBA ypas-
nenns ax + by =1, rne au b — veorpulaTe/bHble Lebie
uucaa, .

Cuavana 3ameTuy, UTO ecnu a U b umerot oSuinii fe-
autens d > 1, To ypasnenue He umeer peuenuit. (B npo-
TUBHOM CJytae JieBaf 4acTb jenuach Oul Ha d; Torna |
00AXKHa Oblna OBl fenuTbes Ha d > 1, 4To 11eBO3MOXK10.)
Hrak, 6yzem cuutaTs, yTo a u b B3aUMiO MPOCTH, T. €.
He nMeloT ofmux nenuresei, kpome 1.

Hanee 3ametum, 4to ecau a waum b paBHo 1, 10 Mbl
HeMeIJ/IeHNo nojyyaem pewenune: ¥ =1, y=10 (upu a=
=1) wmx=0,y=1 (apub=1).

B cnyuae Korza a m b B3auM10 NPOCTH H U OJHO M3
IUX e paBno 1 (oTKysma, B UaCTHOCTH, CJAeayeT, 4TO a 7
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# b), aaropurm EBKJIPIlla COCTOHT H3 cnenymmero na-
6opa yxasauufi:

(1) Ipennonoxurs, uto a Goabile, ueM b, U pasme-
JHTb @ HAa b; NOJYYHTCH 4acCTHOE ¢; H OCTATOK ry, MeHb-
wuig, yem b. Mnave roBop4,

a=gqb+r, 1 < <b.

INoacrasurs NnoJiyyeHioe BbipaXKeHHe B UCXOQHOE ypaB-
- HeHHue:

re+ (g +y)=1. v
Ioaaras x = X1 H g1 X + Yy =Y, HaxoIuM, 4To
‘ r1x|+b'y1-=l.

(2) 3aMeTuTb, UTO HOBOE YpaBlieHHE HMEET TOT Ke
"BHI, uTO U CTapoe, HO NIPH 3TOM r; Melblle, yeM a (u6o
ry MeHbllle, ueM b, a b McHblle, YeM a).

PaspeauTts b na ry, T. e. HanmucaThb

b=gyri+r, 1<r,<ry,
¥ NOACTABHTb 3TO B HOBOE YPaBHeHHE, TIOJYUUB
ry(x; + gotpy) + royy = 1.

Tlonaras x; = X1 + §oY1, Y2 = Y1, TPUXOLUM K YPABHEHHIO
riX; + ray2 = 1, cHOBA UMeEIOUIEMY TOT XKe BHI.

(3) INponoaxarsy npollecc 4O TEX NOP, NOKA OJHH U3
K03 (DHINEHTOB NPH Xx HJIH NPH Y, He CTaHeT PaBHBIM .
Bass pewenne (1,0) unu (0, 1) noayuenHoro ypasHeHus,
NpocaeHTh TIPOAeIaHHLIe LIard B of6patHoM nampasJie-
HHU W HAliTH pelieHHe UCXOJHOTO ypPaBHEHHS.

BoT npocroli 4HCJI0BOH NpHMeEp:

14x + 9y =1
14=9+5 )
Sx+9(x+y)=1
Bx,+ 9%, =1 X=x hB=x+y
9=5+4" ;

S5(x;+y)+4y =1
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DXy 44y =1 . X=Xy B=H
5=4+41
Xg+4(xs+y)=1

x3+4y;=1 X3= Xy y3=x2‘+y2
x3=1 y5=0 "
Xy=1 Yo=—1
X =2 p=—1 : :
x=2 . y=-—3 '

ITonmo6rbie aAropUTMBEI MOXKHO NPHAYMATb U IJs pe-
HeHus Apyrux AHODAHTOBLIX yPABHEHHH, HanpHMep

-2 =1

CywectByer JaH aJrOPHTM, NO3BOJAIOWIAA BHISICHUTD,
MMeeT WJM He MMeeT pellleHHs AHOQaHTOBO ypaBHEHHe
JIIOGOH CTeneHd ¢ JIOGHIM UYHCJIOM HEH3BECTHHIX, .T. €.
ypaBHeHHe BHAA

n

i, i
Ix 2 k=
Q. K e Xy - 0,

By ens ip=0

Tae @ — leJbie Yucaa? DTOT BONPOC A0 CHX TOP OCTAETCH
oTkpuiTeiM. B 1900 r. ma MeXayHapolHOM KOHTpecce
maremaTtuxos B [lapuxe I'nabGepT orsacus cBoft 3Hame-
HHUTHIfl CIIHCOK CAMbIX BajKHBIX, 110 €r0 MHEHHIO, MaTeMa-
THYeckux npoGsem!). Hekotopble M3 HHMX Tenepb yxe
pewens, Haxoxzaeune anropurMa Ias AMOQAHTOBHIX
ypaBHenuil cocras/sieT necaTyio npobnemy I'mabbepra?).

Cefiua¢ noHATHO, HAaCKOJLKO 3Ta NpobjeMa G6/H3Ka
K npoGjeMe pPa3peliHMOCTH.H POACTBEHHLIM NpoGiaeMam

Iy Cm. cBopunk «IlpoGiaemer Fuanbepray (M., «Haykay, 1969).—
Hpun. ped. .

2) B 1970 r. Mononofl neHHHrpaAckuit MaTeMatnk lO. Marnace-
BHY pelllun AecATyIo mpobneMy I'nanGepTa, nokaszaB OTCYTCTBHE 06-
WEero anropHTMa AJs PelIeHHs XHO(AHTOBLIX YpaBHeHHI (CM., Ha-
npumep, @, JI. BapnaxoBckui, A, H Koamoropos «O pe-
UleHUR necarofi npobaemn ['manbepras, Keaur, 1970, Ne 7,.39—44).
OnnoBpemenso H He3aBHCHMO CXoAHfie De3ylbTaThl NONYYHJ MOMG«
Zo#t knerckniA yuenslit T, Uynuoscknil, — [1pust. ped.
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AorukH. [loatoMy He TMPHXOAHTCA YAUBAATBLCH, YTO B 1I0-
chelHHe TOAbl GONMbHIME YCHEXH H& NYTH K ee pelHeHHI0
6binH ROCTHFHYTH MMeHHo 6iarofaps MeTohaM, MOACKA-
3aHHBIM MaTeMaTHVecKOH JIOTHKOH.

. AaropuT™ — 370 HA60p TOYHHIX HHCTPYKUHMH, ONHCH-
BAaOWMX, KAaK BHMOJAHHTL onpejefeHnyl sazayy. He-
TPyAHO NPHAYMATb @BTOMAT, KOTOPLI AeficTBOBaa GBI MO
HEKOTOPOMY airopuTMy Ge3 BMeLIaTeNbCTBa dUeJOBEKa.
A cymecTByeT iy yHHBepCaAbHBHIH aBTOMAT, KOTOPHIA
MOXHO Obiio Ghl 3alporpaMMHPOBAaThb Ha BLINOJHEHHe
Ai06ozo aaropurmMa? - ) :

[MosoxuTeAbHLIA OTBET HA 3TOT BoOpoc OblA L&H aHr-
nufickum Matematukom Ananom Tolopuurom; ero pa6ora
cTajna TeopeTHYeCKOA Gasol IAf CO3JRAHHA COBPEMEHHHX
yHHBepCaAbHEX LH(PPOBHIX BLIYHCAHTENbHRIX MAalLUWH.

YuuBepcanbHas MaliMHa ThiOpHHTa IO CYLIECTBY COB-
cem mpocra. Ona coctout (pmc. 31) u3 HeorpaHHYEHHOH

\

TITT T TIIT]

Puc. 31.

¢ 06eux CTOPOH JIEHTH, paslefieHAOA Ha sAYeAKH, M KO-
HeyHoro HaGopa CHMBOJIOB — aj(aBuTa; AJIsA. MPOCTOTLI
MOKHO CUHTaTh, YTO an(apuT COREPKHT TONBKO OXHH?)
CUMBOJ: BEPTHKAMLHYIO YePTOUKY |. -

- Mamnna. ToiOpHHT2 CONEPXKHT Takxke 00603peBaeMylo
siYefiKy, KOTOPYIO MOXKHO TlepeABHraTh, 0603peBas mnooue-
peaiio siyeitkH JeHThl. Haxkowell, Malluna MoXeT BHINOJ-
IIATb CJAeAyloUiHe Oonepamnuu: ’

(1) cmBUHYTb 0603peBaeMyio fueHKy Ha. OLHY fAueilKy
BJIEBQ; ;

(n) caBuHYTH 0603peBaeMyio fueHKy Ha OLHY siYeHKy
BNPaBO; ’ S

(3) 3amenutr cuMBoM B 0603peBaeMofi suefike HApy-
rumM cumBonoM andasura (B Hamem cjayyae — JHGO

‘

1) Eciu mpHAMPATLCS, TO CAeHOBANO Gbi FOBOPHTH O IBYX CHM-
BOJIaX: BTOPHIN HYKHO CUMTATh «npolea» uiH «OTCYTCTBHE CHMBOJIAY,
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CTEPCTh BEPTHKAJBHYIO UYePTOUKY, JHOO Haneyatarb ee.
B NyCTOM fAveiiKe);

(c) ocraHoBHTb NpoUEnYDY.

Ilporpamma npezncrasafct coOon Ha6op KOMaHX Ta-
KOro BHAA: «e€CJH B 0003peBaeMOH AueliKe CTOHT CHMBOJ

, BHNOJHUTL — ¥ TiepeliTH K KOManjie
—_— :

Hanumem B KauecTBe nmpuMmepa nporpaMmy njs Ha-
XOXKJEeHHs OocTaTKa OT HIeJenHd uejoro uucaa Ha 3. Ile-
noe n ugobpaxiaercs Ha JeHTe IIpH NOMOLLIM A BepPTH-
KaybHbIX YepPTOYEK, NOMEIeHHbIX B CJAeAYIOLIUX OjiHa 3a
Apyroii suerkax, ofo3pesaemas queHiKa pacnoJaraercs
cnpaBa oT nocaelHell ueptouxH. KomaHan HyMepyroTcst
UHCNaMH; «NnycToTa» 000311auaeTcs CHMBOJAOM +. Komaii-
Ja MOXKET UHTATbCs, CKa)eM, Tak: «ecad obospepaeMas
fAYedKa MycTa, — OCTAHOBHTbLCSH, €CJHM HeT, — CABHHYTbCS
BJI€BO H nepeHTH K xomannme 2». Bor sta nporpamma:

0 a 0
l

*
|

*
!

*

*

Ha camom nesie xoMalmbl MOXIO XPauuTb Ha Jenre
B 3aKOJMPOBAaHHOM BHIe (TaK 3TO W HeNAaeTcsi B peasb-
BHX BLIYHCJAMTENbHBIX MamHHax). Omiaxo, ecau 6bl Mbl
aflech TaK CHEJaJH, Hala nporpaMMa crafda Obl HaMHOrO
cJloXHee, UTO BPAL JH moMorao 6bi Jayullle NOHATb Cy-
mecTBO Jlea.

Hrax, mamuna ToiopuHra npezcrabiseT cobolt odelb
BPOCTYI0 (POPMAJIBHYIO CHCTEMY, KOTOpas TeM He MeHee
HacToNbKo 6GoraTa, uto crmocoGHa BOCIPOM3BOJIMTL BCe

TGl W DN - — O
w " w3 w N 0oy

»
S O Ul W
/
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BO3MOXHble aJropuTMbl. M Kak nonojHeHHe K pesy.nb-
rary éneas MoXHO NoKasaTh, 4To HeKQTOpHe TPOCTHe
apHpMeTHYeCKHe H KOMOHHATOpHLIE BHICKa3LIBAHHS Q420-
purmudecku nepaspeuunst. Tlocrennee o3Havaer, 4ro He
cyliecTByeT MporpaMmbl /s MaimiHHe ThIOpHHra, No3BO-
AsiomeR yCTaHaB/MBaTh HCTHHHOCTD HJH JIOXKHOCTD ITHX
BbICKa3bIBaHHIi. .

IIpamepoM Hepaapemumoro BbchaSblBaHHﬂ ABJIfeTCA
oﬁmaa npobfiemMa TOXAECTBA CJOB TEOPHH TPYHI. -

HonycraM, 4To MMeercs uerhipe aGCTpaKTHBIX CHM-
sosnia A, B, A’, B/, Kotopble. MOXHO MHcaTh ONHH 3a Ipy--
THM, oﬁpasyﬂ NPOH3BOJBHO AJHHHBIE «CJOBa», HalpHMeEp

~ ABB’AAA’BBA’B.

TlonycTuM TakXe, 4To HEKOTOpOe KOHEUHOE UHCJO Ta-
KHX CJIOB PaBHO, N0 NPeANoJOXKeHHIO, «elHHHYHOMY 3Je-
MeHTy» | rpynnsl; 3To o3HauaeT, 4TO Korka Takoe CJ10BO
ABJAETCA 4acThIO APYTOro CJOBa, MoC/AefHee MOXHO CO-
KPaTHTb, OT6POCHB 3Ty 4aCTb.

Ecsn npeanosioXuTh, HanpuMep, 4To

AN = AA=BB' =B'B=1
BAA=I,

10 caoso ABB’AAA’BBA’B woXHo cokparHth kG0
8 AABBA’B (npumenaa -BB’=AA’=1), an6o B
ABA’BBA’B (npumenas B’AA.=1).

. [IpobneMa coCTOHT B CJeAylOmEM: CYHMIECTBYeT JIH
a/JrOpUTM, NMO3BOJIAIOLINH A7 JIOGBIX ABYX CJOB DELIHTb,
9KBHUBAJEHTHbl OHH MM HeT (T. e. NPEACTaBJAAIOT JIH OHH
OIMH H TOT Xe 3JeMmeHT rpynnu)? Kak nokasan coser-
cxuit matematuxk I[1. C. HoBuKoB, oTBeT Ha 3TOT BOmpOC
8 obujem cayuae oTpHUATENEH. C Ipyrofi CTOpOHbI, AJs
MHOTHX 4acCTHHIX rpynn (onpefiensieMblX KOHEYHBIM HHC-
JIOM COOTHOIIEHHN MeXIy CBOHMH 06pa3yiollHMH) npo6-
fleMa ToXIlecTBa CJOB pa3pelinMa.

TpusranbHbIM NPHMEPOM c.ny)xm rpynna, onpenenﬂe-
Masi COOTHOILEHHAMH

AA'=ANA=BB =B'B=I,
ABA'B’ =]
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(nocnenHee ecTb He YTO HHOE, KaK 3aKOH KOMMYTaTHBHO-
cru: AB = BA).

‘ Has atoif rpynnul KpHTEpHE IKBHBaNEHTHOCTH ABYX
cnoB ocobenHo mnpoct. HyxXHo cocydTaTh B KaxAOM
CJI0BE Pa3HOCTb MeXIy KoaHuectsoM Gyka A u A’ B HeM
H KoJHuecTBoM B u B’. ]IBa c/i0Ba 3KBHBaJIeHTHHI TOrHa
H TOJbKO TOTZla, KOI'Za OTBeyalolilye HM Pa3sHOCTH OJHHa<
KOBbI, T. €. KOT/la JiBe pa3sHOCTH, 06pa30BaHHble A4 Iiep-
BOrO CJIOBa, COOTBETCTBEHHO PaBHBI aHAJOTHYHBIM Pa3HO-
CTAM AJA BTOPOro CJ0BA.

Bonee TpymHbifi npHMep — paccMOTpeHHble paHee B
9TOM TrJaabe rpynnel Koc. [Jas 3tux rpynn npobaema.
TOXKJECTB& CJIOB pa3pellnMa, H, CJelloBaTelbHO, Pacnos-
HaBaHHe IKBHBAJIEHTHOCTH [IBYX KoC MOXeT OuiThb npeno-
CTaBJIEHO BLIYHCJHTEJbHOH MalllHHe {(CKaXeMm, MallHHe
Toiopunra).

Boluuc/auTenblible MallHHBL H HX POJIb B MaTeMaTHKe
BCe ellle COCTABJAIOT NpeliMeT OMEeCTOYeHHBIX CMOPOB.
MareMaTHKH NE€MOHCTPHPYIOT MOJIHYIO TaMMy Pa3HBIX OT-
HOLIEHHH K 3TOMY BONMpPOCY — OT PaBHOAYILUHA AO Bpax-
neGHOCTH; JHIMb 1leMHOTHe YyBCTBYIOT, YTO BhIYHCJIHTENb-
HbIM MallHHaM TnipeJHasHayeHo CHIPaTh BaXKHY0 POJb
B OyllylieM pasBHTHH MaTeMAaTHKH, He rOBOps yie 06 HX
GeccnopHOM MOJIE3HOCTH KaK .MOIIHOIO OPYAHSl HayuyHBIX
H TeXHHUYECKHX HCCJeLoBaHuil. .

Unesa nucnosbsoBailnsg MexaHHYeCKHX YCTpPoHCTB AAs
BBHIMOJIHEIIHA apHpMeTHUeCKHX HeHCTBHA H obneryeHHs
TPYAa BHIUMC/AMTEsIeHf OYeHb cTapa. YKe JpeBHHe CKOH-
CTPYHPOBAJH NPOCTHIE yCTPOHCTBA ¥ HOJAYMLIBAJH O I'Da-
¢uyecknx metomax, KoTopble MO3BOJMIH 6B IKOHOMHTHL
BpeMsl, BLINOJNHAS TPOCTble MaTeMAaTHYeCKHe JeHCTBUSA
6bicTpee, YeM HX MOXHO Obijo Ob 3alHCLIBAaTL BpYU-
HY10. Mbi ile MOXeM yAepKaTbCs OT TOrO, YTOGHI MpPOLLH«
THPOBAaTb 3lieCh CJAEAYIOMHA OTPHIBOK!): «3HaMEHHTOMY
# MHOI'MMH JIOGHMOMY HCKYCCTBY HOCTPOEHHSI MeXaHH-
4eCKHX OPYZRHH NOJOMMAH Ha4dano EBgoxc u Apxurt, cTpe-
MUBHIHECA ClesaTbh eoMeTpHIO GoJsee HPHBJIeKaTelbHOH,
a Taxkxe C NOMOLLbIO YYBCTBEHHBIX OCA3a€MbIX NPHMEPOB

: ) Mayrapx, CpaBhuTeqbhbie KH3Keonucanus, T. 1, M,
1961, Mapuen, crp. 391, :
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paspeliATb Te BONPOCH, LOKa3aTeJbCTBO 'KOTOPHIX IO-
CPeACTBOM OJHHX JHIIL PAaCCYyXIeHHH H YepTexXed 3a-
TPYJAHHTENEHO: TakoBa npobieMa JByX cpeiHHX nponop- -
HHOHAJILHEIX — HeoOXx04HMasi COCTaBHAs 4YaCTb MHOIHX
3ajlay, IJs paspelileHHa KoTopod o6a TNpHMeHHJH Mexa-
HHYECKOe TMpHCNocobneHHe, CTposi HCKOMBlE ~JIHHHH Ha
ocHoBe AyT H cerMeHToB. Ho Tak kak IlnaTtoH Heronomad,
ylipeKasi HX B TOM, 4TO OHH ry6aT LOCTOHHCTBO I'eQMeT-
pHH, KOTOpOe Oor OectesecHoro H YMONOCTHraeMoro ony-
CKaeTcs 0 YyYBCTBEHHOI'O H BHOBb CONPSraercsc TeJlaMmH,
TpeOyIOIHMHE IJI CBOEro H3rOTOBJEHHSl IJHTENbHOro H
TSKENOro TPyJa peMeCTeHHHKA, — MeXaHHKa NOJHOCTbIO
OTHeNHJIach OT reOMeTPHH H, CAeJaBLIHCh OJHOI H3 BO-
€HHBIX HayYK, JoJroe BpeMs BOBCEe He anBJleKana BHUMa-
HHs1 HHIOCODHH.»

[Tackanb ckoHCTpyHpOBaJl MaliHHY AJS1 BHINOJHEHHS
apHmMeTHYeCKHX onepaiul; JIeGHHI AyMan o JoOTHYe-
CKOH MalllHHe, KOTOpas B KOHleEe KOHLOB morja Obr pe-
wath Bce Mpobiembl MareMaTHYECKHX Hayk, Brickaszas
nneio GopMaNbHOH CHCTEMB H MBICTHL O BO3MOXHOCTH
OnepHpPOBaTh B Hell MexaHHYecKH, JIefGHHI npenBOCXH-
THJ MHOTHe HeJaBHHe JOCTHXKEHHS JIOTHKH. Yxke B 19-M
BeKe B366u1Kk 1 npyrie paspaborann MeXaHHYeCKHe Bbl«
YHC/AHTeabHble ycrpoiicTBa. OLHAaKO TONBKO B camMoe He-
RaBHee BpeMs (mpumepHo nocie 1940 r.) O6maronaps
HOBBIM CpEICTBaM 3JIeKTPOHHOR TeXHHKH pa3paloTKa
BHIYHC/IHTE/bHBIX MAIIHH JOCTHTNIAa TaKHX Maclita6os,
0 KOTOpBIX paHbllle Hedero OHIO H NyMaTb. DTo obGellaeT
He TOJBKO CHJBHO YBEJHYHTb 00BEM MaTeMaTHUeCKHX
CBeJIcHHIl, HO H TOBJHATb Ha XOJ H HanpaBJeHHS CaMHX
MaTeMaTHUECKHX HCClleOBaHHH.

* Ha nporsixennn Bcefi HCTOPDHH MaTeMaTHKH HOBBHIE
HAEH DOXIaNHCh H Kak Npo6JiecKH HHTYHIHH, H KaK pe-
ayJbraTr TepneauBbix Habawonenuit, Mayuenne H 06CyxK-
IeHHe HaKOIJIEHHbIX (akTOB MOACKa3blBaJH HoBble 0606«
uleHHs. B TeopHH uHces, HanpHMep, MHOIHe CBONCTBa
LesbiX yHces OBINH BnepBble o0HapyXKeHbl NMyTeM 3Kclle-
PHMEeHTHPOBaHHA C «MaasMH» yHcaamd, Cam [ayce, Ko-
F1a erc CnpocH/H, KakK OH fIpHIIeJ K HeKOTOPbIM CBOUM
o6wuM HZeaMm, orBetHl: «Durch planmaissiges Tatto-
nieren» — nyteM NJIAHOMEPHOTO SKCIEepPHMEHTHPOBaHUSA
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«na naabnaxs»!). TpyaHo nepeoueHUTs HABOAAULYIO POJIb
[pPHMEPOB H YKa3aHHH, cOZepKalHXCA B YacCTHHX Cly-
yasgx; oHH B GOJblIOH Mepe ONpeAe/sOT HalpaBJleHHs,
KOTOPBIX TNIPHAEDXKHBaeTcs MaTeMaTHK B CBOHX HCcle-
JOBaHHAX. : : : '
Cefiyac MalIHHbl BHINOJHAIOT apHdMeTHUECKHE Omepa-
IHH CJIOJKeHHs, BLIYHTAHHA, YMHOXKEHHSI H AeJeHHA ABYX
yHces ¢ TOYHOCThbIO 10712 GricTpe€, ueM 3a. OAHY MHJIJIHOH-
Hyil0 JoJ0 cekyHAnl. Onu cHa6XeHH namsitbio (T. €. 3a-
NOMHHAIOIHMH YCTPOHUCTBAMH), Tie XPAHATCA COTHH Thi+
CAY yHceN, KOTopule MOXHo OLICTPO OTTyAAa H3BJeKaThb.
BpeMs BBefleHHA HJH H3BJIEUCHHA MNAHHEIX H3 [aMATH
TaKJKe COCTaBJAeT BeJHYHHYy NOPsAKAa OZHOH MHJJHCe-
KyHARL. DTH yCTPONCTBA MOIYT BHINOJNHATL NMPOCThIE JIOFH-
yeckHe onepauuu (6yJjeBnl OHepalyH); OHH CHaGXKeHBI
TaKXe MHOTHMH <«KOMaHAAMH», aBTOMAaTHYECKH BBINOJ
HSIOIIKMH NPOCThie KOMOHHATOPHBlE AEHCTBHA. '
KoncrpynpoBalne u cOOpy:KeHue BHIUHCIHTENbHBIX
MallHH, &8 TaKXe pa3paboTKa MeTOJOB NpeACTaBJeHHS
MaTeMarHyeCKHX 3ajay B 3¢ ¢peKTHBHOM H TOYHOM BHAE
0COBEHHO YCKOPDHJIHCL B CBfI3H C TEXHHUECKHMH npobie-
- MaMH, NOCTaBJeHHKIMH BTOpoil MHpoBo@l BoHHOH. Pa6ora
. N0 HCAOJIb30BAHHIC 3JEKTPOHHBIX BLIYMCAHTENBHEIX Ma-
IUHH B npo6ieMax YHCTOM HAYKH HENPEpLIBHO PaclIHps- -
Jach, 3aXBarbiBas BCe HOBHE 06JIacTH H TIPOHHKAaA B M1y6b
. panee ocoeHHLIX TeppuTOpHH. OCHOBHOE MECTO 3/eCh 3a-
HHMaJ/IH HCCJAeNOBAaHHS MaTeMaTHYeCKHX BONPOCOB TeO-
perHyeckon (H3HKH. B caMOfi e MareMaTHKe nmpHMeHe-
HHe 3JIEKTPOHHBEIX MAlIHH 3aTparuBano IJaBHHM o6pa-
30M KOMOHHATOPHLIN aHa/IH3 H TEOPHIO YUCEJ. '
Morno 611 moKasaTbCsl, 4TO TMO-HACTOSALIEMY HHTEpec-
Hble BOMPOCH TPeGyioT ofpallleHHs ¢ Odehb GOJbLIINMH
YHCAaMH, HeJOCTYNMHBIMH HHKaKOH MaliHHe, CKOJIb 6bi
BeJIHK HH Gbl1 o6veM ee mamatH. OLHAaKOo BO MHOTHX'
clyyasx NpefeNbHOe HJAH aCHMNTOTHYECKOE TNOBeJeHHE
GyHKuUMA [OCTaTOYHO XOPOLIO NPOCJEXKHBAETCH YiKe Ha

1) ¥YkaxeMm, HanpuMep, uTO B NMOHCKaX OGLIHX 3aKOHOMEPHOCTeH,
OTHOCAUHXCH K [IePHOKHYECKHM RecATHuHbiM ApoOam, [aycc ue ocra-
HOBHJCA Nepes CTQMb TPYAOEMKO# paGoTON, KaK BbIHCHIBAHKE MEpHO-
(AOB, 0OJYYAIOMHUXCA NpH. O6palleniy B AeCATHUHBE APOGH BCex MPO=
cThiX Apobeli co 3namenarteasmu a0 1000. — [Tpum. ped. :
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MaJblX WIH CPeAHHX 3HAaueHHAX aprymenTtoB. Hanpumep,
H3yueHHe TUIOTHOCTH pacrnpeleNeHHa TPOCTHIX YHCEJ
Bnjots fo. 10000 paer BmOJHe - yROBJAETBOPHTeNbHOE
npeicraBieHHe 06 ACHMITOTHUECKOM €e 3HaueHHH. Mbl
yxe YIOMHHAJH TeOpeMy O pacnpefieJleHHH NPOCTHIX: YH-

ceJl, YTBePXKAAIOMYIO, YTO YHC/IO 7 (7). NPOCTHIX YHCEN OT
1 no n acuMnrorHuecku . pasHo nflogn. dto, rpy6o ro-

BOPA, O3Hauaer, YTO AAA GOJBIIHX 7 B 10CJAef0BATENb-
HOCTH HaTypasbHbiX YHCEJ BCTPEYAeTCs NPHMEPHO OLHO
fIpocToe YuCaI0 MeXAY n u n + [log n), rae [log n] — nan-

6oablee Hesoe, He npeBocxoxauiee logn. MHorna B atom.
HHTepBaJle OyAeT B TOYHOCTH OAHO 'TPOCTOE UHCIO, HHO-

raa fiBa, HHOTHa TPH, a HHOTAA H HH oxHoro. Ilpencras-
NSeTCA Ppa3yMHbIM PasOHTh UeJble YHCAA Ha KJacchl,
0603naynB uyepes Cp KJnacc Becex UEaHX f, IJfA KOTOPHIX
B YKa3aHHOM HHTEepBa/e HeT HH ONHOIO MPOCTOrO YHCHA,

uepes Ci— Ki1acc BCeX, LeNbIX YHCe], 449 KOTODHIX B 9TOM
HHTepBajle HMEETCs DOBHO OJHO NMPOCTOE HYHCJO, Yepes
C:—KJaacc Tex 7, ANs KOTOPLIX B 3TOM HHTepBafde HMe-
eTcs TOYHO-ABa NPOCTHIX YHCAa, H T. A. Cehuac TeopHs

YHCeJl, NO-BHANMOMY, He pacrnojaraeT CpexcTBamH, KOTO-
pble Mo3BOJIKJM Obl JOKAa3aTh, UTO JJIA ITHX KJaccoOB CY-
" IIeCTBYIOT aCHMNTOTHUECKHe MJIOTHOCTH, T. €. JOKa3arh,
nHanpuMep, Uto CYLeCTByeT INpejed v0=1\l]im-(y0(N)/N),

. . >0 .-

rie yo(N) — uncio uenbix Hucen MeX1y 1.u N, npuHaj-
nexatux kaaccy Co. Ilna coBpeMeHHOH BLIYHCAHTENbHOH
MalllHHbi, CMOCOOHOfi 3amOMHHTL BCe NPOCTbIE YHCAA
sngoth Ao 100000000, uccnezoBaHHe mMOBenEHHA TaKHX
OTHOWEHH! He COCTABAAET OCOBOrO tpyAa. [lo-euanMonmy,
OHY CTPEMATCA K ONpPele/eHHBIM NpefenaM, mepBH H3
KoTopuix yo = 0,30 ..., a Apyrue TakoBm: y; =~ 0,42...;
yv:~021...;ys~005...; =~ 0006... s 1 8 Hsor
npoctoe HabalOgeHHe MNOACKA3bIBaeT TeOpeMbl, elle He
NOKa3aHHble: BO-NEPBHIX, YTO pacCMaTpHBaeMble Tpefeibl
CYILECTBYIOT, ¥, BO-BTOBHIX, YTO OHH CTPEMATCA K HYJIO
C BO3pacTaHueM HOMepa Kjacca.

B kom6unatoprom aHajause (T. e. aHaiu3e KOHEYHRIX
Kondurypauuii # npoGaeMm, CBA3aHHBIX € BO3MOXKHOH
3BOJIIONHE 3THX KOH(HUTypallHil) Takas 3BPUCTHYECKas
paGora yxe npuHecsa GoJbliyto nonbsy B yacTHOCTH,
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He/laBHO MpPH MOMOINM NMPHMepa, MOJCKA3aHHOrO YHCJIEH-
HbIM pacyueToOM, BBIMOJHEHHBIM Ha MallMHaX, Obla ompo-
BeprHyTta rHnoTesa JDfijepa 0 B3aHUMIO OPTOrOHaJbHBIX
JATHHCKHX KBajpaTax. :

«I'py6Gas cuia» BBIMHCAHTENbHOH MalUMHB MO3BOJAET
M3yuaTh CJOXKHble BOMPOCH MEPeyHCJeHHs BapHAHTOB,
BO3HMKAalOlLIHe B KoMOGHHaTopHOM ananuse. Kak u B npu-
BeJleHHOM BBIHIE NpHMepe H3 TEOpHM YHCces, MaluHHa Mo-
KeT nepebpaTh BCe BO3MQXKHOCTH NMpPH MaJblX 3HaYeHHAX
nepeMeHHOW 7 U H3YYMTb 3aBHCHMOCTDb OT /1, MOMOTasi TeM
camblM c(OpPMYyJaHPOBATh rHNoTe3y 06 aCHMNTOTHYECKOM
nosefenny. Ilpusentm rakoit npumep. Ilycte 3anano
MHOXKecTBO E mesbix uuces ot | 10 A M CAY4aliHO Bbi-
6pann nBe MOACTAHOBKH S; H Sy 3JIeMEHTOB 3TOr0 MHO-
XKectBa. KakoBo cpenHee YHC/I0O 3J€MEHTOB [PYNMBI, MMO-
POX/JeHHON 3THMHM nojcTaHoBKamu? Yro6bl pemarbh Ta-
K¥e 3ajaud Ha BHYUCJAHTENbHOH MAalIHHE, MOXHO
HCMO/1b30BaTh NMPONEAYPY CTATHCTHYECKHX BHIGODOK, H3-
‘BeCTHYI0 IoZ Ha3BanmeM wMetona Monrte-Kapao. 2ror
fIOfXOJl OCHOBAH HA Ype3BbIYANHO APOCTON 1ijiee, HO eCJaH
6b He BLIYHCJMTe/bHble MAUIMHLL, 0T HEro Gbigo Gbl MaJio
NpoKy.

Bor xak on paGoraer. Ilycts g(Sy, S2) — unciao sJge-
MEHTOB B rpynIe, NOpPOXAEHHOH NoxcTaHOBKaMH Sy H S,
(t. e. uncnO pasauunbLx TMOACTAHOBOK, KOTOPLIE MOXKHO
DOJIyuHTb, 06pa3ys BCEBO3MOXHbiE MPOM3BEJEHHS BHJA

ShSiS®S%. . .). Hckomoe cpentee pasio
218(51 S5)

YUCJIO PA3JMKHYHBIX Nap (Sll SZ) *

The 3 B UHCAMTENe O3HAUAeT CyMMHDOBAHHe IO BCEM
pasnuuHbiM nmapam (Sy, S2). 3HaMeHaTeJb MOXKHO COCYH-
TaTh; OH paBeH :

(nl)2 + nl

—.

Yxe npu n =5 sta popmyna Aaer uucio 7260, u, TakuM
o6pasoM, Aaxke NPH TaKOM MAaJOM n HYXHO mepeGparh
7260 rpynnm H HaWTH MX NOPsAKH. DTa 3a7aua HATOMH-
Haer 3ajmauy OmpejesieHHsi CpefHero Beca HOBOPOXKIEH-
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HBIX ManbuHkoB. Bmecto TOro uto6bl yCpenHsiTh Beca
gcex HOBOPOXIEHHHX MalbyHKOB, oBpasylor (npexcra-
BUTENbHYIO) CAy4atinyio 8vl00pKYy B TO Hel IPOU3BOAAT
ycpenHenne. Kak o6pasoBayb ee, H3GexXaB Hewxejarelb-
HbIX CMeUeHHH pa3Horo pona,— TO YKe 4acTb HCKyC-
CTBA M HAYKH CTaTUCTHKH, MaliMHY MOXKHO 3anporpam-
MHPOBaTh Ha TO, 4TO6H OHa 06pa3oBbIBajda CjyyaiiHble
BHIGODKH M3 MIIOXKeCTBa BCeX nap NONCTAaHOBOK. Takoi
MeTOL TO3BOJIAET MOJYYHTb OUCHb XOpolUee MPHEIIHKe-
HH€e HCKOMOFO CPeJHero.

Onnaxo pasButue GLICTPOAEHCTBYIOUHX 3JEKTPOHHBIX
MallHH OTKpbiBaer e€lle 6GoJlee IUHPOKHe HEPCHEKTHBHI.
Kpome o6mux Bo3MONKHOCTe#l pasHoo6pasnore sKcmepH-
MEHTHDOBAHHA B 3ajlaiax YHCTOH MareMaTHKH HJH pas-
paBoTKH NpeaBapHTeNbHBIX Hiel, Kacalomuxcs (H3Hyes
CKHX TeOpHH, MOMXKHO NpencTaBuThb Cefe MAaLIHHBI, Heii-
CTBHTeNIBHO paGortaomue B. (GOpPMatbHBIX CHCTEMax
mareMatikd. Fpy6o roBopsa, cymecTByiOUlHe MallHHH
HEHCTBYIOT Ha HEKOTOPOM MHOXECTBE 3aJaHHBIX KOMaH[
(6nox-cxemMa H KOA), KOTOPHIe 3a1al0TCS Pas ¥ HaBCeraa
H 3aCTaBJ/AIOT MAIHHY aBTOMAaTHUYECKH BHIIOJIHATL peilie-
liHe UMCJAEHHBIX HJIH KOMOHHATOPHbIX 3anay. XoZ paboTl
MAlUHHBI MOJHOCTHIO NpexnHcaH. EpuAcTBeHHOe, B ueM
OHa MOXeT NpOSBHTb HeKOTOPYIO «rHGKOCTb», — BLIGpaTh
TOT HJIH HHOH XOi BBIYHCJIEHHS B 3aBHCHMOCTH OT MOJYy-
YEeHHBIX UYHMCJOBBLIX 3HaueHuil. Jlo cero BpeMeHH Tak Ha-
3biBaeMble pellleHHs, TpHHHMaeMble MalliHON, NpaKTHYe-
CKH CBOJIHJHCH JHIIb K OTpaHHuYeHHOMY Habopy H3MeHe-
HHH JIOTHYeCKOro X012 BHIUHCIAEHHS.

Ho moxHo npexpctaBHTh cefe cHTyauuio, Koraa ma-
IIHHA YCTPOeHa Tak, YTO Yyhpaercs = TOANepKUBATDH
NOCTOAHHYIO CBA3b MEXY HeHl M pasyMHBIM OnepaTopoM,
KOTOPHIEl B XOHe BhIYHCAEHHH (B 3aBHCHMOCTH OT CBOHX
Ha6MI0AeHHA ¥ HCTONKOBAHHSA MOJYYeHHBIX Pe3y/bTaTOB)
MOXKeT H3MEHATb JOTHYECKYi0 CTPYKTYPY caMoi 3amauu.
3T0 HaMHOro pacwHpuNe 6bl 06JacTb HCAOAL3OBAHHSA
Mawud. Ol Morjiu GH He TOJbLKO HMpHHATH Ha ceba Bce
TATOTHl 3JIeMEeHTapHLIX aarefpaHyeécKux HIH aHalHTHUe-
CKHX BBIKJaJOK, HO H NOMOYb HCCJEe0BaTe/0-MaTeMaTH-
Ky, CKaXXeM, B NOHCKax NpPHMEpPOB HJH KOHTPHPHMEPOB,
OHiCTpo MOKa3nBas €My BH3yaJbHO Ha 3KpaHe TO, 4TO
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ero MHTepecyeT, H TeM CaMblM HanpaBlifs WJIH NpoBepsf
ero HHTYHIHIO. ‘ _ -

Takyio noMOLb, MaIIHHa MOXKET OKa3aTh, HallpHMEPp,
npu H3yYeHHH CBOHCTB (PYHKIHI HECKOJbKHX NepemeH-
HbiX ¥ MPH HCCAEI0BaHHH NPeo6pa3oBaHH MHOrOMEPHBIX
NpoCTPaHCTB. _ ,

Bo Mmporux ,3amauax BaXHO HaHTH 3KcTpeMmaJbHHE
3HaueHHss (QYHKIMH HECKOJbKHX JefCTBHTEJbHbIX Mepe-
MeHHbIX f(Xi, X2, ..., %), 3aNaHHOH aHANUTHYECKH, T.E€.
BhIpaKeHHOH uepes aneMeHTapHbie (yHKHuH. MapecrtHo,
410 OObiuHasi MPOUEAYpPa MOHCKOB YHUC/IEHHbIX 3HAYEHHH
JOKaJbHEHX MHMHHMYMOB HJIH MaKCHMYMOB OJHON (YyHK-
HHH OTHHMAaeT OuYeHb MHOTO BpeMeHH. Ec/IH He3aBHCHMBIX
nepemMeHHbLIX MHOro, ckaxeM 5 uiu Gosblue, He CYIiect-
ByeT HHMKAaKOro no-Hactosiuemy sd@exkTHBHOro MeTona
HaXOX/JeHHs BCeX KpHTHUecKHX ToueK. JlomyctHm Tenepsb,
YTO MOKHO OHICTPO BHIUMCHATH 3HAUeHMs 3TOH (yHKUHH
B TOUKaX HEKOTODOH CeTKH Ha INIOCKOCTH, o6pa3syloluei
ceyeHHe MHOTOMEPHOro MPOCTPAHCTBA, ABJAIOULIErOCH 06-
nactbio 3ananus (ynxkunu. Ilonydennwi# TakuM cnoco-
6om <«rpaduk» OGyHKUHMH JBYX NepeMeHHHX (noBepx-
HOCTb) TIPOEKTHPYETCR Ha 3JeKTPOHHO-JIyYeBOH BHIEO-
skpan. (Ilporpamma sBhiuHC/IEHHs aKCOHOMETPHUYECKHX
npoekuufi nMeeTcs B rotoBoM BHIE.) Torxa moxHo OnicT-
po o6HapyXuTh 06JacTh HJIH HECKOJbKO obiactefi, rae
GOYHKIHA MOXeT NPHHHMAaTh MMHHMMAaJbHbie 3HayeHHS.
Ilyrem ObiCTPOro H3MeHeHHsi MaciiTaGa H- YBeJIHUEHHS
(t. e. nonpasnesieHHs TaKHX <«NOJ03PEBAEMbIX HAa MHHH- -
MyM» obsacteit Ha GoJibiliee YHCJIO TOUEK) BHIYHMCIHTENb-
Has MallHHAa MoXeT OeHCTBOBaTb KaK CKOJb: YrOXHO
CHABHBIfI MuKpocKon. Takum o006pasoM, BMECTO CJIEMBIX
penenToB, BXOJAINHX B MPOrpaMMy MOHMCKAa KPHTHUECKHX
TOYEK, BCTYNHT B JeACTBUe 3pHTEJbHOE BOCNPUSTHE Ye-
JIOBeKa, KOTopoe «cpabaThiBaeT» BCe elije HAMHOTO OHICT-
pee, ueM J106asi H3BEeCTHas NMporpaMMa aBTOMAaTHYECKOro
pacno3naBaHHS.

ITpu nayuenHH QyHKuMH TpPeX HAH UETHIPEX nepeMeil-
HbIX TaKKe.XoTeJloch 65 HMeTb BO3MOXKHOCTb 3aCTaBJATh
MalinHy ObicTpo BbiGHpaThb TpefyeMoe ABYyMepHOe ceue-
HHe, yCTaHaBJIHBaThL HA HEM CETKY He3aBHCHMBIX Y3JIOBBIX
TOUEK, BRHIUHC/ATL 3HAUBHHA . DYHKHHI B STHX TOUKAaxX H
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‘MaBaTh HX MepCneKTHBHOe H30Gpaenue Ha dKkpane. He
MeHee T0JIe3HOH oOKasajach Gbl CNOCOGHOCTb MAIlMHBL
BEIMOJIHATL 3aMEHY He3aBHCHUMBbIX HJAH 3aBUCHMBHIX nepe-
MEeHHBIX NPH mNOMOIH ~o6lero JuHefiHOoro mnpeoGpa-
30BaHHUA. - ’ T »

Ewe GonbmyM marom Bnepefl 6uaa Gbl BO3SMOXKHOCTD
NPOBOAMTL NPH MOMOLIY MAaUIHHHBIX BLIYHC/JEHHH CepHIO
«yPOKOB», B pe3yJibTdre KOTOPLIX onepaTop Nocjle Heko-
TOPOi MPaxkTHKH HayuyHJcsa 6b «HYBCTBOBATbh» HeTHIpex:
MEDHO€ MpPOCTPAHCTBO, * - '

PaccMotpuM B TpexmepHOM IPOCTPaHCTBE 3ajauy
«MPONEBAHUI» HEKOTOPOro Tesla CKBO3b 3aMKHyTYlO Ipo-
CTPaHCTBEHHYIO KPHBYIO — ynpa)XHeHHe Ha MeTox mnpob
n omubok. UTo6p pemuTh BONPOC O TOM, MOXHO JH
NPOTOJIKHYTh NaHHOE TeNo CKBO3b JAHHYIO KDHBYIO, HH-
KaKHX TNPOCThiX KPHUTEPHEB, .CBA32HHLIX C NPOEKIUAMH,
no-suANMOMY, HefocTatouno. Pusuueckufi npomecc Ta-
KOTO NpOoJZleBaHUST MOXHO MMHUTHPOBAaTh MNPH NOMOIUH
MaHiHHE], 3aCTaBUB ee BLIYHCIASATH MOC/eloBaTeNbHble NMO-
JIOXKEHHS TE€Na B COOTBETCTBHM ¢ NAHHBIMH OT PYKH yKa-
sanusAMy (GHICTPO TIEPENAIMHMHUCT B BHIAE YHCeN) O no-
BOpOTax M NepeHOCax B TPeXMEDHOM MNPOCTPAHCTBe H
NPOBEPATH NOC/e KaXKAoro NPOGHOro CMelieHHs, CONpPH-
KacalTcs HJN HeT paccMaTpHBaeMmhblie MHOXECTBA. )

YXe cO3ZaHH MNPOrpaMMbl, MO3BOJIAINIME MaIIHHE
ONepHpoBaTh ¢ CHMBOJHUYECKHMH BHIPAMEHUAMH H OTLI-
CKMBaTh CINOCOOH o6Gpallledys ¢ HEKOTOPHIMH NPOCTHIMH
CHCTEMaMH aKCHOM IN1A noJyueHus (opMajibHbHIX NOKa3a-
TeJIbCTB U NMOKMCKA TeopeM. ITa paGoTa ToJbKO HauHHaercs.
flcno, uro MoxHO ¢opManbHO OmEpUPOBaTH C MHOFO-
ujieHaMH ¥ PanvoHaJbHBEIMH APoGAMH, €CJH sanporpam-
MHDOBaThL ajre6pauyeckue ornepaguu Hanx HumH. Cymge-
CTBYIOT NMPOrpaMMbl, 3aCTaB/idioliKe MAMIKMHY BHIMOJHATbL |
¢opmanbroe nuddepeHurpoBaHne H HaXOMUTh HeoNpele-
JleHHble HHTerpajbl IIHPOKOro KJacca 3JeMeHTaPHBIX
¢ynkuuit. VMeloTcs Takke MHTepecHBe NMPOrpaMMbl Jo-
KasaTelJbCTBa TEOPEM B CHCTeMaX eBKJAUXOBOH HJH Npo-
eKTHBHOM reoMeTpuit. MamuHbn ysKe BBIXAJH JIOGONEIT-
lible N0Ka3aTe/bCTBa CBOHCTB TPEYrOJNbHHKOB # T. 1.,
HHOTZA He COBNAJAMlHe C TPHHATHIMH B IIKOJbHBX
Kypcax, »
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Uro Kacaercss paGoThl, CBJ32HHON ¢ JIOTHKOH, TO MO
cHX MOP MalllMHbl BJaJeJH JIHUIb 3JeMEHTapHEIME Gyie-
BLIMH OTEPaLHsIMH, WIH, YTO PABHOCHUJIbHO, HCUHCNEHHEM
BuIcKasuBanull. CraexyrowuM wmwarom Obuio 6b1 HAyYHTh
HX ONepHpOBaTh C KBaHTOpaMH: «CYIIECTByeT X, TaKoH,
4TO...» H «JJifl BCEX X ...»; 9TO 3HAUHTEJHLHO PaCIIHPUIO
Obl UX JIOFHYECKHE BO3MOXKHOCTH.

Bosbiiolt uHtepec NpejicTaBasieT TOT (PakT, 4TO Bhl«
YHCAUTEJIbHLIE MallHHbLI OKa3aJIMCb MCTOYHHKOM HOBLIX
3aXBaTHIBAOLIUX MaTEeMaTHYECKHX NPoGJemM.

Ynomsinem B KauecTse NpHUMepa Kjiacc 3afad, CBA3aH-
HBIX C TaK Ha3biBaeMOM QA20PUTMULECKOL CACHHOCTHIO.

Kak-To Bcerma xXaxercsi, 4YTO YMHOXKeHHE — Gonce
cNoXHas onepanus, ugM cjaoxenue. CyllecTByer JH cno-
co6 repeBecTH 3TO CMYTHOE OLlyleHHe B TOYHOEe Mare-
MaTHUYCCKOe yTBepXKIeHne?

Pasymuyio GopMyJHpOBKY NOACKa3wiBaeT obpaliieHue
K maiudHe ToiopHAra,

Crnoxenue JAByX n-paspAfHbIX YHCEJS MOXKHO BBINOJ-
HUTb Ha MaluuHe TbIOpHHTA 32 YHC]O LIAroB, MPHMEPHO
nponopuxoHanbhoe n. Touhee, OTHOWIEHHE 3TOTO YMCJa
11aroB K N CTPEMHTCS K KOHEUHOMY Hpefety, Koria n
cTpeMutcs K OeckoneuHoctd. Ilyers M (n) — mHnEMaJb-
HOe YHCJIO IIaroB, HYXHHIX MamuHe TolopuHra pas me-
PEMHOXKEHHS ABYX A-pa3psAHbIX yucesd. Ecan 66 yzanoch
Jl0Ka3aTb, 4TO

TO 3TO COOTHOIUEKHe MOXKHO OblJIo Obl HCTOJNIKOBATb Kak
O3Hayalolllee, yTO YMHOMXKElHe M B CaMOM Jene ecTb 6o-
Jiee CJIOXKHana onepamnud, YeMm croxenne. ONHAKO BMECTO
9TOro O6LlI0 yCTaHOBJIEHO, YTO 11 Jio6oro € > 0

lim
n->e N

M (n) .
__l_;’g_zo,

OTCIONAa BHAHO, YTO YMHOXMEHHE IO CBOEll CJIOXKHOCTH He
TaK YK CHJIbHO OTHYAETCH OT CJIOXKEHHS.

Hosule npoGieMsl TpeGyioT Ast CBOErO pEIEHHS HO-
BbIX METONOB, BLIAAB/ISIIOT HOBble CBSI3H H NOAKPENJSIOT
cTapbie. C 3TO# TOUKYM 3PEHHs BLIYHCIAHTENbHBIE MALIHHbL
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yKe BHECIH 3aMETHBIl BKJIAXL KaK B npobaemaTuxy, Tak
H B MeTodosozuto maTtemaTHkd. He npuxomutcs comie-
BaThCHl, YTO HX BJAHAHHe OyHeT NOCTOAHHO YCUJAHBATHCA,
HEeCMOTpPsl Ha HErOJOBAaHHE HEKOTOPLIX COBPEMEHHBIX MO-
crenosaredeil TlnaTona.

OJIeKTPOHHbIE BBIUUCJMTENbHBIE MALIMHBl OKA3aJHCh
HEOUEHHMBIM MHCTPYMEHTOM MCCAENOBAHHUA U LAJS APYTHX
nayK. OIHO TOJILKO NMepeyuc/eHue OTHEJNbHHIX 3ajau Ma-
TEMaTH4YeCKOH (PU3NKYU, PellleHHs KOTOPHIX, MOJy4YeHHEe
NpH MNOMOIIM Mall¥H, HOMOrJM MEepecMOTPeTb CYILEeCT-
ByIOU[He TeOPHH H MOJACKA3aJH HOBbie CBOHCTBA CJIOKHBIX
(GU3NYECKHX CHCTEM, 3aHANO 6Bl COTHH, 8 GHTb MOXKET, H
ThiCA4M cTparun. Oco6eHHO BAXKHAA POJb npelia3HaueHa
MallMHaM B HOBbLIX OHLICTPO pa3sBUBAIOUIMXCH o6aacTax
6uosorud. C HX TOMOILBIO. yXKe YAajd0ch paciiudpoBaThb
CTPYKTYPY HEKOTOPHX OpraHuueckux moJjekyna (B gacr-
HOCTH CTPYKTypy OGellka MuornoGuHa). MaTeMaTHUECKH
TAKOre Poja 3ajpaua COCTOMT B OHpPele/eHHH HPOCTpaH-
CTBEHHOIO pacrnonoXeHua OTAeJbHBX aToMOB NO JH-
(ppaKkMOHHBIM KapTHHAM, KOTOpbLIE LaeT MOJeKysaa B me-
Jqom. Ilpu atom ucnosb3yioTess MeTOAb OGpauienHs mpe-
o6pasoBanuit QPypbe H MAHHNYJNAUHH C GOJbIIMMHU -
MacCCHBAMH CTaTHCTHYECKHX HaHHBIX. MoxHO Ge3 npe-
yBeJHYeHHst CKa3aTh, YTO Taxkue BONPOCH HeJb3ss GblJIO
Gbl pemrath, He nob3ysich: COBPEMEHHBIMH BbIYHCJIUTEIb-
HBIMH CPEJCTBAMH.

B sakaiouenue cienyer Xots 6bi ynoMaHyTb 06 OXHOM
BaXHOM OGCTOATENLCTBE, KOTOPOE 4aCTO OCTaeTcs He3a-
MEUEHHBIM: KaK BHIUMCJHTENbHbIE MANIHHbL 3aCTABHIH
HAC MO-HOBOMY B3IJIIHYTb Ha meJblft psf pasHooOpasHHIX
npobaem.

Paccmorpum, Hanpumep, BONPOC O MAlIMHHOM Ilepe-
BOJIe C OZHOro f3bika Ha Apyroii. CoBpeMeHHble BEIYHCTH-
TCAbHBIE MallMHH BIOJHe NPHUCNOCOGJeHbl ISl 3anOMHU-
HaHug OOIUHMPHLIX CJOBapel; OHM MO3BOJSIOT HU3BJEKAThb
TpeGyeMbie NaHHble ¢ (paHTaCTHUECKOH cKopocTbio. OpHa-
KO 3TOr0 HeNOCTATOYHO, eC/MH He AaTh MallHHe XOTA Ob
CcaMblX CKPOMHLIX CBeJieHHii ¢ NIpaBWJIax FPaMMaTHKH H
cuHTakcuca. 3ajaua obydyeHusi aBTomara Tpebyer peskoro
KPHTHYeCKOro TiepecMoTpa COOCTBEHHBX JHHIBHCTHUE-
cKuX 3Hauuil nmporpammucta. OH He MOXKET PAaCCUYUTHIBATH
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ua- T0, Y4TO MaidMHAa obaAafaeT HEOGXORUMEIM 3aNacoM

Ky/JbTYpbl H TEMH CJIOXKHEIMH H TOHKHMH  IICHXOJOTH-
YeCKHMH OCOGEHHOCTSIMHM, Ha KOTOphle OH, BepOfITHO,
6eccosHaTenbHO OnHpadcs Obl, -HMed HefIo C YellOBEeKOM.
MpoGnema, xKoTopas BCTaeT Iepel, HUM, Ype3BHYANHO
riy6oKa: no CylecTBy 3TO BOIPOC O TOM, CKOJb MHOroe
M3 TOTO, YTO MBI OTHOCHM K «HHTEMJIEKTY», MOXKHO 3aMe-
HiTH GosiblIHM O06BHEMOM NAMSTH H CKOPOCTHIO H3BJAede-
HHS H3 Hee 3HaHHUM. 3

MoxHOo- fyMaTh, YTO MB GJIM3KH -K TOYHOH (popmyaH-
pOBKe TaKHX npoliem H yTO BBHIYHCJIHTeJbHElE MAIIHHEL
NOBMUANH Ha HAIIM B3TASALF Ha nonoéﬂbxe BONPOCH H
Zlaxe, BEPOSITHO, U3MEHHAH JX. - :

Mbl HeomHOKpATHO, XOTA W He BCeria ‘sBHe, noxuep-
KHBAJH, 4TO CBOefl YHHKANbHOCTHIO MaTeMaTHKa o0s3aHa
NPUBEPXKEHHOCTBIO K AKCHOMATHYECKOMY METOLY.

Kax Mbl TOBOPHJIH, 3TOT METOL COCTOHT B TOM, YTO
WCXOISl H3 HECKONbKUX MpeRNoXKeHHA (aKCHOM), HETHH-
HOCTb KOTOPHIX CUHMTAeTcsl He TpeGywouled KoKasaTenb-
CTBa, BLIBOIAT ApyrHe npennomeﬂnﬂ, NpAMEHAd TOAbKO

. TPABHJA JIOTHKH,

Akcuombl npegHasHayeHnl ANS - ODHCAHHS MPOCTHIX
CBOMCTB paccMaTpHBAeMBIX 0GBeKTOB B Halexle Ha TO,
YTO 3TH CBOHCTBA MOJHOCTBIO OTPA3fAT CYHIECTBEHHLIE
4epThl 3THX 06bekToB. OfHAKO KaK y3HaTb, NeHCTBHTENb-
HO /Il CHCTeMa aKCHOM BbIieNieT HMEHHO TO, YTO OHJIO
3aiyMaHo?

CucreMa akCHOM HE BHINMOJHAET STy 3ajauy (yCTaHO-
BHTb 3TO HECKOJIBKO Jierye, 4eM MPOTHBOMOJIOXKHOE), eClIH
K Hefi MOJXHO N0GAaBHTbL HOBOEe OTHOCHILEECST K TEM XKe
o6bekTaM nNpeANoXeHne A uiau ero oTpunanme A («He
A») W B O6OMX CiyyasX TOJYYHTh HENPOTHBOPEUHBYIO
cHCTeMy. HubiMu cnosaMu, cCHCTeMa aKCHOM He A84ReTCA
noAnod (HeoOHO3HA4HO XapakTepusyeT OGEBEKTH), ecau
CylIeCTBYeT npeinoXKenHe A, Hesagucumoe mo OTHOMe-
HHIO K aKCHOMaM 3Toft CHCTeMul (T. e. TaKoe, 4TO MpPHCOe-
IWneHHe K CHCTeMe Kak yTBepXIeHus A, Tak U ero oTpu-
1anua A He NPHBOMMT K npomsopeqmo)

Bonpoc 0 He3aBHCHMOCTH aKCHOM BOCXOAHMT K HpeB-
HOCTH. [lonkiTKa BBHIBECTH AaKCHOMY O napajenbHLX
{natuift noctynat EBkAmma, yTeepxpaiomimii, uTo uepes
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TOUKY, He JieXKallyio Ha NpsMoit /, MOKHO MPOBECTH OXHY
M TOJbKO OfHY NpsiMylo, napamiesbHyio {) H3 ocTaJbHbIX
AKCHOM 0KAa3aJach OLHHM H3 CaMBbIX MOIIHLIX ABUraTe-
Jefl pasBRTHA MaTteMaTuku nocae Esxaupga. To, uto ns-
Thlfi NOCTYJIAT He YAABAJOCh HH NOKa3aTb, HH ONpPOBEP-
I''iyTh, HECMOTPS] HA HACTONYHBBHIE YCHJIHA MHOIHUX IIOKO-
JMEeHU MaTeMaTHKOB, MeCOMHeHHO, Croco6cTBOBAJIO BO3-
BEAEGHHIO eBKJIHIOBOA reoMeTpHH B HeKHHA a6CoOJIOT.
Kanr, Hanpumep, nosarajl, uTO eBKJHEOBA TeOMeTPHA
JOCTaBJseT eNHHCTBEHHO BO3MOXKHHIE crniocof AeLyKTHB-
HOM TPAKTOBKH CBOACTB NPOCTPAHCTBA; NOITOMY HHOrAA
ero OOGBHHSIOT B TOM, 4TO OH 3anepx<a.n OTKpHITHE He-
eBKJIHIOBBIX reoMeTpHil.

JT10 CpaxeHWe C MATHIM NOCTYJAaTOM HOCHNO NOYTH
TparuyecKUd xapakrtep. Bor, Hampumep, OTPHIBOK H3
nucbMa DBoiian-crapinero, B KOTOPOM: OH yMOJs/ ChlHa
npeKpaTUTh CBOM Hccaeaosanus: «§5I oGcaenosan Bce-pH-
¢ 3TOrO apCKOro MepTBoro Mops u kaxnelt pas Bo3-
Bpauiajcs C MOJOMAHHOH MauTol H PasOpBAHKBIMH Ma-
pycamu».

Ilaxe nocae Toro Kak Bofiau-maamuni u JloGaues-
CKuil He3aBHCHMO NPHILIH K OTKPHITHIO TEPBHIX HeeBKJIH-
IOBBIX TeOMeTpH, JOTHYECKH# CTATYC MSTOrO MOCTYJATa
OCTABAJICS HESAICHBIM.

[TonHoCTbIO Ae/l0 MPOSICHUIOCH HECKOJbKO TMO3JHEE.
Chauana BeabTpaMu OTKpBLI, 4TO FeOMeTpHS Ha ompefe-
NeHHOH TOBepXHOCTH (HA3BAHHOM nceBnocq»epou fo-
CKOJIbKY 3TO TOBEPXHOCTb MNOCTOSHHOU OTpuUyaTesbrodl
Kpususnol) CHYXKHT peanusauuedt reomerprn bBoftan —
Jlo6aueBckoro, a 3atem Kueitn u Ilyankape nocTpouiu
COBCEM NPOCTHIE MJIOCKHe MOJENH, B KOTOPHIX pealiH3oBa-
JiaCb 3Ta HOBast FeOMETPHA.

Bce 310 mpuBeno K BO3HHKHOBEHHIO OOlIEro Merona
IOKa3aTeJibCTBA He3aBHCHMOCTH aKkcuoM. KopoTko roso-
psi, TAKOH METOH COCTOHT B caefyoitem. Jl1a Toro 4To6n!
IOKA3aTh, YTO aKcHoMa A gBJjfIeTCS He3aBHCHMOH IO OT-
HOIIEHHIO K HEKOTOpOfl cHCTeMe aKCHOM S, K cucTeMe S
NIPHCOCNHHSIIOT A — oTpunanue yTBepkaeHHs A —H M-
T210TCs1 HalTH OGBEKTHl, YAOBJIeTBOpsioe S U A. Ec.rm
3TO MOXKHO CHeJNAaTb, TO CHCTEMa, COCTOALlas M3 S H "
HernpoTHBOpeynBsa; Torga A sBAfeTC He3aBHCHMOH no
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OTHOLIGHHIO K CHCTeMe S H CcHcTeMa S MoxeT ObITh IO-
nojiieHa akCHOMO# A. :

OG6biuHO npy MOCTpOEHHH 0GbEeKTOB, 06pa3yoInX MO-
Oeapr g HEKOTOPOH CHCTeMpl aKCHOM, MPHXOIHTCA HC-
HOJb30BaTh APYryi0 CHCTEMY, HENPOTHBOPEUHBOCTL KOTO-
pofi CUHMTaeTcsl yxe YCTaHOBJEHHOH HAu He Tpebyoue
HAoKa3aTeabcTBa. Tak, HanpumMep,. aHaNUTHYeCKasi Teo-
MeTpHs Ha IIJIOCKOCTH fBNSIETCH MOMAENbLIO NAaHHMeTpHMH:
TOUKH HHTEPHPETHPYIOTCS KaK YHOpAmOYeHHLle mHaphl

Puc. 32,

(%, y) nefiCTBUTeNbHBIX YHCeJ, NMpAMBle — KaK MHOXeCTBa
nap (X,y), YIOBNETBOPSIOMMX JHHEHHOMY YpDABHEHHIO
BHn2 ax + by + ¢ = 0, u T. 1. Takas HHTepIpeTauus Onu-
paeTcss Ha CHCTEMY HEACTBHTE/bHBLIX YHCEN, a2 Belb Kax-
OB MATeMAaTHK, HECMOTpPSl Ha ONpeleNieHHble JIOTHYECKHE
TPYLHOCTH, BCe-TaKH HCXOIHT H3 MPeANOJOXKEHHS, 4YTO
anre6pa. 1eHCTBUTENBLHLIX YHCEN HellPOTHBOPEYHBA.

Bor Kak moxaspiBaeTcsl He3aBHCHMOCTb MATOrO IOCTY-
NaTa B NJaHHMeTpuH. PaccMoTpuM BepxHIOK® NOXYMJIO- -
CKOCTL OOBIYHOM TJIOCKOCTH, MCKJIIO4as H3 Hee OCh X
(puc. 32). «TouxkaMu» HOBOM reoMeTpHu OyieM CYHTaTh
TOYKH 3TOH HONYINIOCKOCTH, 2 NPSMBIMHA» — HOJYOKPY K-
HOCTH C HIEHTPAMH Ha -ocH X (OHH NepecekawT ee MOX
OpsAAMBIM yrioM) u (oObluHbIE) TpsMBlE, NEPNeHIHKYIap-
HbIe OCH X. «YIJIbI» MEXKAY «NMPSIMLIMH» OTpefesuM OObly-
ubiM 06pa3om (T. e. Kak e8Kaudogsl yriul MeXay Kaca-
TEJbHHIME K H300paKaIolHM <«HPAMEIE» OKDPYXKHOCTAM).
UTo6L 3aBepuluTh OMHCaHHe ITOH reOMETPHH, OCTAJOCh
AaTh OonpenefieHHe KOHTPY3HTHOCTH, MJIl, YTO P2BHOCHJb-
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HO, BBECTH «XKeCTKHe IBHKeHHA». TaKHMH IBHXKEHHSIMH
GyleM CYHTATh B3aMMHO ONHO3HAYHHIE MpPeoGpasoBARHSA
paccMaTpHBaeMOH MOMYMIOCKOCTH B ce6sl, HepeBoAsLine
«npsiMpiey (T. €. MOJYOKPYKHOCTH C LIEHTPAMH Ha OCH X
HJIH NpsIMBble, NMERUEHAHKYJsPHbIE OCH X) B <«HpSMHE» H .
He HCKaKaloliye yrjos (TpeGoBaHHE «IKECTKOCTHY).

BLi6pap Ha ocH X Hauano KOODIMHAT M COMOCTABHB
KaXJIol- Touke P- BepxHed HOJYMJIOCKOCTH KOMILIEKCHOE
4HCao 2: ‘

Po2z=x+iy, y>0,

MOXKHO MOKa3aTb, YTO XKeCTKHMH JIBHXKEHHAMH SABJSIIOTCS
npeobpasopanus T (2) Buga

= 0ztp : '
T(z)— Yz+6 ’

ree o, B, y, 86— melicTBHTeNbHEE YHCIA, NPHYEM a8 —
—By >0 .

Puc. 33.

[Tonatue «Mexmy» BBOAUTCH OYEBHAHHIM 0GPA3OM.
[locne 3TOro MOXHO HPOBEPHTb, UTO BRIMOJHSIOTCA 8Ce
THAbGEPTOBEl AKCHOMBI €BKIHAOBOA MJIAHHMETPHH (B TOM
UHCMe H HEeCKOJbKO TyMaHHas aKCHOMa HelpephlBHO-
¢TH 1)), Kpome AKCHOMBI O TapasjesbHbIX.

Kak Buaso u3 pmc. 33, mpsiMble, MPOXOAALIHE uepes
TouKy P u napaisenbpnle npsaMo#l [/, 3anoJHAIOT Bechb

'} Kak ynoMHHaNOCh Bhlite, aKCHOMa HENPEPHLIBHOCTH yCTaHaBJH-
BaeT COXpaHAWINEe NODAJIOK B3aHMHO ONHO3HAUMOE COOTBETCTBHE
MEXAY TOUKAMH NpAMOA M AefcTBuTeabHbIMM uncaamu. [las uamei
KOHKDeTHOH MoOfe/id TaKOe COOTBETCTBHe JIerKO YKa3arh B HBHOM
BUAe. :
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8alUTPHXOBAHHHEIT HA 9TOM PHCYHKe y2o4. MoXeT BHI3BaThH
yauBJieHHe TOT GaKT, 4YTO Pe3yJbTaT  MHOTOBEKOBHIX yCH-
auif BoIpaxkaeTcss (M MPHTOM BMOJIHE TOYHO) B CTOJb He-
muorux cjaosax. Boilan u JloGaueBckoMy NPHULIOCH FO-
pasno TpyAHee, H60 B Te BPeMeHa elile He CyLeCTBOBAJIO
nousaTus Mofenn. OHH HCXOQHMJIH HeMoCPeNCTBeHHO H3 aK-
CHOM M MyTeM OOGBIMHBIX €BKJIHIOBBHIX: MPOUEAYP BbIBOAA
NoJy4and 3aKAl0UeHHsl, KOTOPHIE HABEPHSIKA Ka3aJIiCh HM
Ype3BLIYAHHO CTPAHHBIMH; C JKeJe3HON BbILEPXKKOH OHH
JMOJKHBl OBl MOAYHHATH CBOH NPHUBBLIYHBIE HHTYHTHBHbIE
fipeficTaB/IeHUs] HE NOMYCKAWOUMM OTKJOHeHhi1 TpeboBa-
HHAM JIOTHKH. . ) |

Hurme B MaTemaTHKe BONpPOCH NOJHOTH H HEe3&BHCH-
MOCTH AaKCHOM "He HrpaloT Takoi OoJiblioHd PpONH, Kak
B Teopuu MHOXecTB. [1ocKOMbKY TEOPHS MHOJKECTB efH-
HOAYUIHO MpH3HaeTcd (pyHIaMEHTOM BCel MaTEMAaTHKH, ee
8KCHOMATHYECKHE OCHOBAHHS — BONPOC MEPBOCTEHEHHON
BAXXHOCTH.

B To Xe BpemMs B TeopHH MHOXeCTB MONAaRalOTCH
NPeNJIOKEHHST BPOJe aKCHOMBI Bbi6Opa, KOTOpas HmeeT
TaKHe CTPaHHbie CNEACTBHSA, UTO HEKOTOPble MATeMAaTHKH,
XOT H He OTBEPraloT ee OTKPHLITO, BCe Ke MpPEeAHNOYHTAIOT
ee Haberars.

Vmeercss TakKe 3HaMEHHTasi KaHTOPOBCKAs THIOTE3a
KOHTHHyyMa, JI0Ka3aTeqbCTBO (HJH OMNpOBEpXKeHHE) Ko-
TOpo# I'nabGepr CuHTaNM HACTONBLKO BAXKHBIM, YTO B CBOEM
CIHCKE HepelleHHHIX nmpobjieM MOCTaBHA ee MepBOii.

Uepes HeckosbKo JieT nocje OnyGJAMKOBAHHS CBOeil
pa6GoThl O HepaspellHMEIX NpefnoXenHax [énmenp noxa-
8aJ, 4TO H AaKCHOMY BbLIGOpa W THIOTe3y. KOHTHHYyMa
MOXHO pacCMaTpHBATL KaK HCTHHHHle B Takux ¢op-
M&NbHBEIX CHCTEMaX TeOpPHH MHOMKECTB, KaK CHCTeMa
Dpenxens uan cucréma I'miabbepra — Bepnaiica. Hnaue
FOBODA, OH MOKasaJj, YTo 3TH NpefJoxenus Jaubo HOKa-
3yeMbl B TaKOil cucTeMe, JIHOO ABIAIOTCS HE3aBHCHMBIMH
110 OTHOWIEHHIO K OCTAJbHBIM AKCHOMaM H MOTYT IIpH XKe-
JIaHuH ObITh HoBGaBJeRbl K 3TOI CHETeME. :

[lonnoe BoisicHeHHe cTaTyca aKCHOMBL BHIGOPA M TH-
NOTe3L KOHTHHyyMa Onlsio focturiyto B 1960 r., korma
Hoap Kosu mokasan, uTo B OGHIUHBIX (DOPMANbEbIX CH-
CTeMax TEOPHH MHOXEeCTB aKkCHoMy BEIGOPa H THMOTe3y
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KOHTHHYYMa MOXHO, He Bnajas B n—pomBopeque, cqn'ra'rb
He GbINOAHAIOUMUCA) -

Kaxk ckasano suiwue, pesyabrat ['€nens cocrosn B ToM,
YTO HH akcHOMa Bbldopa, HH THIOTe32 KOHTHHyyMa ue
ABAAIOTC O0KQ3yemO NOXKHBLIMH. DTOT pe3yabraT Obia
MoNyYeH MyTeM MOCTPOCHHS MOOeAu TEOPHH MHOMKECTB
(ynosaersopsioulefi, HanpuMep, axcuomam® Dpenkens
nian I'nas6epra — Bepuafica), B KOTOpo# HCTHHHO KaKoe-

HUGYJIb OLHO M3 3THX NpefpJoxKeHH# uau ouHu oba. Cyiue-
CTBOBaHME TaKoH MofelH He O3HaYaeT, YTO PaccMaTpH-
BaeMoe MpeRJokKeHUe (CKaxKeM, FHA0Te3a KOHTHHYyMa)
BLIBOXHUTCA M3 aKCHOM, TOYHO TaK ’Xe, KaK HOCTPOCHHSA
MOZEJH reoMeTpHH, YAOBJIETBOPSIOUIEH BCEM aKCHOMaM
EBkaupga BKJIOYas MNATHIE NOCTYJAT, HEAOCTATOYHO HJd
'BLIBOJA 3TOTO MOCTYJAaTa M3 OCTANbHBIX aKCHOM. UTO Xe
Kacaetca KosHa, To OH MocTpoua modeAu TEOPHH MHO-
}KEeCTB, B KOTOPbIX- AKCHOMa BbLI6OpA He BHIOJHAETCH, H
Ipyrde MoJe/H, B KOTOPHIX OHA BLIMIOJHAETCA, HO He
BHITIOJIHAETCS TUNoTe3sa KontunyyMa. OH yKasaJs cuctemy,
YROBJETBOPAIOHWIYI0 BCeM OOLIYHBIM aKCHOMAM TeopHH
MHOXeCTB BKJIIOuasi aKCHOMY BniGopa, B KOTOpoH, onma-
KO, KOHTHHYYM HMeeT «oueHb O60JpIIyIO» "MOLIHOCTb, H,
TakuM 00pasoM, B 3TOH CHCTEME CYIIECTBYIOT MHOXKeCTBA
APOMEXKYTOYHON MomHOoCcTH Mexny Ny (MOUHOCTBIO MHO-
KeCTBAa BCEX LENBIX YHCEJ) H ¢ —— MOU[HOCTbIO KOHTH-
Hyymat).

StH pe3yabTaTH cnenyeT paccmMaTpuBaTh Kak oOmpe-
IellenHo paspemawiue npobaemy Kantopa, mo KpaHHe
Mepe B paMKax cyliecTByiomux ¢dopmanusantil TeopHH
mHoxecTs. Ha nmam Barasg, oHM 6pocaloT HOBBIA BLI3OB
H OTKPHIBAIOT HOBLIE MEPCMEKTHBL HCCJAENOBAHHS OCHOBA-
Huit MatemaTtukd. Cjenyer, OLHaKO, MOMHHTb, YTO MBI
MHOro pas ynorpe6asian ciaosa «bopManibHule akcHoMa-
THYECKHE CHCTEMBI» TEOPHH MHOXKeCTB. BoaHmKaeT BOMH-
poc: Ne#CTBHTENbHO JH 5TH CHCTEMBl fIBJSIOTCS HOCTa-
TOYHO OOWIMMH, 4TOObl OXBATHTb BCIO HALMY WHTYHIHO,
KOTOpasi B HEKOTOpoM cMbicie 6ojlee CyulecTBeHHa, ueM

') Mo noBogy 3THX pesyJbTarTos cM., HaanMEP, M. Ix Kosn
n P, X'epum, Hexanropesckas Teopua MHoXecTB, [lpupoda, Ne 4
(1969), 43—55 — INpun. peo.
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ni060e HOPMATH3OBAHHOE MHOXKECTBO lAMHCAHHBIX HA
6yMare BbIpaxeHHil, BBIIABAEMbIX 3a OTPaXKEHHe 3TOH
HHTYHUUH? [Ipu COBpemenHOM COCTOSHUU MaTeMaTHYe-
CKOro MbilllIeHHs1 TaKo# BOMpOC CJAEAYeT OTHeCTH K Me-
tamMatemaTtuke. ORHaKO OH HMeeT Ba’kKHOe (UIOCOPCKOE
3naueHHe; Kak Mbl BUIASIM HA HpelblAyUHX IpHMEpPaXx,
B IIpoHecce Pa3sBHTHA HAYKH HeOLHOKPATHO HIEH, KOTO-
pble MepBOHAYaJbHO OBLIM METAMATEMaTHUECKHMH, CTa-
HOBHJINCb B KOHHE KOHHOB YaCTbl0 CaMOfl MAaTeMATHKH.
Takum o6Gpasom, MeraMaTeMaTHKa HpPeACTaBIAET 3HAUYH-
TEeJLHLIR HOTEHHUAJNBHBIYI MAaTeMaTHYECKHH HHTEpEC.

Ckopee Bcero, B OyAylieM TaK H He YRAacTCsl MPHHATH
HH K Kako#l omnpeneseHHON KOHEYHOH CHCTeMe AaKCHOM,
paccMaTpHBaeMoil Kak OKoHuatenbnas., Hamporus, mno-
"KOGHO TOMY, KaK 3TO MPOHUCXOAHT B MUPE KHBOro, 6yayT
HOCTENEHHO MOABJSITLCA BCE HOBLie aKCHOMBL. B0O3MOXHO,
cucTeMa akcuiom OyneT pas3BHBaTbcA, TAK CKa3aTh, «re-
HeTHUECKHM» MYyTEM HA OCHOBE CYIIECTBYIOUHX aKCHOM
B Pe3yJjibTaTé COTVIACOBAHHOH paGoOTHl MaTeMATHKOB Hal,
X clencTsusiMd. MoxHo Onuio Gnl ellie N06GaBHTb, 4TO
HHKaKasg H3 pacCMATPHBABUWIHXCS IO CHX Mop ¢opmalb-
HLIX CHCTEM He HAeT AaJeKBaTHOro BOILVIOIIEHHSI TOro
npencTasieHusl 0 GECKOHEYHOM, KOTOPOTro Gecco3HaTelib-
HO MpPHIEPXKUBAIOTCH MATEMaTHKH; MOXHO Jaxe OTBa-
MHTbCH Ha THIOTe3Y, YTO Takas (PopMAAbLHAS CHCTEeMA
BOOOI1le HEBO3MOKHA.

O6cyxnas Tembl H TENJeHUMH MATEMATHKH, Mbl yle-
JHJIH MHOTO BHUMAHHSI OCHOBAHHAM, ocofello OCHOBa-
HHAM TeopHH mHOXKecTB. ONHAKO Mbl HE XOTEJH CO3JaTh -
BrleyaTyienue, 6yaTo ray6oKo HpOACHHBLIHE Jes10 paGoThi
I'émesss w Ko3Ha HeNmOCPeACTBEHHO 3aTPOHYJHM TIJaBHOE
pyciao matematnki. Ha camom nene 66Jbinyio 4acth Ma-
TCMATHKH OHHM_He 3afesd Bosce. C npyroii cropoHsl, mnpo-
ACHElHe OCHOBAHHA reOMETPHH, NMPHHECEHHOE OTKPBRITHEM
HeeBKJIHJOBLIX reoMeTpHil, 0Ka3ajo riy0oKoe BIMSAHHE HaA
MaTeMaTHKy, (U3HKY H aCTPOHOMHIO,

Bo3MoxHO, 370 mpOW30WIO TMOTOMY, YTO TEOPETHKO-
. MHOXEeCTBeHHble OCHOBAHMS MATEMATHKH CJMIIKOM BCe-
0BeMIIOIIH U HOCAT CAHIIKOM OGLIHE XapakTep, Y4TOObL
ArpaTth KH3HENHO BAXKHYIO POJib B KOHKPETHHIX 3aJayax
TOBCCAHEBHON MAaTeMAaTHKH, 2, MOXeT GbITh, MOTOMY, 4TO



" TEMBI, TEVJEHUMH U CHHTE3 al1

OHH HMCIOT [eJI0 CKOpee ¢ CaMHM 1POLECCOM AeLYKIHH,
UeM C ero mIoAaMu.

Kak 68 To HH GHJIO, paGoTa HAN OCHOBAHHAMH Bcell
MATEeMATUKY 8 YeAOoM NpHBeNa K OTPHIATENbHOMY pe-
3yabpTaty, H0O OHa BLIfiBHJIA Caalbie CTOPOHBI aKCHOMa-
THUeCKOro Merofia. B Teopnu MHOXeCTB OHa NOPOAHIA
CepbesHbie COMHEHHs B CylIeCTBOBAHHH (POPMAJbHEIX CH-
cTeM, CMOCOGHBIX AATh Takoe ONMHCAHHE, KOTOpOe OTBe-
yasno Obl NPeCTaBAEeHHI0O MATEMATHKA O MHOXKeCTBax.

Hanporus, pa6ota 1najs OCHOBAHHAIMH [EOMETPHH
HMena apyro#, 3HayuTesbHO GOJiee KOHCTPYKTHBHBIH pe-
syaptaT. OKasanoch, 4YTO OUeHb MHOTOE K3 HALIMX MHTYH-
THBHBIX TIPEACTaBJEHHH O NPOCTPAHCTBE MOXKET OLITb
dopmanusoBaHo B Buie HAelyKTHBHO! CHcTeMbl. Boaee
TOro, cama 3Ta (opmanu3allusl COLepP)KHUT B cebe 3apo-
IBIIH HOBLIX MHPOB, NOROGHLEIX OTKpBITHIM JloGadeBcKHM
u Doitan, Mupos, koTOprie CHauana MNPOTHBOPEUHJH (H-
3UUECKON HHTYHIMH, HO JHUIb 3aTeM, 4YTOOBI CJAUTHCA
¢ Heit Mo3IHee B PaMKax TEOPHH OTHOCHTeabHOCTH. Ha-
KOHell, 3Ta pa6oTa OKa3alla BAXKHOe BJAHAHHE Ha AHpGe-
PEHIHANBHYIO TeOMeTpPHIO ~— ORHH H3 HEHTPaJbHBIX pa3-
JIeJIOB MATEMATHKM, KOTOPbii BCE ellle AKTHBHO H3ydaerT-
csi. TpynHO H36exAaTh UCKYLIeHHS M He CHelaTh H3 BCero
3TOr0 BHIBOJ, YTO CYIECTBYeT KAKOe-TO HeOHpeaessieMoe
riy6okoe pasaMume MeXAy npo6aeMoii akCHOMAaTH3anHH
OTHENbHON BETBH MAaTeMaTHKH, O0A3aHHOA CBOMM INpPOMC-
XOXKNeHHEM BHEWHUM CTHMYJIaM, H NpobieMofl akcHOMa- -
TH3AIHH BHYTPEHHUX TIPOUECCOB MBILUJIECHHS,
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CBA3b C ' APYITMMHU HAYHAMH

Bonpoc 0 ¢BA3H Mexny MaTeMaTHKOH U €CTeCTBEHHO-
HayYHBIMH RUCUMIANHAMH BEKaAMH CTaBWJ B 3aTpylHeHHe
¢unocodoB ¥ HCTOPHKOB HAYKH.

Bpan au cToHT COMHEBATBCS B TOM, YTO MCTOUHHKOM
MHOrMX MaTeMaTHUYECKHX MOHATHIl U TEOPHH NOCAYKHI
«BHEWHHA MHP». Ho ofHaXKInl MOCTHrHYyTHlE, 5TH MOHs-
THSI ¥ TEOPHH HAYHMHAJIM PA3BHUBATHLCA COBEpIUEHHO Hesa-
sucuMo. OHM nomHMMajuCh K BbICOTAM abCeTpakuui,

0cBOGOXKAasACh OT MyT CBOEr0 KOHKPETHOro (Aaxe «HH3-
" MEHHOTO») NpoUCXOXKAeHHA. B mpoluecce 3Tol 3BOJIOIHMH
YHCTO MHTPOCNEKTHBHLIM IMyTeM DOXKAAJIUCL HOBLIE MOHSI--
TH M TEOPHM, KOTOphlE B CBOIO OyepeAb UyAOLeHCTBEH-
‘HpiM 00pa3oM OKa3biBaJi pellaionice BJAUAHME Ha XOIX
HAyuYHOro nporpecca yxke 3a NpexesaMu co6CTBEHHO Ma-
TEMATHKH. _ '

PacemorpuM B KauectBe mpumepa reomerpuio. Ona
BO3HHMKJIA M3 ONbITA APEBHHX 3eMJIEMEPOB M aCTPOHOMOB
¥ Ha CBOeM MEPBOM BEJHKOM 3Tale PasBHTUA AOCTHIJA
KyabMHHAlUMyu B «DJemenTax» EBK/AHMAA, KOTOpHE BeKaMu
CAYXUIY HENPeJOXKHbM 06pAa3LOM JIOrHYeCKofl cTporo-
CTH M COBeplIEHCTBA. . :

OtopBaBiHCL OT BlielIHEro MHPa, U3 KOTOPOrO OHA
BO3HMKJIA, reOMETPHS IIPOJOJIKAJNA Pa3BUBATHCA, IATASIC
CBOMMH COGCTBeHHBIMH nmpoGieMaMu. Cpeau HuUX 6uljaa M
npo6ieMa NATOro MOCTYJaTa— CTOJbL JK€ HEYJOBHMAas,
CKOJIb H NPUBJAEKaTeNbHas. ‘

Kak Mbi BuAeau B ri1. 2, 3afaya 6blja 4HCTO JOrHYe-
CKOA: MOXHO JIH BbIBECTH YKA3aHHYI0 aKCHOMY (IOCTY-
JlaT) M3 OCTa/NbHbIX AKCHOM €BK/IHOBOH reoMeTpHH.

Boftay u Jlo6aueBckuii NMepBHIMM [aiy OTpHLATENb-
HBbI/l OTBET HA 3TOT BONPOC, IOCTPOHB CHCTEMY [EOMETPIl-
HECKHX TpeAJIOKeHUi (BKJIOHAOIUYI0 OTPUIlAHHE MATOro
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[I0CTYJ1aTa), KOTOPble HAXOAUAHCh B TaKOM B32aUMHO OA-
1103HAYHOM COOTBETCTBHM C UX. €BKJIHAOBLIMH aHANOraMm,
uTO NPOTHUBOPEYHE B OJAHON U3 STHX CHCTEM, HeMeIJIeHHO
nosJekJo, 66 3a co6ofi npoTHBOpeYne B APYrof.

HiHTepecHo OTMETUTH, UTo HM Boitan, nu Jlo6auesckuil
HEe HMENH OTYETVIMBOrO OMIYHI€HHMS «pealibHOCTH» CBOefl
reoMeTpun. JloGaueBcKufi Has3hBall ee <«MHHMOf», a
Boftan B3BOJTHOBAaHHO MMCAJ OTIly: «... U3 -HUYEro s cO3-
aan HOBRLI H YI[HBHTeJleHH MHP>».

JIuib ‘MHoOro Jer cmycta reoMerpusi ‘Boitan — Jlo6a-
uesCkoro nomorsia Pumany- nafitu riayGoOKHI M OTKpH-
BAIOU[HA HOBHE MNEPCHEKTHBBL MOAXOA K HEeBKJIJOBHM:
reoMerpusiM. CosfaHHBIl B pe3y/bTaTe MaTeMaTHUECKHIt
anmapatr Obil NOJIOXKEH B OcHOoBaHue o6Ied Teopuu oT-
HOCHTEJbHOCTH DiHIITeRHA.

3T0T npuMep ¢ reoMeTpHeii — BeposiTHO, caMas Apa-
MaTHyeckasd, HO AaJleKo He eAMHCTBEHHAs WJMIOCTPanBs
NpeBpalleHHil, KOTOpLIE npeTepneBa}m MareMaTHyecKHe
TIOHSATUA Y HJAeH.

. Hccnenys, kak octoiBaer 3eman, @Pypbe .mpuien
K npo6GieMe mnpeACTaB/aeHUs TEePUOAUYECKON ¢YHKIHY
B BUJe P5Aa, COCTOSILIEro U3 cx«mycos H KOCHHYCOB:

5 ao + 2‘ a,, cos 2nnx + b, sin 2nnx)

n=1

Ta xe npobneMa Bosnuxaer NpU MONBITKE PA3NOKUTH
CJIOXKHOC NepHoxuueckoe Kosiefadue (HampuMep, 3BYKO-
BYI0 BOJIHY, CO3LABAEMYI0 My3biKaJbHLIM HHCTPYMEHTOM)
lla mpoCTHE «YHCThle TOHH» (CUHyCOHMAANbHEe KoJgeba-
Hug).

ItH 3anauyy bH3KUKK HaJ¥ MOLIHLIA TOJYOK H3yYEeHHIO
psILOB, ‘MOAOGHBIX HAMUCABHOMY Bhillle, UTO [PHBEO
K CO3LAHHMIO YHCTO MaTeMaTHYECKOR Teopuu 'rpuronomeT-
pHYECKHMX PSAOB.

-[lo Mepe pas3BATHsI 3TOfi TEOPUH CTAJO oqesuzmo. uTO
HEKOTOpHIE ee Pa3feNbl COBEPLIEHHO He CBSI3aHbl C CHHY-
COMAANBHOCTLIO «YHCTHIX TOHOB». B AeficTBUTENbHOCTH
GOJIBUIMHCTBO Pe3y/NbTaTOB OCTaHyTCH BePHBLIMH, €CIH M0-
IBUBLIHECA H3 (PH3UYECKHX COO6paKeHHH CHUHYCHl H KO-
CHHYCHl * 3aMEHHTD tpyuxuuﬂmu ‘Pn (%), NoRUMHEHHBIMH
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€QHHCTBEHHOMY YCJOOBHIO

! 0, ﬁ#n,

1
0f.cp,,<x)cpm(x)dx—l L men
910 ycioBue ABAAETCA aHAAOTOM YCJIOBHSI B3aHMHOH
NepNeHAHKYNAPHOCTH BEKTOPOB LBKJAHAOBA POCTPAHCTBA
“(cm. § 15 ra. 1) u TpeGoBaHusi, 4TOGW 3TH BEKTOPHLI
UMenH eiMHMuHYIO ANuHy. Hrax, samaua npexcrabieHus
(byHKIUH B BuAe pAfa

3 a0 )

. CTajla aHaJNoroM 3aJayy PasjioKeHHA BEKTOPa Ha B3auM-
HO MepNeHAUKYNSAPHBIE KOMIOHEHTH.

DTa H [pyrHe aHAJOTHH TOrO XK€ Poja MpPUBENH K TOo-
SIBJIEHMIO TIOHATUA MpocTerliero GeCKOHEYHOMEPHOro
' IIPOCTpPAHCTBA — TAK Ha3blBAeMOTrO THJIL6epTOBa IMPOCT-
pancrea. M cHoBa uyZo: ruinGepToBO” mPOCTPAHCTBO
OKAa3aJ0Ch MOAXOAAIUM <«MaTeMaTHUYECKHM KapKacoM»
KBAHTOBOH MeXaHMKH.

H3BecTHO, YTO pasBuTHE MaTEMaTHKH, 0COGEHHO B He-
KOTOpLIe TIEPHOJb, B 3HAUHTENLHOM MepPe onpenensyoch
3asayaMy (PU3HKK U ACTPOHOMHH.

Tak, ncuncienHe GecKOHEUHO MaJjblXx — caMbiil Kpym-
HplY, [10-BHIMMOMY, UIar.HA OYTH 3BOJIOLHHM MaTeMaTHue-
CKHX TMOHATHUH #H MeToXOB — Oblio pasBuTo HploTonoM
LJIsi pellieHHs 3ajgay KMHAMUKH M, B YacTHOCTH, 3anay,
BO3HHKAIONMMX NPH H3YyueHHM ABHKeHHsi naaner. Kopowu-
nbiM nocrHxeHsnemM HeloTona Guin BwBox 3akonos Ken-
Aepa!) M3 3aKOHA BCEMHPHOTO TATOTEHHS.

3aKoH BCEMHMDHOTO TATOTEHHSl YTBeP:KAAeT, 4TO 1Ba
TeJia NMPUTATHBAIOTCA C CHJIOHA, NPSMO MPONOPRUOHANLHOA
HX MaccaM u 00paTHO NPONOPLUHOHANLHON KBaxparty pac-

1} Bakowsl Kenzepa TakoBbl: 1) miaHeTh ABUXYTCA MO SJJIUI-
taM, B oaHoM H3 (OKYcoB KOTOpPHIX Haxoaurcs CouHile; 2) OTpeaok
(panuyc-BexTop), coemHHAIONIMIA Connne u nnadeTy, 3aMeraer 3a
paBHble NMpOMeXYTKM BpPeMeHH paBHHE Niollaa# (MO3TOMy Kaxpaas
MI4HeTa ABHAKETCA GHCTpee, KorAa onia Gauxe x Connuy); 3) xea-
dparul nepyonos o6pauienss miaHer sokpyr CosHia NpONOPIHOHANb-
Wbl KyGam ux paccrosuuii or CosHua, :
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croannss Mexny HumH. [Tocrymmposanubit Hbiotonom
BTOpO#l 3aKOH MeXaHHKH (cHja NPONOPIHOHAJNbHA Macce,
VMHOXEHHO! Ha yCKOPEHHE) M03BOJSET yCTAHOBHTb, YTO
yCKOPeHHe MJ1aHeThl 0BPaTHO MPONMOPIHHUOHANBHO KBaj-
paTy ee pacctosiiusi or CosiHua ¥ HanpasJieHo K ConHiy
BA0Jb O0Tpe3ka, coenunsiomero ee ¢ CoanueM. [Tockonbky
ycKopeline eCTb BTODasi NpPOU3BOJMHAs pakHyca-BeKTOpa
IIaHeTsl, NpenbiAyillee 3aKJioueHHe NMPUBOAHT K ypaBHe-
11110, CBA3LIBAIOMIEMY BTOPYIO MNPOM3BOAHYIO BEKTOpa
¢ caMMM BeKTopoM. Takoe ypaBHeHHe Ha3bIBaeTcs Aud-
(pepeHURANIbHBIM, TaK KaK B HEro BXONMT NPOM3BOLIAs
HCKOMOA (yHKLUMH OT BpeMeHH. HbIOTOH BhIBEJ M pelUu
3TO ypaBHEHHe, NOJYYHB B KauecTBe CJEACTBHSI BCe TPH
sakona Kennepa.

TpynHo nepenats, kakoe rpomMagHoe BO3neficTBHE OKa-
8aJo 3TO Beankoe aesHne HbotoHa Ha pasBHTHE HAYKH.
OHo, HECOMHEHHO, NOJIOXKHJIO Hayaslo TeopeTHyeckon Gu-
3HKe H JaJo oépaseu HCII0/Ib30BAHUA MAaTeMaTHYECKHX
NMOHATHA M NpeAcraBjeunfi LIsi ONHCAHAS (PUINUECKHX
SIBJIGHIH.

OcnoBHbix oOmnepanuit HcUMCAeHHST GecKOHEYHO Ma-
JibIX — nidepenipoBaing U HHTETPUPOBAHUSA — OKa3a-
JIOChb BIOJIHE [OCTATOUNO AJA TOro, 4tofbl copMyanpo-
Barh BCe (PH3MYeCKHe 3aKOHB], OTKpPHITHE B 18-M H
19-m Bekax. Teopus ynpyroctd, rufpofuMaMuKa, TepMO-
IWHaMHKa M BeJnKoe goctHxKenne Makcsensa — Teopusi
3J€KTPOMAFHATHOrO NOJY — BCE 3TO HaHb NOYTH Heno-
CTHXKMMON MHOTOCTOPOHHOCTH 3TOro ucyucienuns. He
YAHBHTEJBHO NOSTOMY, YTO aHANNW3 — pa3fiesl MaTeMaTh-
KH, BeIpOCIIMH Ha noyse auddepeHNNnaNbHOrO M HHTe-
rpajsbHOro UCYMCJEHUS, — CTAJ MOUCTHHE SI3HIKOM TOYHBIX
HayK ¥ NpeBpaTHJ MaTeMAaTHKOB B MOJHONDABHBIX yvacT-
HHHKOB GHTB 32 OBJajeHHe TaHAMH OPUPOALL.

TeyeHHe [Byx% OPOLLABIX CToJleTudt (H3MKA CTauo-
Buaack Bce OoJee MaTeMaTH4eCcKOi, MaTeMarHKa Ke,
¢ OJHO#l CTOPOHBHI, BCE CH/IbHee MpOHHKAJa B (HU3HKY, a C
ILpyroit, Bce OoJiblie NpOHHKaJach (PU3HYECKHM LYXOM.
Mijorue KpynHBE MaTeMaTHKH TOTO BpeMeNn¥ ObiIM M Be-
Ayweme ¢usnkamu. TpafHOHs TeCHOTO COTPYJAHHYECTBA
MEXJIy ABYMsi STHMH HayKaMH{ [pOJOJUKAercs M 0 lia-
unx fAHedl, XxoTs ero MacmTabnl CHJIBHO COKPATHJMCS,
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O TOM, CKOJb IJIOAOTBOPHHIM H MHOrooGemaou(iM
ABASVIOCH TAKOE COTPYIHMYECTBO, CBHIETEJbCTBYeT; Ha-
npHMep, HpencKasanue 5JIEKTPOMArHUTHHIX BOJIH M CO3Ja-
HHe 3J1eKTpOMarHuTuol Teopuu cBera. K cepennue 19-ro
BeKa HaKoNWjochb MHOrO 3SKCOEpHMMEHTAJIbHBIX [NaHHBIX,
Kacaomuxcs 3JeKTPOMAarHuTHeIX sBJeHHi. Ha Gase aTux
JauHLIX, COYETAsl CTPOrYIO INENYKIHIO ¢ NeP3KHM INpelBH-
neuveM, MakcBess1 cyMes mpuiiTu K cucteme nuddepen-
IHaNbHBIX ypaBuennil, Bo6paBuiux B cebs Bce, UTO OBIMIO
H3BECTHO B TO BpeMsi 06 3JIeKTPUYECTBE U MarHeTH3Me.

Oco6enrio npocToli BUA ypasHenus MakCBeldna npUHAMAIOT A4S
SAEKTPOMATHUTHOTO MOJA B BaKYyMe — OHH COAEPIKaT Juilb ABe BeK-

TOpHHIE BeTHIHUEL HanpAKeNHOCTL SMEKTPUIECKOro noAs Ewn nanps-
MeHHOCTb MarHUTHOTO TOJA B. Bor stu ypaBHEHUsR:
: > >
VE =0, VB =0,
)

B
a-%l;;,va ﬁ———=—v><‘E

Kosdduunentt o u § zapucar or Budopa eaunuu, U3 srtux ypas-
HEHHA nyTeM HECHOXHHX MATEMATUYECKUxX BHKAA0K MOXHO BH-

BECTH, UTO HalpsKeHHOCTb snempuqecxoro nons B yRoaeTsopser
ypaBuenHio
> > >
E_ 1 o oz_ 1 (025 »E 025),'
o1~ of of \ox? " 8y T ozt

™ Xe camoe ypaBHenHe no.nyvrae-rc;l H JAS HanpsiXXeHHOCTH MAarHHT«

HOTO NOAR B .
B _ E »B  aB  oB
T w Y (ax2 T8y T 922 )

Benuuuna 1/o.f Hmeer pasmepHOCTL KBajpaTa CKOPOCTH; ona MOXer
GuTh onpejesieHa IKcePHMenTatibH0. OKa3MBaeTCH, YTO

H/(aB) = 2
TAE € — CKOPOCThL cBeTa! -
Hesanonro me Maxcseasa crajgo H3BeCTHO, 4TO JIO-

KaJ/lbhoe BO3MYIleHHe B H30TpONHON ynpyroi cpese (na-,
XOAUBLIEHCST B COCTOSIHMM MNOKOSI B HauaJbHBIA MOMENT
BPEMEHH) pACNpOCTPAHSETCs B BHIe BOJH, NPHYEM 3TO
pacnopocTpaHeHue _ormcusaeTc;] B80AHOBLIM YPABHEHUEM

U, *U | U

o ¢ ( ax? + dy? + 02’)’
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rae U(x,y, 2z, ) — oTKJIOHEHHe OT ‘HAYaAbHOrO [HOJIOXKE-
nAs NOKoA B Touke (X, y,2) B MOMeHT BpeMenH £ 3aecs
NOCTOAIHHAA € — 3TO CKOPOCThb pacnpochaHeHHﬂ BOJIH
p paccMaTpuBaeMoill cpefe. . .

MaxkcBenn 6uin OpaXen TeM Q)amom 4TO 3nempu-
HeCKHH M MArHHTHBI BEKTOpHl NMOAYMHSIOTCS BOJHOBOMY
yPaBHEHMIO, U NPUIIEN K BHIBOAY, YTO 3JEKTPOMArHHTHbIE
BO3MYILEHHs! TOXKe PACNPOCTPAHAITCSH B BHAE BOJIH. JTO
BeJUKOJIEMHOe TeopeTHyeckoe IMpefcKkasanue OJjecTsiie
noarsepAunock B, 1886 r., korna Tenpux Tepn skcmepu-
MeHTaNbHO, MOJYYHJ 3JEeKTPOMAaruuTHple ~BosHH. [lo-
CKOJIbKY 9JIeKTPOMArHYUTHLIE BOJIHL PaCIPOCTPaHSIOTCA
CO CKOpOCTbIO ¢BeTa, MakcBeaJ MpPeANoNOXHI, YTO CBeT
fiBAsieTcs OfXHOM U3 QOPM 3/1eKTPOMArHMTHOTO H3Jyde-
HHA. DTO NMPEANoJoNKeHue TaKXKe MONHOCTbIO MOATBEPAH-
JIOCb MHOTOYMCJ/IEHHBIMY SKCOEPHMEHTAMH Y AAaJbHeHIIH-
MY TeopeTH4eCcKHMM BrniBogaMH. B pesyabTate 6bli0 KO-
cTiriyro Gonee riayGoxoe NOHMMaHHE NPHPOAB! CBETA.

IIpumep MakcBenoBCKOH TeOpuH 3J1€KTPOMACHUTHO-
ro MoJifi HIMIOCTPHDPYET W JApyroe (B HekoTOpOM CMbIC/e
GoJiee . TOHKoe) B3aHMOEHCTBHE MAaTeMATHYECKHX H (u-.
syueckux uaeli. Ono' cBA3aHO ¢ TeMm, YTO 'ypaBHeHHA
MakcBesia, B oTaiuuue ot 3akoHOB HploTona, He uwsa-
PUGHTHL! OTHOCHTEJbHO npeo6pa303anm’4 I‘a.rm.neﬂ (cM.
§ 16 1).

C Apyroil CTOpOHBI, 3TH yDaBHEHHS COXPAHSIOT CBOH
BHA INpH npeo6pasoBaHuﬂx Jlopenia (§ 16 ra. 1). dror
YHUCTO MaTeMaTHYecKuil GakT cyelyeT U3 opubl ypasHe-
Huit MakcBenyia, ¥ B NpuHUMIIE ero MOXHO Obito Obl 06-
HapyXuTb, He UMes HM MaJjefiliero npeacTaBjeHus o0 GH-
8UYECKOM COZepxaHHu ITHX ypaBHeHuit, OfHako Amep3-
Koe Tpe6oBaHYe U3MEHUTb 3aKOHBl AMHAMHKH TakK, 4TOOH
OHM TOXe ¢TaNy WHBAPHAHTHE OTHOCHTEJLHO Npeo6paso-
Banufl Jlopenua, ne sABAseTCH YyiKe HM MaTeMaTHUECKHM,
HU AaxKe AeAYKTUBHHIM. DTO paspelieHHe AWJIEMMBE!, 10-
CTABJIEHHOH OTPUIATENbHBIM Pe3yJNbTaTOM JKCIEePHMEeHTa
Maiikeancona -~ Mopaun (§ 16 ra. 1); u3 Hero caenyer,
YTO BCE 3aKOHB QH3HKM HOJKHH ObITb HHBAPHAHTHH OT-
HOCHTEJILHO rpynns npeo6pasosauuit Jlopenna.

Korpa dimwreiin 8 1905 r. chopmynnposan stH Ho-
BLIE AJs1 Q)usuxu npenctasaenus, uaen dennkca Kaeiina,
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Kacalomuecss reoOMeTPHH, OblIH NPHHATHL H MOJHOCTLIO
OlleHeHHl MaTeMaTHKaMH TOro BpeMeHH. Kiefin u3noxu.1
5TH HOEH B peud, NPOUHTAHHOA MM [0OpPH BCTYIJIEHUH
B HOJIKHOCTH Npodeccopa MaTeMaTHKH B JIpJaHreHe.
B sT0it peun, crasuiell H3BECTHOM MOJ HazBaHnueM DpJaail-
reHCKOR nporpaMMel, OH NPeAJIOXKH/I paccMaTPUBaTh Pas«
JH4YHble reOMeTPHH KaK H3ydyeHue HHBApPHAHTOB COOTBET-
CTBYIOmMHUX rpynn npeo6pasoBasmii!). Brigalomufica ma-
temaTHk [epMan MuHKOBCKH, H3YMJIEHHLIE CXORCTBOM
MeXAy usnueckumu HAeamu DfAHUITENHHA U reoMeTpHYe-
ckuMu upeamu - Knefina, cymesn moJyuyuTb M3 HUX Ipe-
KpacHOe cOYeTanHe — NPOCTPAHCTBO-BpeMs, HaIeneHHoe
reoMerpHeli, B OCHOBY KOTODOH IOJIOXKelibi IpeobpasoBa-
tins Jlopenna.

O6c¢cyxnas posin MaTeMaTHKH B (OpPMyJNHpOBaHHU du-
8HYECKHX 3aKOHOB M BbIBOJE U3 HUX CJIeHCTBHUI, HeoOXO-
AMMO OTMETHTh 4acCTO BO3HHMKAIOUlee HeCOOTBETCTBHE
MexAy rayOHHOR (QH3HYECcKOf TeopHU M CTENeHblo CJOXK-
HOCTH ee MaTeMaTH4eCKoro OmucaHus.

MaremaTHyeckuit anmapat cHeiuabHON Teopuu oT-
HOCHTeJLHOCTH MpefesbHO OPOCT, B TO BpeMd Kak JexKa-
HiHe B ee OCHOBe (u3HueCKHe uJAEH H NPEACTABJICHHA
Ype3BbIuaiiHO TOHKM M ray6oku. C npyrofi ¢TOpoHbI, MHO-
rue npo6iembl, MOCTaBJAeHHble TeXHHKO!, BHOCAT lie3Ha-
UHTE/bHBIH BKJAL B Hallle NOHHMaHue (u3nYecKoro Mupa,
onHako Tpe6yloT NpPHBJIEUCHHS HEBEPOATHO CJIOKHOIO
MaTemaTHueckoro ammapata. Kpome Ttoro, xots (um 370
*BECbMa NPHUMEYaTeJbHO) TaK YaCTO Kakoe-Tubo HETHIE
MaTeMaTHKH, 3aIyMaHHOe W BHpaIleHHOe B ee HeLpax,
0KAa3bIBACTCsi HEOXKHAAHHO INOJIe3HBIM [JIf ONMHCaHUs HB-
JICHH BHeIIHero .MHpa (XOPOUIHMH MPUMepaMH CJyiKaT
KOMIIIEKCHbIe YHC/Aa M MaTpHIbL), TEM HE MeHee HH 3Jle-
FAHTHOCTb, HH 0c06as CJNOXKHOCTL TOTO WJIH MHOTO Mare-
MAaTHYECKOro MOHATHA, MOCTPOEHHA WM METORA CaMH 1O
cebe He HAOT HUKAKOR rapaHTHH HX NPAKTHUYECKOH MmoO-
JIe3HOCTH M NMPHUTOIHOCTH.

) Cm. ®. Kuaedin, Cpasunrensioe o6o3peHHe HOBERIIHX reo-
METPHUECKHX HCCeNloBaKHi, c60pHHK «O6 OCHOBaHHSIX I€OMETPHH»,
M., Tocrexusmar, 1956, crp. 399—434, Peqb Kanefina 6bi1a npouu-
Tana B 1872 r, — ITpun. peo,
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Burnep Tak moAsiTOXUJ Bce 3TO B cBoell crathe «He-
nocTukuMas 3¢ eKTHBHOCTD MAaTeMaTUKM B ecTecTBel-
HLIX HayKaxs»!): «Marematuueckuil si3bIK' YAMBHTEJNLHO
xopouto npucrocobiaen anst GOPMYJNHPOBKH dH3IUUECKUX
3aKOHOB. DTO WyJecHbiil £ap, KOTOPHI MbI He NMOHMMAaeM
U Kotoporo He 3acayxkuBaeM. Ham ocraercs nuwmb G6naro-
NapHTh 3a Hero cyAbOy H HaleATbcs, YTO U B GyAyIUHX
HCCJIeAOBAHUAX MBI CMOXeM MO-NpeXHeMY MOJb30BATHCH
UM B 4TO cdepa ero NPUMEHHUMOCTH (XOPOIIO 3TO HJH
n10X0) OyAeT HempepbHIBHO BO3pAacTaTh, OXBATHIBAA BCe
6osee UIMPOKHe 06JACTH HAYKM U MPHHOCH HAM HE TOJb-
KO PajoCTb, HO B HOBHE r'OJOBOJOMHHEE MPOGAEMbL»

Becrnosesno 6bl10 6Bl OBLITATBCH  CKOJbKO-HHOYIb
MOJIHO OMuCaThb B3aHMOAeNCTBHE MeXAy MateMaTHKOH H
¢u3nseckumu Haykamu. OcTaHOBHMCS, ORHAKO, HA OJXHOM
BAXXHOM -aClleKTe 3TOro B3aUMOACHCTBHMSA, NpPEACTABJsIO-
eM 3HAYHTE/IbHBIR HHTEpeC.

BHem#yii MUpP HACTOJNBKO CJIOXEH, UTO YUeHbifi-ecre-
CTBOHCIHBITATENb GLIBAET [0BOJEH, €CHH €My YAaeTcs
YJIOBHTbL ¥ TIOHSTH XOTA OB HEKOTODHIe caMnle MPOCTHE
H3 OpHCYIUUX MHpPy 3akoHoMmepHocrefi. Jlnas artoro on
BBOJIUT YNpPOIIEHHble H UICANIH3HPOBaHHEE MOJIe/IH, OCBO-
GOKeHHble OT MaJIOBAXKHEIX H YCJIQXHSIOUIUX A0 TOMs
po6HOcTell ¥ oTpaxkaloluMe, KaK OH Hajaeercs, HauboJsee
CYILleCTBEHHKeE ¢BoficTBA paccMarpuBaeMulXx (H3HYECKHX
06BEKTOB. A

Tak, sHanpumep, Herotow npu BeiBofe 3akoHos Ken-
Jepa CUMTaJ, UTO Ha MJaHeThl AelicTBYeT TOJbLKO NMPUTS«
xenne Cosnna. Oun npeneGper nefiCTBHeM ApPYrux macc,
XOTSl 3TO, CTPOro roBops, 6uiio HenpaBuabHo. Ilo3gnee
Gumn npefnoXeHsl ApPyrne MofenH, Gosee GaH3KHE
K jefcTBHTeNbHOCTH. OHUM M3 KpYMHEHAINX JOCTHXKEHHH
actpoHoMuH 19-ro Beka G6bIO NMpeAcKasaHUe CyILECTBO-
Banua naanetsl HenryH, chenannoe AgaMcom u JleBepbe
MPH NONBITKE HaHTH OOBACHEHHE TOMY, UTO HBHIKEHHE
Ypaua 3aMeTHO OTKJOHSIETCS OT €ro KemjepoBofi OpOHTHL

I'py6o rosopsi, meno ob6crouT Tak: Bompoc o Buibope
MOZENH peliaeT YueHHH-ecTeCTBOUCTHITATE b, HOcHe STOro

'} Pycckuft mepeBon cM. B kuure E. Burnep, STioan o cHM-
MeTpun, M, 1971, ctp. 182—198, .

-
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BLIIOJIHAET CBOIO :pPoJbL MaTeMaTHKa, Mo3BoJglomas [e-
AYKTHBHO BLIBOAHTb 3aK/IO4eHUs YyXKe TONBKO HA OCHO-
Be MpeAJoKeHHOR moleau. Bce sTo HocratouHo xopolio
H3BECTHO H BPSAJ /M Tpebyer AanbHeRuero o6CyXaeHus.

CymecTBYIOT U MOJENH HHOTO THIMA, KOTOpHIE NOMO-
raloT Pa3peliNTh JIOTHYECKHe TPYAHOCTH, BO3HHKAIOLLHE .
NpH H3yYeHHWu APYTHX MOMeNel, Ha BHJ BIOJHE XOPOINO
OTpaXawIllHX sBJEHUsl BHellHero Mupa. PaccMOTpHM, Ha-
NpHMEp, TEMJOBHE SBJEHUS OPU KOHTaKte ABYX ten A H
B paszHoil reMnepatTyph, H30JHPOBAHHBIX OT BCEX OCTaJb-
ubix Tes. Torpa, cornacHo 3aKOHAM TePMOAHMHAMUKH,
ROJKeH BO3HHKHYTb MOTOK TeIJ1a TOJbKO B OXHY CTOPOHY
oT Gojiee ropsuero Teaa (ckaxem, A) Kk Gosee xoNoj-
HOMy (B) (odnonanpasaennoiii 1OTOK).

B xoze sToro npomecca pasHoCTh TeMmepatyp GyAetr
SKCMOHEHNHAJbLHO CTPEMHTbCS K HYJIO (3aKOH TemJone-
penaun HoloTona). 3o crepyer H3 3HaAMEHHTOrO BTOPOro
HAyaJia TePMOAHHAMHKH; OJHUM H3 NECCHMHCTHYECKHX
ClefCTBHH BTOPOro Hayaja (B npuMeHeHnH Ko Bcexen-
'HOH) fIBNSIETCA NOJHOE BhHIpABHHBaHHe TeMIepaTyp BCex
TeJl, Kotopoe Knaysiayc HasBasn TemnoBofi CMepTbIO.

MexanHyecknii (KMHETHYECKHH) NOAXOJ, NMPH KOTOPOM
BEILeCTBO pPaccCMaTPHBAETCS KAK COBOKYNHOCTb YacCTHII,
‘4 MMEHHO aTOMOB HJIM MOJIEKYJl, TOJUUHSIOILHKUXCSA OObIY-
HHIM 3aKOHaM [JBHIKEHHf, NPHUBOSHT K COBCEM -~ Kpyroil
kaptuHe. YacTuipl, cTankHBaACh APYr ¢ APYroM H JBH-
rasch «CayuainbiM» o6pa3oM, He MOryT cos3jgatb abco- -
410THO 00HORanpasaennsii notrok ot A k B. Cornacito
teopeme Ilyankape, Takasr AMHaMHYeCKasi CHCTEMA B KOH:
¢ KOHIIOB BepPHETCS B COCTOsIHHE, CKOJB YroJHO GJH3KOe
K HayaJbHOMY, €CJH TOJbKO ITO HAYaJbHOE COCTOsIHe
He ABJAGTCA CTOJb HCKJAIOUHUTENbHLIM, YTO TAKOR BO3MOXK-
HOCTBIO MOXKMO CNOKOHHO npeHeGpeub. DTO «KBasulepuo-
ZHyeckoe» Nope/leHHe pe3Ko OTJAMUYAeTCS OT MOHOTOHHOTO
CTpPeMJIeHHsT K BHIDABHHBAHMIO, KOTOPOE GJeAyeT H3 BTO-
poro Hauana TepMOZUHAMUKH. -

Uto6bl ynafuTh BO3HHKILEE pacxomnenue Mayne u
Tatbana Opendect npeanoxunu B 1907 r. mpocryio H
kpacuByio moaenn (ynomahytyio B § 18 ra. 1).

Paccmorpitm ‘iBe ypunl A u B, opHa H3 KOTOPHIX (CKa-
meM, A) cofep:uT Gosblloe yHCI0 N 3aHyMepOBaHHBIX
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mwapoB (B §-18 ra1. 1 B kavectBe N 6ui10 B3ATO uuca0
2R). CrirpaeM Tenepn B.TaKyIO. urpy: BeiGepeM «ciyuaji-
HO» KaKoe-HMOyap 4ucio or 1 mo N u nepentoxum wap
€ 5THM HOMEpOM H3 YDHWI, TIie OH JIeXKHT, BO BTOPYIO (Oep-
BLIM XOJ0M Bcerpa 6yfiet nepeknajnBauue u3 A 8 B). 3a-
TeM [OBTOPHM 3Ty TpoUefypYy-  MHOro pas (mpH 3TOM
wapn' 6ynyr wacto Bo3Bpaliatbcs B A), Clefs 3a Tew,
uTo0b MOC/JAE0BaTe/bHEIE BHITATHBAHUS. YyuCea GBUIH ie-
3aBHCHMbI M YTOGbl KaXK[IBblfi pa3 M3BJeYEHHA BCEX YHCEJ
ot | go N 6blau paBHOBEPOATHLIMH.

HHTYHTHBHO KkaXKeTcd, 4TO j0 ‘Tex mnop, moka B A

namuoro GoJblie mapoB, 4eM B B, BepoATHOCTb NMepeKJa-
AniBaHusl u3 A B B Oynmer suauutennso Goablued, T. €.
NONYYHTCA HEYTO BPOAE ONHOHANPABJEHHOrO IOTOKA HU3
A B B. : ' o -
"~ XOTA BHITATMBAHHMA YHMCE] H HE3aBHCHMBI, KOJHYECTBA
wapoe B A B mocjefoBaTeNbHbLIE MOMEHTH BPEMEHH He
ABNAIOTCA He3aBHCHMBIMH. OHH CBSi3aHBl ONpefe/IeHHON
3aBHCHMOCTHIO THIIA -MapKoBekoil nenu (cM. § 18 ra. 1).
Cpeduee sHavenue yucia wapos B A, 3KCNOHeHLHANLHO
yOuiBag, ctpeMutcs K N/2, ut0 BnosiHe corjacyeTcs ¢ Bbi-
BoAoM TepMoauHaMukd. C Apyroil cTopoHbl, MOXHO Haii-
TH, YTO ¢ 8EPOATHOCTbIO | MOOeab 8 KOHYe KOHYOS8 8ep-
HETCA '8 Ha4aabHOe cocrosnue (T. e. BCE 1apH CHOBA
okaxytess B A). Ho B 3ToM B cOCTOHT yTBepiKieHue Teo-
pembl ITyaukape nns guHaMHYeCKHUX CHETEM.

OueBuano, YTo Ha caMOM fese MeXAy BTOPHIM Haya-
JIOM TEPMOJHHAMMKH H KBA3UNIEPHONUYECKUM MOBEIEHHEM
IMHAMHMYECKHX CHCTEM HEeT HHKAKOro NpoTHBOPEYHs, ecau
TONMbKO HE PacCMAaTPHBATL STOT 3aKOH KaK abCOJIOTHYIO
JIOTMy M IONyCKaTb Gojiee TMGKYIO HHTEpIPETaluio, OC-
HOBAaHHYIO Ha TeOpHH BepoaTHocTel. Bee 310 cTanoBuTCsA
elwe fiCHee, ec/y BBHIYHCJAHTL CPELHIOID MPOLOJIKHUTENb-
HOCTb HHTepPBaja BpeMeHH, HEOGXOAMMOro MJs TOro,
Y1066l MOJENb DpeHdecToB BepHyJach B HayalbHOE CO-
crosinme. lna storo norpe6yercs 2N maros-— orpoMuoe
‘]188.710 Haxe AN He CNHUWKOM Goabmux N, cKaxeM OKoOMNo

H ecnn Bce wabmiogaeMbie ABJCHHS KAXYTCA HAM He-
OGpaTHMbIMH (OJHOHAMpPABJIEHHBLIMH), TO TONLKO MOTOMY,
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YTO Halla XH3Hb HHYTOXHO KOPOTKAa N0 CpPaBHEHHIO
C 3THMH T'PaHIHO3HBIMH CpOKaMmu!

B «urpy» DpendectoB Jerko urpath NpH MOMOIIH CO-
BpeMEHHHX BBIYHCAHTENILHEIX MalUWH. Takue 3KcmepH-
MEHTH NPOBOIUIHCE Anst N = 214 = 16 384_«maposs, npu-
9eM KaxXAbl# «nporon» cocroan H3 200 000 BoiTaruBaHumii.
(210 3anuMaer meHbuwe ABYX MHuHYT.) Uncao mapos B A
perucTpHpoBasock nocie Kaxawx 1000 BoiTArapauuil.
Onun us nonyqume npu 3TOM rpadHKOB NOKa3aH Ha
puc. 34.

Yucng tapos

i S, J-umnw-ﬂ.-@.‘._."_..V,..-;.-, B
' Yucno seimazusanud
Puc. 34.

Kak BuaHO H3 51oro rpaduka, uyucao mapos B A cua-
yaJa majder MOYTH B TOYHOCTH IO 3KcnoHenre. OaHako
lanee KpHUBAg CTAHOBHTCA <«BOJHHCTOH® W CJAYYaHUHEIM
o6pasom KojebGseTcd OTHOCHTENBHO TOJIOXKEHHA pPaBHO-
BecHA. _

Kak wmopmenr BripaBHHBaHHA TeMlepaTyp MOAeNb
DpendecToB BecbMa fanNeKa OT peaJbHOCTH. M TeM He
MeHee JIMEHHO OHa yJaB/IHBAeT CYNIECTBO AeJa, NO3BO-
Jasdiollee NPHMHPHTL KHHETHYECKHH MOIXOX ¢ TPaAHIHOH-
HOU TePMOLHHAMHKOIL.

Ha nporsxkenun 20-ro Beka npuMenenne MarTeMarH-
YeCKUX MOHATHI, METOJIOB U TEXHHUECKHX NPHEMOB 3aXBa-
ToiBaeT Bce Gosbie 06AacTedl SHAHHA M NPUNOKEHHH.
MoxHO naxe OTBaXHUTbCA Ha YTBEDXKIAEHHE, YTO MBI
ABASEMCSl CBUASTENAMH TEHAEHIMHM K «MaTeMaTH3alMH»



CBSI3b C APYITUMH HAYKAMH 223

BCEX BHIOB HHTENNEKTYaNbHOM AedaTenpHOCTH. Takas TeH-
JeHLlHsl, KOHeYHO, AAJIeKO He Bcerga onpappada. MoxHO
Ha3BaTb MHOXECTBO NpPHMEPOB, KOIAa «MaTeMaTH3auusa»
TPHBHAJbHA HJH MNpETeHLHO3Ha, U H3xe TaKHX, KOraa
OHa cTpajgaeT 0OG0HMH STHMH HeJOCTAaTKaMH.

OaHaKo, OCTaBJsise B CTOPOHE BKYCH! M JIHYHBIE TOYKH
3peHHsi, HEBO3SMOXHO OTPHLATb, YTO YHCJO ¥ PasHoobpa-
3de npoliaeM, KOTOpHe MOLyT OHTb CHOPMYJIHPOBAHH M
HCCNIeAOBAHH MaTeMaTHYECKH, OCTOSIHHO yBEeJUIHBAETCH.
Mbl BHIIE/IHM U3 HUX H KOPOTKO OGCYZHM 3JeChb TPH npob-
JIeMbl, OTHOCAIIIMEC COOTBETCTBEHHO K TeOPHH ouepejef,
TEOPHH HI'D H TeOpHH HHbOPMALHHY.

Teopus ouepedeli BO3HMKNA H3 NOMBITOK TaK CHpPOEK-
THPOBATb LEHTPaNbHYIO TesieOHHYIO CTaHDHI0, YTOOL Ka-
KHM-TO O06Pa3oM CBeCTH K MHHHMYMY BPEMSI OXKHIaHHS
cefsd. OmnuureM nNpOCTEHLIMA THN BO3HHKAIOUWHX TIpH
3TOM 3ajay. ) .

HonycTuM, 4TO Ha CTaHUHIO ¢ OJHMM OGCHYyXHBalo-
DiMM annapatoM npuGHIBAIOT KKJHEHThI» (MOCTynalor Te-
JiepOHHBIE BLI3OBbI), KOTOpnle OGCNYyXHBAIOTCA (HAH 0O-
pabarpiBalOTCA) 1O OYEepPgnH, ONMH BCJIeX 3a IPYTHUM.

JlonycTHM TakXe, 4TO BPeMsi MOXHO DasfesiiTbh Ha 3Je-,

MeHTapHble HHTepBaibl MPOROKUTENbHOCTH T. («KBaH-
TOBATb» BPEeM# 3Jech He 06s3aTeNIbHO, HO ecjlH 3TO cle-
Jath, 3agauy copmyanposath jerve. Pemus ee B Takoh
NOCTAaHOBKE, MOXHO 3aTeM KakKHM-TO MOAXOASiMHUM 06pa-
30M YCTPEMHTb T K HYJIO H MOCTPOHTH TEOPHIO, COOTBET-
CTBYIOLLYIO CJIy4Yal0 HEMpPePHLIBHOTO, NPHOHITHA KJIHEHTOB.)
[anee, 0603HaunM yepe3 pr BEPOATHOCTb TOTO, YTO B Te-
YeHHe HEKOTOPOTO NAaHHOrO HHTEPBaJia BPeMeHH IpULy-
ger k (R=0,1,2,...) kauentos. Toraa

Potpit+pt oo =1

3areM BBOAHTCH CylllecTBEHHOe YIpOIIEHHe: mpeanoaa-
raercs, 4To Hp[/l6HTHﬂ KJIHEHTOB B pasHbie HHTEPBAJLI
BDEMeHH ABJSAIOTCS HE3aBUCHMBIMH COOLITHAMH, H, TAKHM
o6pa30M, BEPOSATHOCTb TOrO, YTO B' TeUeHHE TIEPBOr0 HH-

TepBajla MPHOLLIO Ry KJAHEHTOB, B T€YeHHE BTOPOro — Ry, -

TpeTbero —Rks U T. 4., paBHA NPOH3BEAEHHUIO
Pi,PegPry o

’
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Haxoden, npeanonaraercsi, 41o BpeMsi OGCAYXHBaHHS
cayvafiHO, H BEPOATHOCTBL TOrO, YTO MPONEcC oBCayKHBa-
HHA 3aHHMaeT BpeMs AT (T. e. A 37eMEHTAaPHLIX HHTEpBRa-
J0B, Te A= 1,2, ...), o603havaercs uepe3 p,. Toraa

pito Pt ... =1

Tenepr BO3HHKAIOT CJEAYIOUIHE BONPOCH: KaKOBO
CpeEHee HHCJO KJHEHTOB, OXKHAAWOUIHX CBOell ouepeny,.
IO NPOLIECTBHH HEKOTOPOro yKas3aHHOro speMmenH? Ka-
KOBO CpesiHee BPeMs, KOTOPOe JOJKeH NPOkKIaTh KIAHEHT,
npexne yeMm ero o6cnyxar? Ha sty BOnpoch noNydeHs!
NOJIHbIE OTBETH, KOTOPbie, OJHAKO, OTHIOAb He SABJASIOTCS:
npocTuiMH. IlyTh K HUM HEOXHJAHHO NPOXOAHT MO TAKHM
06/1aCTAM MAaTeMAaTHKH, KaK TeopUs (YHKyUid Komnaexc-
HO20 nepementozo. Hanpumep, npuxoguTcs paccMartpu-
BATb CTeNeHHbE PAOAH! -

P0+P12+P222+ tey
S Pt et et L.
RIS KOMAAEKCHbLX 3HAYEHHMN 2 H W.
. Ecnn paccmatpuBath Gosiee GJM3KYIO K AefCTBUTEND-
HOCTH MOJeNb, JONMycKas G6oJbile OZHOTO OGCHYXKHBAIO-
lero annaparta, MateMaTHYeCKHe TPYAHOCTH CTaHOBATCHA
NOYTH HEMPeoJONHMbLIMH, ¥ ZaXKe Ha npocrefiiine BONpPo-
Chl HEBO3MOXHO OTBETHTb LOCTATOYHO mojHo. K cuacTeio,
Ha IOMOLlb NPOEKTHPOBUIHKY CJOXKHON CHCTEMB C He-
CKOJILKHMH OOGCNy’KHBAIOIMMK = annapaTaMd DNPHXOAAT
GhicTposeficTByIONIMe BBHIUMCIUTENbHEE MAIMIMHL, Baym-
9UBOC MCNO/b30BaHue MeToga Monte-Kapio (onucansoro
B Il 2) mno3BeJisseT HMHUTHPOBATh MHPOEKTHPYEeMYlO CH-
CTeMy W 3MIUPUYECKH HCCNeJOBaTh PAa3jIUUHbIE CTOPOHBI
ee (yHKUHOHHPOBaAHHUS. _ ﬁ : .

Ctporo rosops, Takoii «3KclepHMeHTAJbHEII» MOAXOR
Ile OTHOCHTCA K mMateMatnke. OHAKO 3Td CHTYalMs MOXO-
Xa Ha Ty, KOTopas C/M0XHUI1ach MHOTO BEKOB Ha3al, Koraa
EBnoKkc u ApXHT NBITAMHCL «NOANMTE> HEMHOTO MEXaHHKH
B «CBeTable BOALI» reoMetrpuu (cm. ¢tp. 194—195). |

OMHUHPHYECKOE H3ydeHHe OYEPelelt B CIOKHLIX CHCTe-
MdX BIOJIHE MOXeT nojAcCkasate NyTH aHaJKTHYECKOro
nopxona, KOTophuiii NoTpebyeT HOBBIX NOHSITHH M METOMNOB.
Iocaennue B cpow ouepeAb MOTYyT O6GOTaTHTb H YKPACHThb
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OTHaJIeHHble W He CBfiI3aHHbEe MEXAy coboi o6aactd Ma-
TEMATHKHU. -

* Teopus uzp, cosmanuas Jxoumom ¢on Heiimanom
MOYTH B ORHHOYKY, AIBJIAETCA yAHBHTEJbHOH HAAIOCTpPa-
IMel TOro, KaK MOXHO «MAaTeMaTH3HPOBAaTb» 3a/layH, KO-
TOpble Ha HepBHI B3NN KaXYTCHd HeNOARAIOUMMHCSA
HHKAKOMY palMOHaJbHOMY NOAXOAy. Msl 06bsicCHHM,” 4TO
3TO 3a TeOpHs, Ha NMpHMepe YNPOMIEHHOro Mokepal).

Kosona nss urpbi B YNpPOLUEHHBIH TOKED COCTOHT W3
2n xapt (n JOCTATOYHO BEIHKO), MOJOBHHA KOTOPHIX —
crapmue (C), a BTOpas nojoBuHAa — Maanmiue (M).
Kaxnapiht u3 n1Byx urpokos A u B penaer «CraBKy» pas-
mMepa a H mnojyyaer onHy Kapty. 3atem A yauuHaer
urpy. OH MOXeT JHGO «OTKpHITb> CBOIO KapTy, MHGO «Ho-
BHICHTb» CTaBKy, AOGABHB B «0aHK» elle b ReHeXHBIX

enuunl: Ecan A otxpmiBaer kapty, 10 B o6s3an cmenarb
10 3Ke camoe. IToce 3TOr0 Hrpok, y ‘KOTOporo oxasanach
Gosee cu/ibHAs KapTa,3abupaer obe CTaBkH,; ecad ke 062
MrpoKa WMeJH ONMHAKOBHIE KapThl, TO OHH AetAT OauK
MeXay co6ol, T. e. Kaxabili 3a6upaer Has3ajy CBOIO CTaBKY.

-Eciu A «nosnilmaeTs cTaBKy, T0 Y B yxe ectb BhGOp:
OH MOXeT J{60 «CHaCOBaTb» (T. e. 0TK23aTbCs OT UrpHl
u ornath meHbru A), nn6o «urpatb» (1. €. n062BUTH
B GaHK Ty XKe cymMmy b; B mocaemieM cayyae A ponKen
OTKPHITb CBOIO KapTy, HOCHAE Yero KapTy OTKpuiBaer ¥ B).
Boiurpoiul, TPOHTPLIN H HMYbS ONpPEHeNSIOTCS . TaK e,
KaK ¥ B NEPBOM CJayyae.

Bonpoc 3akiiouaercs B TOM, KakKo#l cnoco6 nrpu Hau-
Gosee BuromeH ana A (coorsercrBeHHo jana B). Yucrod
cTpareeued HasbiBaeTCsd HPaBHJO, NPEANHCHBAOUIEE, KaK
AOMKEeH TMOCTYNHTbL HIPOK B JI060# CHTyalUuH, KOTOpas
MOXeT BO3HHKHYTb B XOne Hrphl. T.akum 06pa30M, s A
HMEeeTCq YeThipe YHCThIE CTPATeruu:

(1) (O—O0) — crparterust «OTKPHTH — OTKPHITbY, T. €.
OTKPLITH KAapTy He3aBHCHMO OT TOrO, Kakas OHa Yy Hero:
crapmasa (C) nam maanmas (M).

1) 3ror npumep, npunapsemamul Takxkepy, npeacTaBaseT cofof
Xixpomeﬂuuﬁ BapHaHT NpUMepa, paccmoTpenHoro Qon Helivanom
opreHm'repHou [Cw. Taxke Om. Kemenn, k. CHean,
Ilx. ToMmncon, Beegenue 8 KoHeuHyio MaTematiky, M., W/, 1963
ra. VI, § 9. — Ped.]

8 Faw- M)
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(2) (O—I1) — «OTKPHITH — MOBLICHTb», T. €. OTKPbiTh,
ecu y Hero crapiias kKapra, W NOBHICHTb CTaBKY, €CJH
ero Kapra MJaazinas.

(3) (IT—Q) — «NOBHCHTL—OTKPHITE», T. €. NOBHICHTBH
CTaBKy, €¢JM OH MMeer CTapIylo KapTy, H OTKPHITb Kap-
Ty, €CJIH OHa MJajuasg.

(4) (I1—IT) — «NOBBLICHTL—NOBLICHTE», T. €. TOBLI-
uaTth CTaBKy B JioOoM ciyyae. |

Cnenyer 3aMeTuthb, yro ctparerud (O—Q) u ocoGen-
o (O—II) «nuoxue», u60 OHM He 20T BO3MOKHOCTH
HCII0/1b30BaTh NPEHMYILECTBO CTapiuefi KapTel.

Aunanoruuno, B uMeer ueThipe YMCTHIE CTPATErHH, OIl-
penensieMble ero peiiendeM «cnacopath» (C) mam
«urpate» (M). B pasubix curyanusx: (C—C), (C—H),
(M—C), (M—H). (Hanomuum, uto ecnu A rpebyer or-
KpPHTb KapTH, T0 y B Her Hukakoro BmGopa.) M3 stux
yeTelpex crparteruii nas B nepeas u Bropas 3aBeOMO
«IJIOXHE», TAK KaK OHW NPeNNHCHIBAIOT eMy CIacOBaTh,
nMesi Ha PyKax CTapilyio Kapry.

Ecau npeanonoxuts, yro A #u B urpaior pagu BHl-
HIpHlIA, a He Pafu CKPHTOA 6NaroTBOPHTENBHOCTH, TO
HYXKHO €pasdy OTGpPOCHTBb chaTemu (0—0) u (0-II)
s A, a takxke (C—C) u (C—H) nas B. Teneps Jerko
MOACYHTATh, CKONIBKO MOXKET BhHIMrpaTh A mpH pasiuuusx
KoM6GHHaunsx crpateruii. Jlonycrum, Hanpumep, uto A
‘pu6upaer crparerdio (IT—O) (r. e. noswmmaer, ecau
y Hero crapilasi K4pTa, ¥ OTKPLIBaeT, eclH €ro xapra
maanwas), a B-—crparernio (U—H) (1. e. urpaer
8 /mo6om cnyyae). Torma Moxuo COCTaBUTbL TaKYIO Ta6-
aUny:

Kapra A Kapra B | Buurpum A
C C 0
C M a-t+b
M o4 —a ’
M M 0
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Ilpu GoabuwiOM rn 4eTbipe BapHAHTA HCXONHBIX NO3HU-
unit— (C, C), (C, M), (M,C), (M, M) —6yayr ocyuie-
CTBJSTbCS NPHMEPHO C OJHMHAKOBOH 4acTOTOH, paBHON !/,
Torna «B cpennem» crparerus ([1—O) nporus (M—HY)
npuHecer A UHCTHHA BBIMIPBIL, paBHbIA b/4 3a OfHY
HIDY. :

AHanorn4Ho MOXHO TOACYHTATH CPeIXHHH YACTHIH Bhl-
urpum A 3a ofHy Hrpy npu BeGOPe OCTaNbHHIX TPeX nap
crparerdii. PesyJbTaTtsl 2THX NOJCYETOB MOXHO H3006pa-
3UTb B BHJE TaK Ha3blBaeMOH amarpuysl naiarexca (Wnd
MaTpHUBl BhiUrphuief):

B n-C U ~H)
A HUu-C M-

(1-0) 0 b/4

-1 (a=b)4 | 0

Honycrum, uto @ < b, T. €. NeBbI HHXKHUI 3JEMEHT 3TOH
Matpuusl orpuuarened. Torna crparerns (I1—I1) uepwi-
ronna urpoky A, u o Bui6eper crparteruo ([1--0). Aua-
JIOTHUHO, HrPOKY B uesnironna crparterns (M—H), u on
rGeper uucryo crpareruwo (M—C). Hrak, B cayuae
«KOHCEPBATHBHOM» MIPbl («IOBLICHTL», €CJAH KapTa crap-
1rast; <OTKPBITby, €C/IH KapTa MJailias; «HrpaTb», €CaH
KapTa CTapurasi; «CacoBaTb», €CJAH KapTa Maajmas) oba
UrpoKa B cpenneM GyIyT «OcTaBaThCs NPH cBOuX». Onry-
MaJbHBIMH CTPATErHsIMH SBJSAIOTCS UHCTble CTpaTerdu, Y
Hrpa B 3TOM clyuae yecTHas (He gaomias peuMyLlecTsa
HU OJHOMY H3 HTDOKOB). S

Ecau a > b, To pe3yibTaTt Urps cMelllaeTcs B NOJAB3Y
A, TaK Kak TOJbKO ol 061afaeT RpUBHJerdell «IOBbIHIe-
HHUSA»; B JeHCTBUTENbHON UIPe 5TO NPaBO NPefOCTaBaAsAeT~
cs1 urpokam mo ovepein. Onnako HAAs TOro utobn BOC-
07b30BATbCA CBOMM BBHIFORZHBIM MNOJOXKeHHeM, A 07«
KeH TPHIEPXMHUBATLCH CMEWAHHOU CTPaTerHu, BuIGUPast
(IT—O0) c sepostHocTeio py 1 (I1—I1) ¢ BeposTHOCTHIO
ps, rne pi+ pa=1. Hanpumep, npu a=8 u b=4
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MaTpuua njarexa uMeeT BUA

(i o)

I 0

n A moxer obecnewure ceGe CcpelHHil BHIMIPbI B pas-
Mepe !/, 3a omHy urpy, Bmbupas c sepostHocTbio 50%
crpareruio ([1—O) uau (I1—I1). B cBpio ouepens B,
orBeuas Tem Xe (T. €. TOXe BLIGHPAs CBOM CTPATErHH
¢ BeposTHocThio 50%), Moxer nomeware A BuHrpaTth
6oubilie. '

OTciona BHAHO, YTO B HEKOTOPHIX CUTyauusx A KO-
CTHXEHHsi ONTHMAJLHOro pesyjibTata Hrpok A B uacTu
urpaeMbx naptufi AOMKeH «6jaedoBathy (7.'¢. NOBHLIATH
crapKy, HMesd Ha pyKax MJIajfBlylo KapTy); B Kakom
HMEHHO 9acTH TapTHi eMy clelyer 37O .Je1aTh, BUAHO
A3 MaTpulpl NaTexa, -

®ou Hefiman nokasaj, uto 6oqbBIOR KNacc KOH-
({JIMKTHEIX CHTYAUHH, NOJOOHLX BOSHHKAIOUIHM B IKOHO-
M#Ke, MOXHO PaCCMaTpuBaTh KAK MATpuutbie u2pet, T.e.
HIPHI, UMelolHe (7 X m)-MaTpHLy niarexa

Ay 8 .. G

~,
.

- Qs Qoo ... Qg

mi Qm2 -« Omp

B KOTOPO# 3J1IeMEHT @j; PaBeH BLIMTPhIUIY HrpoKa A, ecin
ont Bui6pas {-10 CTPOKY, a ero npoTuslHK B (Brafide ot A)
BoiGpaa j-i cronbeu.

OcHoBuast TeopeMa TEOPHH HIP yTBEpXKAAeT, YTO Cy-
ILIECTByeT TAaKO€ YHCJIO U, HasblBaeMoe Yewod (unn 3Ha-
yeHHeM) urphbl, urto A Moxer obecnewurs ceGe BHIMIPHIL,
B CpenueM DaBHBIl U 3a OLHY WIPy, B TO BpeMs Kak B
MOXET nomewaro eMy BhlMrpatb Oodiblie. Kpome Toro,
CyLiecTByeT OUTHMaJnbHasa crpaterusa nas A (soobue ro-
BOpsi, CMeIlaHHAs), rapaHTHPYOIlasi eMy BLIMIpbilll He
MEHbIe U 33 OAHY HIPYy, H ONTHMa/bHas CTpaTerus s
B (BooGiue roBopsi, TOXe CMemiaHHasi), rapastupyonias,
YTO €ro MPOHTPhLIM 32 OAHY HIpY He Hped3ofifleT v.

[To-BuauMomy, elle pano CyAHTb O PesyibTaTax MpH-
MEHeHHs TeOPHH Urp, OCOGEHHO B KOHOMHKe, XOTH HMEH-
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110 TaM OHA HaWNa pax Hanbojee H3BeCTHHX (U Hanbo-
Jee Pa3pPEKNaMHPOBANHLIX) npunoxenuh. Onna u3 mpu-
"HH TAKOH OCTOPOMKHOCTH— OrpOMHbiE PasMePhl MATpHH
I1areXa B peaNbHbLiX CHTYalUsiX, TAK UTO MNOJHbIA HX
YHCNEHHbIH aHaJH3 BCe elle HEeJOCTyNeH Jaxe CaMbIM
OLICTPOAENCTBYIOLINM BHIYHCANTEALHBIM MaLluHaM,

Baxnas posv’ TeopHm urp ompelensiercsi He TOJLKO
ee KOHKDPeTHbIMH [PHMEHEeHHsAMH B TOI und HHOi 06aacTH
suanuii. Teopus urp nossoJsier HaTH MareMaTHUecKHil
noaxoJ K UeJOMY psily BONPOCOB, CBA3aHHLIX, €CNH TakK
MOXHO BhIPa3HTbCH, C PALHOHANbLHLIM TOBEACHHEM B KOH-
GAUKTHLIX cHTyalusax. M faxe ecnu mocTpoeHHble Ha ee
OCHOBe MOJIENH CIHIIKOM YNPOUIEHHBI H HepeaHCTHWHD,
TEOPHsA HUrp 3acayxuBaer HOJBIIOro ROBEpUs yXKe NOTO-
My, YTO OHA J@eT HAJEXJy OTbICKATh CHCTEMATHUECKHH
MONXON K YPE3BHIYANHO CJOXKHBIM MpobaeMaM, CBS3aH-
HbIM C OOLIECTBEHHBIM MTOBEJEHHEM. .

3axkanuuBasi oO6CyXIeHHe TEOPHH HIP, HEBO3MOXKHO
e yIOMAHYTb XOTH Obl KOPOTKO TEOPHIO CTATHCTHYECKHX
peilenuil, cosganuyio Ha 6ase Teopun urp A. Banogom.

Banea paccmartpusan mnpouecc NPHHATHS pelleHust
B YC/IOBHAX HEONDENeJeHHOCTH KaK HIPY CTAaTHCTHKA Ipo-
Tus Ilpuponn. Crparterus Ilpuponsi, KOHEUHO, HeusBe-
CTHA, OJHAKO CTATUCTHK HpPHUHMMaeT pelleHHd B COOTBeET-
CTBHH C ONTHMAaNbLHON cTpaTersefl, KOTopas onpepeisercs
Matpuuefi naarexa. 3Ta MATPHLA COCTABJAsSETCS H3 Be-
JHYHH, KOTOPbLIMH CTAaTHCTHK OleHHBaer Ansa ceGs cpas-
HHTEJAbHYIO CTOMMOCTBH TOTO HJH HHOFO pewteHus. IJta
TeopRsa no GopMe aHANOTHYHA TEODHH HIP, OBHAKO Tex-
HHYeCKH ropasjo 6osee cloXHa H rpOMO3JKa, TaK Kak
MatTpHubl Niatexa B GonbiinHCTBE Cayyaen GecKOHeuHb.
Bansnue Tteopuu NpHHATHA pelleHHH HA CTATUCTHKY
OblJI0 TVIaBHEIM 06pa30M KoHuenTyaabubiM. Teopus <ra-
THCTUYECKUX DPEeHIeHHH NpUBJeK]a BHHMAHHE KO MHOIHM
BaXXKHHIM BOIPOEaM, CBA3aHHLIM CO CTATHCTHYECKHMH Bhi-
BOJaMH, ¥ OCOGEHHO C XapaKTepoM CTATUCTHYECKHX KpH-
TepHeB, H BHeCJa B HHX H3BECTHYIO fCHOCTD. .

Teopus ungpopmayuu saunmaercss npobaemamy, cBa-
3annniMu ¢ 3exruBHOCTbIO Nepenayn coobuenuil. Tu-
NUYHasn CHUTyalHs 34eCb COCTOHT B TOM, 4YTO HMeeTcs
HCTOYHHK HHpopmanud, Buifuparomuii Hu3 HekoTOpOro
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MHOMKECTBA COOOHICHME 00HO coobujenue, KOTOpoe NONXK=-

“HO OLITH MepejlaHo; mepejlaiolilee YCTPOHCTBO Npespaliaer
3TO COOGIUEeHHe B CUZHAA; Jajiee, HMeeTcsl KaHasa (MHHHA
CBf3H), 1O KOTOPOMY TOCBUIaeTcH CHCHaJM, H, HaKOHel,
NpUHHMaIOUIee YCTPOHCTBO, npeo6pasyioilee CHrHAM B €O~
obuenue. Hanpumep, npu nepegauve TesqerpaMm 3anucaH-
Hble GYKBaMH CJIOBA KOAHPYIOTCA HOC/AEJ0BATENLHOCTAMH
HMOYJAbCOB TOKA MepeMeHHOH IJIHTe/bHOCTU (THpe, TOUKH,
npoGesbt), KOTOpHE MNePefaloTcs MO INpoBoAaM H 3a-
TeM cHOBa npeofpasyloTca B cOCTaBlieHHBe W3- GYKB
¢JI0Ba.

Teopua nabopmanuu He 3anuMaercs npobjieMaMu ce-
MaHTHKH (I1aCKOJIBKO TNOJIHO MepejaBaeMbie CHMBOJL OT-
paxanT cMblcl cooOlleHHs); B Hell paccMaTpPHBAIOTCA
TOMBKO BOINPOCHI, CBA3AHHLle C GE30WHOOYHOCTHIO (TOY-
HOCTBHIO) U 3KOHOMHYHOCTBIO NepefayuH.

. Yro6Gn NOACHHIb, KaKOr0 pOia 3ajayd BO3HHKAIOT
B TeOpHHu uHdOpMamMH, NONYCTHM, UTO coOGlleHHe Mpen-
crasasier cobolt crpoKy H3 N GykB JaTHHCKOrO ajdasHTa
(N nocrarouno BesmHKo), B KOTOpO#H Kaxknas GykBa BCTpe-
yaetrcd ¢ TOH 2Ke YaCTOTOl, ¢ KakKO#i OHa MNOSIBJISETCS
B «CpeJHecTaTHCTHYeCKHX» TEKCTAaX Ha AHIMIMHCKOM A3H-
Ke. MoXHO npencTaBuTh cebe H 6osiee OGLIYIO CHTYALHIO,
Korjga uMeercs: ajidasur U3 k 6yks Sy, S, ..., Sk, npu-
yeM MNofABJNeHHe B COOOLLEHHH OYKBh S; HMeeT BeposT-
HOCTb p;, GYKBBI Sy — BepOSITHOCTbL pp H T. A. Crenpyio-
e oxHa 3a Apyrofi 6ykBbl BRIGHPAIOTCA He3aBHCHMBIM
o6pa3om. TakHve cOOGLIEHHST MOXHO IepeAaBaTh Hocie-
IoBaTes]bHO, 6yKBa 3a OGyksofi. [omycrthm, YTo nepejaya
OAHOH OyKBbI 3aHHMaer ONHY eNHHHIY BpeMeHH (cKa-
XeM, OfHY MHKPOCEKYHIY); TOrAa CKOPOCTH Iepejayud
paBHa oJHOMy CHMBOJY 3a efHHHLy BpeMmeHH. Heinb3s
JY YAYUHIATE NojgoXeHHe? KakoBa MaKCHMa/ibHas CKo-
pocTh, ¢ KoTopoli MO:KeT GLITH OCYIllecTBNIeHa nepenpaya?

Ilepepaya no GykBam HeaddeKTUBHA: NPH TAKOH Ne-
penade He HCNOAb3yeTcss TO BaXKHOe O6CTOATENLCTBO, YTO
HeKOTophie COOOLIEHHs! BEHIOUPAIOTCS HCTOUHHKOM 3HAYH-
T&JIbHO peike, Yem Apyrue. CKOPOCTh Mepefgauu MOXKIIO
NOBLICHTh, 3aKOJAHPOBAB YacThle COOGHIEHHS KOPOTKUMH
BhIpaXKeHHAMH H OCTaBHB Godee JJIHHHBIE BBHIPaXKeHHS
GoJlee pefkKuM cOOGILEHHSM. :



CBA3b C APYTHMH HAYKAMH 231

lHlennon BBea B paccmMoTpende Ipe Benuyuub: H —
oHTpONuUI0 UCTOYHHKA U C — nponyckHyto cnocobHOCTb
KaHaja ¥ J10Ka3aj, 94T0 ONTHMalbHas CKOpOCTh Mepenayd
pasHa oTHowlenHio C/H, Kotopoe Bcerna He MeHblue efu-
nHIE. DTO 03HAYaeT, YTO MOXKHO MPHAYMATb KOAH, MO3-
BOJISIOULHE OCYIIECTBJATL Ilepesady ¢ Ji060# cpefueit
CKOpoCTbl0, MeHbile#t, yueM C/H, u He cyllecTByeT KOZOB,
obecneunsaiomux Goapmylo, yeM C/H, ckopoctp nepe-
nauu cooGIleHu.

Ourponus H onpenensiercs (rpy6o rosopsi) Kax

1
- (norapudm BEPOATHOCTH «THIHYHOIO» COOGILEHHS).

[Tponycknas cmoco6HocTs C paBHa Maxcumymy H
N0 BCEM BO3MOXKHBIM 32AaHHUAM BePOATHOCTEH, COBMECTH-
MBIM € OFpaHHYeHHSIMH, KOTOpble HaJjarawoTcs Ha co-
ob6wmenns. B paccmarpuBaeMoM mpocroMm ciyyae, Korna
coobiHeHue npeAcrasaseT co6oi CTPoKy H3 N GYKB, BH-
6upaeMbiXx He3aBUCHMBIM 06pa30oM, Ha HCTOYHHK He Ha-
Jaraercs HuKaxux orpanuvenuf. K sompocy o6 orpanu-
qeHHAX Mbl BepHeMCs HECKOJBKO HHXKE.

Ilns TeopeTuyecKHX uesiell JOCTATOYHO paccMaTpH-
BATb TOJIbKO 080u4Hbie KoObi (T. €. KOAbL, MPEHACTAB/sIO-
e coboit  NMOCJAeAOBATENbHOCTH HyJel W euMHMI).
[MosTomy B Teopun uHopMaumn yno6HO MONBLIOBATHLCA
aorapudMaMu npu ocHoBawuud 2. D10, KOHEYHO, HE BHI3-
BaHo HeoOXOIMMOCTbIO: MOoKOo6HOe CornaiieHHe paBHO3HAY-
HO, CKaxeM, BHOOPY CHCTEMbl eJHHHL.

Yto6H NOJMYYHTL NpeAcTaBjaeliHe O TOM, YTO IOHH-
MaeTcs MOJ «THHHYHBIM» COOOLIEHWEM, BepHeMcs K Ha-
eMy npuMmepy.

Ecan N Benuko, To 66sbuias 4acTb COOGUEHHN COnep-
WKUT npubaiusureseno pN 6ykB Sy, poN 6yks S u T. 1.
STo YTBePXKJieHHe sBJsieTcs rpy6oit HopMyaHpoBKol 3a-
KOHa GoNLUIMX YHCeJ, paccMOTpeHHOro B raase 1. Tumuu-
HulM CYHTaeTCsl coobuieline, Koropoe OelicT8uTeAbHC €O-
nepxkut piN 6yks Si, poN O6ykB Sy u 1. 1. Yncna pN,
p2N, ..., KOHEUHO, MOTYT ObiTb W He LEJNbIMH;, B TAKOM
clyuae HYXHO 6pate O/aHKalilHe K HAM Lejble YHCNA;
B npefienie npu N — co 3aMeHa, cKaxeM, pyN 1efsiM YuC- -
aoM [piN] He oTpasurcs CyllecTBeHHO Ha pe3yJdbraTe,
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Beposit#eess toro, uro coobuiedne u3 N 6ykB Gyner
cogepxkatb pN 6ykB Sy, p2N 6yks S, HT. I, paBHa '

PN _D,N o, N
p p2 b kr

H, CleJlOBATE/IbHO, B HallleM npocrom npumepe SHTPONHA
3ajaercs ‘hopMyaoi

H=—(p.logp(+pzlogpz o+ pelog pe),

rae pi, Pz ..., Pr YOOBJETBOPSIOT €ZMHCTBEHHOMY YyCJIO-
BHIO

pitp+ ... +pp=L
Makcumanbuoe snavenne H npu TakoM yCJIOBHH PaBHO
o Huppx=C= —logk;

OHO' IIOJTyuaercst, KOrga Bce p; paBHbI Mexny co6oit. Cire-
JAoBaTebHO, MOXHO NOCTPOHTH KO, OOeciieyHBaIOLIHI
JO0YI0 CKOPOCTh Tepefaul, MeHbLIYIO YeM

log & ,
p logp + ... +pklogpk'

Jlo cHX 10p MBl 3a7aBaNH TOABKO YACTOTY NOABIEHHS
B COOGIUEHHH KaXIOTr0 CHMBOJIA B OTAENBHOCTH. Onnaxo
B KOHKDETHOM f3biKe, CKa)XeM aHTJMAcKOM uJau ¢paH-
My3CKOM, Ha M0CJ1eX0BaTe]bHOCTH GYKB, 06pasyioiine KO-
MycTHMOe COOOlLeHHe, HAmaraloTcsi OYeHb KecTKue orpa-
[HYEHHS], YaCThb KOTOPHIX He H3BecTHA. PeanbHHfl s3bK
MOXHO annmpoOKCHMHPOBATH, HaJarasa Bce GoJbile
6osbllle OrpaHHYEHuW¥ CTATHCTHUECKOTO Xapakrepa Ha
npouecc reHepauny coobuennit: Hanpumep, BMecto ycito-
BHs He3aBHCHMOCTH MOMKHO BBeCTH TpeGoBaHHe, YTOOLI
Kaxpmas gurpaMma (r. e. Kaxjas napa M3 AByX mOCHe-
-IOBaTeAbHBIX GYKB) noABAsach B COOGINEHHAX C TOH 3Ke
1acTOTOH, YTO U B peajJbHbIX TEKCTaX HAa NAHHOM fI3HKeE;
TeM CaMHM GyleT NOCTHrHyTo GOnbllee COOTBETCTBHE €
AeilCTBHTEIbHOM -CTPY KTy POl ‘A3bKa. DTOT Mponece MOX-
HO JIPOROJIKHTb, MOATOHSAA YaCTOTH..TPOEK, YETBEPOK H
T. - TOCAENOBATEMLHBIX GykB K peanbHbIM 4acTOTaM CO-
OTBETCTBYIOUIHX COYeTaHHi B manHOM asuke. Ecanm orpa-
HHYHMTbCAl JHTPAMMAaMH, T0 CTATHCTUYECKOE ONMCAHHE HC-

s



CBfI3b C APYMUMH HAYKAMM 233

TOYHHKA cOOGLueHH#l npHMer BHA NPOCTOR MapKOBCKOM
Hen . »

B npumenenunm K nameMy HCKYCCTBEHHOMY NpHMepy
¢ andasatom Sy, Sy, ..., Sp 3TO 0O3HauaeT, 4TO 3aJaHb
BEPOSITHOCTH_p;; TOTD, 410 32 S; caenyer Sj, u BepoAT-
HOCTb COOGLIEHHS S, S ..Si, pasma .

I_’tltz,l?z;t.3 ve pLN_liN'
Bepoarnoctu pi, p2 ..., pr NOSIBIEHHRA OTAEJIbHBIX

CHMBOJIOB B JJIHHHBIX COOGLIEHHSX MOKHO HailTH, pewas
JHHefiHble YPaBHeHHs

§P1P11=P1 (Gj=1,2,..., k).

SH.'rponnﬂ"raKoro HCTOYHHKA pPaBHa
H=—2ip; % piylog piy

MoXHO nokasaTth, 4TO 3Ta BeJHUYHHA He MPEBOCXOAUT
SHTPOMHK HCTOYHHKA B CJy4de He3aBHCHMON TeHepanuH
CHMBOJIOB C BEPOSITHOCTAMH p;. B 3TOM uposBasiercst 06-
WA npHHOUN: 4eM O6osiblie HaslaraeTcst OTPaHHUEHH,
TeM MeHbllle CTAHOBHTCS 3HTPOMHS.

Ecan HekoTopoe p;; pasHo O uan | (Rampumep, B au-
fAMACKOM fA3bIKe 8a GYKBOH 2 HuK020@ He C/AenyeT X, Tak
uro pxx=0), T0 Mbl HMeeM abcoAOTHOE OrpaHuueHye.
ITpn OTHICKAHHM MAaKCHMYyMa HTPONUH MOXHO BapbHpO-
BaThb BCE BEPOSATHOCTH pij, Kpome 'rex, KOTOpre JpasHbl 0
HAH I.

Jlo ¢énx mop Mbl npennonarann, 4YTQ B KaHaile .0TcyT-
¢TByeT WIyM, T. €. 4TO KaX[Ablli CAMBOA Nepejaercs ab-
cOJTIOTHO. TouHO. HanGosee mHTepecHHe MaTeMaTHYECKHE
3afiaui_BOSHHKAIOT B CHTyalHsiX, KOTNA KAHAJ «3aillyM-
aen», Tlpocrefimasg MoAelpr TAKOro 3amyMJIEHHOrO Ka-
Hana—naouqﬂuﬁ KaHag G6e3 .maMaTH. 3Jecb Mbl, CUH-
TaeM, 4TO NPH Mepefave ABOUYHLIX KOJZOB HMEETCST HEKO-
Topas TNOCTOSiHHAsi BEPOSITHOCTh p TOTO, YTO -CHMBOJ -0
uian 1 Gyner nepefaH NPaBUJIbHO, H .MOCTOSIHHAS .BEPOSIT-
HOCTb ¢ = 1 —p Toro, 4yro oH 6yger HckaxeH (T. e 0
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samenutcst Ha 1 mau 1 Ha 0); KpoMe TOro, Mbl moJaraew,
YTO OT/eJbHbEe CHMBOJL MEpelaloTcs He3aBHCHMO.

IllenHoH W ApyTHe MOKa3aju, KaK M NpH KaKuX 06-
CTOATENLCTBAX MOXMHO IOCTPOHTH KOABL, JONycKalomue
ReWH(PpPOBKY ¢ MPOU3BOJLHO BHICOKOH BepPOSATHOCTHIO;
HalleHHl TaKxe ONTHMAaJIbHble CKOPOCTH MepefayH.

OTH pasgenbl TEODHM yXKe 4pe3BbIYalHO CIOXKHBI, 1O
Jaxke M3 Hallero KpaTKOro M HemoJHOro o63opa ee Gogee
@JIEMEHTApHBIX YacTeli BUIRO, C KAKUM YyCHeXOM MaTeMa-
THKa NpuMeHsieTcsl cefiuac K 3ajauaM, KOTOpble COBCEM
HENaBHO CYHTANHCh HEJNOCTYNHBIMM HHKAKOMY TOYHOMY
KOJTHYeCTBEHHOMY aHalH3y. '

O6cCyxnas cBA3M MAaTeMATHKH C JADYrUMH HayKaMH,
HeJb3si He KOCHYTbCs CcTATHCTHKH. CTaTHCTHKA He $iB-
JAIseTcA BETBbIO MaTeMaTHKH, MOCKOJIbKY OHA 3aHHMaeTcs
06paboTKON [faHHbIX M TNpHHATHEM pellleHHH Ha OCHOBe
pe3yJabTaToB 3To# 06paGorku. Mcnonbsyemasa takum 06-
pa3oM, oHa He AsAAeTCA HKaXe 4eTKO ouepUeHHON JHc-
IHUOJHHON, a cKopee npelcraB/iser co0od o6uwmi HHCT
pyMeHT HayyHoYo wHccAenoBaHHs. OfHAaKO MaTeMarHKa
urpaja ¥ HrpaeT BaXHYI0 pPOJb B Da3BHUTHH CTATHCTHKH.
Mruorse pasgelsl CTaTHCTHKM HACTOJMbKO raAyGoKo mpo-
NHUTaHBl MaTeMaTHIeCKHMH HAeAMH H MeTOJaMH, UTO UX
COBOKYMHOCTb NOJIyuHJa HaHMenoBaHHe MaTeMaTHUeCKOH
CTATHCTHKY.

B cBolo oyepenb craTHCTHYECKas TOUKA 3PEHHA OKa-
sbiBaeTcd MoJe3HON Bo MHOrux o6aacTax YMCTOH MaTeMa-
THKH, pacilupss NpoOieMaTHKy d NOJCKA3HBAs ‘HOBLIE
NyTH M TOLXOJBL. :

Mgpr XOTHM CHOBa MNOJUEPKHYTb, YTO OY€Hb DEAKO
MOXHO OPOBECTH YeTKYW) rpaHHIly MeXJy MaTeMaTHKOH
M ApPYrMMH HaykaMH, K KOTOpbIM oHa npumensicrcsi. [lo-
ABITKH — K COXKaJEeHHI0, [JOBOJBHO HacThle — H30JHPO-
BaTbh «UMCTYIO» MaTeMaTHKy OT BCEH OCTaAbHOf HayuHOU
HesaTeJbHOCTH W 3aCTaBHTb ee BapHTbCSl B COOCTBEHHOM
COKy MOTyT JMlb OOejjIUTb H MaTEeMaTHKY, H OpOuHe
HayKH. :
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UTOMM YU NEPCMNEHKTUBLI

- MapwpyTel Hallux NyTeleCTBHH B MaTeMAaTHKY MBI
BHIGMpaAJIH HCXONSl M3 ee HCTODHH, BHYTpEeHHHX CBsi3ell ee
pasfenoB ¥ pa3BHTHA B Hel CHHTe3UPYIOLEr0 HavaJja.
Mu paccmoTpesiy 3alay# O HeJNBIX YMCJIAX, B CBA3H C KO-
TOPHIMH pOJHJAach HAes OeCKOHeYHOCTH, a NMOTOM Iepe-
iy K NpHMepaM M3 TeOMeTpPHH, NpOC/TeNdB NpelBapH-
TEJIbHO 3BOJIIOLHI0 aGCTPAKTHHX MNpeAcTaBJeHUH O YHC-
Jax 4 reoMeTpHYecKux OGbeKrax. Mbl nomeiTajnuch, IO
BO3MOXKHOCTH TNPOCTO, NMOKa3arTh, KaKUM NyTeM Marema-
THKH NPULLJIKM K PAacCCMOTPeHHIO OGMIMX Tpymnn npeo6paso-.
BaHui, a 3aTeM, HCCAGNYysd MHOXKeCTBa TAKHX OOGDHEKTOB,
KaKk TNpOCTPAHCTBA,— K TMOCTPOEHHIO TEOpPUH OOGIIMX
cTpykTyp. XOTsi pa3HoofpasHe MaTeMaTHYECKHX OObekK-
TOB B Hallle BpeMs OIPOMHO, caM MareMaTHYeCKHH MeTof
ocralcs TaKHM JKe, KakKuM Oblj Bcerga: cHayaja 1mocry-
JIHpYeTcs MJIH MOJya NpHHHMAaercd HeGOJbLIOE YHUCIO
aKcyOM, a 3aTeM NyTeM MOBTOPHOTO NMPHMCHEHUs OmNpefe-
JIEHHBIX MPaBHJ (MaTeMaTHYeCKOd JIOTHKH) CTPOHTCSA Teo-
pHd, T. €. COBOKYIIHOCTb TeOpeM, ONHCHIBAIOLHX CBOHCTBA
¥ OTHOUIEHHS MeXJAy O0ObeKraMH, YIOBJETBOpAIOUIUMYU
5THM akcHomaM. BockpecHu cerofHst takMe mMaTeMaTHKH,
kax Apxumen, Epxnun unmun HelotoH, oHu morsu 6wl pac-
TePSATbCH OT OOMJIMS MOHSATHI, HHTEPECYOIHX COBpEMeH:
HBIX MareMaTHKOB, OAHAKO HALI¥ METOAh OHH HauLIy Gbl
BIOJIHE MOHSITHEIME Y 3HAKOMBIMAL.

B crosb KpatkoM ouepke M MOHEBOJIE MOJMKHBI GLIJIH
OrpaHHYUTHLCA QTAEAbHHIMM H36GDAaHHLIMM TeMaMH H Me-
TOJAAaMH COBDEMEHHOH TEOPETHUYECKON H INPUKJATHOH Ma-
TEMATHKH; MHOTHE M3 HOBEeHIUHX MeTOILOB HaM He YZaJoch
Iaxe ynoMsHyTh. B 370 3akAIOYHTENbHON ri1aBe MB XO-
TIM HaspaTh paAn oO6Jacteli MaTeMaTHKH, rie BelyTcs
OCOGEHHO MHTEHCHBHBIE HCCJAeIOBaHHS, H OGPHCOBaThH
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nponecc pacTylllell MaTeMaTM3alUuK DasIMYHBIX OTpacied
HayKH M TEXHUKH. '

Bce ‘caMble BHILAIOmIFECS AOCTHXKEHUsI MaTeMarTuue-
CKOTO MeToJa CBSI3aHH C TeM, YTO OH N03BoJjser abcrpa-
rMpoRaTh onpefeseHnuie CBoiicTBa HAGMI01aeMblX 06beK-
TOB H HAGMIOAAeMHX OTHOMIEHHHA MeXAYy HHMH H UHCTO
JIOTHYECKHM NyTeM BbIBOAMTH HOBBIe CBOHCTBA H HOBbIE
OTHOUNEHNs, KOTOPLIe MOXKHO 3aTeM MPOBEepHTb HalbJione-
nueM u skcnepumentom. Tak, ¢dopmyaapoantbe Hpto-
TOHOM 3aKOHbI MEXaHWKU IO3BOAWIH YHCTO MaTeMaTHue-
CKHMH CpeACTBAMH BO3BECTH IpaHAMO3HOE 3AAaHME KJjac-
CHUeCKON MeXaHWKH M HaliTH 3aKOHbl [IBHXKeHus HeGec-
uix ten. Tem e NyXoMm NMPOHMKHYTH H Bce AafbHeiline
yClexu MaTeMaTHYeCKOH (u3HuKM, OTKPbIBIIME AOPOTY AJs
pasBuTHs ApYruHX o6nactel nayKH W TeXHUKM. B camoH
MaTeéMaTHKe HOBag TGOPHH O0ObIUHO Ila‘-lMHaeTCﬂ ¢ TOro,
YTO NOCTYJIHPYETCS DSl HOBBIX MaTeMaTHYeCKUX CBOHACTB.
Tak Bo3sHHKala Teopust BepOSATHOCTEH, pasJlHyHbIe Teo-
METpHH, TeopHUsl. AHANHTHYECKHX (YHKIHA, TeOpHsT NPOCT-
PAHCTB, 3JEMEHTAMM, HAH «TOUKAMMU», KOTOPHIX CAYXKAT
tbynknuy. 3ToT nmpoliecc aKCHOMAaTHYeCKOTO NOCTPOEHHS
HOBBIX TEOpHI npouomxaerc;r # nonwe. Ha6mionaa ot-
HeJbHble KIacchl SIBACHUI, Mbl BblaenseM H3 HHX NyTeM
a6eTpakuun Gonee NPOCThie «(pyHAAMEHTANbHbIE» Kiac-
cbl, TIOCTYJHDYeM Te WIH MHbie. CBOHCTBA 3THX KJIaCCOB
H BBIBOGMM MaTemaTHuecKHe CJAeACTBHA U3 MOCTPOCHHBIX
TakuM o6pasom Moaenedt. OaHoBpeMeHHO H3yyaloTcss M
CPaBHHBAIOTCA CBOHCTBA pa3JUYHBLIX KJIacCOB M MpHJIA-
TralTcst YCHJIHS K TOMY, YTOObl CBECTH HX BOEIMHO B paM-
Kax HOBBIX CO3ABAEMbIX JJIs 3TOTO. «CBEPXTEOPUH>.
Muave .roBopst, B Tpoitecce. COBMECTHON HEeATENbHOCTH
MaTeMaTHKOB, H3 MX OOIUAX HHTEPECOB W pPe3yJbTATOB,
POMKIAIOTCSI HOBLIE MaTeMaTHUECKHE KOHIMENIHY, KOTopbie
B JanbHeHlIEM caM#l OKasblBalOTCA YACTHLIMH CHAY4YasiMH
GoJiee O6IIMX 3aKOHOMepHOCTeH. - .

Mu nonmpo6yem onucars COBpeMeHHHe nccae JOBanHst
Ha TpHMepe HeCKOJbKUX TaKHX HOBBHIX TEOPHH. daneralit-
HYIO M JIOTMYECKH CBA3HYI 4aCThb MAaTeMaTHKH cOCTaB-
aser cospannas llennonom u ero nocaenoBaTedsAMH
Teopus ungopmayuu. Briwme, Koria Mpl roBOPHIH O TEO-
pur uHGOPMANUH, peub 1A 0 KOHEYHOM MHOXKecTBe CO-
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OLITHAl M. .MpUNMHCAHHBLIX UM BeposiTHOCTAX. MHTepecHo, 4TO
TOHSITHS TEOPHH HHGOPMAUUH MOXHO ONpeleNHTb M AN
6eCKOHEUHOTrO MPOCTPAHCTBA COGBITHH (KaK AHCKPETHOro,
TaK H HENpPepHBHOI0); AN 3TOTO HYXHO BBECTH Mepy
B TAKOM MPOCTPAHCTBE COGBITHI JHOO MyTeM MpejenbHbIX
mepexonoB, nub0 MNyTeM HHMTErpHpOBAaHHA (BCHOMHHM
cKasaHHoe Bolille B naparpade, NOCBALIEHHOM TEOPHH
mepnl). Kpome MepHl, yaasnoch BBeCTH H ApYyrue xapakre-
PHCTHKHM MHOXECTB B npocTpaHcTBe coOuitHil. Ecoa B npo-
cTpaHCTBe COOLITHil omnpefgeneHo paccTOAHHE MeXIy 3Jje-
MEHTaMH, TO MOXHO ONpefeNHTb 3HTPOMNHIO, HNH €MKOCTD,
MHOXECTB B 3TOM NpocTpaHcTBe. DTH onpepeleHHs, Bbl-
pociiye U3 NPaKTHUECKHX 3ajay mepefaud H KOAHPOBA-
HuA CoobureHuil, MO3BOJNHAH MaTeéMaTHKaM pasBHTb 0G-
e abcTpaKTHble TeopHH, KOTODbleé TOMOIIH pPeLUHThH
HECKOJbKO AABHHX [poOisem Teopuu ¢yHkuuii. B wuact-
HoCcTH, GoJbiinx ycnmexoB B npumeneHuu uped Illennona
IJIsl pellieHHst 3ajlay YHCTOH MaTeMaTHKH HOOHJHCH CO-
BETCKHe yueHble. Y AMBHTeJNbHO, KAK MHOr0 BDEMEHH YLING
Ha To, Y4T00H 06OGINHUTL HIACIO SHTPONHH, epefiasl OT nep-
BOHAYaNbHOTO TNOHATUS, OTHOCUBINErOCsl K COBOKYIMHOCTAM
MOJIEKYJ HJIH aToMOB, K opMyJiHpOBKe, oxBaThiBalomeit
BechMa 06mne Kiaccl cobuiThii. IToMuMo TOR monbanl,
KOTOpYI0 5T0 0006LIeHHe NpHHEeC]AO AJA pPellieHHs npoo-
JieM TEOPHH CBf3H, OHO 0Ka3aJOoCh HCKJIIOUHTENTbHO Hell
HLIM NI pellieHHsi psana aGCTPAKTHBIX MaTeMaTHueCcKHX
npoGaem, Ha NepBblfl B3MVIAA He HMeBHIHX, KaK 6yATO Gbl,
HH MaJjefimiero OTHOIUIGHHS K HAEAM TEODHH "BeposiTHO-
" cTedl.

Brimie mMbl yXe yINOMHHANH 3HAMEHHTHIH CNHCOK NmpoG-
JieM I‘unbéepTa Oana u3 atux npoGjem — HalTH Bhipa-
JeHHe KOpHeft anre@Gpauyeckoro ypaBHEHHs CTENeHH A
B Buge Qymguuii ot ero kodddunuenros. MapecTHo, uto
K2XKJOMY TAKOMY YpaBHEHHIO COOTBETCTBYeT OJHO3HAUIO
onpefeseHHoe MHOMXECTBO KODHe#l; ClefoBaTelbHO, 3TH
KOPHH XOJ*HbI ObITh q)yHKum[MH ero xoa(quunemoa
Inst ypaBHeHufi mepBofi, BTOPOH, TpeTbell H ueTBepTOit
CTeNeHH 5TH QYHKOHH HMEIOT BECbMa CHENHaJbHBIHA BHA:
OHH TOAYYAIOTCHA H3 Koaq)(bnuuen'roa ‘TyTeM CJOXEHHS,
YMHOXKeHHsS] H H3BJeyeHHsi KopHe#l. PyHKOUH TAaKOro BHIA
OT # MepeMeHHbIX (n=12, 3,4) MOXHO mpeACTaBHTb
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B BUAE CyNepno3uuuy (YHKUUN MeHblIero uucaa (ABYX)
nepemMedHsix, B camom Aefe, cyMMy WJH TNpOH3BelleHHE
J1060T0 YHCJIa YJIeHOB MOXKHO HAHTH, BHINOJHAS HYXKHOE
YHCMO pa3 CAOKeHHe MJIH YMHOXeHHe /[BYX 4JIeHOB, a
onepamus H3BJeYeHHs KOPHA cTemeHu R onpejenser
¢byuknuio onuol nepemeHHon. Ilpu n =5, corsnacHo 3na-
MeHuTOMy pesyJabrary Ianya,” kopum anre6paHuecKoro
ypaBHeHHss He BRIPAXKAIOTCH uepe3 ero KO3(QOHUIHeNTL!
B BUZe pajUMKaJOB U pauuoHanpHnx ¢Gynkuuh. [1pob6-
Jema, nocraBiedHas I'uapbeproM, 3aKjaioyaercs B CJcC-
AYIOUIEM: €CJIH CJTOXKEHHUS, yMHOKEHHS M H3BJEUeHHs KOD-
Hejl HeI0CTaToOyHo I/ TOro, ytoObl BBIPA3HTH KOPIH
aare6panueckoro ypaBHeHUst cTeneHd n>=5 B Bulle QyHK-
nufi K03hdunreHTOB, TO NeT AH KaKUX-HAGYAb IPYyrHx
GyHKUHA MeHbliero yucjia MepeMeHHBIX, [yTeM MOBTOp-
HOH CyrNeprno3uuHu KOTOPHIX MOMKHO MOJYUHTH 3TH KOpHH,
T. e. pewluTb ypasHeHue? Dojsec obuias ¢dopMynpoBka
sTo#t npobyeMsl I'ujabGepTa TakoBa: Bcerna JU BO3MOXKHO
BBIPA3HUTh HENPEpHIBHYI0 (YHKLHMIO MHOTHX INEpeMeHHbIX
B BHJe Cyrnepnosumuy (QyHKIHH MeHbllero uyHcia mepe-
MeHHBLIX, ckaxkeM Bcero AByX? Xora cam I'ninbept 6bia
CKJIOHEH CuHTaTh 37O HeBO3MOXHbIM, A. H. Konmoroposy
1 B. . Apnoneny ynanoce 0ka3aTh, 4To BCSKYIO Henpe-
puiBHYI0O QYHKIHIO JIO60T0 KOHEYHOrO uycjia NeHCTBH-
TEJbHBIX NePeMEeHHbIX MOJKHO TNPelCTaBHTh B BHIE Cymep-
NO3HOUY HenpepoiBHLIX (QYHKUHMA He O60Jee ABYX mepe-
MeHHBIX. IJTOT pe3yJbraT, NOJAVueHHBA B 1957 r.,
fI03BOJIMJI YTOYHHTL B OOOOWIHTHL QOPMYJHPOBKH APYrHX
npobaeM, CBA3aHHLIX ¢ Cynepnosumusmu ¢yuruui. Peus
-HET O NpobreMax aHAJOTHUHOTO NpeNCTaBjeHHs Halo-
pos n Gynkuu# OT 7 NepeMeHHBLIX: MOKHO JH BbIPA3UTH
B3aUMHO OJHO3HAaUHOe WelpepHBHOe MpeoGpasoBaluc
n-MEePHOTO MNPOCTPAHCTBA B BHAE CYNEPNOSHIHM Helpe-
pbIBHBIX NPe06pasoBaHuil ¢ MEeHbIUHM YHCIOM MNepeMen-
npix? [IpH KakuX ycmosusix 910 BO3MOXHO? Bmecro on-
HOM TOJILKO HENpPepLIBHOCTH MOXKHO HaJOXKHUTh Gogee
CHJIBIILIE OrpaHHueHus], N0Tpe6oBaB, 4TOOH (GYHKUHH HAU
npeoGpasoBauis Gblin anddepeHUNPYEMBIMH, aHATUTH-
YeCKUMH U T. L. :

Beile MBI BHAenn, Kak yHOGHO Ha s3blKe npeobpa-
3oBaluil GOpmymHpoBaTL KaueCTBeHHBle CBOHCTBA IBH-
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JKeHHA (H3MYecKHX cHcTeM. JHHAMHYecKasi CHCTeMa U3
71 MaTepHaNbHBIX TOYEK IMpeACTABJIAETCHA OJHON TOYKOM
6n-MepHOr0 NMpPOCTpaHCTBA, a M3MeHeHHs] 3TOH AUHAMH-
YecKO#l CHCTeMbl BO BDEMEHH ONMCHIBAIOTCS JBHXKE-
-HHfIMM 370 TOUKH. COBOKYMHOCTb BCeX BO3MOXHBIX
1HayalbHHX NOJOXEHHH, H3MEHAIOWIHXCA BO BpEMEHH,
onpejenseT NOTOK B 6n-mepHOM ¢(a30BOM NPOCTPAHCTBE.
«B oOmeM ciyuae» TakOH NOTOK, €CJH OH COXpaHSeT
00beM HJIM Mepy, fIBAsAETCH IProgHYecKHM, T. e. (aso-
Bas TOYKA C OJMHAKOBOH BepOSITHOCTBIO MOXET [OMAcThb
B J00yl0 wacTb JOCTYNHOro mpocrpadcrBa. IloscHum,
UTO 03HAUAIOT 3Iech CIOBa «B 00meM cayuae». MHOXKe-
CTBO BCeX HENPCPHBHHIX COXPaHAOWHX Mepy npeol-
pa3oBaHHA MOXHO pacCMaTpHBaTh KaK IPOCTPaHCTBO,
_9JIeMeHTaMH, HJH <«TOYKaMH», KOTOPOrO CJOYXAT 3TH
peoGpasoBanus. B -3TOM OpOCTpAaHCTBE MOXHO OMNpe-
IeNATh PaccTOsHHe MexXny ToukamH. MuoxecTBo 3pro-
IHYeCKHX NpeoGpa30BaHUil B 3TOM NPOCTPAHCTBE ABJAET-
ca «GOJbLUIMM» B TOM CMbICTE, YTO €ro JAOMOJHeHHe —
MHOXeCTBO npeoGpasoBaHMil, He SBJAIOLUIKXCA 3SProfH-
YEeCKHMH, <«MaJO». €ro MOXNO MNpPeACTaBHTb B BHUIE
0o6LeIHHEHHS] CYETHOTO YHCJIa MHOXKeCTB, HMLJE He MJOT-
IIbIX BO BCem Npocrpancrse. 3Jech OKasblBaeTesl M0Je3-
HbBIM MOHATHe (YHKIHOHAJIBHOTO MPOCTPAHCTBA; XOTH
3TC NOHfATHe OBLIO BBENIEHO B pe3yJjbTate YHCTO alcCT-
PaKTHBIX DACCYKIEHHH, OHO. BO MHOTHX CAyyasX NOMO-
raer ¢opMyJIHpPOBaTL TOUYHBIC YTBepKJIeHHA O (H3H-
yeCKHX cHcTeMax. BuiBop 0 tOM, uyT0 CcpenH BCex coO-
XpaHAOUHX 00beM HenpepbiBHHIX MNOTOKOB «OOMbIIHH-
CTBO» 3IPrOAMYHbl, HaMOMHHAeT YTBepXAeHHE, UTO
«GOJILIIHHCTBO» JeACTBHTENBHBIX YMCesJl HpPalHOHA/b-
Hbl WJIH Jaxe TpaHCUeHAeHTHH. Koneuro, T0 uan upoe
YHCJI0, Onpelle/ieHHOe KaKUMH-TO YpaBHeHMAMH MJH aJ-
TOpUTMOM, He 00f3aTeNbHO AOJIKHO NpHHajjiexkaTp ITO-
My «GOJbIIOMY» MHOXECTBY. B KaXJI0M KOHKDETHOM
cayyae HeJerko yCTaHOBHTD, OGJajlaer MM JanHAs JUHA-
MHuYecKas CHCTeMa CBOMCTBOM. 3PrOJAMYHOCTH, KpOMe Tex
clyyaeB, KOTJa ABHXEHHe JHHaMHUeCKOH cHCTeMBl ompe-
JeJseT HenpepHBHBIA COXpaHAIOWHMA 06beM NOTOK Bech-
Ma cneyuaasnozo Buaa. Jx. Mosep » CIIA u
A. H. Koamoropoe u B. M. Apuoasry 8 CCCP BbisiBUIH
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KJaccsl AMHAMHYECKHX cHcTeM, (a30Bble TOUKH KOTODBIX
ABHKYTCS He MO BCEMY NMpOCTPAHCTBY, a ONHCHLIBAIOT KBa-
SHIepHOAMYECKHE TpPAaeKTOpHH, HE BbIXOJsdLiHe 3a Ipe-«
JI€Jibl HEKOTOpBIX XapaKTepHHIX YYaCTKOB NpocTpaHCTBa.
HubniMu cioBaMu, 3Td (QH3HUECKHe cHCTeMBl o6GmaazpatoT
CBOHICTBAMH, NpeACTaBASIOMHMH co60f HEYTO MPOMEXKY-
TOYHOE MeXJy CBOHCTBAMH - NIPOCTOrO MEPHOAHIECKOro
JIBHKeHHS] (THIA KemJepoBOil CHCTEMbl ABYX TeJ) W CBOH-
CTBaMU «o0lIero» HenpepbliBHOro noToka. Pahbine npea-
mosaranoch, YTO €CJH paccMaTpHBAaeTcsd «JOCTaTOYHO
YCNOXKHeHHad» cucTeMa, TO €e ABIKeHHe CTPeMHuTCH
,CTaTh 3ProfMuecKuM, T. e, Tpybo ropops, mo Ipoulect-
BUHM JOCTAaTOYHOro BpeMeHH cucTeMa Oyner OJH3Ka K
aboMy Bo3MOxKHOMY mnosoxennio. OpHako okasanocs,
YTO HEKOTOpbie CHeLHAaNbHble CHCTEMbl MOTYT M He o6ja-
naTb 3THM cBofictBomM. Hanpumep, eclid ABHXKeHHE MOX-~
HO ONHCATb AUHELHbIMI YDABHEHUAMH, KaK B Cjyyae Me-
XaHHYeCKHX Koje6GaHuli KakoH-HuOGyIb ¢H3MuecKOH cH~
cTeMbl, TO (MO KpaHHel Mepe Npu MajabX aMIOAHTYAAX).
Mbl [IOJYYHM Nepuojuueckue Konebanusa. Tak, aBukeHHe
HjeaJbHO YNpYrod CTPyHB! Bcerja O6yHeT CKIaanBaTbhCsA
H3 MepHOAHYECKHUX KoJie6aHHid, COOTBETCTBYIOMIUX ee CO0-
CTBEHHHIM HacToTaM. Pasymeercd, JHHefHHE YpaBHeHHS
ABMSMIOTCS JiHlb NpHOJMKeHHeM peajJbHOR (Qusiueckoh
CUTyauHH. DMOHPHYECKH CHJA YIPYTOCTH He OyAeT CTpo-
ro NMponoplHOHaNbHa CMelleRHI0. Bopaxenue 3toft cusibl
Kak (QyHKIMW CMelleHHs BKJIOYaeT, KpoMe TIJaBHOIO
YjieHa, KOTOPOMY 3Ta -CHJia NpONOpIHOHAJNbHA, emie psij
MaJjHX 4JIeHOB — BTOpPOTo HJH GoJiee BHICOKHX MOPSAAKOB.
IlpuneMast 3TO BO. BHHMaHHe, MOXHO ObTo Obl AyMarTh,
YTO C TeyeHHEM BpeMeHU NepBoHayajbHas Gopma KoJe-
G6aHus OyaeT MOCTENeHHO CTAHOBHTbCHA Bce Gojee m 60-
Jfiee  caoXHo#M., Pacuersl Ha BHIYHCJIHTENbHOH Mamune
MO3BOJH/HM HMUTHPOBATL 3TO ABHXKEHHe 3a AOCTATOUHO
NPOAOMKUTEIbHBI MPOMEXYTOK BpeMeHH. BrisicHusoCh,
YTO BONpEKH BceM OXHAAHUAM KoJAebGaHuUA HE CTaHO«
BATCH YPE3BhHIUAHHO CJAOXKHHIMU H YTO CTIpyHa KoJaeb-
neTcs XOTd W He BIOJHe. MEepHOAHYECKH, HO B Npegenax
He6oMbILON YacTH. AONMYCTHMOrO KJjacca TOJOXKeRni.
MupiMu cnoBaMH, STa cucTeMa He o6najaer CBOHCTBOM
3ProLUYHOCTH. Pesynmam 3THX pacueToB TMOCHYKHIH
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TOMYKOM K WHPOKOMY HCeJe AOBAHUIO TAKOTO pona «me-
JyHefAHHIX» 3a/a4, B TOM YHCJE H TaKHX, KOTOpble Apep-
CTaBAAIOT YHCTO MareMaTyuecKHil HHTepec. Kak Mbl BH-
. JeJid BHIlUe, O JuHeHHbX TNpeo6pa3oBaHUsAX eBKJIMAOBA
MpOCTPAHCTBA H3BECTHO YXKe OyeHb MHOroe; mpeo6paso-
" BaHUA e TAKOro NMPOCTPAHCTBa B cebd, He ABJsoLHecs
- JUHeHHBIMY, H3YyueHbl Majso. MOXHO OXHAaTh, 4TO U3
HcclleJoBaHHH B 3TOM HanpaeslleHHY OYAYT [MOCTENMEHHO
BLIDUCOBLIBATHCA KOHTYPHl HOBOH O6lilel TEOpHH.
Teopus uep (c XOTOpo#l ™Mbl yXe HEMHOTO NQ3HAaKO-
MHJHCh paHblle) cBA3aHa ¢ ocoforo poja maremarmuye-
CKHMH 3ajlayaMy K3 o6JacTH KomOunatopuky. Ilpefcra-
BHM ce6Ge ABYX MI'DOKOB, IO OuepefH BHhIOHPArLHX XOAbI
M3 KaKOro-T0O 3aJaHHOTO . MHOXECTBA aJbTEpHATHUB.
- Ilocnie - HeKOTOpOro uYHCIa XONOB BO3HHKAeT CHTYyauus,
KOTOpast paccMaTpHBaeTcd KaK «BHLIMIPHILI» OIHOMO H3
fnapTHepoB. B Teopuu urp H3yuaercsi BHIGOP cTpaTerufl
- f1pH YCJOBHAX, KOTAA KaxkXObIH H3 HIPOKOB [HOJKEH B
CBOMX pEIIeHHAX OCHOBBIBATbLCS HA BePOATHOCTAX Pa3JjHy-
HHIX pelleHuil npoTuBHuKa. [Ipexpe Becero 3ajpech. BO3HH-
XaeT 3ajaya ONTHMH3ALUM TAKTHKH KaXAOro H3 mnapr-
nepoB. Bosbiast yacTh TEOPHH MOCBSIUEHA HIPaM «C He-
nOJMHON MHPOpMAlLKHel», B KOTOPHIX 3HAUHTENbHAst POJb
NpUXOAHTCA Ha HOJIO ciayuass. Tak OGCTOHT ZHejo, cKa-
W¥eM, B NOKepe B OTJAHUHe OT IAXMaT, ABJIAIOLUXCA TH-
fIHUYHBIM T[PUMEPOM HFPH “«C MOJHOH HHpOpMaiuelis.
Hsyyatorés Takke Hrpnl, B KOTOPHIX Yy4acTByeT GoJjiee
7BYX TapTHepOB; BaXHOHR mpo6ieMofl 3mech ABJaAeTCA
obpasoBaHHe KOQAUyutl OJHUX HTPOKOB NPOTHB APYTUX.
Hayano stum HCCIIeIOBAHUSAM B HX coBpeMenHoli dopme
6ut0 monoxkeno crartbeil JIx. ¢on Hefimana, a ceoe
AavibHelee pasBHTHE OHH TONYYHIH B KHUTE (QOH He#-
mana 1 Moprenmrepaat), nabuwefi TOMOK ueNON cepuy
nocneRyonux pacdor. .
KanaccHuecKMM TNpHMepOM «SICHOBUAEHHSI», KOTOPHM
MoxxeT objaamaTb MaTeMaTHyeckoe BooOpakenue, mpen:
BOCXHMHIAsi pa3BUTHE (U3HUSCKHX - TEOPHH, CAYXKHT

1) Hx. ¢on Hefiman, O. Mopreswmrepn, Teopra urp H
sKoHoMWueckoe mosedenne, M., «Haykas, 1970. l'lepnoe aumuﬂcxoe
H3faude KHWTH suimino B 1944 r, — Hpum. ped.
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co3nauue pUMaHOBBIX reomerpuil. b. Puman B cBoeil 3Ha-
MenuTol Jekuun «O runoresax, JexallHX. B OCHOBaHHH
reomerpun» (Uber die Hypothesen die der Geometrie
zugrunde liegen)') ompenmenun ueanii Kaacc reomer-
puH, paccMaTpuBas B KauecTBe OGOOGILIeHHA «IJIOCKOro»
eBKJHJOBA TNPOCTPAHCTBA <«HCKPHBJEHHbIE» MHOroo6pa-
3H4, re KPHMBH3Ha 3aJaeTcd JIOKAJbHO, B OKPECTHOCTH
KaXJofi TOUKM NpPOCTPAHCTBA; HAIpPHMep, OHa MOMKeET
onpenesiTbCs KaKOH-HMOYIb pH3HuecKoll BeJTMUHHON THIA
INOTHOCTH BemectBa. Ilpopoueckuil xapakTep 3TOH HO-
BOH TeOpMH OGHapYXKHJICSH MHOIO JileT CycTsl, Koraa JHH-
iiTelfH MONOXKHN ee B OCHOBY o6uieft TEOPHH OTHOCHTeJb~
HocTH. Anmapar gu¢bepeHnHaNbHON TeOMeTpHH, paspa-
6oranHLIX PHManoM H ApYruMM MaTeMaTHKaMM moche
Hero, Obln CypleCTBeHHBIM 06GpasoM MHCHONb30BaH [/
(opmMYJaHPOBKY TIPHHIIHIOB 0Guiell TEOPHH OTHOCHTE/bHO-
cru. OGe 3TH TeOPHH HOCSHIT JIOKaJbHLIE Xapakrep, HHTe-
pecysich fipexje BCero IMOBeleHHeM KPHBH3HHEI H reoje-
3MYyeCKHX (T. e. KpaTyaWUIMX JHHHUH, COeIUHAIOIUHX TOU-
KH) B OKPeCTHOCTH KaXjol TOuKM. [JioGanbHble CBOMCTBa
TaKuX [OPOCTPAHCTB CBA3aHBI C TOIOJOIMYECKHMH Xapak-
TePHCTHKaMH IPOCTPAHCTBA B LeJOM. TakKMMH XapaKrepH-
CTHKaMH $BJISIOTCS, HAlpHMep, YHUCJAO k-MEpHBIX IBIPOK
B npocrtpaHcTBe (4ucja BeTTH) M rpynmel roMOTONHR
nmpocTpaHcTBa (MOpOXKIaeMble He CTSITHBaeMbIMH Jpyr
B Jpyra KPHBHMH H [OBEDXHOCTSMH B 3TOM HpOCTpaH-
cTBe). MHorve BaxKHble HMCCIeNOBaHHs NOCBSIIEHB M3y«
YeHHIO NMOJOOHHIX TOMOJOrHYeCKHX CBOHCTB [POCTPAHCTB;
avddepeHnnaabHas TeOMETPHSI «B LEJIOM» COCTaBiseT -
OJMH W3 CaMblX aKTHBHO paspabaTelBaeMBIX pPas3fie/oB
coBpeMeHHOM MaTemMaTHKH. TlpuMeHsieMble [asfi 3TOro
MeTOfEl, anreGpandyeckue 1o CBOeMY XapakKrepy, HO3BO-
JSIOT H3y4YaTh CBOMACTBA HelPepbIBHHIX BEKTOPHBIX fojei
Ha TaKHX MPOCTPaHCTBaX. :

B nyxe Toro ke rno6anbHOrO MOAXONAa MaTeMaTHKH
MHTEHCHBHO HM3y4aloT CTPYKTYPY HeNpepHBHBIX TDYIIML.

’

1) Cm. B. Puwman, Couunenns, M.—JI., Tocrexusgar, 1948,
cTp. 279—293, 509—526, nan c6opuuk «O6 OCHOBaHMAX TeOMETpPHHY,
M., Tocrexuagar, 1956, crp. 308—341. Jleknust Pumana 6pu1a npoyn-
TaHa B 1854 r. — [Tpun. ped.



VITOrYM U MEPCHEKTHBH 243

Hanpumep, rpyumsl BpailleHHH n-MepPHLIX IpOCTPaHCTB
caMH MOXKHO paccMaTpHBaTb KaK MpPOCTpPaHCTBa, Olpes
leMB B HHX pacCTOSIHMe MeXAy JIOObIMH IByMA Bpa-
uieHnaMyu. B mocsennee BpeMsl YAAJIOCh BHIACHHTL MHO-
rUe TOUONOrHYeCKHEe XapaKTEepHCTHKM TaKHX TpyImll, OCO«
GenHO B CJayuae, Korja rpynmnoBasi omepauua He TOJNbKO
HempepbiBHa, HO M Anbdepennupyema. Takue rpymist
Ha3blBaloTCsl rpyniiaMu JIn. Ind HHX HILYT npelcTaBJcs
HUSl rpynfamMi  JuHefHBX Tpeo6pa3oBaHUil /-MepHOTo
IIpOCTPAHCTBa, T, €. HULYT IpyNnb JHHeHHLIX npeobpa-
30BaHuil, u3oMopdusie rpymnam JIin, MaremaTiyeckue
CBOACTBAa TaKHX IpeNCTaB/AeHM HOJAYUMIAH BaXHyio ¢u-
3HUYECKYI0 WHTepIpeTalui0 B KBaHTOBOM MeXaHHKe H Teo-
pHH 3JeMeHTapHbIX uacTul. [lpuMeHeHHe 3THX uIeli K
KraccHPHKanM#d aTOMHBIX CIEKTPOB M 3JeMeHTapHBIX
YaCTHI — ellle ONHO CBHAETEJNbCTBO MOPa3UTE/IbHLIX BO3+
MOXKHOCTell MaTeMaTH4eCKOro NpeIBHICHHSA.

. HenpepbiBHHI pOCT KOJMUYECTBA OTAENLHBIX H YacT-
HBIX Ppe3yJbTaToOB, MHOIOUHCJ/EHHble, HO HECOIrNtacoBail-
Hele [IONbITKH YHHMDMIKPOBAaThL MaTeMaTHKY M, HaKOHel,
pacTylllag MaTeMaTH3alMs HAayKH H TeXHHKH CTaBiT
nepes MaTeMaTHKOH Cepbe3HYI0 npo6JeMy BO3MOXKHOI
HoTepH o6iero s3bika: oblapyKuBaeTcsl SIBHASl TelfeH-
KA K BaBHJOHCKOMY CTOJ/IIOTBOPEHHIO.

B 3T0i1 cBA3M 10Ne3HO B HMCTOPHYECKOM MJjaHe Mpo-
CJeJHTb, KaKyl0o pOJb CHrpaja MaTeMaTHKa B pPa3BHTHH
Apyrux Hayk. He cayuaiino, uro auddepenuupoBanne u
MHTerpupoBaliie OLIMM HNpHIYMaHH TOTAA e, KOrla
HploToR OTKpBLT 3aKOHE MeXaHHKH H 060CHOBAJ 3aKOHHI
IBHXKeHHs Hebecnblx Tel. B To camoe BpeMs, Koria
Gbiin  CHOpMYJIHPOBaHB BCc@ OCHOBHbIE 3aKOHLI MeXa-
HUKH, OblIM HM300peTeHb H YCOBEPLIGHCTBOBAHH H Cpejs
CTBa IJ BHBOAA CJAEICTBHI M3 3THX B3aKOHOB, [IpHuUeM
JI0 CHX IOp, NO-BHAMMOMY, He CYHMIeCTBYeT IPYrHX, Teo-
petHueckn Oosiee COBepleHHBIX WJIH TEXHHUECKH Gosee
3G GheKTHBHBX CPeACTB A/ (POPMYJHPOBKH 3THX 3aKOHOB
U LJjsi pacueroB ABuxeHHa Tes. duddepenunansuve u
MHTEerpajibHble ONePaToOphbl’ ¥ CEroJHs COCTABJSIOT OCHOBY
MaTeMaTHUYECKOro aHa/iu3a. 3aKOHbl KJIAaCCHUeCKOl (<
3uKH GopmMyaMpyoTCs B Bhie NuddepeHuMaNbHbX ypaB-
HeHMH MM cHcTeM Takux ypaBHeHuft. CHauaja 370 GbuiH
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obbikHOBeHHble  AMpDepeHLHANbHLIe YDABHEHHS: OlH
CBA3LIBAIOT NPOM3BOgHBIe HeH3BecTHOH GYHKUMHU OAHOH
MlepeMeHHOR cO 3HaueHHsIMHM CaMolf 3TON (GYHKUMH H ApY-
rux 3ajgandux ¢yskuui. Tlpu TakoM Toaxoze moBegeHue
Gbun3nueckol cHcTeMH OmuCHIBaeTcsi B TepMHHAX MOBexe-
HH MaTepHaJbHBIX TOUEK, KOTOpbie MOLEJHPYIOT (ak-
THYeCKOe pachpefefienne Mace,

Hsiqa MaTeMaTHUeCKOro ONHCAHAS HenpepbiBHbIX pac-
npejesieHndt MacC wim noJseit TpeGyworca anddepen-
XtnaJibHble YpaBHEHHS ¢ 4aCTHOIMU npou3sodHoimy. B stoM
Cryyae paccMaTpuBaiorcss (QYHKIMM HeCKOJBKHX Iepe-
MEHHBIX, 2 B YPaBHeHHs BXOHNAT uaCTHHIe MPOH3BOJHbIE
3THX OYHKUHMA MO NpOCTpaHCTBEHHBIM KOOpAMHATAM H
no speMenu. IlonoGure ypaBHenws npumensauch mocie-
nosatensiMn Horosona eme B 18-m Bexe. [Ipumepamu onu-
CHIBAEMBIX T2KHMH YpaBHeHMAMU GYHKUHH “MoOryr ciy-
}KHTb CKODOCTH B XHMIKOCTAX, NJOTHOCTb BetlleCTBa B
npocTpaHCTBe, YOPYrde HanpsXeHWs B MaTepHa/e, 3aBH-
CHMOCTb TeMNepaTyph OT KOOPHAHHAT H BpEeMeHH.

ITpu nomowmn AnddepeHuuasbHbiXx ypaBHeHHH C ua-
CTHbIMH NPON3BOAHBIMM OLIIM NOCTABJEHB H pelleHbl
MHOTHe 3alauM THAPOAMHAMHKH, TeOpHH YNPYrocTH
Teopuu TewnnoTH. Ha nporsikennu 19-ro cronets MateMa-
.THYecKasi (usnka N0Guiace pafa KPYyHHBIX JOCTHXKeHHI
myTeM DpHMEHEHHs MaTeMaTHuecKoro ananusa. Heckonbko
nosjHee -paGoTHl MO Teopuu 3JIEKTPHUECTBA YBEHUAJIHCH
MaTeMaTHYeCKHM OIIHCaHHWeM 3JIeKTPOMAarHWTHHIX siBJle-
HHH, nonyueHHBIM MakcpessiOM, BbHIpa3WBLIAM OCHOBHbIE
3aKOHBl 3/IeKTPOMAarHeTyaMa B Buje CHcTeMbl MHddepen-
IHaJIbHbIX YpaBHEHHMH ¢ 4acTHBIMH NPOH3BOIHBIMH.

B npomsiom Beke Henosbsosanue B pusnKe dyHKuUM
. KOMIIEKCHOR TepeMeHHOH npsMo-TakM uyAopefCTBeH<
HbIM 00pa3oM MOMOIMIo co3xaTh 3d¢eKTHBHbBlE AATOPHT-
Mpl pellleHds 3a7a4, KOTOpble A0 3TOr0 .HE YAaBajioch
pelinTh HHKAKHMH APYTHMH MeToAaMu. MaJio Toro, oKa-<
3aJ10Ch, 4To 0/1aroxapa stoMy (usuueckne 3aKoHbl MoJy-
YHJIM HOBHIA CMBICT H HOBble (OpMYJHDOBKH, 4TO ¥yX
COBceM MOXOXe Ha MHCTHKY: Beflb, KaK Mbl NOMHHM, KOM-
nJeKcHbie repeMeHHBle (M GYHKUMH ¢ KOMHAEKCHBIMH
3HaueHUsTMH) NepBOHAYANILHO BO3HHKMAM B anreGpe, BHe
BCSAKO CBSI3H ¢ NPOOJEMAMH eCTeCTBEHHHX HayK.
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Eule onna o6nacTb MaTeMaTHYeCKOro aHa/H3a, Has
yano Kotopol 6uuio nosoxeHo B 18-M Beke, — 3T0. sapua-
yuonnoe ucuucrenue. OuspueckHe 3aKOHBI MOXHO (op-
MYJAHpOBaTb KaK YTBepXJAeHHS O TOM, 4TO HeEKOTOphle
HHTErpajn - GyHKIMH ORHOH MM HECKOJBKHX mnepeMeH-
HBIX TIPHHHMAIOT J3KCTpemaistHoe 3HaueHue. KoMmaKTHbI,
H3SIUEB W o6nafaloT GOoJbIUOH MaTeMaTHUYeCKOH CHJIOH
npuruun Pepma (0 KpaTuafilleM BpeMeHH HPOXOXKAEHHA
CBETOBOTO Jyua uepe3 ONTHYECKYIO CHCTeMY) HJH NpHH-
tmn Hanmenbilero Jeficteus (B dopme I'amuibproHa win
Moneption — Jlarpanxa). B KoHue Npouiioro croJerTus
BO3HHK/IA TEOPMS UHTE2PuAbHbLX YpasHeHull, OTAe/bHELIE
npHMepHl KOTOpbix H3yuan ewe AGesb. Bee sry uccaeso-
BaHHA OTHOCATCS K MaT€MaTHUeCKOMY aHaJH3y.

. Csoo nopory B (DHM3HKy HaWlIl M Jpyrue pasaeisl
MaTeMaTHKM. Teopus BeposiTHOcTell o6pasoBana ¢yH-
RaMeHT CTATUCTU4eCKOl Mexanuxu, KoTopas M3yvaeT mo-
Be/leHHe BElieCTBa Ha OCHOBe JHCKDeTHOH, a He Hempe-
PHIBHOH, MaTeMaTHueCKOfi MoOJe/H, paccMaTpuBas _ero
KaK COBOKYMHOCTb OIpOMHOrO KOJIHUecTBa B3aMMOJeH-
CTBYIOUIHX 4acTHH. Tako#t «KOMGMHATOPHBIA» MOAXON CY-
liecTByeT Ilapa//ieJbHO C HelpepbiBHLIM HOAXOAOM Tep-
MOJAMHAMHKH M AONOJHSeT ero. Hakonen, XKak Mbl yxe
TOBOPH/IH, Pa3BHTHE B-TIPONLIOM BeKe TEOPHH HOBBIX reo-
MeTpHH TNOATOTOBMJIO CO3JlaHHe. (CTeuHaibHod n obuted
TEOPHH OTHOCHTEJIbHOCTH.

OTH HOBhle MPHUMEHEHUS Maremamxn B (hH3HuECKHX
TeOpHSX, BKAIOUAs BeJHKOe TBOpeHHe DAHUITeNHA — Teo-
' PHIO OTHOCHTEJbHOCTH, ObliM Halaeun! yxe B 20-M Beke.
Bech Heo6xommMblif MaTeMaTHYeCKMH anmapaT TeOpHH
OTHOCHTENBHOCTH Gbi MOJTOTOBJEH elie N0 DitnwTefiHa.
Jlopenn u IMyankape ucciemoBain rpymnny mnpeo6pa3o-
"BaHMA YeTbIpeXMePHOTO MPOCTPAHCTBA-BPeMeHH, OTHOCH-
TeJIbMO KOTOPHIX- MHBAPHAHTHH. YpaBHeHHst MakxcBesaa,
OIMCHIBAIOWINE 3JEKTPOMATHHTHbIe siBjeHus. VuBapuaut-
HOCTb OTHOCHTeNBHO 5THX Npeo6pa3CBaHHI BCeX Ypas-
HeHMH, ONHUCHIBAIOLIUX (bnanecxue siBJIenns, DAHImTeHH
BO3BEJ B OCHOBONoOJaraloluil ¢usnueckuht NPHHUMI; 3TO
03HauaJio - pPafMKa/bHbBIH [IepeBOPOT B CYILECTBOBABUIAX
TOTAa HPeNCTaBJAGHHAX O NPOCTpPaHcTBe M BpeMeHH. Ta-
KHe OHIeJOMJIAIONINE BbIBOJbL, KaK YTBepXjeHHe 00 sKBH-
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BaJIeHTHOCTH Maccel M 3Hepruy, OBJIM AOJYYeHH Kak
maremaruveckue ciedcrgus sroro ponymtenns. dopmyia
E =mc® sBnsieTcsi MareMaTHUECKHM CJEICTBHEM HH-
BapHAHTHOCTH 3aKOHOB IIPMPOAbL OTHOCHTEJBbHO IIpeol-
pasoBannii Jlopenna. Ilposerannass MareMaTukaMu pa-
Gora no onpeeneHHI0 aGCTPAKTHLIX NOHATHI W Pa3BUTHIO
abGCcTpaKTHBIX uiefl cyulecTBeHHO ‘o6Gaerumsia paspaboTKy
HOBBIX MaTeMaTHYeCKHX CXeM JMJIsl TeopeTHueckoi ¢u-
3HKH, a B psfie CJHydaeB HeNOCPEICTBEHHO CHOCOGCTBO-
BaJia MX coslaHHo. Tax, nanpumep, pa6ora PuMana u
JApYruX MaTeMaTHKOB HajJ CeoMeTpHAMH, OoJiee oGIIHMH,
YeM eBKJHAOBA, NOATOTOBMJIA NOUBY H CO3Jajna MareMa-
THYECKHA annapar obmefl TEOPHH OTHOCHTENbHOCTH.

B kBaHTOBOfi MeXaHHMKe pasiuuHbie fBJEHAS pac-
CMATpPHBAIOTCA C TOUKH 3pEHHA, KOTOpas MpeacTaBJsercs
eite Gosmee aGeTpakrTHoll. OCHOBHBIMM OGBEKTaMA == HC+
XOJIHbIMH TOHSATHSIMHY 3TOfl TEOPHH CJFYXKAT YXKe He MaTe-
pranbHble TOYKH eBKJAMAOBa INpOCTPAHCTBA, a (QYHKUHH
paciipefie/ieHHsl, XapaKTepH3YIOiIHe BOJHOBble TaKeThI».
OHH paccMaTpHBAIOTCS KaK [1€PBOOCHOBA (PH3HYECKOTO
o0beKkTa, mpHueM Ha6mIOfaeMBIMH  XapaKTepHCTHKaMH
¢$hu3MuecKHX SIBJIeHH#l OKa3LIBAIOTCS MHTerpaJibl aTHX pac-
npeneseHnii WM nPOU3BOAHBIE OT HMX. MarteMaTuuecKkoi
OCHOBOH 3TOH TEOPHHM CJAYXHT TeopHsl (PyHKUHOHAJBHHIX
IPOCTPAHCTB, MHOAOGHHX TrHJAbOEPTOBY MPOCTPAHCTBY,
yOOMSIHYTOMY B fyaBe 2. 3a10JiT0 10 CO3LaHUs KBAHTOBOM
Mexaunky [niabnbepT, onpenessisi MareMaTHYeCKHe CBOH-
CTBa JMHefHBIX npeoGpa3’oBaHuii cBoero GecKOHeuHoMep-
HOTO NPOCTPAHCTBA,” yNOTpeGH/ ca0BO «cnekTp». Okasa-
JIOCh, 4TO 3TOT MaTeMaTHYECKH{ CHEeKTp B TOUHOCTH CO-
OTBETCTBYeT CIeKTpy- HaJdyueHHs aroMal-

Kaxyuuficss xaoc crleKTpajgbHBIX JHHHA MOXKHO no-
HITb M YNOPSJOUHTb C HOMOILBIO MaTeMaTHUECKOH, T€o-
puu rpynn. B camoll mMaTeMaTHke niesi o ToM, uTo ¢op-
MaJibHBIe CBOHACTBA rpynn npeoGpa3oBaHHi MOryT cay-
XKHTb [Jis1 onpefefeHHs M Kiaccupukanuum o6GBEKTOB, Ha
KOTOpble JeHCTBYIOT 3TH peoGpasosanus, Obljia BilepBhHE
npuMeHeHa B reoMeTpui. ®. Kiefin B cBoeil 3HaMeHHTOH
dpaanreHckoil mporpaMMme npoBO3raacha, uro Jwobas
reoMeTpHsi ompejensercss rpynnoli mpeoGpasoBaHuii, oT-
HOCHTE/IbHO KOTOPBIX MHBAPHAHTHH ee OObEeKTH H OTHO-
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enusa MexAy HUMH. B Hacrosigee Bpems HabsionaroTcs
TeHJeHUMH K 0GOOWIeHHIO 3TOro n[OAX04a, W MHOroe H3
TOTO, 4TO cefiyac [JesaeTcsi B TeOpeTHUeCKoH (H3MKe,
MOKHO CUHTATh pasBHTHeM 5To#l HueH. [pynmsi mnpe-
06pasoBaHuil MCIOJb3OBAJHMCH JAJIS BbIBOJA 33aKOHOB CO-
XpaHeHHA M KJaccHMKauuy 3JeMeHTapHbIX YacTHIL
C nomomblo abGCTPaKTHbIX TrpPYNN H3Y4aloTCA 3aKOHBI
.COXpaHeHHA HMITyJbCa M 3HEPrHH, a TaKXKe COXPaHeHHA.
3apAfa M TaKHX BeJHYHH, KaK «COMH® M <CTPaHHOCTbY.

Kakne M3 MaTeMaTHueCKHX TeOpHH, BepOSiTHee BCero,
OyLyT MrpaTb BaXKHYIO POJIb B JajbHeflIeM pa3BUTHH
dusnuecknx Teopni? fIBJeHMa upe3BbluafiHO MaJjbIX Mac-
1wTaboB, NMPOHCXOASIM{HE HA BHYTPHATOMHOM H SJE€PHOM
ypOBHe, COBEpIIEHHO He COrJacyloTcsi ¢ TpeicTaBJe-
HUSIMH KJaccuueckodl ¢usuku. Jdaxe ana uucro Kaue-
CTBEHHOrO HX ONHCaHHA TpeGyloTcs MaTeMaTHuecKHe
fepeMeHHble MHOTO THMNA, ueM NpHBLIYHBIE AefCTBHTE/b-
HBle YHCJIa M eBK/AKAOBHI KOHTHHyyMbl. OkassiBaercq ne-
BO3MOXHHIM C NPOHU3BOJIBHOH TOYHOCTHIO OIHOBpPEMEHHO
H3MepHTb MMHOYJbC ¥ KOOPAHHATH YacTHIL! WM SHEPrHIO
© BpeMmsl Mclyckauusi u3dnyuenus. Ilo mepe Toro kag,
H3yuasi CTpPoeHHe BellieCTBa, Mpl OyneM IMepexoiHTh KO
Bce GoJsiee BBICOKHM 3HeprusaM, MOryr mnorpeGoBaThCa
MaTeMaTHYeCKHe MOJeJiH, COBCEM HeIOXOXHe Ha Te, KO-
TOpble npuMeHsieT coBpeMenHas ¢musuka. Ilosesnoit mas
IOCTPOeHUSl MOJEJH BeliecTBa M H3JyYeHHST MOXKeT OKas
3aTbCsl TEOPHA MHOXKeCTB (M TOMNOJIOTHS TOYEUHBIX MHO-
xKectB). [lepemenn Oymyr elile GoJsiee pamuKa/IbHbIMH,
ecJu moaoGuble nien OyAyT HCNOJb3OBAHE [JII MOCTpOe-
HMS MOJeJieli caMOro mpocTpaHcTBa-BpeMenH. Tlociennue
pa6oThl B 00/1aCTH acCTPOHOMHH H KOCMOJIOrHH — HayKH,
paccMmarpuBawwei Beenennylo B uenom, 0OGHApYXUJIH
pAL HeoXKHIAHHHIX ABJeHnil. Ecan BuacHuTCA, 4TO 60/b-
el afeKBaTHOCTbIO 00/1anal0T MogleJiH peanbHo Gec-
KoneuHoH BceseHHOM, TO 3TO NOBBLICHT POJb MaTeMaTH-
yecknx wnjefl Teopun MHOXKecTB. [locnennie oTkpeiTHa
MaTeMaTHUeCKOH JIOTHKM OTHOCHTENbHO HEIOJNHOTH JIIo-:
Gofi cHcTeMbl AKCHOM CTaBAT KakK CTpOro HayuHble, Tak
n ¢uiocodckne npobaems .o npupofe Bceesennoit. Mu
y#e paccKasbiBaju O TOM, KaK B moc/efHHe rojpl B ca-
MO#l MaréMaTHKe Obli0 J0Ka3aHO, YTO HEKOTOpble BaX-
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Hble NpoGJeMB Hepa3pellMMbl B CYIIECTBYIOUHMX aKCHO-
MaTHYeCKMX cHcTeMaX. Moxer craThcsi, 4YTO HMKakas
KOHeuHasi CHCTeMa aKCHOM HHKOrja He OyjeT NpH3HaHa
onpefeJeHHOl HNM OKOHuaTenbHOH. [TofoGHbIE AnIEMMDI
BBIPACTAIOT He TOJBKO M3 YHCTO YMO3PHTEJbHbIX NOCTpoe-
HHH (B 4AaCTHOCTH, MaTeMaTHYeCKHX), HO H H3 TOro, 4TO
Mbl HasbiBaeM ¢usnueckuM wmupoM. Ecan Bceenennas
JeHCTBHTE/IbHO COJEPXKHT OecKOHeuHoe MHOMKECTBO IHC-
- KpeTHHX «Touek» (O6yIb TO 3Besnnl, BsJeMeHTapHHe
yacTHUel WJAH (OTOHBI), TO MOMKHB CYIeCTBOBATb Bul-
CKa3blBaHHSI WJIH TpPeAJOXeHHsI 06 3THX MHOXeCTBaX, He-
paspeliiMble B TepMHHAX JIOGOr0 KOHEUHOrO YHCJIa 3as
paHee copMyNMpOBaHHBIX 3aKOHOB M NpaBui. Bor Kakue
cepbesHble TOC/AeACTBHS, OBITb MOXET, BHITEKAIOT H3
STHX HeJaBHHX MareMaTH4ecKHX paboT.
- Mbl yxe MHOrO TOBOpHJIH 00 OpTraHHYeCKOH CBA3H
MexKJy MaTeMaTHKOH M MaTeMarthueckod ¢usnkoi. Hu
OflHa M3 3THX JBYX Ba)Hefimux. cdep uenoBeyeckod
Mbic/IH He Obl1a Obl JaXe OTJaJIeHHO NMOXOXa Ha TO, YeM
OHa CTajia CeTofHs, ec/iH Gbl OHa NOCTOSHHO He moABep-
raraco BAHsHMIO Jpyroii. Camasi cyTb TeoperHYecKo#
(H3HKM 3aK/IIOYEeHAa B ee MaTeMaTH4ecKHX (GopMyanpos-
Kax; ¢ APyrofi CTOpOHHI, U pa3BHTHe PfJa BaKHHIX pas3-
_AeJIOB MaTeMaTHKH CTHMYJHPOBAJOCb H Ompejensiocs
“npo6iemamy, BbiTeKaBUIMMM H3 HabmoneHHit 3a nosege-
HHeM BellecTBa © Maayuenus. Hamu npencrasienus o
IPOCTPaHCTBe  H' BpeMeHH ABAAIOTCA abCTpaKuufMH, OC-
HOBAHHLIMH Ha 3MOHpHuecKoM onmbire. Kakum obpasoMm
[oAyuYaercs, YTO 3TOT ONMT HOAZAeTCs MaTeMaTHYeCKOH
HHTEpIIpeTallH, KOTOPYI0 MOXHO 3aTeM JOTHUECKH pas-
BHBAaTb # B MTOTe MpPHXOJHTb K BLIBOJAM, COTacyio-
WUMCS C JAHHBIMH ~HaOJHOJLeHHH, — 3TO, GBITb, MOXKeET,
cAOXKHBA Qunocopeknit Bonpoc. OnHolt M3 HputMH, HO-
ueMy 3TO BO3MOXHO, iBJsleTcs 00s3aTe/bHoe TpeGoBanue,
9TOGbi BCe H3MepeHHs, a TeM CAMbIM H GOJNBIIYI0 JacTb
pesy/ibTaToB ($H3HNYeCKHX M aCTPOHOMHYECKHX HCCNefo-
BAHHA, MOXKHO OLLTO CBECTH K onepalysM HaJ YMCAaMH.
Cosepmem—xo fo-nHoMy oG¢rTouT Cceftgac Zeso C Hay-
KaMH; H3YUalOWHMH XKHUBYIO MaTepHio, KGTOopasi Xapakre-
pusyercst’ ropasfio Goabumum GOraTtcTBOM H MHOrooGpa-
suem dopm. [Iponcxoaamuii B nawm AHH OYpHLIA pocT
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8HAHHH O NEePBHYHBIX, HIH «3JIeMEHTapHbIX», GHOJMOTHYE-
CKHX fIBJIeHHSIX HeJlaeT 3TH sIBieHHs Bce GoJjlee HOCTYII-
HBIMM JIJIsl HCC/JENOBaHHS MaTeMaTHUeCKHMHM MeTOLaMH,
B GHomorun TakHe MeTOIb! YKe IABHO M C GOJbLIHM
yClexoM HCHOJB3YIOTCSL ISl PellleHUs] MHOfUX 4YacTHHIX
TeXHHUYECKHX 3alad. Jins pelleHns 3ajiav, CBA3aHHBIX CO
CTATHCTHYECKHM NOBEeJeHHeM (HanpuMmep, IIpH H3YYeHHH
XUMHYECKHX peaKUHH B KMBOM OpraHu3Me), c 3aKOHO-
MEpPHOCTSIMH MoBejieHHs1 GOJBIIMNX COBOKYyMHoOCTell opra-
HHYECKHX KOMIIOHEHTOB W HX OPraHHM3aluH, ycleHlHo IIpH-
MeHsoTcss IuddepennnasbHoe W HHTErpajsbHOE HCUHC-
nenwe, anare6pa u KomOuunatopuka. Takue paGoThl, Kak
. uccaenoBanne BoabTepphl 06 H3MEHEHHH UHCACHHOCTH
ocobeft B GHOJQIHYECKHX BHIAX, M3 KOTOPHIX OJHH IH-
TaTCS APYruMH, NOMHMO CBOero 3HaueHHs AJs- GHOMO-
THH, NpEeACTaBJAIOT H MareMatHueckuil wHTepec. Boub-
Teppa HCHOJIb30BAJ CHCTEMY HeJHHeHHbIX OOBIKHOBEHHbIX
K ¢epennnanbubix ypaBHeHHH. Ero paGoTa mocay:xHia
TONYKOM LISl H3y4ueHHs HeJUHERHHIX mpobjeM B YHCTOH
MaTeMaTHKe; 3a [OC/efHee BPeMs B 3TO#. 06/acTH NOJY-
qeHn MHOTMe BaXkKHble pe3yJbTaThl. B cBf3M 'c 3aKoHamu
HaCJAeACTBEHHOCTH, BCKpPHITHIMH MeHnjesneM, GBI -mpoie-
JeH pax kKoMGHHATOPHBIX ucclefoBaHHi, MareMaTtHuye-
CKHe.MeTOMIB CYHIECTBCHHBIM 0Gpa3soM HCHONL3YIOTCA st
ONMMCAHHUS TIOBeJeHHS Pas/IHUHBIX cMeced B OHOXMMHM, -a
sl M3yYeHHA TepMOJMHAMHYECKHX H KBAHTOBBIX OCHOB
TIOXOGHBIX MPOLECCOB HE TOJBKO [OJIE3eH, HO MPOCTO He-
0GXOfMM BeCh CJIOXKHBIH annapar mMateMatHueckKod ¢u-
3UKH.

BoJiee Toro, Mbl yBepebe, 4TO LOCTHKERHS 6ao.nomu
3a NMOCNEAHHI JeCATOK JeT OTKpHBAaKT ellle Goee wW-
POKHE, 3aXBaTHIBalOH{He H MHOrooGemiaioliye MareMari-
YecKHe TepCreKTHBHL

B mocienHHe roibl NOJyueHbI HepBble BaxKHble pe-
8yJILTATH, KACAIOLIMECS MEXaHH3MOB ¢yaxunonnpoBanna
XKuBoi KJaetkd. OO6uienpuuiatran reoMeTpuueckasl MOJeNb
JHK, npennoxenunas Kpukom n Yorcomom, npencras-
aser coboit ANMHHYIO CHHPAJIbHYIO D.BOPIH)!O CTPYKTYDY,
MOCTPOEHHY10 -#3. YETHPeX BUAOB OCHOBAaHHWH, 0 Tomepeu-
HbIMH . CBA3SMH MeXay Uensmy. [Ipeanonaraercs, -4to
B fpouecce BOCHPQHM3BEJEHHA 3TA. «JIECEHKa» (Aaoiﬁmaﬂ
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cnupasb) pacuenisietrcss Ha Ase nenn. CocTaBHble 3Jje-
MEeHTHl KaXXJAOH M3 3THX LeNef Haxomsar Ajs cebGs KOM=
nJeMeHTapHbIe 3JIeMEHTH B OKpYXkKalouiei cpene; TaKHM
o6pasoM u3 aByx oannapuux Lemeft JHK noayuaiorcs
ABe HOBHle IBOIiHBIE UeNy, HMAEHTUUHble MCXONHON INBOii-
Ho#t cnupayn. IlocmenoBarenbHOCTh uyeThipex OCHOBaHHi,
M3  KoTophix cocrout Mmoaxekyaa: HHK, cayxnr
TeHeTHYeCKHM KOJIOM KJeTKH M BCero opranmsma. B stoit
foc/efloBaTeILHOCTH 3aKOAHPOBAHA, B YACTHOCTH, HH-
‘bopmauns o 6uocnntese Genxos. Kpome toro, B Hefl, no-
BHANMOMY, COAepxKaTcs ¥ HMHCTPYKUMH (C JOTrHuYecKoH
TOUKH 3peHusi Gosiee BHICOKOIO NOpPAIKa) O (PYHKYUO-
HAAbHOM TIOBeNEHHH, Heuto Bpofe obuiell «GJOK-CXeMbl»
'IJs BBIUMCAHMTENbHOH Mamuubel. Jpyrue nHaxogaumnecs
B KJeTKe MOJeKyJbl, NO-BHIMMOMY, MOJYy4alOT BCe 3TH
uncrpykuun or JIHK wu nepepalor ux naJee, TyAa, rie
IIPOMCXOJAT nponeccsl 6HOCHHTe3a.

B HOHMMaHHM MeXaHHKH, JIOTHKH H KOMOHHaTODHKH
STHX NpOLECCOB MOMNHOW SICHOCTH JOCTHYL IOKAa YTO He
ynajock. Hecomuenio Bo BCAKOM clyuae, YTO MPH Mare-
MaTHYeCKOM aHaJjiH3e HOBbIX JIOTHUECKHX CXeM, KOTOphie
BBOJSTCH JHJ51 ONMCAHMS 3THX mponeccoB, Oymayr oGHa-
PYyXeHbl KakHe-TO HOBBIC 3JIEMEHTHl, He HCIOJb3yeMble
B (opmasbHOM amnapaTe COBpeMeHHOH MaTeMaTHKH,
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